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We introduce a multi-species chemotaxis type system admitting an arbitrarily large number of
population species, all of which are attracted versus repelled by a single chemical substance.
The production versus destruction rates of the chemotactic substance by the species is
described by a probability measure. For such a model, we investigate the variational structures,
in particular, we prove the existence of Lyapunov functionals, we establish duality properties
as well as a logarithmic Hardy-Littlewood—Sobolev type inequality for the associated free
energy. The latter inequality provides the optimal critical value for the conserved total
population mass.
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1 Introduction and motivation

Since the pioneering chemotaxis model of Keller and Segel [24], see also Patlak [35],
several models have been introduced in order to describe the chemotactic movement
of motile species, such as the slime mold Dictyostelium discoideum. In particular, much
attention has been devoted in recent years to derive multi-species chemotactic models,
see [8-10,13,18,44,49,50] and the references therein.

Our aim in this note is to introduce and to analyze, particularly from the variational
point of view, a new multi-species parabolic—parabolic chemotaxis system involving an
arbitrarily large number of population species p,, depending on the index o € [—1,1],
and a single chemical v. Such a continuously varying index will turn out to be useful
in order to efficiently formulate, in terms of a probability distribution P(de) defined on
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the index range [—1,1], the variational structures of the system, as well as to describe
relevant quantities, such as the conserved total population mass and the overall chemical
production rate. We assume that p, and v are defined on a two-dimensional domain,
which is a natural setting for species raised in a cell-culture dish. In our model, some of
the population species are attracted by the substance v, while others are repelled by it,
with different (normalized) intensities given by the value o € [—1, 1], where positive values
of o correspond to attraction, whereas negative values correspond to repulsion. In turn,
the substance is self-produced by those species it attracts, and destroyed by those species it
repels. In particular, this model fits the ‘absence of conflicts” definition introduced in [49].
Birth and death rates are neglected.

We are particularly interested in the limit case where the dynamics of the population
species is significantly faster than the dynamics of the chemical. In this case, our system
may be written as an evolution problem for the chemical substance v only. We further
assume that the total mass of all the population species, is conserved in time. Such a situ-
ation could be of interest when the different species are produced by a cell differentiation
process as occurs, e.g., in the early aggregation stages of the Dictyostelium during mound
formation [13,47].

More precisely, we consider the following system:

5aaé? = Ap, — adiv(p, Vo), in Qx(0,T), v € [~1,1]
ov .
sa = Av + /[—1,1] opy P(da), in Qx(0,T) (1.1)
v-(Vp, —ap,Vv)=0, v =0, on 02 x (0, T)
pa(x,0) = pJ(x) =0, v(x,0)=1"(x), inQ,

where @ ¢ R? is a smooth bounded domain, v denotes the outer unit normal vector on
0Q, T > 0 stands for the maximum existence time for (1.1), « € [-1,1], P € M([-1,1]) is
a probability measure, v° € H(}(Q) and the constants ¢, d, satisfy ¢ > 0, d, = J¢ for some
dp > 0. We observe that if suppP C [0, 1], namely if P is positively supported (see (2.2)
below for the precise definition of supp P), then v° > 0 implies v > 0 by the maximum
principle. On the other hand, if suppP N [—1,0) # 0, the function v is not necessarily
non-negative. In this case, v is interpreted as ‘chemical potential’, see [18].

The evolution equation for p,, together with the no-flux boundary condition in sys-
tem (1.1), implies the conservation in time of the population mass, for each population p,
separately:

/ Pu(x,t)dx = / pg(x) dx for all « € [—1,1]. (1.2)
Q Q

Moreover, (weak) solutions to system (1.1) satisfy p, > 0 almost everywhere in Q x (0, T'),
see, e.g., [4], Proposition 1, and the references therein.
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We observe that for P = §;(dw), system (1.1) reduces to the classical Keller—Segel system
for a single population, denoted by :

566—1? = Ay — div(yp Vo), in 2x(0,7T)

ov .

sa =Av+vy, in Q x(0,T) (1.3)
v-(Vy —ypVo)=0, v=0, on 0Q x (0, T)
w(x,0)=y’(x), v(x,0)="(x), °%">0, inQ.

For the sake of future reference, we also explicitly note the two-species case P(da) =
04, (da) + (1 — 7)d4,, 0 < 7 < 1, 01,00 € [—1, 1]. In this case, system (1.1) takes the form:

518 = 4py — div(on 1 V1), in Q x (0.7)
0p2 . :

9= = Ap2 — div(@p2Vv), in Q x (0, T),

ov

=Y 1— in Q T
e, v+ 1o p1 + (1 — T)o2p2, in Qx(0,T) (1.4)
v-(Vpr —oyp1Vo) =0=v-(Vpy —oppaVv), on dQ x (0,T)
v =0, on 0Q x (0, T)
p1(x,0) = pY(x) 20, pa(x,0)=pJ(x) =0  inQ
v(x,0) = Uo(x)’ in Q.

System (1.1) admits the following relevant limit cases.

Slow population dynamics limit: 5, >0, ¢ =0

In this case, system (1.1) reduces to the following parabolic-elliptic system:

5165“ = Apy — adiv(p,Vv),  inQx(0,T), xe[-1,1]
—Av = / opy P(da), in Q x(0,T)
11] (1.5)
v-(Vpy —ap,Vv) =0, v=0 onodoQ x(0,T)
p2(x,0) = p2(x) =0, in Q.

