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Skellam’s name is traditionally attached to the distribution of the difference of two inde-
pendent Poisson random variables. Many bivariate extensions of this distribution are
possible, e.g., through copulas. In this paper, the authors focus on a probabilistic construc-
tion in which two Skellam random variables are affected by a common shock. T'wo different
bivariate extensions of the Skellam distribution stem from this construction, depending on
whether the shock follows a Poisson or a Skellam distribution. The models are nested, easy
to interpret, and yield positive quadrant-dependent distributions, which share the con-
volution closure property of the univariate Skellam distribution. The models can also be
adapted readily to account for negative dependence. Closed form expressions for Pearson’s
correlation between the components make it simple to estimate the parameters via the
method of moments. More complex formulas for Kendall’s tau and Spearman’s rho are
also provided.

1. INTRODUCTION

Let Y7, Y5 be two independent Poisson random variables with E(Y7) = A; > 0 and E(Y3) =
Ao > 0. The difference X = Y7 — Y5 is then said to have a Skellam distribution, denoted
S(A1, A2). This distribution is due to the ecologist and statistician John Gordon Skellam
(1914-1979), who studied its basic properties [14]. If X ~ S(A1, A2), then, for all x € Z,

> k
Pr(X =) = %e”Mitha) 3" kf?,fl), (1)

k=max(0,z)

which can also be expressed in terms of Bessel functions; see, e.g., Prékopa [12]. The
symmetric case A\; = Ay was considered earlier by Irwin [6].
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The Skellam distribution arises naturally in Kendall’s famous taxicab problem [4,9].
It has found applications in various fields such as physics, medicine, and sports statistics;
see, e.g., [5,7,15]. Its properties were reviewed by Karlis and Ntzoufras [8], who note that
(1) remains valid when the random vector (Y7, Y3) follows a bivariate Poisson distribution
and its components share a common additive random contribution that is canceled by the
differencing.

This paper considers various bivariate extensions of the Skellam distribution. One such
extension was recently proposed by Bulla et al. [2]. In their model, a pair (X7, X2) is said
to have a bivariate Skellam distribution, denoted BSg(Ao, A1, A2), if there exist mutually
independent Poisson random variables Yy, Y7, Y5> with E(Y;) = A; > 0 for j € {0, 1,2} such
that

X1=Y1-Y,, Xp=Y;-Y,

The case of independence is encompassed if, by convention, Yy =0 when \g = 0. While
this construction induces dependence Ag = cov(X7, X2) > 0 between the components, their
margins also involve \g, because

X1 ~8(A, M), Xo~S(A2, Ao).

In this model, therefore, A\g is not a margin-free dependence parameter.

In Section 2, alternative bivariate extensions of the Skellam distribution are proposed.
After briefly considering copula-based constructions, we propose and study two different
shock models. In the first model, positive dependence is governed by a real-valued parameter
that does not affect the marginal Skellam distributions of X; and Xs. The second model is a
two-parameter extension of the first which provides a greater range of positive dependence
between the components. Section 3 describes how these two models can be adapted to
account for negative dependence.

The models proposed here are easy to interpret and simulate. Their parameters are
linked in an explicit way to the marginal distributions and Pearson’s correlation between
the variables. As shown in Section 4, however, their connection with Kendall’s tau and
Spearman’s rho is only expressible in series form. Because the formula for Pearson’s corre-
lation is simple, explicit moment-based estimators exist for the dependence parameters, as
shown in Section 5. Multivariate extensions of the model are sketched in Section 6.

2. BIVARIATE SKELLAM DISTRIBUTIONS

Given positive parameters A1, A2, o1 and Ago, suppose that it is desired to construct a
model for a pair (X7, X5) such that

X1 ~S(Ai1, Ai2),  Xo ~ S(Aa1, Aa2). (2)

Possibly the simplest analytic way of constructing a joint distribution with such marginal
distributions, denoted F) and Fj, is to set, for all x1,xz9 € Z,

Pr(X; <1, Xo < @9) = C{Fi (1), Fa(x2)}, (3)
where C'is a copula, i.e., a bivariate cumulative distribution function with uniform margins

on (0,1); see Nelsen [10] for an introduction to the subject.
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For example, the Farlie-Gumbel-Morgenstern (FGM) copula with parameter 6 € [—1,1]
is defined, for all uy,us € [0, 1], by

Cg(ul,UQ) = UjU2 + 9U1U2(1 — ul)(l — UQ).

For any fixed 0, a bivariate Skellam distribution Hy with margins F; and F5 is thus obtained
by setting, for all z1,zs € R,

Ho(x1,22) = Fi(x1)Fa(x2) + 0F1 (x1) Fo(22){1 — Fi(x1) {1 — Fa(x2)}. (4)

In addition, the FGM family is ordered by positive quadrant dependence (PQD),
e, 01 <6y = Cp (ur,u2) < Cp,(ur,uz) for all uy,us € (0,1). Consequently, 0 < 6y =
Hy, (x1,22) < Hp, (21, 22) for all 21,25 € R and thus the map

0 — covg(Xy, Xo) = // w120dHg (21, 22) — E(X1)E(X?2)

is non-decreasing, allowing 6 to be interpreted as a genuine, margin-free parameter governing
dependence between X; and Xs.

