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At a root of unity, the quantum Frobenius map was introduced by Lusztig [17] as a
characteristic-zero analogue of the (Hopf dual of the) classical Frobenius map for algebraic
groups in positive characteristic. It plays an essential role in the study of representation
theory for quantum groups at a root of unity, and serves as a basic building block for
the celebrated Kazhdan—Lusztig equivalence [9]. We refer the reader to the monograph

of Lusztig’s [18] for some fundamental applications.
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Since then, important progress has been made toward understanding Lusztig’s powerful
construction from a more geometric or categorical point of view. Notably the work of
Arkhipov—Gaitsgory [2] and Arkhipov et al. [1], introduces, as a byproduct of their study,
a geometric context to exhibit and utilize the quantum Frobenius map. Another beautiful
and more categorical interpretation via the Hall algebra of Ringel-Lusztig has been
developed by McGerty [19].

The current work is aimed at providing yet another approach to understanding the
quantum Frobenius map via categorification, in the simplest case of sl at a prime
root of unity. We hope this method will prove to be applicable in the future, when
one studies the categorical representation theory 2-Kac-Moody algebras, in the sense of
Khovanov-Lauda-Rouquier [11-13, 21], at a prime root of unity.

Below we give a brief summary of the content of the paper. We assume that the reader
has some basic familiarity of the work [6, 7, 14], but we recall all necessary facts from
the references when needed.

In §2, we recall some constructions in the theory of p-differential graded algebras
(p-DG algebras). We introduce the ‘slash-zero formal’ p-DG algebras, which are
analogues of formal DG algebras. As in the ordinary DG case, slash-zero formality allows
one to compute algebraic invariants of a p-DG algebra, such as its Grothendieck group,
by passing to its slash cohomology p-DG algebra. Next, we give a family of examples
of slash-zero formal p-DG algebras coming from symmetric polynomials equipped with
a p-differential. These examples are studied in [6, 7, 15], and have played central® roles
in categorifying quantum sl,, both finite- and infinite- dimensional versions, at a prime
root of unity.

In §3, we recall the half versions (upper or lower nilpotent part) of quantum sl at
a generic value and at a prime root of unity (in the sense of Lusztig), as well as the
definition of the quantum Frobenius map. Then we review briefly the categorification of
the one-half of the big quantum group [6] by the p-DG category of symmetric polynomials
D(Sym). A (weak) categorification of the quantum Frobenius map at a pth root of unity
is then constructed (3.8) by restricting to a full subcategory D(,)(Sym) inside D(Sym),
which is generated by symmetric polynomials whose number of variables are divisible
by p. The effect of this restriction map is readily read off on the Grothendieck group
level to be the quantum Frobenius map. The next subsection is then devoted to enhance
the weak categorification result by analyzing, diagrammatically, the 2-morphism p-DG
algebras that control the full subcategory D(,)(Sym). The 2-morphism p-DG algebras
turn out to be slash-zero formal (Theorem 3.17), and are quasi-isomorphic to nil Hecke
algebras with the zero differential. The verification of the slash-zero formality constitutes
the technical core of this section.

The last §4 is dedicated to performing a ‘doubling construction’ of the ‘half’
categorification Theorem 3.17, thus giving rise to a categorified quantum Frobenius for
an idempotent version of sl at a prime root of unity. We achieve this by using the
biadjunctions of [14] equipped with p-differentials, which has been studied in [6]. More
precisely, we investigate the full p-DG 2-subcategory D) ) inside the p-differential

I These polynomial algebras are literally the center of the categories used to categorify quantum sl,.
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graded thick calculus D) generated by € (p)]lkp and F (p)]lkp. The main Theorem 4.24
shows that the restriction functor from D) to D(p) U) indeed categorifies the quantum
Frobenius for sly. The proof of the Theorem uses the simplified relation-checking criterion
of Brundan [3] for Khovanov-Lauda-Rouquier’s 2-Kac-Moody categorification theorem.
In the course of the proof, we also obtain a reduction result (Theorem 4.12) which shows
that D(U) can be generated by 1-morphisms of the form £1,, £P1,, F1,, FP 1,, with
n ranging over Z. This categorifies the well-known fact that the big quantum group at a
prime root of unity does not need all divided power elements to generate it as an algebra,
but only requires undivided powers and the pth divided powers.

We conclude the introduction (see also Remark 4.26) by pointing out that the
induction functor from D(p)(Sym) (respectively D) (L?)) to the ambient category D(Sym)
(respectively D(U)) is, in hindsight, a categorification of the canonical section for the
quantum Frobenius map. A more ‘correct’ categorical lifting of the quantum Frobenius
should first be a categorification of the quotient of big quantum sl; by the ideal generated
by the small quantum group, and then identifying the p-DG quotient category with
categorified sl with the zero differential. We would like to develop a proper context for
studying this ‘p-DG quotient’ construction, which parallels Drinfeld’s DG quotient of
DG categories [5], in the framework of hopfological algebra [10, 20]. This approach would
hopefully be generalizable to quantum groups for higher rank Lie algebras.

2. Symmetric polynomials with a p-differential

In this section we recall p-differential graded (p-DG) algebras and their hopfological
algebra, as discussed in [10, 20]. The example of symmetric polynomials with a differential
found in [15] is then introduced, which will play a key role in categorifying the quantum
Frobenius map later.

Conventions. Once and for all, fix k to be a field of finite characteristic p > 0. Tensor
products of vector spaces over k will be written as ® without decoration. Throughout,
we take the set of natural numbers N to contain the zero element.

2.1. Slash-zero formal p-DG algebras

Slash cohomology. To begin with, we recall the definition of p-differential graded
algebras and slash cohomology. The reader is referred to [15, § 2] for a more full summary
and [10, 20] for further details.

Definition 2.1. A p-differential graded algebra, or a p-DG algebra for short, is a

Z-graded k-algebra equipped with a degree-two endomorphism d4 : A—> A, such that
the p-nilpotency condition and the Leibnitz rule

34(@) =0, da(ab) = da(a)b+ada(b)

are satisfied for any elements a, b € A.
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A left p-DG module M over A is a Z-graded left A-module together with a degree-two
endomorphism dy; : M— M, such that, for any a € A and x € M,

a]{}(x) =0, 9ylax)=04s(a)x +ady(x).

A morphism of p-DG modules is an A-linear module map that commutes with
differentials.

One can similarly define the notion of a right p-DG module over a p-DG algebra.
When the context is clear, we usually drop the subscripts from the differentials for p-DG
algebras and modules.

As the simplest example, the ground field k equipped with the zero differential is a
p-DG algebra. A left or right p-DG module over k is called a p-complex.

We next define the slash cohomology groups of a p-complex following [15, § 2.1].

Definition 2.2. Let U be a p-complex over k. For each k € {0, ..., p—2}, the kth slash
cohomology of U is the graded vector space

_ Ker(ak+1)
HiU) = a1 T Ker @9)

Elements in Ker(d%+1) will be called k-cocycles, while those in Im(37~*~1) will be referred
to as k-coboundaries.

The vector space H,(U) inherits an Z-grading coming from that of U. The (total)
slash cohomology of U is the sum

p—2

H)/(U) == P H/ ).

k=0
It is easy to see that the differential on U induces a k-linear map
0:Hy/pr(U)—H/r—1(U),

so that H,(U) collects to be a p-complex that satisfies ar—1 11, W) = 0. As a p-complex,
we have a decomposition

UZH/U)a PU),

where P(U) is a contractible p-complex. A contractible p-complex is a p-complex that
is isomorphic to a direct sum of p-dimensional complexes of the form

0—k -5k ... L ko,

where the underlined k may start in any Z degree. The identity morphism of this complex

can be written as
p—1
Id=Y 9 ohod?™,
i=0
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where £ is the k-linear map which identifies the right-most copy of k with the initial copy
while being zero everywhere else:

0 k—2sk—2s... ok 0
IdL/Id"/h/Idj
0 k k k 0
- d d k)

This definition of a contractible complex is analogous to the usual definition of a
contractible complex of (super) vector spaces. In particular, in characteristic two, being
a direct sum of complexes of the form

0—>k —> k—>0

is equivalent to having the identity morphism be null-homotopic.

More generally, let M, N be p-DG modules over some p-DG algebra A. A morphism of
p-DG modules f : M— N is called null-homotopic if there is a degree-(2 —2p) A-linear
map h : M— N such that

p—1

F=Y 0 ohodf .

i=0
Unlike the usual cohomology of a DG algebra, the slash cohomology space of a p-DG
algebra need not satisfy the usual Kiinneth-type equation

Haed)=H O A

However, such a formula holds if the slash cohomology of A is particularly simple.
Namely, when H,(A) = H/y(A), or equivalently, when H,(A) is a p-complex with the
trivial (zero) differential, the above tensor product formula holds. More generally, we
have the following.

Lemma 2.3. Let A be a p-DG algebra whose slash cohomology H,(A) is a p-complex
with the zero differential, and let M be a p-DG module. Then the natural action map
m:A® M—> M induces an associative action on slash cohomology

m;:H/(A)@H,(M)—H,(M).
Proof. As p-complexes, we have
A=H,(A)®PA), M=H,M)®PM),
which implies
AQM =H,(A)QH,(M)d P(A)®@H,(M)®H,(A) ® P(M)® P(A) ® P(M).

If H/(A) is a trivial p-complex, then H,(A) ® H/(M) is isomorphic to a direct sum of
dim(H,(A)) copies of H;(M), and thus does not contain any contractible p-complex.

https://doi.org/10.1017/51474748017000275 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748017000275

904 Y. Qi

The remaining three direct summands are all contractible, since a tensor product of any
p-complex with a contractible p-complex is contractible. On the other hand, we have

AQM=H,(AQM)DP(ARQM).

As the abelian category of p-complexes is Krull-Schmidt (after all, it consists of graded
modules over the finite-dimensional graded Hopf algebra k[d]/(d7)), we obtain an
isomorphism of non-contractible p-complex summands

Hy(A®M)=H/(A) &L, M).