Systems of the form (1.5) also appear in statistical mechanics (where they are sometimes
called Smoluchowski—Poisson systems) as well as in the theory of semi-conductors, see
[4,6,15] and the references therein. In the context of chemotaxis, concentration phenomena
for (1.5) were obtained in [19]. We note that system (1.5) decouples, in the sense that it
may be written as an integro-differential system for the populations p,, o € [—1,1]:

0p, o T _
5,02 = Ap — div (apav I - G(x,y)ﬁpm)dyP(dﬁ)), ve L1, (L6)

where G denotes the Green’s function for —4, see (3.8) below for the precise definition.
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Fast population dynamics limit: 6, =0 for all « € [-1,1], e =1

As already mentioned, we are particularly interested in this case. Under this limit, we
obtain the following elliptic-parabolic system:

Ap, — odiv(p, Vv) =0, in Q2x(0,T), a€[-1,1]

ov

— =Av +/ opy P(da), in Q x(0,T)

ot - 11] (1.7)
v (Vpy —op,Vv) =0, v=0, ondQ x(0,T)

v(x,0) = 1%(x), in Q.

In this case, it is not difficult to check (see the proof of Theorem 2.1-(iii) in Section 3
below) that

pac(xa t) = Cac(t)ew(x’t)

for some C,(t) > 0 independent of x € Q. Therefore, system (1.7) decouples into the
following semi-linear parabolic non-local equation for the chemical substance v:

& = Av + / aCy(t)e™ P(doa). (1.8)

The limit system (1.7) no longer implies the total mass conservation (1.2). Therefore, we
cannot a priori exclude the dependence of C, on the time t and on the index o. On
the other hand, the explicit value of C,(t) is irrelevant to the dynamics of p,, which
only involves Vv by the first equation of (1.7). Therefore, we assume a suitable form of
mass conservation. In this limit, we focus our attention on the following average mass
conservation property with respect to P:

/ / pu(x,8)dxP(do) = 4, for all ¢ € (0, T). (1.9)
Qx[—11]

As already mentioned, such a ‘generalized’ mass conservation property may be of interest
in the situation where the single species p, are produced by a cell differentiation process.
From (1.8)—(1.9), we finally obtain the following non-local evolution problem for v:

ov oe™®
— =Av+ A - P(do), in Qx(0,T
ot -1 Jox iy €00 dyP(dp) (de) ©.7)

1.1
v=0, on dQ x (0, T) (1.10)
U(X, 0) = Uo(x)a il’l Q

Interestingly, the exponential type non-linearity in (1.10) is exactly the non-linearity con-
tained in the mean field equation derived by Neri [29] in the context of the statistical
mechanics description of 2D turbulence, extending Onsager’s approach [31], see also [5].
In other words, (1.10) corresponds to the parabolic flow associated to the stochastic hy-
drodynamic equilibrium equation derived in [29]. Such a flow is also known as ‘relaxation
equation’ associated to the elliptic problem, and is of interest even in the cases where it
does not describe the actual dynamics, since it provides, at least in principle, an algorithm
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to obtain numerical simulations for the elliptic problem, see [7], in particular the Remark
at the end of p. 97.

The steady states for (1.10) received a considerable attention in recent years, see,
e.g., [11,17,32,33,38,41] and the references therein, particularly in relation the existence
and qualitative properties of solutions. Thus, by analyzing (1.10), we provide further insight
for the mean field equation derived in [29]. We finally note that results for the evolution
problems of the ‘mean field’ form (1.10), in the ‘standard’ case P(dx) = d;(do) are obtained
in [1,2,23,48]. Some related non-local evolution problems have also been analyzed in
connection with the modelling of shear banding and Ohmic heating, see [21,25,26] and
the references therein.

From the mathematical point of view, we are interested in the variational structures
associated to the multi-species chemotaxis system (1.1), which are a key tool in the study
of stability and global existence of solutions [1, 16, 18,34]. We note that whether or not
the ‘critical mass’ for boundedness from below of the Lyapunov functionals provides a
threshold for global existence versus finite time blow-up of solutions for (1.1) significantly
depends on the distribution P, as recently shown in [39], where the existence of stationary
solutions for (1.1) beyond the critical mass is shown to depend on P even in the two-species
case (1.4). In this article, we rigorously establish the existence of a Lyapunov functional
and we establish a duality principle for p, and v. Some of these results are stated and
justified heuristically in [45]. The rigorous proof however requires some care, since the
natural functional space for (p,).e[—1.17 is the logarithmic space L'([—1,1], Llog L(R); P),
which is known to be non-reflexive, see, e.g., [36,37]. To this end, we adapt some ideas
from [4,37]. Finally, in the fast population dynamics limit, we determine the critical
mass for the global existence of solutions versus chemotactic collapse [12,19], in the
form of an optimal logarithmic Hardy—Littlewood—Sobolev type inequality which is in the
spirit of [3,43], although with different constraints. In view of the duality principle, our
inequality is equivalent to the sharp Moser—Trudinger type inequality, [28,46], obtained
in [40] and thus provides a new proof for it.

This article is organized as follows. In Section 2, we state our main results. In Section 3,
we obtain the Lyapunov functionals for (1.1)—(1.5)—(1.7). Section 4 is devoted to the
proof of the duality principle. In Section 5, we prove the logarithmic HLS inequality and
thus we derive the critical mass for global existence. Section 6 contains some necessary
technical estimates. Finally, in Section 7, we provide some concluding remarks on the
steady states of (1.1). In particular, we observe that the two stationary mean field
problems of [29] and [42], which have been extensively analyzed in recent years, see
[11,17, 20, 30, 40, 41,45] and the references therein, may both be obtained as steady
states of (1.1) in the fast population dynamics limit, by assuming different conserved
population mass constraints. Hence, we provide a unified point of view for such stationary
problems.