The FGM is only one of dozens of parametric families of bivariate copulas that are
ordered by PQD; again, see Nelsen [10]. Each such family yields a different extension of the
Skellam distribution. It is relatively easy to simulate samples from any such distribution
using the R package copula and the R implementation of the univariate Skellam distribution
by Jerry W. Lewis.

For example, to generate 1000 pairs X = (X3, X5) from the FGM model (4) with
0=.5 AM1=1, Mi2=2, Ao1 =3 and Aoy =4, one would begin by simulating 1000
pairs U = (U, Us) from the FGM(.5), and one would then set X; = F; }(U;) and X, =
Fy N (Uy), viz.

U <- rCopula(1000,fgmCopula(0.5))
X1 <- gskellam(U[,1],1,2)

X2 <- gskellam(U[,2],3,4)

X <- cbind(X1,X2).

However, copula-based extensions of the Skellam distribution cannot be interpreted
in simple probabilistic terms and do not share with the univariate Skellam distribution its
closure under convolution. In addition, they typically do not lead to practical expressions for
the joint cumulative distribution or probability mass function, let alone moments. Further
note that when X; and X, are modeled through relation (3), the copula C'is uniquely defined
only on R = Ran(F;) x Ran(F»); in other words, two copulas that agree on R lead to the
same model. This lack of uniqueness raises identifiability issues and other complications;
see Genest and Neglehovd [3] for a review.

In what follows, two probabilistic approaches are proposed for the construction of
bivariate Skellam distributions. The first model is a special case of the second. In both
constructions, the dependence between the margins is induced by a common shock, much
as in the standard bivariate extension of the Poisson distribution. The parameter governing
the amplitude of this shock also regulates the dependence between the variables; it can be
tuned without affecting the marginal distributions. In addition, the models have a simple
interpretation, they are closed under convolution and easy to simulate.
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2.1. First Model

Let Ay = min(A11, A21) > 0 and for fixed 6 € [0, A1], let Yy, Y7, Y5 be mutually independent
random variables such that

Y1~ S =0, 12), Yo~ S(Aa1 — 6, Aa2),

and Yy ~ P(0) is a Poisson random variable with mean 6 > 0, with the understanding that
Yy =0if 0 = 0. Let G149 and Goy denote the cumulative distribution functions of Y7 and Y5,
respectively.

DEFINITION 2.1: A pair (X1, Xs) is said to have a bivariate Skellam distribution of the first
kind, denoted BS1(0; M1, A2; Aa1, Aa2), if and only if

X1=Y1+Yy,, Xo=Yo+Y,
It is clear that this construction meets condition (2). In other words, the parameter

0 does not affect the marginal distributions of X; and X5. To see that 6 is a dependence
parameter, it suffices to show that, for all z1, 25 € R,

e ?9k

Hy(x1,22) = Pr(X; < a1, Xo < 9) ZGw (21 — k)Gag(x2 — k) A

is non-decreasing in . This is the object of the following result.

PROPOSITION 2.2: For all x1,25 € R and 01,605 € [0, \1], one has
91 < 92 = Hgl (IEl,IQ) < H92(1‘17I’2).

ProOF: Fix A > 0 and for given 0 € (0, \), let Fy denote the cumulative distribution func-
tion of a Poisson random variable with mean A — 6. Then for arbitrary k € N, 0Fy(k)/00 =
Fo(k) — Fop(k — 1) = e=A=9(X\ — 9)* /E|. Using this fact, one can see that, for all z € Z and
jed{1,2},

0

950(2) = 55 Gjo(x) = Gjo(x) — Gje(x —1) 2 0.

It follows that, for all x1,z5 € 7Z,
—09k
k!

8 e
201 o(z1,22) Zgw (z1 — k)Gag(22 — k)

e gk
+ Z Gio(z1 — k)g2p(z2 — k) T

— e gk
+ZGle($1—k—1)G29(l‘2—k—l) o
- e gk
- Z Gw(l‘l - k‘)Ggg(Iz - k‘) T
Upon simplification, one finds
Oke—?

(‘3
% o(z1,22) Zgw (1 — k)goo (w2 — k) a2 0.
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Hence for arbitrary x1,x2 € R, the map 6 +— Hy(x1,22) is non-decreasing, whence the
result. [ |

Given that, for all 1,25 € R,
Ho(z1,22) = Fi(21)Fa(22),

it follows from Proposition 2.2 that if (X1, Xo) ~ BS1(0; A11, A12; A21, Aa2), its components
are PQD. An extension allowing for negative dependence between X; and X5 is considered
in Section 3.

It is also clear from Definition 2.1 that the Skellam distribution of the first kind is closed
under convolution, i.e., the component-wise sum of mutually independent Skellam random
pairs has a Skellam distribution, as stated below.