The result then follows just as in the usual DG algebra case. O

Derived categories. Let A be a p-DG algebra. The p-DG homotopy category H(A, 9)
(or H(A) for short) is the categorical quotient of the abelian category of p-DG
modules over A by the ideal of null-homotopic morphisms. The p-DG derived category
D(A, d) (or D(A) for short) of p-DG modules is obtained from H(A, d) by inverting
quasi-isomorphisms. Recall that a morphism f : M—> N between two p-DG modules is
a quasi-isomorphism if
fr - H,M)—H,(N)

is an isomorphism of p-complexes. The homotopy category H(A) and the derived category
D(A) serve as categorical invariants associated to any p-DG algebra A. We refer the
reader to [20, §§ 3—4] for some basic structural results about these triangulated categories.

An equivalent construction of the derived category can be obtained by restricting,
in the homotopy category, to a smaller class of p-DG modules which are considered
to be cofibrant objects. A p-DG module P is called cofibrant if, given any surjective
quasi-isomorphism of p-DG modules f : M—> N, the induced map of p-complexes

HOM4 (P, M)—HOMy (P, N), h+— foh (2.1)
is a quasi-isomorphism. Here, we have adopted the convention that
HOM4 (M, N) = EB Hom', (M, N), (2.2)
i€Z

where Hom"A(M , N) stands for the space of homogeneous A-module maps of degree i.
Any p-DG module M is quasi-isomorphic to some cofibrant module p(M) (e.g. its bar
resolution), and

Homp4)(M, N) = Homy4)(p(M), N) = H%(HOMA (p(M), N)). (2.3)

Remark 2.4. At this point, we should emphasize that the triangulated category D(A)
has an enhanced p-DG structure on it, that is, the existence of an ‘internal Hom’
enriched in p-complexes. Namely, for any cofibrant p-DG modules M, N, the p-complex
HOM4 (M, N), up to homotopy, governs the morphism spaces in the derived category
according to (2.3). In particular, given a finite collection of cofibrant p-DG modules M;
(i € I), it will usually be convenient to consider the p-DG endomorphism algebra

END4 (@ M,-) ~ @ HOM 4 (M;, M) (2.4)

iel i,jel
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which is equipped with the p-differential
d(f) = du, 0 f — f o0y,

for any f € HOMs(M;, M;). The endomorphism algebra then descends to a strictly
associative algebra object in the homotopy category of p-complexes, which controls the
morphism spaces among M;’s in the derived category by passing to H(/)0 (equation (2.3)).

In particular, in the derived category D(A), if the collection consists of only the
cofibrant object A as a left regular module over the p-DG algebra A, then the
endomorphism p-DG algebra

ENDA(A) = A

recovers the algebra A with the natural differential, while

Endpa)(A) = H)y(A).

A p-DG module M is called compact if its image in the derived category satisfies the

condition that
HomD(A) (M, —) . D(A)—)]k —mod

commutes with arbitrary direct sums. The compact derived category D(A), the strictly
full subcategory in D(A) consisting of compact objects, is a categorification of its own
Grothendieck group Ko(A) := Ko(D(A)). This Grothendieck group carries a module
structure over the ring
Z[U:I:I]
v, (?2)
Here W, is the cyclotomic polynomial W¥,(v) = l4+v4---+0P D and D(k) is the
derived, or equivalently, homotopy category of finite-dimensional p-complexes over the
ground field k. Multiplication by v comes from the decategorification of the grading shift
functor on p-complexes. To avoid confusion, we denote the image of v under the canonical
map Z[vE']— 0, by g, so that g2 = 1.

0, := Ko(D (k) =

(2.5)

Slash-zero formality. Below let us introduce a class of p-DG algebras that always
satisfy the conditions of Lemma 2.3. The slash cohomology of such an algebra is always
an algebra with the trivial p-DG structure.

Definition 2.5. A p-DG algebra A is said to be slash-zero formal if there is a
quasi-isomorphism between A and H/o(A).

Remark 2.6 (On the notion of quasi-isomorphism). We allow a more general notion of
quasi-isomorphic of p-DG algebras, as is usually adopted in the DG case. We say that

two p-DG algebras A, B are quasi-isomorphic if there is a sequence p-DG algebras
Z\,7Z,...,Z; and ‘roofs’ of quasi-isomorphisms connecting them:

VA WANVN
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The resulting derived categories of D(A) and D(B) are equivalent under repeated
applications of induction and restriction functors (see [20, Corollary 8.18]).

In particular, a p-DG algebra A will be called slash-zero formal if A and H/o(A) are
quasi-isomorphic.

Example 2.7. We list some elementary examples of p-DG algebras that are slash-zero
formal.

(i) If A is a usual k-algebra with the trivial p-differential, then the p-DG algebra
(A, 09 = 0) is slash-zero formal.
(ii) If A is an acyclic p-DG algebra (i.e., H/(A) = 0), then the inclusion of 0 into the
algebra is a quasi-isomorphism and A is thus slash-zero formal.
(iii) Consider the polynomial algebra k[x] with the differential A(xF) = kxkt1 Tt s
readily seen that the inclusion of the unit map

(k, 99)—> (k[x],9), 1+—1

is a p-DG algebra homomorphism that induces an isomorphism on slash
cohomology. Thus (k[x], d) is slash-zero formal. The canonical projection map
k[x]—k, x+— 0 is another p-DG algebra homomorphism that realizes the
quasi-isomorphism.

We see more examples that are similar to (iii) in the next subsection.

Derived categories of slash-zero formal p-DG algebras. When a p-DG algebra
A is slash-zero formal, the derived category D¢(A) can be identified with that of its slash
cohomology algebra as follows.

Lemma 2.8. Let A be p-DG algebra together with a quasi-isomorphism ¢ : A—>H o(A).
Then derived induction and restriction along ¢ induces equivalences of triangulated
categories

¢* : D(A)—D(H0(A), ¢s:D(H(A)—D(A)

that are quasi-inverses of each other.

Proof. This follows from the more general fact that, if ¢ : B—> A is a quasi-isomorphism
of p-DG algebras, then

¢* : D(A)—D(B), ¢«:D(B)—D(A)

are equivalences of triangulated categories that are quasi-inverse to each other. See
[20, Corollary 8.18]. O

The lemma implies that, when A is slash-zero formal, its p-DG Grothendieck group
Ko(A) can be computed from the usual Grothendieck group of the graded associative
algebra H/(A). Let us temporarily write the usual Grothendieck group of H,(A) as
K(’)(H/(A)). Below we denote the decategorification of the grading shift functor on
H,(A)-modules by v, so that Ké(H/(A)) becomes a Z[v*!]-module. We only state the
following less general version that we use later.
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Corollary 2.9. Let A be a slash-zero formal p-DG algebra whose H;(A) is a graded
artinian algebra of finite homological dimension. Then its p-DG Grothendieck group
equals
Ko(A) = Kj(H/(A) K) O,.
Z[Uil]
Proof. Lemma 2.8 shows that we can compute Ko(D(A)) from Ko(D(H,(A))). When
H,(A) is graded artinian and has finite homological dimension, the isomorphism

Ko(D(H,(A))) = Ky(H,(A)) ® 0,
Z[U:H]

follows from [20, Proposition 9.10]. O

2.2. Symmetric polynomials and slash cohomology

In this section, we recall the computation of the slash cohomology ring of p-DG symmetric
polynomials done in [6, 7], and we deduce some useful consequences for later use.

p-DG symmetric polynomials. The ring of symmetric polynomials in n-variables
Sym,,, which we identify as a subalgebra in the algebra of n-variable polynomials Pol,, :=
k[x1, ..., x,], consists of polynomials invariant under the natural permutation action of
S, on Pol,. Each variable has degree deg(x;) = 2.

Equip Pol,, with the p-differential defined on the generators by d(x;) = xiz, i=1,...,n,
and extend the differential to Pol, by the Leibnitz rule. It is easy to see that, when
char(k) = p > 0, (Pol,, d) is a p-DG algebra. Furthermore, Sym, C Pol, is preserved
under the differential. One can also see this from the following differential action on the
elementary symmetric polynomials (see [7, Lemma 3.1])

d(er) = erer — (r+ Depay (1<r<n—1), des) = eren, (2.6)

where, as usual,
er = ex(X1,...,X,) 1= Z Xip - Xig-
1<ip<<ix<n
When talking about the p-DG algebra Sym,, we always mean that Sym, is equipped
with this differential (2.6). Likewise, one has the differential action on the kth complete
symmetric polynomials
hy = hp(xp, ..., xy) = Z Xiy c o Xigs
I<i < <iesn
for any k € N, given by
d(hy) = —hihy + (r + Dhyyy. (2.7)
There is a one-parameter family of rank-one p-DG modules S,(a), parametrized by
a € IF,, over the p-DG algebra (Sym,, 3). As Sym,-modules, S,(a) is freely generated
by a degree-zero generator S, (a) := Sym,, - v,, with the differential acting on the module
by
9(fva) := 0(f)va +ae fva, (2.8)
where f € Sym,. When a = 0, we also simplify the notation by S, := S,(0).
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Slash-zero formality. We recall the following result about the slash cohomology of
Sym,, and the rank-one module S, (a).
Lemma 2.10. Let n = kp +r be a natural number withk €e N and 0 <r < p—1.

(i) The p-DG algebra Sym,, is slash-zero formal. Moreover, the natural inclusion map
]k[eg, ey e,fp]—>Symn,

where k[eﬁ,...,efp] has the zero differential, is a quasi-isomorphism of p-DG
algebras. Likewise, the slash-zero formality is induced from the inclusion

klhp, ..., hy,]—>Sym,.

(ii) When a € {l,...,r}, the rank-one module p-DG module Sp(a) is acyclic:
H/(Sy(a)) = 0.

Proof. See [6, Proposition 2.16]. O

We remark that the involution
w: Sym,—>Sym,, e — (—D*h, (1 <k <n) (2.9)

intertwines the differential defined on Sym,, according to equations (2.6) and (2.7). The
two inclusions of slash-zero cocycles are thus exchanged under the involution. For this
reason, we only formulate results concerning the slash cohomology of Sym, (or Sym :=
lim,,_, oo Sym,,) in terms of the elementary symmetric polynomials (functions).

