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Abstract  We show that a weakly holomorphic modular function can be written as a sum of modular
units of higher level. Furthermore, we find a necessary and sufficient condition for a meromorphic Siegel
modular function of degree g to have neither a zero nor a pole on a certain subset of the Siegel upper
half-space Hy.
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1. Introduction

Let g be a positive integer. We let
H, = {Z € Mat,(C) | Z" = Z, Im(Z) is positive definite}

be the Siegel upper half-space of degree g on which the symplectic group

-1
Spy(Z) = {7 € GLay(Z) | 7" Jy = J} with J = [ﬁ Og]
g
acts by the rule
A B

c D (Z)=(AZ + B)(CZ + D)7},

where A, B, C and D are g x g block matrices. For a positive integer N we furthermore
let
I'(N)={y€8py(Z) |y = Iy (mod N)}

be the principal congruence subgroup of level N of the group Spg(Z). In particular, when
g = 1, Hy becomes the upper half-plane H = {7 € C | Im(7) > 0} and Sp,(Z) = SL2(Z)
acts on it by fractional linear transformations.
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Define a subset Hgiag of Hy by
Hgiag = {diag(m1,72,...,79) | T1,72,..., Ty € H},

where diag(7y, 72, ..., T,) stands for the g x g diagonal matrix whose diagonal entries are
T1,T2,...,Tg. If g =1, then Hgiag is nothing but H. Let f(Z) be a meromorphic Siegel
modular function of degree g and level N (over C); f(Z) is the quotient of two Siegel
modular forms of degree g and the same weight so that it is invariant under I"(IV). When
g = 1, f becomes a usual meromorphic modular function of level N. We shall mainly
consider the case in which f has neither a zero nor a pole on H{*8.

Let X(N) = I'(N)\H* be the modular curve of level N that is a compact Riemann
surface, where I'(N) = £I'(N)/{£I>} and H* = HU Q U {icc}. We denote its function
field by C(X(N)). As is well known, X (1) is of genus zero and C(X (1)) = C(j), where

G =4(1) = ¢t + 744+ 1968844 + 214937604 + 864299970¢° +--- (g = e*™7 i =+/—1)

is the elliptic modular function [9, Theorem 2.9]. Furthermore, C(X(N)) is a Galois
extension of C(X (1)) whose Galois group is naturally isomorphic to I'(1)/T'(N). Let Ox
be the integral closure of C[j] in C(X (NN)). We call the invertible elements in Oy modular
units of level N (over C), and these are precisely those functions in C(X(N)) having
neither zeros nor poles on H [7, p. 36]. Kubert and Lang [7] developed the theory of
modular units in terms of Siegel functions, which will be defined in § 2. (In addition, they
require that the Fourier coefficients of a modular unit of level N lie in the Nth cyclotomic
field.) In this paper we first describe Oy in view of modular units as follows. If N =0
(mod 4), then the ring Oy is generated over C by the following five modular units:
9[1/4} (47)789[1/2} (47)%, 9[1/4} (47')89[1/2} (47)7%,

(9[ ] 9[162} *16) 1,
(pWN]( Pl47] )/( [192]¢ p[l(/)d(T))’
(91217 = 91,0, ™)/ (97,2,) = 910,17

where 97 (1) is a Siegel function and p r JE( 7) is a Weierstrass p-function for [}] € Q*—Z2
(see Theorem 3.3). We then conclude that any weakly holomorphic modular function can
be expressed as a sum of modular units of higher level (see Corollary 3.5). Here, a function
is said to be weakly holomorphic if it is holomorphic on H.

On the other hand, suppose that g and N are two positive integers greater than or
equal to 2 and let f(Z) be a meromorphic Siegel modular function of degree g and level N.
We furthermore prove that f(Z) has neither a zero nor a pole on Hgiag if and only if
f(diag(7i,72,...,74)) is a product of g modular units of variables 71, 7,...,7, € H (see
Theorem 4.2). To this end, we examine some necessary basic properties of modular units
in §2 and we show that a certain quotient of theta constants of degree g on Hgiag is a
product of modular units (see Example 4.3).
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2. Properties of modular units

For a positive integer N we denote the group of all modular units of level N by Vi
(that is, Vx = Of ), which contains C* as a subgroup. In this section we develop some
necessary properties about modular units that will be used in later sections.