PROPOSITION 2.3: Let Xy,...,X, be mutually independent random pairs such that, for
ie{l,....,n}, X; ~ BS1(0;; Ait1, Ni12; Ai21, Aio2). Then

> X~ BS (Z 055> A, D Aiazs D Nia1, ) )\2'22> :
i=1 =1 =1 i=1 i=1 i=1

In addition, all moments of the Skellam distribution of the first kind can be deduced
easily from its probability generating function given below.

PROPOSITION 2.4: Suppose that (X1, X2) ~ BS1(0; A\11, A12; A21, Aaa). Its probability gener-
ating function is then given, for all s1,s2 € (0,1), by
E(S{(IS§2) = exp{()\n — 9)(81 — 1) -+ /\12(1/51 — 1)} X exp{()\21 — 9)(82 — 1)
+ A22(1/52 — 1)} x exp{f(s152 — 1)}
ProOOF: By definition, one has X; =Y; + Yy and X, =Y5 4+ Y, where Yy, Yy, Y5 are

mutually independent with Yy ~ P(6), Y1 ~ S(A11 — 0, A12), and Ya ~ S(Aa1 — 0, Aa2).
Consequently,

E(s7s5) = E(s7")E(sy")E{(s152)™ . (5)

Using the fact for j € {1, 2}, Y] is the difference of two independent Poisson random variables
with parameters A\;; — 6 and \jo, one finds

Y
E(s;?) = exp{(A\j1 — 0)(s; — 1) + Aja(1/s; — D}

As E{(s152)Y0} = exp{f(s152 — 1)}, the argument is complete. |

In particular, E(X;) = A\j1 — Aj2 and var(X;) = A\j1 + Ajo for j € {1,2}. Furthermore,

0 A

COI‘I‘(Xl,XQ) = S .
Va1 +A2) (A2 + A2e) T V(A1 + A2)(Nar + Aaz)

The largest possible value of corr(Xi, X3) occurs in the special case where X7 and Xo
are identically distributed, i.e., A1; = Aa1 = A1 and A2 = Ago = Aa. In this case, one finds
corr(X1, X2) = A1 /(A1 + A2) which is strictly less than 1. In particular, corr(X;, Xs) = 1/2
when )\1 = )\2.
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To generate 1000 pairs X = (X1, X3) from the bivariate Skellam distribution of the
first kind with parameters 6 = .5, A\11 = 1, A2 = 2, A1 = 3 and A9y = 4, one can proceed
as follows:

YO <- rpois(1000,0.5)

Y1 <- rskellam(1000,1-0.5,2)
Y2 <- rskellam(1000,3-0.5,4)
X <- cbind(Y0+Y1,Y0+Y2).

While this model is easy to interpret and simulate from, it provides a limited range

of dependence between X; and Xs. This problem can be alleviated in part through the
following generalization.

2.2. Second Model

Introduce Ay = min(Aj2, Ag2) > 0. For fixed © = (61,02) € [0, A\1] x [0, A2], let Yo, Y7, Vs be
mutually independent random variables with Yy ~ S(61,62),

Yi~ S — 01, M2 —62), Yo~ S(Aa1 — 01, Ao — 6).

Denote the cumulative distribution functions of Y7 and Y5 by G1e and Gsg, respectively.

DEFINITION 2.5: A pair (X1, Xs) is said to have a bivariate Skellam distribution of the
second kind, denoted BS2(01,02; A1, A12; A21, A22), if and only if

X1 =Y1+Yy, Xo=Y2+Y.

In this construction, the vector parameter © = (61,602) does not affect the marginal
distributions of X; and Xs5. Furthermore, taking #5 = 0 reduces Y to a Poisson random
variable with mean 6, while one then has Y7 ~ S(A11 — 0, A\12) and Y5 ~ S(Aa1 — 6, Aaa).
Accordingly,

BS1(01; A11, Ai2; A2, Ag2) = BS2(01, 05 A1, Ai2; Aat, Aag).

The cumulative distribution function of the bivariate Skellam distribution of the second
kind is given, for all x1,29 € R, by

Pr(X; <z, Xy < x2) = Ho(x1,22) Z Ghe(z1 — k)Gae(z2 — k)ge(k),

k=—o0

where go denotes the probability mass function of Yj. In what follows, vector algebra is
applied component-wise.

PROPOSITION 2.6: For all z1,22 € R and ©1,045 € [0, A\1] x [0, \2], one has

01 <0y = Ho, (z1,22) < Ho,(x1,x2).
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PRrROOF: Proceeding as in the proof of Proposition 2.2, one finds, for all x € Z,

0

6719@(5”) =go(z —1) —ge(7)

and, for j € {1,2},
0
gjo(r) = 20, Gje(z) = Gje(z) — Gje(z —1) 2 0.

It follows that for all x1, x5 € Z,

oo

0
70, Ho(x1,22) k_z_:oo gre(x1 — k)Gae (22 — k)ge (k)
+ Z Gre(z1 — k)goe(z2 — k)ge (k)
k=—oc0

+ Z Gre(z1 — k)Gae (22 — k)go(k — 1)

k=—o00
Z Gio(z1 — k)Gae (22 — k)ge (k).
k=—o00

Simple manipulations then lead to

oo

0
aTH@(th) > gie(wr — k)gae (w2 — k)ge (k) > 0.

k=—o0

Similarly, 0Hg (21, x2)/002 > 0. It follows that the map © — Hg(x1,x2) is non-decreasing
in both of its arguments, which completes the proof. |

Given that Y ~ §(0,0) corresponds to the case where Y = 0, one has, for all 1,25 € R,
Ho,0)(71,72) = F1(z1)F2(72).