For the next result, let us embed Sym,s), and Sym,, ® Sym,, inside k[x]®k[x'],

where x stands for the set of variables {xi,x2,..., x4} and likewise x' stands for
{x], x5, ... ,x[;p}. By Lemma 2.10, we identify
H/ (Sym(d+b)p) ; k[e]l; (17 l/)a st e€7a+b)[7(£’ ‘i/)]7 (210)
and
H(Sym,,) ® H/(Symy,) Zklep ), ..., ep, @] ®klep (), ..., ef (x)] (2.11)

Corollary 2.11. Let a,b € N be integers. The natural inclusion of p-DG algebras
L1 SYm g qp)p—>Symy, ® Symy,

induces an inclusion of slash cohomology p-DG algebras with zero differentials

tklep (@, x')s s ef ), XD — klep ), ..., eap ()1 @klep (), ... €, (x)]
min(r,a,b)
e, x) = Y e el &),
i=0
where r € {1,...,a+b}. In particular, the induced map on slash cohomology is an

embedding of polynomial algebras.
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Proof. Elementary symmetric functions, when the wvariables are split into two
independent sets x and x’, satisfy

min(i,ap,bp)

clx,x)= Y ej@)-ej&).

j=0
Taking i = rp and raising the above equation to the pth power, we obtain

min(r,a,b)
p / P P /
e x)= Y el@-el, (),
j=0

where we have used that, in characteristic p > 0, the pth power map (Frobenius
homomorphism) preserves the abelian group structure of k-algebras. If p does not divide
j, Lemma 2.10 shows that the O-cocycle ej.’ (x) is equal to zero in the slash cohomology.
The result thus follows. O

Remark 2.12. Notice that, if we split the set of (k+1[)p variables into two groups such
that neither is divisible by p, then the induced map on slash cohomology will not be
injective. For instance, take a = b = 1, and consider the inclusion

L2 Symy,(x, x) C Sym,,_;(x) ® Sym,, 4 (x).
Using Lemma 2.10 again, we see that, on the level of slash cohomology, the induced map
t klep(x, 1)), €5, (x, x)]—k ®kle, (x)]

sends eé’p()_c, x) to zero on the right-hand side, and the result of Corollary 2.11 fails in
this situation.

Next, for each 1 < i < k, we abbreviate the set of variables gm =X 1) ptls -5 Xip)
Then we have an inclusion of p-DG algebras
L Symkp(i(l), ...,i(k)) C Symp(g(l)) - -~®Symp(£(k)).
Passing to slash cohomology, we obtain
o klep M, 2, el L xO)—Klep e @ - @klep (x®)]. (2.12)
It will be convenient to define the auxiliary variables
yi = eﬁ(;_c(i)) = eg(x(,',l)pﬂ, co Xip). (2.13)
Clearly deg(y;) = 2p>.
Corollary 2.13. On the level of slash cohomology, the inclusion of p-DG algebras
L: Symkp—>(Symp)®k

induces an isomorphism of H,(Symy,) onto the space of symmetric polynomials in y;
(i=1,...,k).
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Proof. The proof is similar to that of Corollary 2.11. Indeed, for any ef‘,, € Symy,, 1 <
r < k, we have

ey, xy = Y @Myl o).
Jittje=rp
Using Lemma 2.10, each ei (x“)=0, a=1,...,k, in the slash cohomology ring of

Symp(g(“)) unless p divides j,. Since 0 < j; < p, the remaining terms are equal to
er(¥1, ..., yx). The claim follows. O

Remark 2.14. By passing to the n — oo version of Lemma 2.10 (see [7, Proposition 3.8]),
one sees that, the slash cohomology is isomorphic to

H,(Sym) sk[ef,’,egp,egp, o zk[hl’,hg’p,hg’p,...],

and the coproduct on the Hopf algebra Sym induces an coassociative coproduct on
H,(Sym):
A, : H/(Sym)—H/(Sym) ® H,(Sym), e} +> ro®el . hl hl, ® hY

/- Hyeym /(Sym /ym), ekp Cap ebp’ kp ap bp*

a+b=k a+b=k
The antipode w : Sym—>Sym, e; — (—1)'h; gives rise to
2
) Hy(Sym)—H,(Sym), ¢/ > (=Dkr hl, = (—l)kh,fp.

In this way, the slash cohomology ring H,(Sym) is just isomorphic to another copy of

symmetric functions Sym’ = k[e], €}, €, ...] (with the zero differential), but the degree
is adjusted to be deg(e}) = 2ip*. We have a homogeneous ‘thickening map’ Oq:
O : Sym'—H/(Sym), Og(e}) := ei’;, (2.14)

which is a quasi-isomorphism of p-DG Hopf algebras.

3. Grassmannian bimodules and unoriented thick calculus

The p-DG (thick) nil Hecke algebra arises as the p-DG endomorphism algebra of some
Grassmannian bimodules [6, §3.2], and categorifies the nilpotent part of quantum sl
generated by all divided powers of E at a prime root of unity. In this section, we recall
the construction, and then we investigate how ‘one-half’ of the quantum Frobenius map
is categorified by passing to the full subcategory monoidally generated by E).

3.1. A quantum Frobenius map

Following Lusztig [18], we define the upper nilpotent part of the quantum sl, at a generic
value v, which is denoted for short by U,", as the Z[v*t']-algebra spanned by

U =P ziv*'-6@ (3.1)
aeN
with the multiplication and comultiplication given by
b
my :US Q) UF—US. my(0@o®) = [“ + } gL+t (3.2)
a
ZvE!] v
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a
r UF—UF Q) Uf. r(0@) =) vt gl (3.3)
ZvE!] k=0
Here we have used the quantum integer [n], := ”:__v“:ln = Z;:(; v"~ 172 and the quantum
binomial coefficient
|:a +b] o [a + b]y!
a v . [a]v![b]v!.

Next we recall the quantum group U&p at a prime root of unity as a twisted bialgebra

and its quantum Frobenius map. This is the twisted bialgebra obtained from U, by the
canonical base change map Z[vil]—ﬂ[))p7 v — ¢g. More specifically, as an algebra, ng

is a free @)-module spanned by E@ aeN,

+ @
Ug, =P 0y E“,

aeN

equipped with the multiplication

m:Ui QUE —UL, mEWE®) = atbl i (3.4)

* 0, (O Op° a lo ’ ’
0, p
and the comultiplication
a
U @)U, B = Yo Ee .
o, k=0

Here the coefficients [“Zb](@p and g¥®=% are evaluated in the ground ring 0,.
Define another base change ring homomorphism

o Z[vil]—>©p, V> qu =q?, (3.6)
if p is odd, where we have used that g7 =1 € Op. When p =2, weset p(v) =1if p =2.

Under p, we have, when p is odd,

vt —

—n
p([nly) = p( ) =q"P 14+ g% 4 g D) = ng P, (3.7)

v—v-l

for any n € N. It follows that

-3

Likewise, when p = 2, we have p([n]y,) =n and p ([a+b]v) = (a+b).

a a

Remark 3.1. Our (unfortunate) grading choice for the differential to be of degree two
was done in order to match the usual representation theoretical conventions. This has
the effect that, when p is odd, the ring O, is no longer an integral domain. Moreover,
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in Op, we have g*? =1 and ¢g? # —1. On the other hand, there are two canonical ring
homomorphisms

01 : (O)p—)OZp = Z[U]/(\DZP(U))v Q02 @p—>0p = Z[U]/("I’[p(v))9
because 14+ v2+---+ 2P~ factors into the product of the pth and 2pth cyclotomic

polynomials ¥, (v) and W, (v). If we perform a further base change along g1, then ¢” =
—1 in the cyclotomic ring O,,, while doing so along g makes g” = 1.

When U, is base changed along p, we see from equations (3.1)—(3.3) that
uf=u5 Q 0, (3.9)
Z[vE).p

is closely related to an O,-integral form of the classical universal enveloping algebra
U™ (slr). We denote the generator 6@ ®p 1 by E@, so that

uf=o, EY, (3.10)
aelN
with the multiplication structure
pab (a+b\ = (a+b)
pop® _ )4 (".")E P#2 (3.11)
(EEEH  p=2

This equation tells us that, if we use g; instead of p as in Remark 3.1, then g? = 1, and
we recover the usual universal enveloping algebra U™ (slp) over O, with divided power
generators.

We now recall the quantum Frobenius map for the upper nilpotent part of sl
following [18, Chapter 35], which is adapted to our setting over O@,.

Definition 3.2. The quantum Frobenius map is the O ,-algebra homomorphism

E@P  if pla
7t + (a) pla,
Fr.U®p—>Up, E |—>{O if pta.

3.2. Grassmannian bimodules

Let (a,b) € N> be a pair of natural numbers, and consider the GL,y,-equivariant
cohomology ring of Gr(a, a + b):
HEL(aer)(Gr(a, a+b),k) = Sym, ® Sym,,.
k

We usually just write the right-hand side as Sym, ; for short. Each Sym,, Sym,; will
be equipped with the p-DG structure defined by (2.6). When necessary, we identify
elements in Sym, as symmetric polynomials in the set of variables x = {x1, ..., x,} while
Symy, as in x" = {x{,...,x;}. Under the differential, Sym, ® Sym,, is equipped with the
tensor product p-DG algebra structure: for any 71 (x) € Sym,(x) and m2(x") € Sym,,(x'),
we have

31 (x) @ma(x) = 8(m (1) @ m2(x) + 71 (2) ® I(m2(x)). (3.12)
Furthermore, Sym, , contains Sym,, canonically as a p-DG subalgebra.
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Definition 3.3. Let (a, b) € N? be a pair of natural numbers. The rank-one p-DG module
Sap = Symy p - Vap
is equipped with the differential action on the generator given by
d(va,p) = —aer(x')vap.