1.1 Notation

In what follows, all integrals are taken in the sense of Lebesgue. When the integration
variable is clear from the context, we may omit it.
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2 Statement of the main results

In order to state our main results, we define the following functionals:

L(Bpy,v) // po(log p, — 1) dxP(dx) + / |V|? dx
Qx| 11]

— // op,v dxP(do),
Qx[—1,1]

Flap,) = / /Q Ly elomps — 1Pl 2.1

1
2 doyP(d . dxdy,
2 //[1,112 *f Pl ﬁ)//gz G(x. y)pa(x)pp(y) dxdy

1
Ti(v) === / |Vo|? dx — Alog ( / / e de(doc)) + J(log A — 1),
2 Ja ox[-1,1]

defined for &p, € LY([—1,1], Llog L(Q);P), p, = 0 for all o € [—1,1] and for v € H}(Q),
where, following [45], we denote ®p, = Buc[—1,11Px = (Pu)uc[-1,1]-
We recall that the space Llog L(Q2) is defined as

LlogL(Q)={1p€L1(Q): /|1p10g1p||<+oo},
Q

and that it may be structured as an Orlicz space with Young function @(s) = (s+1) log(s+
1) —s, see, e.g., [16,18,36]; however, we shall not need this point of view.
For all A > 0, we define the following set of admissible functions:

>0Voe [—1,1],
I; = , € LY([~1,1], Llog L(Q
) ®p ([-1,1], Llog // p dxP(da) = J
Qx[-1,1]

With this notation, our main results may be summarized as follows.

Theorem 2.1 (Variational structures) The following properties hold true.
(1) The functional L is a Lyapunov functional for (1.1), in the sense that the function
2o(t) = L(Bpy(x,1),v(x,1))

decreases along solutions (Bp,(x,t),v(x,t)) to (1.1). Moreover, gy decreases strictly
unless py(x,t) = Cy(t)e™™) for some C,(t) > 0 independent of x € Q.

(ii) The functional F is a Lyapunov functional for the Smoluchowski—Poisson system (1.6),
in the sense that the function

ho(t) == F(Dpa(x, 1))

decreases along solutions @p,(x,t) to (1.6). Moreover, hy decreases strictly away from
stationary solutions.

https://doi.org/10.1017/50956792517000286 Published online by Cambridge University Press


https://doi.org/10.1017/S0956792517000286

A multi-species chemotaxis system 521
(iii) The semi-linear parabolic problem (1.10) is the gradient flow for 7).
(iv) The following duality property holds true:

_inf L=infF = inf J,.
T xHN(Q) I, H(Q)

We note that Lyapunov functionals are a key tool in establishing the global existence of
solutions, see [12,16]. Although property (iv) is derived heuristically in [45], a rigorous
proof is rather delicate due to the non-reflexivity of the Orlicz space Llog L(€2). Here, we
overcome this difficulty by some ad hoc truncation arguments, in the spirit of [37].

Our next result is a sharp logarithmic HLS inequality for the functional F of the type
derived in [3,43], which provides the critical total population mass threshold for the global
existence of solutions, see [12,16,22].

Theorem 2.2 (Sharp logarithmic HLS type inequality) Suppose that suppPN{—1,1} # 0.
Then, the functional F is bounded from below on I'; if and only if 1 < 8.

Here, supp P denotes the support of P, namely
suppP = {a € [-1,1] : P(U) > 0 for all open neighborhoods U containing o}. (2.2)

We observe that in view of the duality property stated in Theorem 2.1-(iv), the inequality
stated in Theorem 2.2 is equivalent to the Moser—Trudinger type inequality [28,46] derived
in [40] and given by

inf J, > —o0 if and only if / < 8m. (2.3)
H{(Q)

The proof of Theorem 2.2 is independent of the results in [40]; hence, here we also provide
an alternative proof of (2.3).

The remaining part of this article is devoted to the proofs of Theorem 2.1 and of
Theorem 2.2.

3 Variational structures and proof of Theorem 2.1-(i)—(iii)

Henceforth, it will be convenient to denote I := [—1, 1] and to adopt the product space
notation introduced in [29]. Namely, let

Q:=QxI, X = (x,q), dx = dxP(do).

We denote

p(X) = p(x,2) = ps(x).
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The full system (1.1) and the proof of Theorem 2.1-(i)

In product space notation system (1.1) takes the form:

5a%’; = Ap —adiv(pVv),  in Q x (0,T)

8% = Av + /IocpP(doc), in Qx(0,T) 1
v-(Vp—oapVv)=0,0v=0, onoQ xI x(0,T) G.1)
p(%,0) = p°(%) =0, in Q

v(x,0) = 1°(x), in Q.

For p € Llog L(Q), p=0ae. in Q, andv e H}(Q), the functional £ defined in (2.1) takes
the form:

1
E(p,v)=/§p(>~c)(logp(>~c)f 1)d>~c+E/Q|Vv|2d5cf/§ap(>?)v(x)d5‘c. (3.2)

A formal proof of Theorem 2.1-(i) is easily obtained by straightforward differentiation.
Indeed, for any ¢ € L°°(2), we note that formally (and rigorously, if the strict inequality
p > 0 holds true)

Lop,0), 0) 1) = /Q (log p — ) d, (33)
where (L,(p,v), <p>L2((~2) = %L(p + s¢,v)|s=0 denotes the usual Gateaux derivative. In

particular, along a solution (p(X,t),v(x,t)) to (1.1), we formally have

(Lop,0),p1) = /Q (log p — ow)pr dt = /Q <(log p — o0) div(pV(log p — o)) s

o

= / Pldo) /(logp —ov)div(pV(logp — ov)) dx (3.4)
1 92 Jo

=— / £|V(logp — aw)?dx < 0.
a 0y
Similarly, for & € H}(R2), we compute:
(Lip0)&) = [(Vo- V= sptrav = [ v+ ap)t ds
o o
In particular, along a solution (p(X,t),v(x,t)) to (1.1), we have

(Liporo) == 1 [ (av+ap) (Av + /, ’p P(da’)) a5

2

2
=—1/ (Av—l—/ocpP(doc)) dx <0.
¢ Ja I

Thus, along solutions of (1.1), we formally have the non-increase of L:

d

Eﬁ(p(%, 1),v(x,t)) <0 forallt € (0, T). (3.5)

https://doi.org/10.1017/50956792517000286 Published online by Cambridge University Press


https://doi.org/10.1017/S0956792517000286

A multi-species chemotaxis system 523

We now provide a rigorous proof of Theorem 2.1-(i), by adapting an argument in

[4].
Proof of Theorem 2.1-(i) Let (p(x,t),v(x,t)) be a fixed classical solution for (1.1) and for
0 >0 let
gs(t) = L(p(x,1) + 6,v(x, 1)).
Then,

g5(0) — 5(0 /{ J(p 4 8.0).p0) + (Lolp + 8.0, 00)}

We compute, recalling that in product space notation p = p(X) = p(x,a):