Thus Proposition 2.6 implies that Hg is PQD for all © € [0, 1] x [0, A2]. For an exten-
sion allowing for negative dependence, see Section 3. The following results generalize
Propositions 2.3 and 2.4, respectively.

PROPOSITION 2.7: Let X ...,X,, be mutually independent random pairs such that, for i €
{1,...,n}, Xi ~ BS2(0i1, 0i2; Ni11, Air2; Aia1, Aioz). Then

Z X; ~ BS; <Z 0i1, Z 0;2; Z i1, Z Ai12; Z Aio1, Z )\i22> .
i=1 i=1 i=1 i=1 i=1 i=1 i=1

PROPOSITION 2.8: Suppose that (X1, Xa) ~ BSa(01,02; M1, M2; Aa1, Aaz). Then its proba-
bility generating function is given, for all s1,s2 € (0,1), by

E(Sflsgz = eXp{()\u — 91)(81 — 1) + ()\12 — 92)(1/81 — 1)} X exp{()\gl — 91)(82 — 1)
+ (AQQ — 92)(1/82 — 1)} X 6Xp[91(5152 - 1) + 92{1/(5152) — 1}]
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PrOOF: By definition, one has X; =Y; + Yy and X, =Y5 4+ Y, where Yy, Yy, Y5 are
mutually independent with Y1 ~ S(All — 01, Alg - 92), Y2 ~ S()\Ql - 01, )\22 — 92)7 and YO ~
S(61,02). Now for j e {1,2}, Y, is the difference of two independent Poisson random
variables with parameters A\j; — 61 and Ajo — 2. Therefore,

E(s}’) = exp{(Aj1 — 1) (s; — 1) + (\j2 — 02)(1/s; — 1)}

Furthermore, E{(s152)Y0} = exp[f;(s152 — 1) + 62{1/(s152) — 1}]. The conclusion now fol-
lows, upon substitution into Eq. (5). [ ]

In particular, E(X;) = A\j1 — Aj2 and var(X;) = \j1 + Ajo for j € {1,2}. Furthermore,

) - A1+ Ao
\/()\11 + Ai2)(A21 + A22) \/()\11 + Ai2)(A21 + A22)

The range of values for corr(Xy, Xz) is thus larger than under the first model. In fact, one
can get corr(Xy, Xo) = 1 when X; and X, are identically distributed, i.e., A1 = o1 = Ny
and /\12 = )\22 = )\2. Indeed if 91 — )\1 and 92 i )\2, one has Y1 = }/2 =0 and X1 = Xg = YO
almost surely. The variables X; and X5 are then said to be comonotonic.

To generate 1000 pairs X = (X, X3) from the bivariate Skellam distribution of the
second kind with parameters 0, = .5, 05 = 1.5, A1 = 1, A\j2 = 2, X\o; = 3 and 3o = 4, one
can proceed as follows:

corr(Xy, Xo) =

YO <- rskellam(1000,0.5,1.5)

Y1 <- rskellam(1000,1-0.5,2-1.5)
Y2 <- rskellam(1000,3-0.5,4-1.5)
X <- cbind(YO0+Y1,Y0+Y2).

3. MODELS WITH NEGATIVE DEPENDENCE

The two shock models described in Section 2 can be adapted easily to account for negative
dependence between X; and Xo. This can be done by setting

X1 =Y1+Yy,, Xp=Y;-Y, (6)
where Yy, Y7, Y5 are mutually independent random variables such that
Y1~ S(A11 — 01, M2 — 02), Yo~ S(Aa1 — 02, Ao — 01),

and }/0 ~ 8(91, 92) with 91 S K1 = min(/\n, )\22) and 92 S Ko = min()\u, )\21).

Let G1o and Gsg be the cumulative distribution functions of Y7 and Y53, respectively.
Let also go stand for the probability mass function of Yj. The joint distribution of the pair
(X1, X5) is then given, for all 21,25 € R, by

oz, 1) Z Gre(r1 — k)Gae(x2 + k)ge (k).

k=—o0

This model clearly induces negative dependence between the variables X; and X
because, by construction,

(X1, —X2) ~ BS2(61,02; A1, Mi2; Aaz, Aat). (7)

Note that in the above, Ao; and A2 do not appear in the same order as in Definition 2.5
because —Y5 ~ S(Aog — 01, Aa1 — 63). In view of Proposition 2.6, (X, —X5) is PQD and
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hence (X7, X2) is negative quadrant dependence for all possible values of ©. In addition,
the class of distributions is ordered as follows.

PROPOSITION 3.1: For all 1,29 € R and ©1,02 € [0, k1] X [0, k2], one has

0, <0y = He, (z1,22) > Ho,(x1,x2).