Lemma 2.1. If f is a weakly holomorphic modular function of level 1, then it is a
polynomial in j over C. That is, we have f € C[j].

Proof. See [8, Chapter 5, Theorem 2]. O

Remark 2.2. Note that j gives rise to a bijection j: I'(1)\H — C [8, Chapter 3,
Theorem 4].

Proposition 2.3. Let h € C(X(N)). Then h is weakly holomorphic if and only if h

is integral over C[j].

Proof. Assume that h = h(7) is weakly holomorphic. We consider the following monic
polynomial in X,

rx)= J[ x—hony).

YEL(1)/L(N)

Since Gal(C(X(N))/C(X(1))) ~ I'(1)/T'(N), every coefficient of P(X) belongs to
C(X(1)) and is holomorphic on H. So, it is a polynomial in j over C by Lemma 2.1.
This shows that h is integral over C[j].

Conversely, assume that h is integral over C[j]. Then h is a zero of a monic polynomial

X"+ P (X" -+ PL(H)X + Po(y),

where n > 1 and P,_1(j),..., P1(j), Po(j) € C[j]. Suppose on the contrary that h has a
pole at 79 € H (so, h # 0). Since h satisfies

"+ Py ()R -+ Pa(i)h+ Po(5) = 0,
we obtain, by dividing both sides by A™ and substituting 7 = 7,
1+ Pao1(5(10))(1/h(70)) + - + Pu(i(10)) (1/A(70))" ™" + Po(i(70))(1/h(70))" = 0.

This yields the contradiction 1 = 0 because j(r9) € C and 1/h(79) = 0. Therefore, h
must be weakly holomorphic. O

Remark 2.4. By definition, h € C(X(N)) is a modular unit if and only if both h
and h~! are integral over C[j]. Hence, Proposition 2.3 gives an elementary proof of the
well-known fact that h is a modular unit if and only if it has neither a zero nor a pole
on H [7, p. 36].
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Given a vector [7] € (1/N)Z? — Z? for N > 2, the Siegel function g[r](T) is defined
on H by the infinite product °

o0

g[r}(T) _ _q(1/2)(r277“+1/6) mis(r— 1) r 271'15 H n+r 2%15)(1_qn7re7277is)7 (21)
s

where ¢ = e*™7. Tt is a weakly holomorphic modular function of level 12N? [7, Chapter 3,
Theorem 5.2].

Lemma 2.5. Suppose that N > 2 and let n be the number of inequivalent cusps
of X(N). Then the rank of the subgroup of Vy/C* generated by 9 ]( 2N for [7] €
(1/N)Z? - 72 isn — 1.

Proof. See [7, Chapter 2, Theorem 3.1]. O

Remark 2.6. We have the formula

3 itN =2,
n=|I(1)/T(N)|/N={ N N
— ||Qd-p77) HN>2
};[V P
(see [9, pp. 22-23]).

Proposition 2.7. With the same assumption and notation as in Lemma 2.5, Viy /C*
is a free abelian group of rank n — 1.

Proof. Let 001,009, ...,00, be the inequivalent cusps of X (N) and let Dy be the free
abelian group of rank n generated by these cusps. An element of Dy is then uniquely
written as

mi(001) + ma(002) 4+« -+ + my(00,) for some integers my, ma, ..., My.
Now, we consider a (well-defined) injective homomorphism

VYN/(C>< — Dy
h s div(h).

If h € Vy/C* has div(h) = >, _; mk(cox), then we get the relation >, my = 0.
Hence, Vi /C* is a free abelian group of rank less than or equal to n— 1. Thus, it follows
from Lemma 2.5 that the rank of Viy/C* is exactly n — 1. g

Remark 2.8. Since every cusp of X (1) is equivalent to ico [9, p. 14], if h € V;, then

div(h) = m(ico) for some integer m. On the other hand, now that the sum of the orders
of zeros and poles of h is zero, we get m = 0. This yields V; = C*.
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Lemma 2.9. Let N > 2 and let h € Viy — C*. There is a finite subset S of C* such
that the map

p:H—-C* -8
T h(T)

is surjective.

Proof. Consider the following holomorphic map between compact Riemann surfaces

X(N) - PY(C)
T = [h(T) : 1].