The degree? of the module generator va,p is fixed to be —ab. More generally, given any

sequence of natural numbers a := (ay, ..., a,) € N, define
Saran,.ar = (Symu1 ® Syrna2 ®---®Sym, ) - v
with the differential action determined on the generator by
r
0(vg) = Z —(a1+ -+ ai—1)e1(Xa 4 da;_+15 - - s Xay+-+a;_1+a;)Vas
i=2

and extended to the entire module via the Leibniz rule. The degree of v, is taken to be

deg(vg) := — Z ajaj.
i#j

Let us also fix some standard combinatorial notation. For a pair of natural numbers
(a,b), denote by P(a,b) the set of Young diagrams/partitions that fit into an a x b
rectangle. When b — oo, we just abbreviate P(a) := P(a,c0). A partition A = (A >
A= 2 Xhg 20) € P(a) gives rise to a symmetric polynomial in a variables known as
the Schur polynomial ) (x). We recall the following useful differential action of 9 on
), € Sym,, which generalizes the actions (2.6) and (2.7):

)= Y COm,. (3.13)
n=r+0

Here u = A+ stands for a Young diagram in P(a) that is obtained from A by adding
a single box, and C(O) stands for the content number of the box added (i.e., the column
number of the box minus its row number). See [6, Lemma 2.4] for the proof of (3.13).

Lemma 3.4. (i) Considered as a left p-DG module over Sym,,,, Sap is compact
cofibrant of graded rank [“'};b]v. A 9-stable Sym, ,,-basis for the module is given
by

{(1®m.(x")vap | 2 € P(b, a)}.
(ii) The dual module S, := HOMsyn,

Sa,b, Symg ) is also compact cofibrant with
the 0-stable dual basis

a+b (

{(m.x) ® Dy, | A € P(a,b)}.
The induced differential on the dual module generator is given by

8(v;h) = —bel(g)vav’b.

2The degree of the generator is only essential for Lemma 3.4 and Theorem 3.8, where it is needed to
make some quantum binomial coefficients in v symmetric with respect to v vl
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Proof. This is [6, Proposition 3.3]. O

Definition 3.5. The derived p-DG symmetric polynomials is the category

D(Sym) := @ D(Sym,,),
aeN
equipped with the following multiplication functor M:

L
M : D(Sym,) x D(Symy)—>D(Sym,sp). (M, Mp) > Sap Q) (M1 K My),
Syma,b

and the comultiplication functor R:

L
R : D(Symy,4)—>D(Sym,) x D(Symy), M > (Sym, @ Sympua X) M.
Symygp
where the module generator u, ; has degree —ab, and the differential acts on the generator
by 9(uqp) = 0.

In [6, Theorem 3.15], we have established the following.

Proposition 3.6. The derived category of p-DG symmetric polynomials categorifies Uap
of quantum sly at a pth root of unity as a twisted bialgebra:
Ko(D¢(Sym)) = ng.

Under this isomorphism, the symbol of the rank-one free p-DG module [S,] is identified
with the element E@. The multiplication and comultiplication functor categorify
respectively the multiplication and comultiplication of Uap.

In order to categorify the quantum Frobenius map for Uap, we next investigate a full
subcategory of D(Sym) with its p-DG enhanced structure (see Remark 2.4).

Definition 3.7. Let D(,)(Sym) be the full subcategory inside D(Sym) which consists of

D(py(Sym) := @ D(Symy),).
aelN
The canonical embedding functor will be denoted

J 1 D(py(Sym)—D(Sym).

As a full subcategory of D(Sym), D, (Sym) inherites a multiplication and
comultiplication functor from M and R, which will be written respectively as M)
and R(p).

Componentwise, the functor M) has the effect

Mp) : D(Symy,) x D(Symy,)—>D(Symip)p). (M1, Ma) > Sapipy Q) (M1 R My).

Symap,bp

(3.14)
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Likewise, the comultiplication functor R,) is seen to be
L
Rp) : DSy (14),)—D(Symy,) x D(Symy,), M > Sym,,, Q) M. (3.15)
Sym ),
Now we are ready to state and prove a (weak) categorification result about the quantum
Frobenius map (Definition 3.2).

Theorem 3.8. The compact p-DG derived category Dfp)(Sym) categorifies the O ,-integral
universal enveloping algebra U;‘:

Ko(D{,,(Sym)) = Uy
The multiplication functor M,y and comultiplication functor categorify the multiplication
and comultiplication on U/'f. Consequently, the restriction functor along j:
Dfp)(Sym)—ﬂ)c (Sym) categorifies the quantum Frobenius map.
Proof. By construction, we have
Ko(Df,,,(Sym)) = € Ko(D"(Sym,,)).
aeN

Via Proposition 3.6, we need to analyze the p-DG algebras Sym,,, (a € N) and the effect
of the multiplication functor My on a pair of the rank-one free module S,,.

By Lemma 2.10, the p-DG algebra Sym,, is slash-zero formal, and there is a
quasi-isomorphism induced from the inclusion of its slash cohomology ring

lg : ]k[eg, ... ,egp]—>Symap.
Notice that deg(e,fp) = kdeg(eﬁ) = 2kp? (1 < k < a). Thanks to Lemma 2.8, we have an
equivalence of derived categories by induction along ¢,
0 D(k[eﬁ, e, egp])—>D(Symap).
Then Corollary 2.9 shows that
Ko(D(Sym,,,)) = Ko(D (klep. . ... eip]) = 0.
To see that the multiplication functor has the desired effect, we compute that
M(p) (Sap’ pr) = Sap,bp ® (Sap |Z|8bp) = Sap,bp
Symap,hp

as a left p-DG module over Sym,s),. It follows that, by Lemma 3.4, the following
equality of symbols hold on the level of Grothendieck groups

b b
MSSHD = [Supp] = [(‘” )”} [Sym<a+b>p]:q"’“b(“+ )[8<a+b>p]~
ap o, a

In the last equality, we have used the standard binomial equality that

|:(a+b)pi| [mh<a+b) <|:a+b:| )
=q =p
ap o, a a J,

whose proof can be found, for instance, in [18, Lemma 34.1.2]. Alternatively we refer the
reader to Remark 3.12 later for a categorical ‘explanation’ of this equality.
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The comultiplication functor R(p) is dealt with similarly. We leave this case to the
reader as an exercise. O

Remark 3.9. Theorem 3.8 also tells us that the induction functor along j gives rise to
categorification of a section of the quantum Frobenius map Fr : UE;F—)U?

3.3. Unoriented graphical calculus

Our goal in this section is to have a combinatorial study of the 2-morphism spaces
controlling the functor M(,) in the spirit of Khovanov-Lauda [11, 16] and Rouquier [21].
This will strengthen Theorem 3.8 into a strong categorification result.

To start, we consider the p-DG module Sgp 3, (Definition 3.3) regarded as a left module
over Sym,p), and right module over Sym, Diagrammatically, we depict elements
of the module as

ap,bp-

(a+b)p

T € Sym,,,y € Symy,

The labels ap, bp and (a 4+ b)p indicate the thickness of the strands involved. When a
strand has thickness r, it can carry coupons labeled by symmetric polynomials x € Sym,..

|

T

The diagrams are subject to the Grassmannian sliding relation: for any k € {1, ..., (a +
b)p}, we have

(a+b)p (a+b)p
k
= N\ )
1=0 €r | |€k—I
4 N
ap bp ap bp
where it is understood that e, (xq,...,x,) =0 if m > n. The differential on the lowest

degree generator is given by the formula (cf. Definition 3.3):

(a+b)p

0 =0. (3.16)
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One can readily see that the differential is inherited from the one in [6], as ap, bp are
zero modulo p.

((“+b)p)2 matrix

The enhanced endomorphism algebra ENDsym(a b (Sap.bp) is a size-
p-DG algebra with coefficients in Sym,), because of Lemma 3.4. It has the following
diagrammatic k-basis.

A\, i € Plap,bp),v € P((a+b)p) ¢ . (3.17)

Here we have adopted the notation that, for any ¢,d € N and any partition
= (U1 =2 te1 = e 2 0) € P(c, d),
its complement partition ft € P(d, ¢) is obtained from pu by the rule
A= (d = phesd — pe—t, ... d — ), (3.18)

where ¢ is the usual transpose on Young diagrams by reflection about the main diagonal.

The composition of two elements in this matrix presentation is given by vertical
juxtaposition of diagrams. Whenever two diagrams are vertically composed, it is
simplified according to the following ‘pairing’ simplification rule:

(3.19)

(a+b)p (a+b)p

The induced differential acts trivially on the lowest degree element of ENDSym(a .

(Sap,bp):
ap bp

0 =0. (3.20)

ap bp

Furthermore, the 0 action is extended to all elements in the diagrammatic basis by the
Leibniz rule and the differential action on symmetric polynomials (see equation (3.13)).
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To proceed, we consider the following p-complex which is defined to be
Var = @  km. (3.21)
reP(bp,ap)
together with the differential action determined as in equation (3.13):
dm) = Y COm,.
p=r+0

We need to compute the slash cohomology of this p-complex, and to do so we introduce
the following definition.

Definition 3.10. A partition in P (bp, ap) is called p-Lima if it is obtained from a partition
v in P (b, a) by expanding each box of v into a p x p cube.
For the ease of notation later, the set of Lima partitions inside P (bp, ap) will be denoted
as
LP(bp,ap) = {A» € P(bp,ap)| X is p-Lima}, (3.22)

so that LP(bp, ap) is in one—one bijection with the set of partitions in P(b,a). When
a — oo, set LP(bp) := LP(bp, 00).

Below is an example of a 3-Lima partition that is obtained from the partition (2, 1).

3 x 3 expand each box

This notion was defined in [8, Appendix 4.2], and will be used to compute the slash
cohomology of V, 5 in the next result.

Lemma 3.11. The slash cohomology H,(V, ) of the p-complex V4, consists of a direct
sum of one-dimensional p-complexes spanned by p-Lima partitions:

H,(Vap) = @ ko).

LeLP(bp,ap)

In particular, H/(V,p) has dimension (a;i—h)'

Proof. By construction, Vg, embeds inside Sym,, as a p-subcomplex. We next define a
projection map
wr, if u e P(bp,ap),

Symyy,—>Vap, T > {O otherwise.