This model is sufficiently broad to allow for the random variables X; and —Xs to be
decreasing functions of one another when they are identically distributed, i.e., Aj; = Aag
and A2 = Ao1. In this situation, the smallest possible dependence is obtained by taking
01 = )\11 = A22 and 02 = )\12 = )\21. One then has X1 = 7X2 = YO almost surely, i.e., X1
and Xy are countermonotonic.

Using relation (7), one can show that the probability generating function of any pair
(X1, X3) of the form (6) is given, for all s1,s2 € (0,1), by

B(s}"53) = B{s] s (s1/52) )
= exp{(A1 — 01)(s1 — 1) + (M2 — 62)(1/s1 — 1)}
X eXp{()\gl — 91)(82 — 1) + ()\22 — 92)(1/52 — 1)}
x exp{i(s1/s2 — 1) + O2(s2/s1 — 1)}
Here again, E(X;) = A\j1 — Aj2, var(X;) = Aj1 + Aje for j € {1,2}, and

01 + 0

corr( Xy, Xa) = — .
) V(A1 + A2)(Aa1 + Aoz)

4. NON-PARAMETRIC MEASURES OF DEPENDENCE

As seen in Section 2, a simple formula is available for corr(Xy, Xs) whenever (X7, Xs) ~
BS2(01,02; M1, AM2; Aa1, Aaz). A fortiori, the same holds true in the special case where
(X1, X2) ~ BS1(0; M1, A12; Ao, Aga). Alas, closed form expressions for Kendall’s tau and
Spearman’s rho are not available for these models. As shown below, however, these two
non-parametric measures of dependence can be expressed in terms of covariances between
non-decreasing functions of underlying variables distributed as S(6,6), where 6 = 6; + 5.

4.1. Kendall’'s Tau

In order to compute the (raw) value of Kendall’s tau, consider independent pairs (X1, X2)
and (X1, X%) from BS3(61,02; M1, A\12; A\21, Aa2). By definition, one can then write, for j €
{1,2},

Xj:ij-i-Y(), XJI:Y;/—FYH

using mutually independent random variables Yy, Y1, Y2, Yy, Y/, Y7 such that
Yo~ S(01,02), Yi~SAi1—01, 2 —02), Yo~ S(Aa1 — 01, A2 —62)

and
Y~ 8(01,05), V! ~SOi1— 01, M2 — 02), YL~ S(har — 01, Aoz — 02).
For j € {0,1,2}, introduce Z; =Y; — Y/ and let

T1:X1*X1121+Z0, T2:X27X5:Z2+Z0.
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Further set 0 = 0, + 65 and Aj = )\jl + )\j2 for j € {1,2}. Then
Zo~8(0,0), Zy~S(A —0,Ay—0), Zs~S(As—0,As—6)

and hence (Tl, TQ) ~ 682(9, 9, Al, Al; AQ, AQ)

Denote by Ky the joint cumulative distribution function of (77,7%), and let K9 and
K5 be the cumulative distribution functions of Z; and Zs, respectively. Let also gy denote
the probability mass function of Z,. The following proposition leads, if desired, to a series
expansion for the (raw) population value of Kendall’s tau in the pair (X, X5).

PROPOSITION 4.1: If (X1, X5) ~ BS3(61,02; M1, M2; A21, Aa), the (unscaled) wvalue of
Kendall’s tau for the pair (X1, X2) is then given by

T(Xl,XQ) = COV{Klg(Zo) —+ Klg(ZO — 1), KQ@(ZQ) + KQQ(ZO — 1)}

PRrROOF: By definition, 7(X;,Xs) =Pr(T1Te > 0) — Pr(T1T> < 0) = A, say. Given that
(Th,Ts) = (Z1 + Zo, Zo + Zp), the difference

A= KQ(0,0) + Ke(—LO) + K9(07 —1) + Kg(—l, —1) -1

can be developed as a series upon conditioning by Zy. One finds

A= S (Kup(-k)Kap(—k) + Kro(—k — 1)Kap(—k)}as (k)

k=—o00

+ i {Klg(—k)Kgg(—k — 1) + Kw(—k — 1)K29(—k‘ — 1)}99(1{5) -1

k=—o00

=S {Kuo(— ) + Kap(—k — 1)} {Eap(—k) + Kao(—k — 1)}go(k) — 1.

k=—o00

Now use the fact that for j € {0,1,2}, —Z, has the same distribution as Z; to deduce that,
for j € {1,2} and all k € Z,

Kjo(—k) =1 Kok —1), Kjo(—k—1) =1 K;(k).

Upon substitution, one finds

A= i {K1o(k) + Kig(k — 1) — 2}{ K2 (k) + Kag(k — 1) — 2} gg (k) — 1

k=—o00

= E[{K19(Z0) + K19(Zo — 1) — 2}{K29(Z0) + K29(Zo — 1) — 2}] — 1,

which yields the desired conclusion because E{Ki9(Zo)+ K;9(Zp—1)} =1 for
jeq1,2. n

Given that the mapping ¢t — Kjo(t) + Kjo(t — 1) is non-decreasing for j € {1,2}, it
follows from Proposition 4.1 that 7(X1, X2) > 0. The lower bound (i.e., 0) is reached when
min(6f;,602) — 0, because in the limit Zy = 0. As for the upper bound, it is reached when
9j — min()\lj,)\zj) for j € {1,2}.