Since h is not a constant, the above map is surjective. Take a subset S of C* as
S ={h(r) | Tisacusp of X(N)} —{0,00,h(r) | T € H}.

Since there are only finitely many inequivalent cusps of X (N), it is a finite set, and
therefore the map ¢ becomes surjective. O

Let A be a non-zero modular function. Considering h as a Laurent series with respect
to ¢ = e°™'7, we denote its smallest exponent by ord,sh (in Q).

2miT
Proposition 2.10. Let h be a modular unit. Suppose that
ordghoy#0 for all v € SLy(Z). (2.2)

Then h — ¢ is not a modular unit for any ¢ € C*.

Proof. Let us consider the holomorphic map between two compact Riemann surfaces

¢: X(N) = PY(C)
T = [h(T) : 1].

Since h is not a constant by (2.2), ¢ is surjective.

Now, let ¢ € C*. Since ¢ is surjective and the values of ¢ at the cusps of X(N) are
either [0 : 1] or [oo : 1] = [1 : 0] by (2.2), there exists 79 € H such that ¢(79) = [¢: 1].
This implies that h(7)—c has a zero at 7 = 7, and hence h — ¢ is not a modular unit. O

Example 2.11. Let N > 2 and [}] € (1/N)Z? — Z?. Consider the Siegel function

h(r) = g[g](T)l2N7

which is a modular unit of level NV by Lemma 2.5. We then have the following properties.

https://doi.org/10.1017/50013091514000352 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091514000352

96 1. S. Eum, J. K. Koo and D. H. Shin
(i) hoy = g,YT[?;](T)12N for any v € SLy(Z), where 4T indicates the transpose of
v [7, Chapter 2, Proposition 1.3].

(ii) ordgh = 6NBa((r)), where By(x) = 2% —x+1/6 is the second Bernoulli polynomial
and (z) is the fractional part of  such that 0 < (z) < 1 for x € R [7, p. 31].

(iii) Ba(z) # 0 for all x € Q.
Thus, h satisfies the assumption (2.2) in Proposition 2.10.
Remark 2.12. If 4 does not satisfy (2.2), then h— ¢ could be a modular unit for some

constant ¢ € C* (see Remark 3.4).
3. Integral closures in modular function fields

In this section, when N = 0 (mod 4) we investigate explicit generators of the integral
closure Oy of C[j] in C(X(N)) by using Weierstrass units.
For a lattice L = [wy,ws] = Zwy + Zws in C, the Weierstrass p-function is defined by

weL—{0}
Lemma 3.1. Let z,w € C — L. Then, p(z;L) = p(w; L) if and only if z = tw
(mod L).
Proof. See [11, Chaper IV, §3]. O

Let N > 2. For a vector [7] € (1/N)Z? — Z* we define
opr)(7) = plrr +si[m 1) (7 € ),

which is a weakly holomorphic modular form of level N and weight 2 [8, Chapter 6].
More precisely, it satisfies the transformation formula

(p[;] O’y) (1) = (em + d)prT[g](T) for any v = [Z Z} € SLy(Z). (3.1)
Hence, the function

(611 = o121 @)/ ojs2) ) = op2))
for [3F],[dF] € (1/N)Z? — 22 with [4F] # +[¢] (mod Z?) (k = 1,2) is a modular unit
of level N by Lemma 3.1, which is called a Weierstrass unit of level N.

We further define three functions on H,

g2(1) = 60 Z w4,

welr,1]—{0}

gs(r) =140 > w S

we[r,1]—{0}

A(T) = go(1)% — 27g3(7)?,

https://doi.org/10.1017/50013091514000352 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091514000352

Some applications of modular units 97

which are modular forms of level 1 and weight 4, 6 and 12, respectively [8, Chapter 3,
Theorem 3].
For a positive integer N, let

Iy(N) = {WGSLQ(ZH’VE [(1) j (modN)},

and let X;(N) = I7(N)\H* be the corresponding modular curve, where I'j(N) =
LI(N)/{ 2D}

Lemma 3.2.

(i) If N > 2, then C(X,(N)) = <c<j, (ggg3/A)p[1/oN}).