1 .
(Lo +0.0),pr) = / (log(p + 8) — o) py d% = / (log(p +6) — a0) div(Vp — 2p V)

Q Ya

V(log(p + ) —aw) - (Vp — 2pVv)

@\m\

S“\HS“\*—

V(log(p +0) —aw) - (Vp — a(p + 0)Vv + ad Vo)
/ T|V(log(p +06) —aw)|” =9 /f2 %V(log(p +0) —ow) - aVo.
Using the elementary identity
[V log(p + 0)]> = [V(log(p + 6) — &) + |VE|* + 2V (log(p + 6) — &) - VE, (3.6)
with ¢ = av, we may write
V(log(p + 8) — ) - 4V = %{\VIog(p +6)]> — |Vlog(p + 8) — ) — Vo).
We deduce that

(Lolp +8,0),p1) = /—(p+ IVitoglp+8) ~ )~ 5 [ 5 loglp+ &)

2
+2/Q |Vol~.

On the other hand, we have

(elo+o0.0) = [ VoV = [ atp o= = [ (do+api—5 [
—/(AU—F/fxpP(doc)) /ocP(doc)/
——7/(Av+/ocp’P(doc 5/0(73510(/1;[.
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It follows that

25(1) — g3(0) = / L5 (o+3) |V<log(p+5)—ow>2—i/ot/é;awlog(pw)zd»%
S i L[ (s o)
5/01/Ioc77(doc)/gvt.

We conclude that

/ / ( )|Vlog(p+5 )= o)
"t firenf ot fun

By continuity of the function s — slogs at 0, we have
li 5(t) = X .
6LI{)1+ g()(t) [’(p(xa [),U(X, t))

Therefore, letting § — 0T, we obtain

N - . ! 1 0 5
L(p(X,1),v(x,1)) = L(p(%,0),v(x,0)) + lim sup < (p + 5)|V(log(p + 6) — aw)|” < 0.
5—0+ 0 JO 50( 2
Hence, the asserted decreasing properties of £ are established. O

The case 6, >0, e =0 and the proof of Theorem 2.1-(ii)

In product space notation, system (1.5) takes the form

B %’? = Ap — adiv(pVv), in Q@ x(0,T)
—Av = /ocp P(dw), in Q x (0,T)
f (3.7)
v-(Vpy —ap,Vv) =0, v=0, ondR2 x(0,T), « € [—1,1]
p(%,0) = p°(%) = 0, in Q.

We first recall that the Green function G(-,-) for —4 in Q with Dirichlet boundary
conditions is defined for x,y € Q, x # y, by

—A4,G(x,y) =6,, in Q (38)
G .

(y) =0, on 0Q.
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By means of G, we may define a symmetric kernel E}(x, v, p) for (x,y,a,p) € Q x Q,
x # y, with corresponding convolution operator defined by

(G x p)(x,2) = /a G(x,y)p(y, B) dyP(dp). (3.9)

We note that, we may write:

[ aGxenas = [ spxn) [ Guxotep)dyPias)
Q Q 1)
= //;22 af G(x, y)p(x, 0)p(y, B) dxdyP(do)P(df).

Therefore, the functional F may be equivalently written in the form:

Flp) = /Q pllogp 1)~ 3 / 4p G * (ap).

Q

For later use, we observe that we may also write:

/?2 2p G * (ap) dX = /Q < /1 ) P(doc)> G * ( /1 ap P(doc)) dx. (3.10)

From (3.7) we deduce that

v=é*(ocp)=G*(/ocpP(doc)>.
I

Proof of Theorem 2.1-(ii) Similarly as above, for 6 > 0 let
hs(t) := F(p(X,t) + 0).

Then, using the symmetry of G, we compute

5(1) =/§ {log(p +0) — oG * (a(p + 5))} I
=[ 51 {log(p +0) — aG * (alp + 5))} div(Vp — 0pVG * (ap))
Q Ya
1 ~ - N
—— [ 35 {toato+ 5~ 5 ) } - (¥~ slp + 5)VG + o) + 50V + ap)}

—5/~§V(~}*o¢-{Vp—cxpV5*(ap)}
Q Yo

o R -
=—/§~2p;; |V{log(p + &) — oG * (ap)}|* — I — II

https://doi.org/10.1017/50956792517000286 Published online by Cambridge University Press


https://doi.org/10.1017/S0956792517000286

526 N. I. Kavallaris et al.

where
=/~ ;V{log(p +8) — G * (ap)} - AV G * (ap),
Q Yu
I1 :=0o /N gvé xo-{Vp —apVG * (ap)}.
Q VYa

Using (3.6) with ¢ = oG = (ap), we have

V{log(p + d)— oG * (op)} - aVG * (ap) = \Vlog o+ 5)|2—7|V (log(p + ) — aG * (ap)|?

1 ~
- §|VocG * (ap)]>.

Therefore,

0 ~ o
[ 5 (o+3) V00stp+6) oG« o0 =5 [ L i010utp + o)

Q

0
5/ 5 VoG * (ap)|> —

We conclude that

t i é e 2
+/0 /Ez&g (” 2) [V(log(p +8) = 2G « (2p))|

o [ 1 - 5 t B -

5/0 /aé?‘v“G*(“p)' ’5/0 /(ZWG*W{Vp—apVG*(ap)}.