An explicit expression for the upper bound on 7(X;, X2) can be obtained when the
random variables X; and X5 are identically distributed, i.e., when Ai; = Ag; = A; for j €
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{1,2}. In that case, one has Z; = Zy = 0, and hence Kjg(k) = 1(k > 0) for j € {1,2} and
all k € Z. In view of Proposition 4.1, the upper bound is then given by
var{1(Zy > 0) +1(Zy — 1 > 0)} = var{1(Zp > 0) — 1(Zp < 0)}
= E[{1(Z > 0) - 1(Z < 0)}?],

because the distribution of Z; is symmetric with respect to the origin. Upon expanding the
square, the latter expectation is found to be

2E{1(Zy > 0)} = 2Pr(Yy > Yy) = 2E{F, (X, — 1)}.

This is in concordance with Proposition 8 of Neslehovd [11].
As another immediate consequence of Proposition 4.1, note that if a random pair
(X1, X5) is defined as in (6), it follows from (7) that

T(Xl,XQ) = —COV{Klg(Zo) + Klg(ZO — 1),K29(Z()) + KQQ(ZO — 1)}

4.2. Spearman’s Rho

Turning to the computation of the (raw) theoretical value of Spearman’s rho, let (X7, X5),
(X1, X%) and (XY, X)) be mutually independent and identically distributed pairs from
682(91, 025 A1, A\12; Aot )\22). By definition, one can then write, for j € {1, 2},

Y=Y+ X =YV X[ =¥/ +Y,

where for j € {0,1,2}, Y}, Y/ and Y}’ be mutually independent and identically distributed
random variables such that Yy ~ S(6;,62) and

Y1~ S — 01,12 — 02), Yo~ S(Aa1 — 01, Aog — 02).
Consider the random variables
Zy=Y1-Y], Zo=Ya-VYy), Zo=Yo-Yy, Zy=Yy-Y)
and set
T=X1-X{=7Z1+ 2y, To=Xo— X =27+ Z,.

Clearly, Zy and Z|, are two dependent observations from distribution S(¢,6), where 6 =
01 + 6. For j € {1,2}, one also has Z; ~ S(A; — 0, A; — 0), where A; = \j1 + A2, as before.

Denote by Ky the joint cumulative distribution function of (77,7%), and let K9 and
K5 be the cumulative distribution functions of Z; and Zs, respectively. Let also gy denote
the probability mass function of (Zy, Z()) ~ BS2(01,02;6,0;0,0). The following result leads,
if desired, to a series expansion for the (raw) population value of Spearman’s rho for the
pair (Xl,X2).

PROPOSITION 4.2: If (X3, X5) ~ BS3(61,02; M1, M2; A21, Aaa), the (unscaled) wvalue of
Spearman’s rho for the pair (X1, Xs) is then given by

p(X17X2) = 3cov {Kw(Zo) + Kw(Z() — 1)7K29(Z(/)) + KQQ(Z(/) — 1)}
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PROOF: By definition, p(Xi,X3)/3 = Pr(ThT> > 0) — Pr(7172 < 0) = A, say. Given that
(Th,Tz) = (Z1 + Zo, Zo + Z|), the difference

A= K9(070) + K@(—LO) + Ky(0,—1) + Ko(—1, —1) -1

can be developed as a series upon conditioning by Zy and Z|. One finds

A= 3" > {Kig(—k)Kag(—k') + Kig(—k — 1) Kog (k') }go (. K')

k=—ococ k/=—0c0
+ 3 S Ku(—R)Kao(—K — Lgo(k, k)
k=—oco k/=—0c0

+ >0 Y Kup(—k— 1)Kap(—K — 1)go(k, k') — 1.

k=—o00 k'=—00

Upon simplification, one gets

A= S S (Eu(R)  Ki(—k - 1)

k=—o0 k'=—00

x {Kog(—k') + Kog(—k' — 1)}go(k, k') — 1.

Now use the fact that for j € {1,2}, —Z; has the same distribution as Z;, and —Z} has
the same distribution as Z}. Thus, for j € {1,2} and all k € Z, one has Kjp(—k —1) =
1 — Kj¢(k). Consequently,

A= i i {Ko(k) + Ki9(k — 1) — 2}

k=—o0 k/=—o00

x { Ko (k') + Kog(K' — 1) — 2} gg(k, k') — 1.
Furthermore,
E{K10(Z0) + K19(Zo — 1)} =1, E{Ka(Z}) + Keo(Z) — 1)} = 1.
Consequently,
A = cov{K19(Zo) + K19(Zo — 1), K20(Zy) + Kap(Z) — 1)},
whence the conclusion. |

From Proposition 2.6, it is known that the pair (Zy, Zj)) is PQD. Given that the mapping
t— Kjg(t) + K;p(t — 1) is non-decreasing for j € {1,2}, one can then conclude from Propo-
sition 4.2 that p(X;,X3) > 0. The lower bound (i.e., 0) is reached when min(6,,60s) — 0,
because in the limit Zy = Zj = 0. The upper bound occurs when 6; — X; = min(A1;, Agj)
for j € {1,2}.