If u is a partition such that w; = ap, and v is obtained from @ by adding one box to
the first row, then the content of the box added equals ap = 0 € k, so that m, does not
figure in the differential of ;. It then follows that the projection map commutes with
the differentials. Thus Vg is a p-complex direct summand of Symy,,.
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By the differential action formula (3.13), it is clear that
{m. |+ € LP(bp)}

is a family of 0-cocycles for the 9 action on Symy,. On the other hand, it has the same
size as the monomial basis for the polynomial algebra k[eﬁ, ...,egp], the latter being
isomorphic to H,(Sym,,,) by Lemma 2.10. An induction on the number of boxes via the
Littlewood—Richardson rule shows that the monomial basis from k[eﬁ, R efp] and the
p-Lima Schur basis just differ by some null-homotopic terms. Therefore, we obtain

H/(Symy,,) = @ kor;.
*reLP(bp)

The lemma then follows by truncating the partitions in P(bp, o0) onto the p-complex
summand P (bp, ap). O

Remark 3.12. By Definition 3.10, the number of p-Lima partitions L P (bp, ap) is equal
to the number of partitions inside P (b, a). Therefore, computing the image of V, ; in the
Grothendieck ring Ko(D(k)) = O, gives us

qabpz [(a + b)p

b
] = Waslo, = [H;(Van)la, = (“ * )
ap 0, a

which lies in the subring Z inside O,,.

Proposition 3.13. The p-DG endomorphism algebra ENDSym(ﬁb)p (Sap,bp) 15 slash-zero

formal, and it is quasi-isomorphic to a matriz algebra of size (“;rb)

k[eﬁ, ...

with coefficients in
e ]
> Y(a+b)p*

Proof. Using Lemma 3.4, we may rewrite the module S, pp as
Sap,bp = Sym(a+b)p Q Vap = Sym(a+b)p ® H/(Va,h) @ Sym(a+b)p ® P(Va,h),

where P(V,p) is a contractible p-complex and H,(V,;) is a direct sum of trivial
p-complexes by Lemma 3.11.
Abbreviate the compact cofibrant Sym ;) ,-modules as

H :=Sym 4, ®H;(Vap), P :=Symp), ® P(Vap)-

Then we may identify ENDSym(a+b),,(Sap,bp) as the block p-DG matrix algebra

ENDSym<a+h)n(Sap'bp) N (HOMSym(a+b)h(P’ H) HOMSym(a+b>p(P’ P)

HOMsym,,.,,, (H, H) HOMgym, ., (H, P)) |
It is clear that the terms HOMSym(aer),,(H’ p), HOMSym(Hb),,(Pa H) and HOMSym(HW
(P, P) are acyclic since both P and H are cofibrant and P is acyclic. Therefore, the
natural inclusion

ENDSym(aer)p (H)—>ENDSym(a+b)p (Sap.op)
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identifying the left-hand term with the upper left block matrix is a quasi-isomorphism.
Thus we are reduced to showing that ENDSym(a+b)p(H ) is slash-zero formal. But this is
clear from Lemma 2.10: Sym,4), is quasi-isomorphic to its slash cohomology ring, and
thus

H/(Sym(aﬂ,)p) ® ENDk(H/(Va’b)) —> Sym(aH,)I, ® ENDk(H/(Va’b)) = ENDSym(a+b)p (H)
is a chain of p-DG algebra quasi-isomorphisms. O

Remark 3.14. The cofibrance of S, pp (and thus the cofibrance of its direct summands
H and P) over the p-DG algebra Sym,44), has played a crucial role in the above
proof. In general, the graded endomorphism space END4(M) of a p-DG A-module M
will not control the endomorphism of M in D(A, 9) unless M is cofibrant. For instance,
consider the p-DG algebra A = k[x] with 8(x) = x%. The p-DG module M = k[x]-vg
with d(vg) := xvg is clearly acyclic. It is not cofibrant, and it is easily verified that the
induced differential on END 4 (M) = k[x], f — f(vo) is an isomorphism of p-DG algebras.
However,

H(/)O(END A(M)) =k # Endpa.5) (M) = 0.

To give a diagrammatic description of the slash cohomology algebra elements, we just
need to resort to the diagrammatic description (3.17) together with Lemma 3.11. We
have that the slash cohomology is spanned by the elements in the following set

( ap bp )
(—1)l# A, i€ LP(ap,bp), f €K[eb,...el 1t (3.23)
T
L ap bp )

This description, together with equation (3.19), also makes it clear that
H/(ENDSym(aH,)p (Sap,bp)) can be regraded as a subalgebra inside ENDSym(Hl,)p (Sap,bp)s
although it does not contain the identity element.

When both a = b = 1, the minimal nontrivial p-Lima partition is just (p?).

: the minimal nontrivial 3-Lima partition

The associated Schur polynomial is just ef,’(xl,...,xp). The complement of (p?) is
of course just the empty partition. Therefore, we have the following Corollary from
Proposition 3.13.
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Corollary 3.15. The following relations hold on the slash cohomology of ENDSymzp (Sp,p):

P p P p P p P p p P
D P
€p €p

- = = —~ . (3.24)

p P P P p p P P P p
Proof. Only the second equality requires some comment since the definition of S. g4
was not symmetric in ¢, d in the presence of the differential. But when both ¢, d are
divisible by p, the differential acts on the generator trivially (see equation (3.16)), and
thus interchanging ¢ and d commutes with differentials. O

Following [14], we use a p-p crossing diagram for simplification as follows.

p p
p p
p p

p p

Now, notice that, for degree reasons, we have
P P

p P (3.25)

in the algebra ENDSymZP (Sp,p) even before taking slash cohomology. Furthermore, the
Reidemeister-1I1 type relation holds in the endomorphism algebra ENDSym3P (Sp.p.p):

p p p p p p

p p» P P P P
which is a special case of [14, Corollary 2.6]. Observe that the relations (3.24)—(3.26) are
just the usual nil Hecke algebra relations implemented on thickness-p strands. Recall that,

ifa € N, the nil Hecke algebra on a letters is by definition NH, = ENDgypy, (Poly) [11, 21].
It has a diagrammatic presentation given by local generators

: (3.27)
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which have degrees 2 and —2 respectively, quotient the relations

<>
SR -

In order to make the next map homogeneous, we adjust the above local generators
(3.27) of nil Hecke algebras to be of degree 2p? and —2p? respectively.

- (3.28)

Definition 3.16. For any a € N, the thickening map
O1: (NHg, 8y = 0)— (ENDgym,, (Spe)), 8)

is given locally on the diagrammatic generators of NH, by

p p p

o = , oF =

Theorem 3.17. The p-DG endomorphism algebra (ENDSymuP(S(pa)),E)) is slash-zero
formal. The thickening map ©% induces a quasi-isomorphism of p-DG algebras.

Proof. The nil Hecke relations (3.24)—(3.26) have been established in the discussion before
the Theorem, so this homomorphism is well-defined. To prove that ENDSymuP (Spay, 9)
is slash-zero formal, one uses a similar argument as in Proposition 3.13.

To do so, notice that the p-DG module

Sipay = (Sym ) -vg,  d(vp) =0

is compact cofibrant over Sym,,. An induction together with the a =b =1 case of
Proposition 3.13 shows that

S(pey = Symy,;, ® Hy & Sym,,, ® Py

where Hy is a direct sum of trivial p-complexes that has total dimension dim(Hy) = a!,
and Py is an acyclic p-complex. It follows that

Sym,, ® ENDg(Ho) = ENDSymap (Sym,, ® Ho) < ENDSymal, (Spa)

is a quasi-isomorphism of p-DG algebras. The slash-zero formality then follows from
Lemma 2.10. To directly compare it with the nil Hecke algebra on the slash cohomology
level, we use that

L: Symap—>(Symp)®“
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identifies the slash cohomology of Sym,, with the S,-invariant part of (H/(Symp))®“
(Corollary 2.13). Since (H;(Sym,)®* =Zk[yi....,y] with y; = ep(xi_1)p41.--.. Xip),
H/(Symap) = Sym,(y1, - - -, Ya), and it follows that

H/(ENDg, .,) = ENDgym, (Pols) = NH,.
This finishes the proof of the theorem. O

Remark 3.18. Theorem 3.17 promotes Theorem 3.8 into a strong categorification by
considering the p-DG derived category

P PENDgsym,, (Swr))

aeN
with its enhanced p-DG endomorphism structure (Remark 2.4). It is not hard to show
that this category is Morita equivalent to D) (Sym) (This will be shown in slight more
generality in Lemma 4.11.). Composing the Morita equivalence, the natural inclusion j of
D(,)(Sym) into D(Sym) together with ©F gives us a fully faithful embedding of enhanced
p-DG derived categories

D(NH, dp) := @ D(NH,. 8p)—D(Sym).
aeN
It then follows from Theorems 3.8 and 3.17 that the natural projection from D(Sym)
onto D(,y(Sym) = D(NH, dp) categorifies the quantum Frobenius map (Definition 3.2.)

Remark 3.19. We expect that a similar construction can be extended to the sl3 case by
combining Stosi¢’s slz-thick calculus [22] with the differential defined in [15], which will
then categorify the quantum Frobenius map for the upper half of sl3 at a prime root
of unity. Likewise, a careful modification of the previous construction in the DG odd
nil Hecke algebra case [8] will give rise to a characteristic-zero lifting of the quantum
Frobenius map for sly at a fourth root of unity.

Remark 3.20. As we have, the direct sum of the maps ©F will give us a weak p-DG
monoidal functor, which becomes a triangulated monoidal functor of enhanced derived
categories. Here we use the notion ‘weak’ to indicate that the map is not a p-DG
algebra homomorphism. For instance, the relations (3.24) of nil Hecke algebras only
hold in slash cohomology, but on the abelian level the equality only holds up to
acyclic idempotents. However, upon passing to slash cohomology, the map becomes
an isomorphism. Combining the fact that ENDSymap(S(,,u),a) is slash-zero formal
(Theorem 3.17), the functors give a ‘roof’ (see Remark 2.6) of p-DG monoidal categories,
and hence induces (enhanced) derived equivalences.