Now, we observe that lims_.+ hs(t) = F(p(X, t)). Therefore, letting & — 0T, we obtain
F(p(,1) — F(p(%,0)) + lim sup / |5 ( ) IV (log(p +8) — G + (xp)) <0,
5—0+

and the asserted monotonicity property for F (B(Sc, t)) follows.
If the decrease is not strict, then V(log p — G * (xp)) = 0. In view of (1.6), we conclude
that the solution is stationary. O

The case 6, =0, ¢ = 1 and the proof of Theorem 2.1-(iii)

In product space notation system (1.7) takes the form

Ap — odiv(pVv) =0, in Q x 0, 7T)

ov

— =4 d in Q x (0,T

o v—l—/lfxpP( ), in Q x(0,T) 3.11)
v (Vp—0apVv)=0,v=0, ondQ x1I x(0,T)

v(x,0) = 1°(x), in Q.
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Proof of Theorem 2.1-(iii) We observe that for every fixed « € I, t € (0, T) we may write
Vo —oapVv = V(e *p). (3.12)

Multiplying the first equation in (3.11) by e~*p and integrating, in view of the no-flux
boundary condition, we have:

0= [ o (Vo—apVo - [ Ve =~ [ evie o)l
oQ Q Q
We deduce that V(e7*p) =0 a.e. in @2, and consequently

plx,a,1) = Cy(1)e™ ™) (3.13)

for some C,(t) = 0. We shall assume that C,(t) is independent of «. We note that such an
assumption does not affect the dynamics of the population species p, which only depends
on Vv. Assuming the mass conservation (1.9), we derive from (3.11)—(3.13) the following
evolution problem for v:

o o[, we™ P(dor) )
— =4 ! Qx0T
o = WA e pamax MO
3.14

U(X, [) = 0’ on 0Q x (0, T) ( )
v(x,0) = 1%(x), in Q.

We recall from (2.1) that

Tiv) = %/ |Vo|? dx — /llog/~ e dx + Alog 4 — 1), v € HH(Q).

Q o

It is readily checked that (3.14) is the gradient flow for 7. O

4 Duality and proof of Theorem 2.1-(iv)
We recall from (2.1) that £ is defined for p € Llog L((NZ), p=0,and v € H}(Q) by

L(p,v) :=/p(10gp—1)d>~c+l/ |Vv|2dx—/acpvd5c
o 2 Jo Ja

and
I, = {p € LlogL(Q): p=>0ae. in Q, [p(?c)d?c = /1}.
Q

The main properties needed to establish Theorem 2.1-(iv) are contained in the following
statement.

Proposition 4.1 For every fixed v € H}(Q) there exists p, € I'; such that

ll;lf[’(a U) = C(pb"v)~
I;
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Moreover, p, satisfies
eCZU

Pv = iw, ae.in é (41)

Before we proceed further with the proof of Proposition 4.1, we need to state and prove
two auxiliary results. We first point out that a minimizing sequence p, € I; for L(-,v) may
be taken uniformly bounded in L°°(5~2) and moreover the minimizer p, satisfies p, > 0
ae. in Q, following an approach established in [37]. The underlying idea is that, since the
non-linearity

1(t) = t(logt — 1) (4.2)

blows up at infinity and attains a strictly negative minimum given by min f = f(1) = —1,
the minimizing sequence p, may be modified so that 0 < p, < M for some M > 0
independent of n, a.e. in §~2, without increasing the value of L(-,v), and the minimizer p,
satisfies p, > 0 a.e. in Q. Then, the proof of Proposition 4.1 easily follows.

Lemma 4.1 For any fixed v € H}(Q) N L>(Q) there exists M > 0 depending only on Q.
and v such that for any p € I'; there exists p* € I'; such that 0 < p* < M and

L(p*,v) < L(p,v).

Proof For a fixed M > 21/|Q| we define:

~ 22
A={x€Q: p=M} E:={5¢€Q:p<|9|}, kM:z/(p—M).
We claim that

- (4.3)
Indeed, we have:
_ _ IEI
A= pdx pdx+ pd% = —(|Q| — |E|) = 24
O\E \Q| 12|
where we used the fact |Q| = P(I)|R| = |2|. This implies (4.3).
We also note that k™ < 4 and therefore, in view of (4.3):
KM 2]
== < —. (4.4)
E| 12|
We define:
kM
pri= Mt praaoe | P g ) 2 (4.5)
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It is readily checked that p* € I';, indeed we have:
/p* =M|Z|+/ pdic—l—/pd)”c—i-kM
Q Q\(AUE) E

=M|Z|+/N diic—f-/N(p—M)d)"c:/diic: .
Q\4 A Q

kM *
f <p+ |E~|> —f(p)] - /Q “(p* — p)o.

We write:
L(p*\0) — L(pyv) = /A [F(M) — f(p)] + /E

Using the Mean Value Theorem, we estimate:

/ [F(p) — F(M)] = / (M +0(x)(p — M))(p — M) > log M / — kM log M,
A A
where 0 < 0(x) < 1. Similarly, we have
kM
/ f <p+ ~ ) —f(p)] <KMC(f. ), (4.6)
E |E|

where C(f, ) = maxy s<s<4s/ |0 |f'(5)]. Indeed, since f is decreasing on [0, 1], if kM/|E| <

1/2, we readily have
kM

/ fo) -1 (p+ =] =0
EN{0<p<1/2} |E|

If kM/|E| > 1/2, then 0 < p + kM /|E| — 1/2 < kM /|E| and therefore
kM

kM 1
/E'ﬁ{0<p§1/2} [f(p) ! (p * E|) > /Em{o<p<1/z} [f <2> 7 (p * |E~|>
1 KM KM 1
— ) - — =
/Em{0<p<1/2}f <2 009 (p - |E 2)) <p * |E]| 2)

|
> —kM 1f/(s)]-

1/2<s<1/2+2//|[2|

Hence, (4.6) is established. Finally, we have

’/(p—p ‘/(p—pav ‘/p—pow

We conclude that

/|p M{[o]loe + KM ]Jo] o

<2%M||v] o

L(p*,0) = L(p,v) < (—log M + C(f, 2) + 2[jv]loc)k™ = (= log M + O(1)k"

and the asserted statement follows by letting M — +o0.
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For p € 1:,1, we define