(i) 1N >2, then C(X(N) = C(X2 (V) ((9208/ D)o v )

(iif) C(X,(4)) = C(g[l /1)) g1729 (47)%).
0 0
Proof. See [2, Proposition 7.5.1] and [6, Table 2]. O

The modular curve X;(4) is of genus 0 and has three inequivalent cusps, namely, 0,
1/2 and ico [5, p. 131]. Set

91,4(7) = 9[1/4](47)_89[1/2](47)8,
0 0
which is a primitive generator of C(X;(4)) over C by Lemma 3.2 (iii). It then follows
from [6, Theorem 6.5] that the map

X1(4) = I (4)\H* — P(C)
T = [g174(7') : 1]

is an isomorphism between compact Riemann surfaces. Moreover, g1 4(7) has values 16,
0 and oo at the cusps 7 = 0, 1/2 and ico, respectively (see [5, Theorem 3 (ii)] and [6,
Table 3]). Thus, we claim that

g1,4 — ¢ for ¢ € C is a modular unit (for I1(4)) <= c¢=16or 0. (3.2)

Theorem 3.3. Let O; n and Oy be the integral closures of C[j] in C(X1(N)) and
C(X(N)), respectively. Assume that N =0 (mod 4).

(i) O14= (C[gl,47gl_ia (91,0 —16)71].

(11) Ol,N = 01,4[}1171\/], Where

hin(T) = (p[ 0 }(T)—p{ 0 }(T))/(@[ 0 ](T)—@[ 04}(7))
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(iii) On = O, n[hn], where

hn(T) = (@[1/01\/}(7)—@[ 0 ](T))/(@[ 0 ](T)—@[ 04}(7))

1/2

Proof. (i) Since ¢1,4 and g14 — 16 are modular units in C(X;(4)) by Lemma 3.2 (iii)
and (3.2), we get the inclusion Oy 4 D (C[9174791_,ia (g1,4—16)71]. Conversely, let h € Oy 4.
It is then a rational function of g1 4 by Lemma 3.2 (iii), namely, h = P(g1,4)/®Q(g1,4) for
some polynomials P(X),Q(X) € C[X] that are relatively prime. If Q(X) has a linear
factor other than g; 4 and g14 — 16, then h has a pole on H by (3.2). Hence, we obtain
the reverse inclusion Oy 4 C (C[gl,4,gl_’i, (91,4 — 16)71]. This proves (i).

(ii) Since h1 n € O1,n by Lemma 3.2 (i) and the paragraph below Lemma 3.1, we have
the inclusion O1 n 2 Oy 4]h1 N].
We find that

C(X1(N)) = (C(ja (gzgg/A)p[l/oN]) by Lemma 3.2 (i)

€O () ((9205/ 209 1) because j € (X (4)

:(C(X1(4))((9293/A)<<@[ %) _@[194})h1’N+@[192])>

1/2

since

(gzgs/A)@[ 0 ]7(9293/A)p[ A € C(X1(4)),

1/2 1/4

by Lemma 3.2 (i). So, if f € Oy n, then it can be written in the form
f=ro+rih+roh® 4+ +rg_ k4 (3-3)

where h = hy N, d = [C(X1(N)) : C(X1(4))] and 79,72,...,7q—1 € C(X1(4)). Multi-
. h

plying both sides of (3.3) by 1,h,.. 1 we obtain a linear system (with unknowns

To,T1, .- 7rd—1)
SR U .o B I ¥
ho k2 ... R - hf
hd.—l h.d . h2<;—2 rd;l hd;lf

Taking the trace Tr (equal to Trc(x, (n))/c(x,(4))) on both sides, we achieve

Te(1)  Te(h) o Te(hH) || o Tr(f)
Tr(h)  Tr(h?) --- Tr(h?) 1 Tr(hf)
: : " : : - : (3-4)
Tr(h.d_l) Tr(.hd) co Te(h2A2) | gy Tr(h4=1f)

https://doi.org/10.1017/50013091514000352 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091514000352

Some applications of modular units 99

Let T be the d x d matrix on the left-hand side of (3.4) and let ¢1,ca,...,¢cq be the
conjugates of h € C(X1(N)) over C(X;(4)). We then obtain that

d d d
S Y o Y
k=1 k=1 k=1
d d d
2ok 2d o e
det(T) = | 1= k=1 k=1
d d d
d—1 d 2d—2
Dot D X d
k=1 k=1 k=1
R TP 1 B P
c . cé g i cgfl
41 02_1 cd_1 & b cd_1

On the other hand, any conjugate of h € C(X1(N)) over C(X;(4)) is of the form

€7?> - N7?