4. Thick calculus and quantum Frobenius

In this section, we define a thickening 2-functor ® which is a ‘doubled’ version of the
map O from Definition 3.16. We show that the restriction functor along ® gives rise to
a categorification of the quantum Frobenius map for an idempotent version of quantum
sly at a prime root of unity.
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4.1. Quantum sl; at a root of unity

We first recall the definition of some idempotent forms of the generic and root-of-unity
quantum sl over the ring O, following [18, Chapter 36]. Another concise and lucid
account can be found in [19]. Then we introduce a modified version of Lusztig’s quantum
Frobenius map for sly, which is defined over the ring O,,.

Definition 4.1. (i) The non-unital associative quantum algebra UQ(U) (sh) is a
Q(v)-algebra generated by a family of orthogonal idempotents {1, | n € Z}, a raising
operator 6 and a lowering operator ¥, subject to the following conditions:

(i.1) 1, 1, = 8ymly, for any n,m € Z,

(1.2) 01, = 1420, 91, = 1,20,

(i.3) 691, —v6l, = [nl,1,.
We denote by Uy(sly) (or just U, for short) the Z[v*]-integral subalgebra of
Uqu)(s2) generated by the divided power elements

99,

T aly!”

9(0)1n - 01, @1

L (4.1)

n

for every n € Z and a € N.
(ii) Let O, = Z[vil]/(\llp (v2)). The Op-integral form l']@p is obtained by base changing

U, along the canonical ring map Z[vil]—>@p, V> g

U@p = U, ® 0,.
Z[vj:l]

The base changed divided power elements will be denoted by
ED1,:=091,®1, F91,:=991,x1.

iii) Let p:Z[vt']— O, be the ring homomorphism that takes v to ¢”. The
p q
O,-integral idempotent algebra U, is obtained from U, along® p:

U, =0, ® 0,.

Zvt!],p

The base changed divided power generators in this case will be written as

E@1, =091, &)1, F@1, =291,
p 0

(iv) The non-unital associative (small) quantum algebra g, :=1igq,(sl2) is the
subalgebra of U@p generated by {El,, Fl, |n € Z}.

3 As noted in Remark 3.1, this is not quite the idempotent form for the universal enveloping algebra for
sy, but will need a further base change to the cyclotomic field O).
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Definition 4.2. Lusztig’s canonical basis B is an additive Z[v¥!]-basis for U,, which
consists of

0 0@y® 1, where a,b e N, n € Z with n < b—a;

e ¥P0@1, where a,b e N, neZ withn >b—a,
together with the identifications p@p® 1, =9®o@1, .

Via base change, the canonical basis B gives rise to bases for U@p and Up, which we
denote B@p and B, respectively.

Definition 4.3. The quantum Frobenius map for sl at a pth root of unity is the
idempotent algebra homomorphism defined on the generators by

Fr: U@],—>Up,

{E("/p)ln/p if pla,n,

E@D1, > i
" otherwise,

FO1, {F(a/mﬂ"/p if pla,n,
0

otherwise.

Here p is the base change ring homomorphism (3.6).

It is not hard to see that the kernel of Fr is generated by i, as an ideal inside U@P,
and thus the quantum Frobenius map fits into the sequence of O,-algebras

0—>u@p—>U@p = U,—0. (4.2)
The ideal generated by ig, constitutes the kernel of Fr.

4.2. Thin and thick sl, calculus

Thin calculus. We now recall a version of the thin diagrammatic calculus of Lauda [16]
that categorifies U, at a generic value.

Definition 4.4. The 2-category U is an additive graded k-linear category. It has one object
for each n € Z, where 7Z is the weight lattice of sl,. The I-morphisms are (direct sums
of grading shifts of) composites of the generating 1-morphisms 1,421, and 1,F 1,4,
where n ranges over Z. Each 1,121, will be drawn the same, regardless of the object
n. One may think that there is a single 1-morphism £ which increases the weight by 2
(read from right to left), and a single I-morphism F that decreases the weight by 2. We
draw the 1-morphisms as oriented strands.

1-Morphism generator n+2 + n " +”+2

Name 1,281, 1, F1lyio
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The 2-morphisms are generated by the following pictures with prescribed degrees.*

Generator n+2 ? n n+4 >< n w n m”

Degree 2p* —2p? (1 —n)p? (1+n)p?

The following set of relations is imposed on the 2-morphism generators.

(i) The nilHecke relations are satisfied on upward pointing strands regardless of

regions ><_ ,><:T T:'><‘_'><‘, (13)

S

(ii) The adjunction relations hold, irrelevant of region labels:

(ili) For each n € Z, let 0, be the 2-morphism

Then the following morphisms should be invertible.

><n+nzlk’/n (n>0), ><n+2}(‘\ (n <0).

(4.7)

Theorem 4.5 (Khovanov—Lauda, Rouquier). The category U categorifies Uy(sly) at a
generic v:
Ko —mod) = U,(slp).

Here v s the decategorification of the grading shift functor on U —mod. The
indecomposable left projective modules over U in the set

(EDWFOL, FOEDY 1a,beN, n<b—a, m>a—b)

40ne should note that we have taken the liberty to expand the degrees of generating 2-morphisms by
p2 systematically. This is to ensure that the functor ® we define is homogeneous.
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categorify Lusztig’s canonical basis elements B:
[5(a)]:(b)]ln] — 9(a)§(b)]1n’ [.F(a)g(b)llm] — 19(“)9(”)]1,”,

and the modules EDF®1,_,, FOED1,_, are isomorphic for any a, b € N.

Remark 4.6 (On the proofs of Theorem 4.5). The original proof of the result using a few
more generators and relations is due to Khovanov-Lauda [12, 16]. The relations presented
here are defined by Rouquier [21]. The work of Cautis and Lauda [4] shows that the two
definitions are closely related. More recently, it is shown by Brundan in the amazing
work [3] that the two presentations of Khovanov-Lauda and Rouquier are equivalent,
significantly reducing the amount of relations to check in many situations.

The second part of the theorem, regarding lifting canonical basis elements to
indecomposable U-modules, can be found in [14, §5].

Corollary 4.7. Equip U with the zero p-differential 99 = 0. Then the compact derived
category of p-DG modules over U categorifies U, :

Ko(DU, 8p)) = U,.

Proof. By our choice of grading in Definition 4.4, the 2-morphism generators all have
degrees expanded by p?. On the level of Grothendieck group Ko(D¢(U), dp), this has the
effect of specializing all the structural constants involving v in Theorem 4.5 at q"’2 =
q? € O,. The isomorphism follows then, for instance, by using Corollary 2.9. O

Thick calculus under differential. Let us briefly recall a p-DG 2-category structure
on U defined in [6]. The category U has been introduced in [14] to describe
diagrammatically the Karoubi envelope of /. As a result, U is Morita equivalent to U and
thus categorifies U, as in Theorem 4.5. In the presence of a nontrivial differential, the
derived category of (4, d) has been shown [6, Theorem 6.2] to categorify the O p-integral
U@p with divided powers.

Definition 4.8. The p-DG 2-category (U, d) has the underlying 2-category equivalent
to the Karoubi envelope of U (Definition 4.4). It has objects labeled by n € Z. The
I-morphisms are monoidally generated by 1,12,&€ (“)]ln, 1y—24F @1, for all a € N and
n € Z. They are diagrammatically depicted by oriented thick strands of thickness a:

n+2a n n—2a n
a a

The 2-morphisms are generated by thick diagrams below subject to certain relations that
are similar to thin calculus ones. The reader is referred to [14] for the precise relations,
but a p-DG 2-category structure on U is defined by declaring the following differential
action on the 2-morphism generators.

https://doi.org/10.1017/51474748017000275 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748017000275

928 Y. Qi
On upward pointing splitter and merger diagrams, the differential acts by

a b a b a+b a+b

a+b a+b a b a b

On oriented biadjunction maps, the differential is given by

(FY)-ef 2 o(k_)-e-k A
(4.9)

(N A N

N AR S S FoOR

Here the clockwise thickness-1 ‘bubble’

n
lo¥e!

composed of a cup, n dots and a cap, is an element lying inside END,;(1,) = Sym. The
differential action on the END,;;(1,) is then determined, as before, according to equation
(3.13).

For any a,b € N, i € {0, ..., min(a,b)}, n € Z and o € P(i,n —1i), let

€ HOM,(E@WF®) 1, gl Fb-07,). (4.13)
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In particular, when i = 0, then o = ¥, and

a b

n

¢ = Kn = € HOM,(E@WF® 1, FOg@1,,)

b a +
(4.14)

The reason that we are interested in these special elements in ¢/ is that they constitute
‘half’ of the maps in the identity decomposition formula for END,, (€@ F®1,) (Stosi¢’s
formula, [14, Theorem 5.6]). More precisely, there exist

y? e HOMy (FPe@1,, e@F®1,), ¢l e HOM, @V FE-1,, £@F® 1),

such that {wélpé |0 <i < min(a, b),x € P(i,n+a—b—i)} forms a complete family of
pairwise orthogonal idempotents in ENDL'{(E’(“)]: ®)1,,):

min(a,b)

Idgwzrng, = ¥'0"+ Z Z Vbl (4.15)

i=1 «aeP(i,n+a—b—i)

The next theorem is proven in [6, Theorem 6.2].

Theorem 4.9. The (enhanced) p-DG derived category DU, 3) categorifies the idempotent
Op-integral quantum group Ug,:

Ko(D‘WU, ) = Uo,.
Furthermore, the symbols of the compact cofibrant p-DG modules in
(EDFOL, FOeD, 1n<b—a,m>a—b)

are identified with the specialization of Lusztig’s canonical basis B@p. O

We deduce some consequences of Theorem 4.9, which should have been included in [6].

First off, observe that, without the differential 9, the 2-category U is Morita equivalent
to U, so that it also categorifies the generic quantum group U, as in Theorem 4.5.
Consequently, in the usual derived category DU —mod) of modules over U, the objects
&1, F1,, when n ranges over Z, monoidally generate the entire derived category (under
l-morphism compositions). However, in the presence of 9, we need an extra family of
p-DG modules, besides £1,, F1,, to generate DU, d), namely those in

(EP 1, FP1, |n € Z). (4.16)

To show this we do a few reductions.
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Lemma 4.10. Let m be a natural number, and fix a decomposition m = ap +r such
that a €e N and r € {0, ..., p—1}. The objects E™1,, (respectively F™1,) with n € Z
in the enhanced derived category DU, d) are contained in the triangulated subcategory
monoidally generated by 5(“”)1n+2r and EN1, (respectively F@r i, . and .7:(’)]1,,).