Z:z{%é@:p(i)}zﬁm} and E:={XeQ:p(Xx) =0}

Lemma 4.2 Fix v € H}(Q)NL>(RQ). Suppose that \E| > 0. Then, there exists p, € I'; such
that p, > 0 a.e. in Q and

‘C(p*av) - L(Pal’) <0

Proof We claim that |4 > 0. Indeed, if it is not the case, we have p < 2/(2|Q|) a.c. in Q.
It follows that
A

i= [ pasx< |Q\2|Q| -

a contradiction. Thus, we may define

|E"!, inE
o =2E _fi_J) in @\ (AUE)
[E|  |A] TR
—|A4]7, in A.
For t > 0 sufficiently small we set
Px = p + L.

We note that since fﬁ @ dx =0, we have p, € ;. Using the identity

[ (p+tg)log(p+ig)—1)— / pllogp—1) = / pllog(p+-t¢)—log p)+ / tg(log(p-+1p)—1),
Q Q Q Q

we may write:

L(p2rv) — Lip.0) = /Q pllog(p + t9) — log p) + /Q tp(log(p + t9) — 1) /Q atpo

= o (e ) 1)+ i (o)
_/;Mfll<1g<p—|;>—1>+/zaé|v—/ﬁaw~|v

=t{<l |E|1> |A|/pA| <Ipltl>
i o e ( |A|>_ —“%/%u/}

= t{logt + 0(1)}
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as t — 0T, where in order to derive the last line we used the fact

I/ Qg<p_|0 1%¢> /'“ﬁg<1—|L> o(1).

We conclude that L(p.,v) — L(p,v) < 0 for sufficiently small values of t > 0. O

Proof of Proposition 4.1 In view of Lemma 4.1, we may assume that the minimizing
sequence pp is uniformly bounded in Loo(fz) In particular, it is uniformly bounded in
LP(Q) for all 1 < p < Hoo. Consequently, there exists p, € LP(Q) such that, up to
subsequences, p, — p, € I'; weakly in LP(Q), for all 1 < p < 4o0. By convexity of £(-,v),
p» 1s the desired minimizer. We are left to estabhsh (4.1). To this end, for every 6 > 0, we
define 45 == {p, > 0} and U; := {p € L™(Q) : @]l .~ @ < J/2}. We can differentiate
the function L(p, + ty4,@,v) with respect to t w1th constramt fé ra,0dX =0att=0. We
thus obtain that

logp, —av=C a.e. in A,

where C is a Lagrange multiplier. Since for ¢’ < d, we have A5 D A;, we conclude that
C does not depend on d. Hence, (4.1) holds true in J;.4s. In view of Lemma 4.2, we
have [Q\ ;.o 45] = 0.

Since p, € I'), we conclude that

eC{l) . —
Py = }VW a.e. in Q. (47)
Now the proof of Proposition 4.1 is complete. O

Proof of Theorem 2.1-(iv) We claim that

inf L(-,v) = L(py,v) = T1(v). (4.8)
r;
Indeed, from (4.7) we derive that

log p, = ow — log/~ e +log /.
Q

We compute

£t = [ putogp =1+ 5 [ 1VeF = [ apo
Q
=/pv (ow—log/e“”—i—log/l—l) +1/|VU‘2—/OCPUU
o o 2 Ja o

1
:5/ |Vo|? — ilog/e“—i—dlogJ —1) = J;(v),
Q

where we used fé py = A to derive the last line. Thus, (4.8) is established.
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Similarly, we claim that for every fixed p € I'; there holds

inf L(p,-) = F(p). (4.9)
H}(Q)

Indeed, it is standard to check that ian&(Q) L(p,) is attained at the solution v, € H}(Q)
of the following:

—Av, = /ocp P(do) in Q, v, =0 on 0Q.
I
We observe that

/Q|va|2=/g(fAv,,)v,,=/Q/Iotp73(dot)vpdx=/Q/IocpP(doc)G*/IocpP(da).

In view of the above and (3.10) we deduce:

2o = [ pttogp =115 [ [appia,

=/§p(logp -1)- %/Q/Iocp”P(doc)G* /I:xpP(doc).

Now the proof of Theorem 2.1-(iv) follows from (4.8) and (4.9). O

5 Critical mass and proof of Theorem 2.2

In order to prove Theorem 2.2 we set

Fiz{lpeLlogL(Q): p>=0ae. in Q, /wzi}.
Q
We recall that f(t) = t(logt — 1) for t = 0, see (4.2). For vy € I'; let
1
Fo(p) = / w(logy — 1)dx — f/ Y G xpdx.
Q 2 Ja

The following sharp logarithmic Hardy-Littlewood—Sobolev inequality is due to Beckner.
Lemma 5.1 ( [3]) The functional Fy is bounded from below on I') if and only if 1 < 8m.

We shall need the following slightly more general result, which follows directly from
Lemma 5.1.

Corollary 5.1 There holds:

inf{]:o(lp) cpe Y ri} > —o0.