}(7))/(% 0 ](T) — p[ 0 ](7’)) for some lz

1/2 1/4

(@[Q/N}(T) g

0
b/N 1/2

owing to the fact that Gal(C(X(N))/C(X1(4))) ~ I'1(N)/I'1(4), the transformation
formula (3.1) and Lemma 3.1. Moreover, we see that the function

TR P LU CPALREPNL)

for [2],[g] € Z*—NZ? with [§] # £[3] (mod NZ?) has neither a zero nor a pole on H by
Lemma 3.1. This implies that det(7") becomes a modular unit in C(X;(4)). In particular,
det(T) belongs to OIXA. It then follows that r¢,71,...,74—1 € O1.4, and hence we deduce
the inclusion O1 5 C O1 4lh1,n]. This completes the proof of (ii).

(iii) One can readily prove (iii) through the use of Lemma 3.2 (ii) and the fact that
Gal(T(X (N)/C(X; (N))) ~ F(N)/Ty(N). 0

Remark 3.4. Let

92(7_) _ Zewi(n-‘rl/Q)zr7 93(7_) _ Zewinzr and 94(7_) _ Z(_l)newinzr

neZ neZ neZ

be the classical Jacobi theta functions and let

n(r) = ¢'/* H(l —-q") (3.5)
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be the Dedekind eta function. They then satisfy the relations
O2(7)* 4 04(1)* = 05(1)* (3.6)
and
02(2r) = 29(47)?/n(27) and  04(27) = 1(7)* /n(27), (3.7)
due to Jacobi [1, pp. 27-29]. Furthermore, we have
g1,4(1) = 1603(27)* /0>(27)*

as a modular unit with ordg(g1,4 o [? ']) = 0 [6, Table 3 and Theorem 6.2]. Hence, we
derive that

g1.4(T) = 16 = 1665(27)* /65(27)* — 16
= 1604(27)" /65(27)" by (3.6)
=n(7)8/n(47)® by (3.7)
—g! ﬁ(l +¢") 781+ ¢*)"® by the definition (3.5).

Therefore, g; 4 — 16 is indeed a modular unit.

Corollary 3.5. Every weakly holomorphic modular function can be expressed as a
sum of modular units (of higher level).

Proof. Let h be a weakly holomorphic modular function of level V. Since it belongs
t0 O4ny ged(4,n) by Proposition 2.3, h can be written as a sum of modular units of level
4N/ ged(4, N) by Theorem 3.3. This completes the proof. O

Let k£ and N (greater than or equal to 1) be integers. We denote the vector space of
all weakly holomorphic modular forms of level N and weight k by M (I'(N)). We then
have a graded algebra

MU(L(N)) = P Mi(T(N))

keZ

with respect to weight k.
Now, define a Klein form

?[ 0 }(T) = (1/27Ti)9{ ](T)/W(T)2,

0
1/2 1/2

which belongs to M' | (I'(8)) [7, Chapter 3, Theorem 4.1]. It has neither a zero nor a
pole on H by the expansion formulae (2.1) and (3.5).

Theorem 3.6. For N =0 (mod 8), we get

! _ -1 _ —1 a1 -1
M) = On[t 0180 | = Clovasih (=16 buvo vt o 60y ]

where g1 4, hi,n and hy are functions described in Theorem 3.3.
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Proof. It is obvious that M} (I'(N)) = Ox.
If k # 0, then the linear map
p: On = My(I(N))

hs €75 R
(/2]

is an isomorphism because

e MY(I'(8)) and ¥ o 1€ M., (I(8)).
[172] [172]
Thus, M (I'(N)) = fko } ~ as an On-module. Therefore, we attain from Theorem 3.3
1/2
N)) = @E " 10N
kEZ 1/2}

— On [e[l%],e{—ll%]]

_ —1 a1 -1
= C{91,4,91,4,(91,4 16) >hl,N7hN7E[192}7E[192}i|'

4. Meromorphic Siegel modular functions

In this section we show that if f(Z) is a meromorphic Siegel modular function of degree g
(greater than or equal to 2) that has neither a zero nor a pole on Hgiag, then f(Z) is a
product of g modular units.