Proof. We only prove the result for £’s, the corresponding proof for F’s is similar.

To do this, it amounts to show that £™1, is contained in the smallest triangulated
subcategory in D(Z/{ d) that contains £@PEM T,

Note that, in (4, 9), the endomorphism algebra of any 1-morphism £71,, is controlled
by Sym,, with the natural differential (2.6) that is independent of the weight n. Likewise,
the endomorphism space of & (“1’)5 D1, is controlled, irrelevant of n, by the p-DG
endomorphism algebra ENDgyr, (S, ) 5 By Lemma 3.4, Sup,r is compact cofibrant over
Sym,, and so is its dual, so that

ap,r

ENDSym ( ap, r) = ENDSym (Sap )= ap r ® Sap r
Syml‘ﬂ

is isomorphic to a matrix p-DG algebra with coefficients in Sym,,. Therefore, we have a
derived tensor functor

L
Srr &) (=) : D(Sym,,, )—>D(ENDsym, (Sy, ). 9).
Sym,,

One may regard Savp , as a column (left) module over a matrix presentation of
ENDgym,, (S, ap.r)s While Sgp - as a row (right) module. We now resort to a p-DG Morita
criterion established in [20, Proposition 8.8], which tells us that the functor induces
an equivalence of p-DG derived categories if Sanr is cofibrant as a p-DG algebra
ENDgym,, (SY ap, ). Once this is shown, the lemma follows.

Now we establish the cofibrance condition. By Definition 3.3, 9 acts on the module

generator vqp , of Sgp r trivially, and thus
Symm *VUgp,r C Sap,r

is a p-DG direct summand. Tensoring this split inclusion with Savp » over Sym,, gives us
a split inclusion

aprNSz;/pr®Sym *Vap,r C apr®8apr—ENDSym(apr)
Sym,,

Therefore, the module p-DG module S, ,
rank-one free p-DG module over ENDsym (S

is a p-DG direct summand of the natural

ap.r)- The cofibrance of Sy, . now follows.

O

5See Definition 3.3 for the left p-DG Sym,,-module Sap,r. Here Sc\l/p’r = HOMgym,, (Sap,r, Symy,) is the

dual module with Sym,, acting on the right. A diagrammatic p-DG generator for S;/p’, is depicted as
the splitter in (4.8).
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Lemma 4.11. Let a be any positive natural number and r be in the set {0,1,..., p—1}.

(i) For each n € 7, the module £9P 1, in DU, d) is contained in the triangulated
subcategory monoidally generated by EP 1y with k € {n,n+2p, ..., n+ap}.

(ii) For each n € Z, the module EM, in DU, d) is contained in the triangulated
subcategory monoidally generated by E1x with k € {(n,n+2,...,n+2r}.

Proof. The proof is similar to the previous Lemma. For instance, to show (i), one
considers the p-DG algebras Sym,, and ENDSymap (S(\;a)) (Definition 3.3). Then one
is further reduced to showing that S(vp a is cofibrant over the endomorphism algebra

ENDSyma,, (S(Vpa)). We leave the details as exercises to the reader. O

Now combining these two Lemmas, we see that any p-DG module of the form £™1,
or F1,, where m € N and n € Z, is contained in the subcategory generated by the
modules E1g, EP 1y, Fli, FP 1y, where k ranges over the weight lattice Z. In particular,
applying this observation to the ‘canonical basis modules’ of Theorem 4.9, we have proved
the following.

Theorem 4.12. The (enhanced) p-DG derived category DU, d) is monoidally generated
by the compact cofibrant modules in the collection

(E1x, EP 1y, Fli, FP Ui |k € Z).

On the Grothendieck group level, U@p is generated by elements of the form Ely, EP 1y,
Fly, FP 1y, where k ranges over the weight lattice 7. O

Remark 4.13. Of course the theorem is false if we omit the pth divided power generators.
This is because P 1y is controlled by (NH,,, 9), which is an acyclic p-DG algebra (see [15,
§3.3]). It follows that EP1; = 0 in DU, 9), and EP 1 could not be a summand of EP 1.
In fact, a closer check of the proof of Lemmas 4.10 and 4.11 shows that any column
module, which we denote as P, over (NH,, d) is not cofibrant, so that we do not obtain
a derived equivalence

L
P X) (=) : D(Sym,,)—>D(NH,).
Sym,,

4.3. Categorification of quantum Frobenius for sl,

Let us first define a doubled version © of the thickening map ®* in Theorem 3.17.

Definition 4.14. Let U/ be equipped with the zero differential d9 = 0, while the p-DG
structure on U is prescribed by Definition 4.8. The (weak) thickening 2-functor © is the
morphism of p-DG 2-categories

O: U, d)— U, d)

defined as follows.
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(i) On the collection of 1-morphism generators, let

p p
fe) n+2T n = (n+2)pT K /&) n in+2 = P l(””)p.
p p
(ii) On the generating 2-morphisms of (U, dp), define
p p
p
° - 7 ) /\ |
p p

Remark 4.15. A main goal of this section is to show that, as in Remark 3.20, ® induces
an isomorphism on the level of slash cohomology of the corresponding p-DG categories.
As we see, ® preserves the relations of (U, dp) and M, d) up to acyclic idempotents, and
it induces an equivalence of DU, dp) onto its image as (enhanced) derived categories
(Definition 2.4).

Lemma 4.16. The image of the ® map on the set of generators consists of p-cocycles.
Proof. This is clear from the differential action on the thick generators (4.8)—(4.11). O

The center ENDy(1,) for each object 1, inside U consists of clockwise or
counterclockwise thin ‘bubbles’ that may be defined in terms of the 1-morphism

generators:
n n
®l+n—1 ’ ln-1 (4.17)

Here I € N labels the degree of the bubble diagram, which equals 2/ for these depicted.
One may identify clockwise bubbles of degree 2/ with the /th complete symmetric function
hy in infinitely many variables, while the degree-2/ counterclockwise bubbles with (—1)’e
(see [16, Proposition 8.2]). In this way we identify the center ENDys(1,) with the algebra
Sym of symmetric functions. A simple consequence of the previous Lemma is that the
thickening functor ® induces a quasi-isomorphism of the corresponding p-DG centers.

Corollary 4.17. For each n € Z, the 2-functor ® induces a quasi-isomorphism of p-DG

algebras
® : (ENDy(1,), do)—> (END; (1), 9).
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Proof. We show the case when n > 0, and leave the n < 0 case to the reader. Under the
map ©, the thin bubble is mapped to the thick bubble carrying a symmetric function as

a label:
n np
(o) = )
I+n—1 P

Here the thick strand has thickness p, and the polynomial 7; in p variables equals the
Schur function

~1 ~1
T = T(pA4n—1)P) (X1, ..., Xp) = (ep(x1, ...,xp)p)l+” = (x1-- -xp)p(l+" ),

In [14, equation (4.29)], the thick bubbles are identified with Schur functions in infinitely
many variables. In their notation, this Schur function corresponds to nﬁ’ whose partition
B has p equal parts:

B=@U+n-1),....,pl+n-1D)—=((mp—p),....,(np—p)) =(pl,..., pD),

i.e., this is the Schur function corresponding to the Lima partition ((p/)P). By the
Littlewood-Richardson rule and Remark 2.14, the set {m,|w@ € LP(p)} consists of
0-cocycles under the differential (3.13), and it forms a set of polynomial generators for
H,(Sym). The result follows. O

In fact, a closer check of the proof shows that the effect of ® on the center ENDy(1,,)
agrees with the thickening map ®p on Sym discussed in Remark 2.14.

Lemma 4.18. For the special values a = b = p and n = kp, the p-differential on U acts
on the elements ¢° and ¢>f;t (i=1,...,p) as follows:

Proof. This follows from a simple computation using the differential formula on the
generators (4.8)—(4.11) and the differential action on Schur polynomials (3.13). O

The next result will tell us that the p-complex appearing naturally in Lemma 4.18 is
quite easy to handle. One should compare it with Lemma 3.11, and the proof is similar.

Lemma 4.19. For each i ={1,..., p}, define the p-complex

Vi= P keme dm) = Y (CO)+i)mp.

a€P(i,kp—i) B=a+01
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(i) Ifi = p, then
H(V)=HoV)= P k.
a€LP(p,(k—1)p)

(ii) If 1 <i < p—1, then the p-complex V; is contractible.
Proof. Part (i) of the lemma is a special case of Lemma 3.11 where we have identified
the slash cohomology with the trivial p-complex spanned by Lima partitions inside
P(p, kp —p).

To show part (ii), we embed V; inside the p-DG module S; (i) (see equation (2.8)) over
Sym; as a p-complex direct summand. The latter is acyclic by Lemma 2.10.

Now, define an embedding map

fi : Vi—&i(i) = Sym; -vi, 7o > T - Vi,
and a projection map

ny ifae PG kp—i),

g :Si(i))—Vi, my-vi > {0 otherwise.

A simple computation using the differential action on Schur functions and the Pieri rule
= Y
B=a+01
shows that g; o fi = Idy, as maps of p-complexes. The result now follows. O

Remark 4.20. In a similar vein as Remark 3.12, Lemma 4.19 gives us a categorification
of the quantum binomial specialization
kp i(hn_i
[ : } =q ' ®"D[H,(V)]o, =0
tlo
P
whenever i € {1, ..., p—1}. Modifying the above proof slightly shows that this is also
true for any i € {1, ..., kp — 1} such that p{i.

For the next result, we crucially utilize the p-DG enhancement structure (Remark 2.4)
on the derived category DU, 9). Namely, for any two objects n,m € Z and a finite
family of 1-morphisms that have the form 1,0 FUD £ FUY ], where the sequence

(i1, ji, - ... ik, jk) belongs to a finite index set I, the 2-endomorphism algebra
(i1senji)El

has a natural p-DG algebra structure coming from the p-DG 2-category (U, 9).