As for Kendall’s tau, an explicit upper bound on Spearman’s rho can be found when
the random variables X; and X5 are identically distributed, i.e., when Ay; = Agj = A; for
j € {1,2}. The largest possible value, pmax, of p then occurs when 6; — A; for j € {1,2}. In
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that case, one has Z; = Z; = 0 and hence Kjg(k) = 1(k > 0) for j € {1,2} and all k € Z.
Hence

Pmax/3 = cov{1(Zy > 0) — 1(Zy < 0),1(Z} > 0) — 1(Z < 0)}
=Pr(Zy > 0,2, >0)+Pr(Z, < 0,7, <0)
—Pr(Zy < 0,7, >0)—Pr(Zy > 0,2, <0).

Note that if §; — A; for j € {1,2}, then X; = X, =Y} almost surely because Y7 = Y5 = 0.
Consequently,

Pr(Zy > 0,7 > 0) = Pr(Yy < Yy, Yy < Yy) = E[{F1 (X, —1)}?].
Similarly, one has
Pr(Zy > 0,2 < 0) =Pr(Zy < 0,2, >0) = E[F1 (X1 — 1){1 - F1(X1)}]
and Pr(Zy < 0,2} < 0) = E[{1 — F1(X1)}?]. Finally, by using the identity
E{R(X; - 1)} + E{R(X1)} =1,
one gets
Pmax = 3var{F1(X1) + F1(X; — 1)}.

This is in accordance with the discussion in Section 4.3 of Neslehové [11].
As another immediate consequence of Proposition 4.2, note that if a random pair
(X1, X32) is defined as in (6), it follows from (7) that

p(Xl,XQ) = —3cov {Klg(Zo) + K19(ZQ — 1) KQ@(ZO) + KQQ(Z 1)}

5. PARAMETER ESTIMATION

In addition to being easy to interpret and simulate, the bivariate Skellam distributions
defined here are simple to fit by the method of moments. Maximum-likelihood estimation
is also possible but is not considered, as it is even more involved than for the univariate
Skellam distribution; see, e.g., [1,7].

First observe that whether the random sample (X711, X12), ..., (Xn1, Xn2) arises from
the bivariate Skellam distribution of the first kind or the second kind, the parameters of
the margins S(A11, A12) and S(Aa1, A22) can be estimated in the standard way [13]. Setting

=23 Xn K= X,
=1 i=1

and
1 n B n
S = n_lzl(Xﬂ*Xl)?v 4 Xip — X2)?,
the moment estimators are easily found to be
< S+ X, . S? - X, . S2+ Xy S2 - X
)\112712 =, )\122712 =, )\212722 2, )\222722 2. (8)

These estimators are explicit and consistent by the Law of Large Numbers. However, note
that in order for all of them to be non-negative, one must have S? > |X;| for j € {1,2}.
If this condition fails for some j € {1,2}, one may proceed as Alzaid and Omair [1] by
setting the negative estimate to zero and the other one to | X;|.
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5.1. First Model

When the data arise from the BS1(6; A\11, A12; A21, A22), a moment-based estimator of the
dependence parameter 6 is given by

0 = X1 — X1) (X2 — Xo).

This estimator is consistent by the Law of Large Numbers. When the sample size is small,
however, there is a non-zero probability that Si5 < 0, in which case one might set 6 =0.

In practice, a negative value for S5 may also suggest that a model of the form (6) is
more appropriate for the pair (X7, X2). As seen in Section 3, this amounts to assuming that
(X1, —X2) ~ BS1(0; M1, M2; A2z, Ao1). Note that this does not affect the estimates of the
marginal parameters given in (8) but as cov(Xy, —X5) = 6, a consistent estimator of 6 is
now given by —S1o > 0.

5.2. Second Model

When the data arise from the broader model BS2 (01, 02; A11, A12; Aa1, A22), two equations are
needed in order to estimate 6; and 65 by the method of moments. The identity cov(X7, X2) =
01 + 05 leads to the estimating equation

Si2 =61 + 6,

from which a consistent estimator of 8 = 61 + 65 can be deduced. As n — oo, the probability
that S12 < 0 becomes negligible. Thus if S15 < 0, it may be that a model of the form (6) is
more appropriate.

5.2.1 Case Sy2 > 0. A A
In order to estimate 6, and 6, subject to 61 + 62 = Si12, a second equation must be called
upon. The following proposition will be used to this end.