I<8n
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Proof Let y € I'; and let 0 < ¢ < 1. We compute:

2

t 12
fo(tw)=/tw(10g(tw)—1)—f/wG*w=/tw(logw+logt—1)—f/wG*w
Q 2 Q Q 2 Q

2
t/tp(logtp—l)+tlogt/w—t—/wG*(p
Q Q 2 Jo

ZI{/U)(lng—l)—t/wG*w}—i—itlogt.
Q 2 Q

Since [, G *y >0, and using the fact tlogt > —e~ !, we deduce that

A .. A
Folty) = tFo(y) — , = min {lp,ffo,O} ~ 5
The claim follows. ]
Proof of Theorem 2.2, ‘if’ part Setting
Polx) = ‘ [ vt Pras).
i
we find that
0< ) < [ ploo) P, (5.1)
i
and therefore
Q o
In particular, we have
v € |J I (5.2)
I<8n

In view of (3.10) and (4.2), we may write

o= -3, (f) ()

Consequently, we have

For= [ 105 [0.Gen = [ 1601= [ )+ Ftw,)

In view of (5.2) and Corollary 5.1, we are thus reduced to show that

1pf{ /Q 1(p)dx — /Q f(lpp)dx} > —0. (5.3)

Since f is convex and P(I) = 1, in view of Jensen’s inequality we have, for every fixed

x € Q, that
f ( /1 p(x. ) P(da)) < /, F(p(x,2) Pl

https://doi.org/10.1017/50956792517000286 Published online by Cambridge University Press


https://doi.org/10.1017/S0956792517000286

534 N. I. Kavallaris et al.

Integrating over Q we deduce that

/Qf (/Ip(x,oc)P(doc)> dx < /ﬁf(p)dic.

In order to complete the proof, we observe that from (5.1) and some elementary properties
of the non-linearity f, in particular the fact f(t) > —1 for all ¢ > 0, we obtain

fwn <1 ( [o.Pum) 41
I
This concludes the proof of the ‘if part’ of Theorem 2.2. O

For the proof of the ‘only if” part we may use the same test functions as may be found,
e.g., in [40]. For € > 0, let U, be the radial ‘Liouville bubble’ defined by

Uc(x) :==1o 8762 (5.4)
TR @ e |
It is well known that the functions U, satisfy
—AU = eV in R?
e in (55)
Jr: eV < +oo,
and moreover there holds
/ eV = 8n, for all e > 0.
R2
Without loss of generality, we assume that 0 € Q. Let
ele
e = A 5.6
¥ T el (3.6)

Clearly, . € I'; for all € > 0. We first establish a lemma for the functions . defined in
(5.6).

Lemma 5.2 The following expansions hold true.

(1) fQIPGIOglPGZAIOgELZ_}'O(]);
.. 72
(i) fo e Gxwe = gotop log & + O(1).

The proof of Lemma 5.2 is straightforward; the details are provided in the appendix.
Now we can conclude the proof of Theorem 2.2.

Proof of Theorem 2.2, ‘only if’ part Assuming that A > 8n, we provide a family of
functions p. € I'; such that

F(pe) — —oc0 ase— 0. (5.7)
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We assume that supp P = 1, the remaining case being completely analogous. Let 0 < # < 1.
Then, P([1 —n,1]) > 0. For all ¢ > 0 we define

- (@) €% ()
P([l -1, 1]) fg eUe - 7)([1 -, 1]) WE(X).

pe(x) = pe(xa a) = A

Clearly, [5 pe = 4 for all e > 0.
We claim that

_ | Jan 2P
/f) ape G * (ope) dX = <7M /Q Pe G * . (5.8)

Indeed, we have

Q

_ [Py __BPUp)

- /[1—n,11 P(I1—n,1]) /lee(x) . /[1_,1,1] P([1 —n,1]) /Q G, y)pe(y) dy
. f[lfq,l] o P(do) ?

- ( iy ) o

We claim that

i . oaP(da)
[ o0.Gxprax = /[1_’“] s [ v [ Gl )Bo() Papy

[ pe(%) log pe(%) d% = / pe(x) log po(x) d. (59)
Q Q

Indeed, we have

P(d
/ﬁ pe(¥)log p.(¥) d = /[l_m P([l%ﬁu) /Q Pelog(ziyn()pe(x)) dx

_[ _Pun
- /[l—n,u P([1—n,1]) /Q pelogye(x)dx

=/lee(x)logtpe(x)dx.

In view of (5.8) and (5.9), we may write

- 1 Sy 2P\’
f(pe)—/gwelogwe—2<73(€1_m1]) /QwEGwe—i.

In view of Lemma 5.2, we deduce the expansion

A Juyy 2 PAn\* i
f(”f):’“{l_<7>(f1—n,1]) stto() (02 TOoW
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as € — 0T, Since 4 > 8, by taking 0 < y < 1, we may assume that

2
) P([1 —n,1])
_— 8.
r= <f[1"’1] ocP(doc)) T

It follows that for some suitably small ¢y > 0, we have

2
. (f[l—n,ll oc’P(doc)) jl “0

P(1 —n,1]) 8m 4+ o(1)

for all 0 < e < €p, and the desired asymptotic behaviour (5.7) follows.
The proof of Theorem 2.2 is now complete. O

6 Appendix: proof of Lemma 5.2

We recall from Section 5 that

eU‘

Ye = )va oUc’

where U. is the Liouville bubble defined in (5.4). In what follows we define:
Q. ={yeR*: ey c Q}. (6.1)

We compute:

A

Ay Aoy U , A
wgloglpgz/ e < log (e ) = /e ‘Ue+ Alog | ———]. (6.2)
I o Tyt Joe® ) T e Ja Joe©

Moreover,
p 2
/wEG*qJE=< “U> /eUfG*eUf. (6.3)
Q fge € Q

Lemma 6.1 The following expansion holds, as ¢ — 0" :

/ eV =8+ o(1).
Q

Proof We have, recalling (6.1):

8e? dy
eUfz/idx=8/ —_—
/Q o (€2 +|x[)? o (L+1[yP)7?

Let 0 < ry <r; be such that B,, C Q C B,,. We have, for j =1,2:

= (- )
— = qn(l-—
/ T+ [yPP 1+ (D)
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1 1
|l ———— | < Veg8n (1l — ———
(1) < L <o (- )

and the claim follows. O

so that

Lemma 6.2 The following expansion holds, as e — 0T :

/ eV U, =log (12> / e +0(1),
Q € Q

uniformly for e — 0%,
Proof We have

8e? 1
UfUE:/ U 7=/ Ulog ———s +1 82/ v,
/Qe Qe o8 (€2 + |x[?)? Qe o8 (e2 4 |x|?)? oBEey Qe

We simplify the first term:

1 1
Ylog —5———=d —/ e log ————55d
/Qe e CaatpEpe ™

y=x/e
Soe e [ [
e 9/5(1+\y|2 <1+|y|2

The asserted expansion follows. O

We note that in view of (5.5), we may write
GxeV =PU,,
where P denotes the projection operator onto HJ(Q2). We recall that
PU, = U, — log(8¢*) + 8nH(x,0) + O(e?), (6.4)

where H(x, y) is the Robin’s function defined by

1 1
G(x,y) = ;- log =l + H(x,y),

2n
see, e.g., [14].