Lemma 4.1. Let g,N > 2 be integers. If f(Z) is a meromorphic Siegel modular
function of degree g and level N, then the function

f(diag(7i,72,...,74)) (diag(mi,72,...,74) € H—]Igiag)7

as a function of 7, (k=1,2,...,¢), is a meromorphic modular function of level N.
Proof. Let
ar b
T = [ ¢ ’“] €SLe(2) (k=12,....9)

Ck dk

and set
A B dlag(al, as,...,ay) diag(by,be,...,by)
"l b diag(cy, ca,...,¢cq) diag(dy,da,...,dg)|’
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where A, B, C and D are g x g block matrices. We then derive that

4 C
B D

0 —I,
I, 0

A B

T
Jv =
TS C D

because A, B, C' and D are diagonal

[cA—AC ©B-AD
DA—-BC DB-BD

0 diag(ciby — ards, ..., cqbg — agdy)
diag(diar — bica, ..., dgagy — bgcy) 0

=J due to det(yg) = ardr —brer =1 (k=1,2,...,9),

from which we see that v belongs to the group Sp,(Z).
Also, for Z = diag(mi,72,...,74) € Hgiag, we achieve that
v(Z)=(AZ + B)(CZ + D)™ !
= diag(ayy + b1, ..., a,7y + by)diag(cimy +di, ..., coTy +dg) "
= diag((arm +b1)(er +di) 7 (agTg + by)(cgg + dg) ™)
= diag(71(71),72(72), - - -, Yg(7g))- (4.1)

On the other hand, assume that v, = Iz (mod N) for all k =1,2,...,g. Then v = Iy,
(mod N) and for Z = diag(r1,72, ..., 7,) € HJ*8 we have

f(diag(r1, 72,...,74)) = f(2)
= f(v(2)) since f is of level N
= f(diag(71(71),72(72), - -, 79(79))) by (4.1).

In particular, when k is fixed (k = 1,2,...,g) and v, = I1 for all n # k, we conclude
that f(Z), as a function of 73, is a meromorphic modular function of level N. O

Theorem 4.2. Let g,N > 2 be integers, and let f(Z) be a meromorphic Siegel
modular function of degree g and level N. Then, f(Z) has neither a zero nor a pole on
HJ*#8 if and only if there exist modular units vi(7),v2(7),...,vy(7) € Vi such that

g
f(diag(ry, 72, ..., 7)) = [ ] vr(ms)-
k=1

Proof. The proof of the ‘if’ part is clear.

Conversely, assume that f(Z) has neither a zero nor a pole on Hgiag. Let n (greater
than or equal to 2) be the number of inequivalent cusps of X (N). Since Viy/C* is a free
abelian group of rank n — 1 by Proposition 2.7, there exist ¢1(7), g2(7), ..., gn-1(7) € Vn
such that Viy = (C*,91,92,...,9n—1). Thus, f(diag(m1,72,...,74)), as a function of 7,
can be written as

n—1
f(diag(ry, 72, ..., 7)) = c(r1, 72, .., Tgo1) [ ] gr(rg) ™77 om0) (4.2)
t=1
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by Lemma 4.1 and on the assumption that c¢: H9~! — C* and my: H9™! — Z are
functions of 71, 7,...,Ty—1.
We then deduce that

H f(diag(Th T2y 3Tg—1, V(Tg)))

Y€ (1)/I(N)
= 11 (( Ty H ge(y () (e >) by (4.2)
Y€ (1)/I'(N)
n—1 M (T1,T2,000,Tg—1)
—0(7'1’7'2,-~-’7'.q—1)dH ( gt(’Y(Tq)))
t=1 “~el(1)/I(N)
(where d = |I"(1)/"(N)])
n—1
= c(r1, 72, o) T Neoeon eoea) (ge(rg)) ™ 7 moy)
t=1
due to the fact Gal(C(X(N))/C(X(1))) ~ I'(1)/I'(N)
= c(r, 70, ) ] ey Tty
t=1
for some ¢y, ca,...,ch_1 € C* by Remark 2.8,
which is a modular unit of level N as a function of each 7, (k = 1,2,...,9 — 1) by