Proposition 4.21. Let k € N. The element
P P

Q= kp @ @ ,

aELP(p,(k—1)p) kp
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which is regarded as a map of left p-DG modules over U:
O : EP FP U1, — FPEP 1y, @ Tgp{—(k — 1) p*} & Lipl—(k = 3)p)
@@ Lp{k—1)p?),

is an invertible morphism in the derived category DU).

Proof. For a fixed i € {1,..., p—1}, let us consider the direct sum of the maps
. . . kp
( D ¢&> :5<p)].—<p)ﬂkp_ﬂ.—(p—z)g(p—z)]lgz].
aeP(i,kp—i)

By the differential action on the elements ¢/, (Lemma 4.18), we see that (Deocriip-i )
is in fact a map of p-DG modules

( D ¢é)  ED F0 s FO-Dgr-Dy, @ V.
aeP(i,kp—i)

Here V; is the p-complex defined in Lemma 4.19, and V;* denotes the vector space dual of
Vi equipped with the dual p-complex structure. Since V; is contractible by that Lemma,
the p-DG module f(p_i)c‘f(”_i)]lkp ® V¥ is an acyclic coﬁbran}t module over (U, 3). Thus
it is isomorphic to zero in the enhanced derived category DU, 9).

Likewise, one can assemble together (D, ;. P, #L), where L P. stands for the complement
set of Lima partitions LP. := P(p, (k—1)p)\LP(p, (k —1)p), into a p-DG module map
from S(P)}'(P)Ilkp onto 1y, ® W for some acyclic p-complex W.

Now, let

P = EPFP 1, @ FPEP 11y, & Liy{—k — 1) p*} & Lip{—(k —3)p*}
X @@ Lk —1)p?)

and
p—1
A=PFrer 1,V el,eW,
i=1
the module A being an acyclic cofibrant U-module since both V* and W are. The natural
inclusion of p-DG endomorphism algebras

END,;(P)—END; (P © A)

is evidently a quasi-isomorphism of p-DG algebras. Therefore, the element & €
END,;(P) is homotopic to an invertible element in END,;(P @& .A) by Stosi¢’s formula
(4.15). It now follows that the cocycle @ must also be invertible in H(/)O(ENDL',(’P)). O

For « inside the set of p-Lima partitions LP(p, (k —1)p) C P(p, (k—1)p), the Schur
functions 7, are identified with ei,p(xl, ..., xp) with/ € {0, ..., k — 1}. Therefore, the map
@y in the Proposition naturally comes from thickening (Definition 4.14) of the following

<I>k:®<><k+§vk> .

element in U:

(4.18)
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Remark 4.22. By Theorem 4.5, although it is not essential to specify the inverse of ¢
explicitly, the proof of Proposition 4.21 actually tells us what the inverse element is
inside the slash cohomology algebra H,o(END,;(P & A)) = H/o(END,;(P)). To see this,

consider the element )
bo=d'e(D B )

i=1 aeP (i kp—i)

which we know is invertible by Stosi¢’s formula (4.15), and the inverse is given by

ak=w°@(é O )

i=1 acP(i kp—i)

By adding some zero factors to @k, we can regard both ®; and @, as elements in
END;; (P @ A). Then the proof of the Proposition tells us that the maps ®; and 51(
differ by some O-coboundary element. Therefore, the same must be true for the difference
between Wy and Wy: the projection of Ty onto END,;(P) should be a cocycle which serves
as the inverse for ®;. Indeed, diagrammatically, one sees from [14, equation (5.11)] that
the element W equals

k—1
_ pEtd) (p)
ne- X v®|® @ o) = v
i=1 B,y€LP(p,ip)
P p

Here the counterclockwise thick bubble labeled by 7, indicates the Schur function
7y, regarded as an element in ENDj;(1,), and the number c(p ) is the usual
Littlewood—Richardson coefficient. When both g8, y are Lima partltlons inside P(p, ip),
c({) )= 1if they add up to the full p x ip rectangle, and equals zero otherwise. It then
follows by the differential formula (4.8)—(4.11) that @y is a cocycle, and it comes from

thickening the inverse of the element in equation (4.18).

Definition 4.23. The p-DG 2-category D, U, d) is the full 2-subcategory of DU, )
generated by the l-morphisms ]l(n+2)p5(p)lln,, and Il(n_z)p]-'(p)]l,,,,, where n € Z. Here
both derived categories are considered with their p-DG enhanced structure.

Below, we will be using a derived restriction functor along ®. We briefly discuss how
restriction functors behave in this situation, which is a slight modification of the p-DG
algebra case. For more details, see [20, §8]. To do so, notice that DU, 9) is locally
a family of derived categories of p-DG algebras with their p-DG enhanced structure.
Now © induces a map of p-DG algebras that sends any local identity element of U,
say, 1,42€1,, onto the idempotent ]l(n+2)p6(”)l,,p. Thus we are locally reduced to the
following situation: there is a map of p-DG algebras f : (A, 94)—> (B, dp), but f(14) =€
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is not necessarily the identity of B, but an idempotent such that dp(€) = 0. In any case
we have an adjoint pair of derived functors given by induction and restriction along f:

L
f*:D(A, 00)—D(B.dp). [*(M) = Be Q) M, (4.19)
A

fi:D(B,35)—>D(A, d4), fe(N):=RHOMg(Be, N) = €N. (4.20)

Thus in this situation, the restriction functor is none other than the usual idempotent
truncation on modules. In our particular case, the effect of the restriction functor along
the thickening map ® is seen through the next result.

Theorem 4.24. The p-DG 2-functor © :U—>U induces a derived equivalence from
DU, dy) onto the full subcategory D(p) U, 9). Consequently the restriction map along ©
O : DU, 3)—>D U, d)
is a categorification of the quantum Frobenius map (Definition 4.3) for sly over the

ring Q.
Proof. We check that the relations in Definition 4.4 are satisfied on the image of ©.

Relation (i) follows from Theorem 3.17 for the map ®%, and Relation (ii) is a simple
computation using (4.9)—(4.11). The first half of Relation (iii) (n > 0 case) holds by
Proposition 4.21. Composing the rotational symmetry and vertical reflection of U (see [7,
Corollary 4.9]) preserves 9 and tells us that the second half of Relation (iii) can be deduced
from the first half. Alternatively, one can carry out a similar proof as in Proposition 4.21
in this situation. Hence the (enhanced) derived category D(p)(ZJ, d) is a categorical
U-representation by Theorem 4.5, and thus must be a categorical quotient of DU, dp)
under ®.

Finally, to show that the functor ® is fully faithful on derived categories, one observes
that, modulo the central parts of the categories generated by thin and thick bubbles
respectively, the endomorphism algebras of £1,, F1, in DU, dy) are identified with
endomorphism algebras of 5(1’)11,,,, and F (”)]lnp in DU, 9) under O. It remains to show
that © restricted to the derived central parts (ENDy(1,), do) and (END;;(1np), 9) are
isomorphisms. The result now follows from Corollary 4.17. O

Recall from Definition 4.2 that we have specialized canonical bases for Ug , and Up,
which are denoted B@p and B o respectively.

Corollary 4.25. Under the derived equivalence O, : DU, 80)—>D(p)(u, d), the
U, 99)-modules in the collection

By = {EWFOL,, FOLD 1L, |n<b—a,m>a-b)},

which lift the specialized canonical basis IEBp, are identified with the p-DG modules over
U, d) inside

By = (WP FPY,, F@ el 1, \n <b—a,m>a—b).

The symbols of the modules in By categorify the canonical basis elements B@p which lie
in the idempotent subalgebra of U@p generated by {E(p)l,,,,, F(p)l,,,, |n e Z}.
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Proof. This is a simple consequence of Theorem 4.24. Here, one observes that, given
a finite subset of p-DG modules in B; equipped with the zero differential, the
endomorphism p-DG algebra for this subset of modules over (U, dp) is a basic, positively
graded p-DG algebra with zero differential (here we ignore the symmetric functions).
Hence, in the Grothendieck group, the symbols of the modules form a basis. Likewise,
a similar property holds for the p-DG modules in B, parametrized by the same subset
I. Locally, the 2-functor ® induces a quasi-isomorphism of the corresponding p-DG
algebras. O

Remark 4.26. In fact, the derived induction 2-functor for ® (equation (4.19))
®* : DU, d9)—> DU, 9)

gives rise to a categorification of a section map for the quantum Frobenius (4.2).

The reader may wonder why the canonical functor ® is going the ‘wrong’ way from
the p-DG 2-category (U, dp) to (U, 9) rather than the ‘correct’ direction of the quantum
Frobenius map. Such a trick has to be employed in the current stage of the work because
we do not yet have a p-DG categorical ‘quotient’ construction of DU, d) by a categorified
small quantum group. In [6], we have realized the categorified small quantum ug, as the
full subcategory in DU, 9) monoidally generated by strands of thickness 1. Furthermore,
this subcategory is equivalent to DU, 3) with a nontrivial differential studied in [7, 15].
In this sense, the first part of the quantum Frobenius sequence (4.2) is categorified by
this (derived) embedding

DU, 3) — DU, ).

In upcoming works, we would like to find the analogue of Drinfeld’s ‘DG quotient’
construction [5] in the context of hopfological algebra. The current version of
Theorems 3.8 and 4.24 can then be utilized to give an explicit p-DG realization of the
(derived) quotient category, denoted DU //U), as DU, dp). Then we expect the entire
sequence (4.2) to be lifted:

DU, 3) < DU, 3) — DU/U) = DU, ).

The current work has used the fact that the canonical basis is explicitly known for
quantum sl by work of Lusztig [18]. For instance, this is used in proving that the
Grothendieck group of DU, ) is isomorphic to U@p, which was done by lifting canonical
basis elements to explicit p-DG modules over (U, 9) [6, Theorem 6.2]. This method will
not generalize beyond sl as canonical bases for higher ranks are unknown, and probably
are not even fully classifiable. However, such quotient constructions should be applicable
to any simply laced quantum groups, and the quotient maps from DU) onto DU /U
will be a categorical lifting of the corresponding quantum Frobenius map.
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