PROPOSITION 5.1: Suppose that (Xl,XQ) ~ 882(91, 02; )\11, )\12; Agl, )\22). Then
COV(Xl,Xg) = (91 — 02) + 2()\21 — )\22)(91 + 92),
COV(X%,XQ) = (01 - 92) + 2()\11 — )\12)(91 + 92)

PrOOF: By definition, one has X; =Y; + Yy and X, =Y5+ Y, where Yy, Yy, Y5 are
mutually independent with Yy ~ S(6y,62),

Y1~ S — 01,12 — 02), Yo ~ S(Aa1 — 01, Aag — 02).
Consequently,
cov(X1, X3) = cov(Yp, Y§&) + 2E(Yz)var(Yp)
= E(Yy) + {2E(Y2) — E(Yo) }var(Yo) — {E(Y0)}’.
The desired expression for cov(Xy, X2) results from the fact that
E(Yo) =01 — 02, E(Yz) = Ag1 — Aaa — (01 — 02), var(Yy) = 01 + 62,

and
E(Y)) = (61 — 62) + 3(65 — 63) + (61 — 62)°.

The formula for cov(X?, X3) can be obtained in a similar way. [ |
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Plug-in estimates of cov(X?%, X5) and cov(X;, X3) are given by

— 1 - % 2 2 v2) 1 - % 2
Ty = n_1 ;(Xiz = Xo) (X = 57— Xj) = n_1 ;(Xﬂ - X2)Xii,
1 n B _ 1 n —
T21 = n_1 ;(le — Xl)(XEQ — S% — X22) = n_1 ;(le - Xl)Xi227

respectively. Given that M1 — Ao = X7 and Aoy — Aoy = Xo from Eq. (8), Proposition 5.1
suggests that moment estimators of 6; and # can be obtained by solving the equation
1

5 (Thz + Tor) = 01 — Oz + (X1 + Xo) (01 + 62),

subject to Sis = él + ég. The solution happens to be explicit, viz.
1 - - 1

0, = 3 {512(1 - X1 —Xy) + §(T12 +T21)} )
1 - . 1

92 = 5 {512(1 —+ X1 —|—X2) — §(T12 —|—T21)} .

Again, these estimators are consistent by the Law of Large Numbers. By assumption,
at most one of them can be negative; when this happens, it can be set equal to zero.

5.2.1. Case S12 < 0.

As mentioned earlier, it may be preferable to assume a model of the form (6)
for (X1,X2) when Sjs is negative. This amounts to assuming that (X, —X5) ~
Ba (01, 02; A\11, A12; A2z, A21), in which A2 and Ago have been interchanged. In view of this
fact, it is easy to see from Proposition 5.1 that

COV(Xl, X22) = (91 — 92) — 2()\21 — )\22)(91 + 92),

cov(X7, Xa) = (02 — 01) — 2(A11 — A12) (01 + 62).

Estimators for these parameters are then obtained by solving the equations
~ ~ 1 ~ o _ _ o ~
S1g = —(01 + 02), 3 (Tha = To1) = 01 — 02 + (X1 — X2)(01 + 02).
Consequently,

1 _ _ 1
01 = 3 {512(X1 -Xo—1)+ §(T12 - T21)} ,

- 1

_ 1
2

{512()_(2 - X;—1) 2(le - T21)} .

These estimators are consistent by the Law of Large Numbers. By assumption, at most one
of them is negative; when this happens, it can be set equal to zero.

A study of the sampling properties of the estimators proposed herein will be the object
of subsequent work.

https://doi.org/10.1017/50269964814000072 Published online by Cambridge University Press


https://doi.org/10.1017/S0269964814000072

416 C. Genest and M. Mesfioui

6. DISCUSSION

The main purpose of this paper was to introduce bivariate Skellam distributions that could
be easily interpreted and simulated. Two such models were proposed, based on a proba-
bilistic construction involving a common shock. The models, which are nested, share the
convolution closure property of the univariate Skellam distribution. Their basic features
were studied, and moment-based estimators of their parameters were derived.

While the discussion was limited to the bivariate case, it is obvious that multivariate
extensions of these models are possible. A general d-variate Skellam distribution could be
defined, e.g., as the distribution of a random vector X = (X1, ..., Xy) with components

X1:Y1+Y07"'7Xd:Yd+YEJa

where the random variables Yy, ..., Yy are mutually independent with Yy ~ S(61,62) and,
for all ] S {1,. .. ,d}, }/j ~ S()\lj — 91,)\2]‘ — 92) In this model, Xj ~ S()\lj,)\gj) for each
j€{1,...,d} and the dependence between them is governed by non-negative parameters

01 < min(/\n, ey )\103), 0y < min()\gl, ey )\2d).

Another fruitful way of inducing dependence in multi-class models is through shocks
that can affect either the entire portfolio or subclasses thereof. For example, suppose that
X = (Xy,...,Xy), where X; = (Xp1,...,Xgq) for each k € {1,...,£}. One could assume
that for each k and all j € {1,...,d},

Xij =Y +Y; + Y0,
where Yy ~ S§(01,02), Y ~ S(01 — 01,602 — 62), and
Yij ~ S(Aikj — b — 01, Aok — Oop — 62).

Clearly, Xi; ~ S(Aij, Aog;) for all ke {1,...,¢} and j € {1,...,d}. In this model, the
parameters 6, and 65 govern the global dependence, while 61 and 65, account for the
dependence in class k € {1,...,¢}. These models may be the subject of future study.
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