Lemma 4.1. It follows from (4.2) that

f(diag(7—157-27'-')7-_(]))d/ H f(diag(TlvT27"'77-,9—1’7(7—9)))
el (1)/I(N)

n—1 d
M (T1,T2yee ey Tg—
= (6(7—177—27 s 7Tg—1) H gt(Tg) SERE g 1))
t=1
n—1
d my (71,72, Tg—1)
/(0(71,7'2,...77'91) Hct g )

t=1
n—1
m T1,T2,eeeyTg—
Hct gtTg +(T1,72 gl)'
t=1
Now, set this function to be h(71,72,...,7,), which is a modular unit as a function of

each 7, (k=1,2,...,9).
On the other hand, when 7, € H is fixed, the image of the holomorphic function

@: HI~1 - C*
n-1 (4.3)
(7—177—27 s 7Tg—1) = h(7—177—27 oo 7Tg) = H(Ct_lgt(Tg)d)mt(n"rz’mﬁgil)
t=1
is a countable set because m¢(11,72,...,79—1) (t = 1,2,...,n — 1) are integer-valued

functions. Let ¢ € {1,2,...,g — 1} and suppose that 7y, 7,...,7,—1 are fixed except
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for 7¢. Then ¢ can be viewed as a holomorphic map from H to C* with respect to 7.
Since its image is a countable set as mentioned above, the modular unit (7, 72,...,7y),
as a function of 7y, must be a constant by Lemma 2.9. This observation essen-
tially indicates that the map ¢ defined on H9~! in (4.3) is in fact a constant, and

hence the function h(7,72,...,74) of g variables is a function of 7,. Moreover, since
91(7),92(7)y ..., gn—1(7) form a basis for the free abelian group Vi /C*, the integer-
valued functions my (71, 72,...,74—1) (t =1,2,...,n—1) should be fixed integers, say m;.

Thus, if we set vy (1) = H?;ll g¢(T)™ € Vi, then we derive from (4.2) that

f(diag(ri, m2,...,7g)) = c(T1, T2, ..., Tg—1)Vg(Tg). (4.4)

The only property of f(diag(7i,72,...,74)) necessary to have (4.4) is that it is a
meromorphic modular function of level N as a function of each 7, (k = 1,2,...,9).
Now that ¢(7i,7,...,74—1) retains this property, if we apply the same argument to
¢(T1, T2, ..., Tg—1) instead of f(diag(m, 7o, ..., T,)) and repeat this process, then we even-
tually reach the conclusion after (g — 1) steps. O

Example 4.3. Let g, N > 1. For

T1 S1

Ty Sg
we define a theta constant by

@[r](Z) = Z e((n+r)'Z(n+7r)/2+ (n+r)'s) (ZeH,),

S
nezI

where e(z) = e2™# for z € C. We further set

Pr1(2) = O[7(2)/00)(2) (Z € Hy),
which is a Siegel modular function of level 2N? [10, Proposition 7].

Now, we assume that g > 2, Z' € H,_; and 7 € H. We then derive that

Z' 0

5] ( 0 )

B Z e(l n +7r B Z" 0| |n+7 n +7r T[s’])
7n:[m...ng]T€Zg ng + g 0 z||ng+rg Ng + Ty Sg
ny
where n’ =
Ng—1
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Z Z n' +r)1 7 (r! +8')/2+4 (ng +1g)T(ng +14)/2
n/ €29~ ng€Z

+ (0 + T,)TS/ + (ng +74)sg)

< Z e((n'+r/)TZ’(r’+3')/2+(n/+r,)TS,>)

n/ezg—l

x ( Z e((ng +rg)7(ng +1g)/2+ (ng + rg)39)>
= @[T/](Z/)@{rg](T). (4.5)

S/ Sg

Applying this argument inductively, we obtain

g
2y (ding(ro ey 7e)) = [ &) () (ding(ri, 7o, -7g) € ).

On the other hand, it follows from the Jacobi triple product identity [3, (17.3)], the
definition (2.1) in §2 and [4, Theorem 2] that

e((2rs+r— 8)/4)9[1/24] (T)/g[l/z] (r) if[}]eQ®—(1/2+7Z),

1/2—s 1/2
0 if [5] € (1/2+7Z)%

Therefore, we conclude that @ r](diag(Tl,Tg, ...,Tg)) has neither a zero nor a pole on
Hgiag, or is identically zero.
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