Lemma 6.3 The following expansion holds:

1
/eUfG*eU‘ =log—4/eU‘+0(1).
Q € Ja
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Proof Using (6.4), we compute:

/eUfG*eUf =/eUfPU€=/eUf(U€—10g(862)+0(1))
Q Q Q

=log (12> / el —logez/ eV +0(1).
€ Q Q

The claim follows. O

Proof of Lemma 5.2 Proof of (i). In view of (6.2), Lemma 6.1 and Lemma 6.2, we readily
derive the desired expansion.

Proof of (ii). In view of (6.3), Lemma 6.1 and Lemma 6.3, we readily derive the desired
expansion. O

7 Concluding remarks: comparison of two mean field equations

We have rigorously established in Theorem 2.1 that the functionals
" 2 -
L(p,v) = | p(logp —1)dx+ = [ |Vv|dx — | apvdX,
) 2 Ja 0

Ti(v) :1/ |Vu|? dx — 2log (/ e dx) + J(log ) — 1),
2 Jo Q

where p = ®p, € Llog L(SNQ), v € H}(Q), are related by the minimization property

J:(v) = min £(-,v)  for all v € H}(Q),

I
where
r; ::{peLlogL(ﬁ): p=0 a.e.,/~pd>~c=2}.
e}

Moreover, Theorem 2.1-(iv) and Theorem 2.2 imply that the optimal value of 2 > 0,
which ensures boundedness from below of J; on H{(2) is given by

7 = 8n. (7.1)

In view of the corresponding results for the case P(do) = 6;(dw), the value /1 is expected
to provide the critical total mass for the occurrence of chemotactic collapse versus the
existence of global solutions for (1.1), as well for the evolution problem

ov oe”™

— =14 _— in Q T
o v+ A Y P(de), in Q x (0,T)
v =0, on 0Q x (0, T)
v(x,0) = 1%(x), in Q.

See [12,16,19,23] and the references therein. The critical value 7 also plays a central role
in establishing the existence of the corresponding steady states, i.e., of solutions for the
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non-local semi-linear elliptic problem

—Av = /1/ P(dx), in Q
11 fg e” " (7.2)
on 09.

See [11,27,32,38,41].

It is interesting to compare the properties mentioned above with the corresponding
results recently obtained in [37] for the same Lyapunov functional £ under a different
constraint for the conserved population mass. Such conditions were originally motivated
by the deterministic model for stationary turbulent flows with variable intensity derived
in [42] along the approach introduced by Onsager, see [45] and the references therein.

More precisely, for 4 > 0, we define the functional

= 1/ |VU|2dx—/1/ log (/ e“”dx) P(do) + A(log & — 1).
2 Jg [—1,1] Q

We recall from Section 5 that the set I'; is defined by

r, = {w € LlogL(): v >0 ae. in Q, /wdx =)v}
Q

and we define correspondingly

'y =@uer—1yl) ={®ps: py €T, for all « € [-1,1]}.

In words, I'; is the admissible set of population densities p,, o € I, all of which have
total mass 4, ie., [, p, = Aforall w el
The following duality property was rigorously established in [37] in the same spirit as

Theorem 2.1-(iv):

_inf L=infF = inf T,.

FixH)(Q) T, H(Q)
Moreover,

T;(v) = min L(-,v) for all v € Hy(9Q).
r;

This duality property, together with the logarithmic Hardy-Littlewood—Sobolev inequality
established in [43], was used to compute the optimal value of 4 which ensures boundedness
from below of the functional Z,, which is given by

3 Sﬁp(Ki)
J =inf {[fKi 2P

where we denote I := [0,1], I_ := [-1,0), and where K. denotes a Borel subset of
I.. In particular, 1 significantly depends on P. The value 1 is expected to provide the
critical mass for chemotactic collapse versus global existence of solutions for the evolution

c Ky Cly ﬂsupp?’},
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problem

—AUH/I P(de) in Q x (0,T)

v(x,t) =0 on 02 x (0, T) (7.3)

v(x,0) = 1°(x), in Q,
We note that (7.3) is obtained from (1.8) by assuming the ‘individual population mass
conservation’ constraint:

/ pu(x,t)dx =/  for all & € [—1,1]. (7.4)
Q

Condition (7.4) is natural when the population species do not evolve from one kind into
another. The value 4 also yields the first blow-up level for the corresponding steady state

problem
—Av =1 / P(da), in Q
Jo e dx (7.5)

v =0, on 0Q.
Results for solutions to the stationary problem (7.5) have been obtained in [20,30]. In
particular, the special case P(da) = (01(dx) — 61/2(dor))/2 was studied in [20] in relation to
the Tzitzéica equation in differential geometry.

In short, the steady state analysis for the problems (7.2) and (7.5) shows that, despite of
their formal similarity and the fact that they are motivated by the same statistical mech-
anics problem, the corresponding solution sets exhibit significantly different mathematical
properties.

By introducing the new multi-species chemotaxis system (1.1), we have shown that the
stationary problems (7.2) and (7.5) may be both viewed as steady states for the chemotaxis
system (1.1) in the fast population dynamics limit, by imposing different conserved
population mass constraints given by (1.9) and (7.4), respectively; the former being
natural in the situation where the populations p, are produced by a cell differentiation
process, the latter in the situation where evolution from one species into another does not
occur.
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