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SEMILATTICES AND THE RAMSEY PROPERTY
MIODRAG SOKIC

Abstract. We consider S, the class of finite semilattices: 7, the class of finite treeable semilattices; and
Tm. the subclass of 7~ which contains trees with branching bounded by m. We prove that £S, the class of
finite lattices with linear extensions, is a Ramsey class. We calculate Ramsey degrees for structures in S, 7.
and 7. In addition to this we give a topological interpretation of our results and we apply our result to
canonization of linear orderings on finite semilattices. In particular, we give an example of a Fraissé class
KC which is not a Hrushovski class, and for which the automorphism group of the Fraiss¢ limit of £ is not
extremely amenable (with the infinite universal minimal flow) but is uniquely ergodic.

§1. Introduction. A semilattice can be considered as a relational or as a functional
structure. As a relational structure, a semilattice is a poset with the property that
every two elements have an infimum. As a functional structure, a semilattice contains
only one binary operation which defines a partial ordering such that the infimum
of any two elements is given by the binary operation. In this paper, we consider
semilattices as a functional structures and we examine finite semilattices in two
steps. In the first step, we consider semilattices with respect to the Ramsey property.
In the second step, we examine semilattices from the point of view of topological
dynamics. We denote by S the class of finite semilattices, by 7 the class of finite
trees and by 7, the class of finite trees with branching bounded by m.

Which classes of finite structures have the Ramsey property is one the central
questions of the Ramsey theory. When a given class does not have the Ramsey
property we ask for the Ramsey degrees of its objects, see Section 2 for definitions.
We recall that a class is a Ramsey class iff all of its objects have Ramsey degree
equal to 1. In this paper, we prove that S, 7, and 7, are not Ramsey classes by
calculating the Ramsey degrees for their objects. We recall that there are only two
known Ramsey classes of functional structures: the class of finite Boolean algebras,
see [6]., and the class of finite vector spaces over a given finite field, see [8]. In addition
to these two classes we know the Ramsey degrees for all objects in a given functional
class only for the class of finite unary functions, see [22].

A connection between structural Ramsey theory and topological dynamics is
given by the work of Kechris—Pestov—Todorcevi¢ in [11] and its generalization
in [16]. This connection is based on Fraissé theory, see [9]. Fraissé classes S, T,
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and 7, generates Fraissé structures S, T, and T, respectively. Some characteristics
of model theoretic structures are obtained by examining their groups of automor-
phisms. In particular we consider groups Aut(S), Aut(T), and Aut(T,,) with the
pointwise convergence topology. Let G be a topological group. A continuous action
of G on a compact Hausdorff space X is called a G-flow. A G-flow X is minimal
if for every x € X we have X = {gx : g € G}. It is a classical result in topologi-
cal dynamics that every topological group G admits a unique, up to isomorphism,
minimal G-flow, called the universal minimal G-flow, such that all other minimal
G-flows are factors of it. If the universal minimal flow is a point then we say that
the group is extremely amenable. In topological dynamics we ask for a concrete
description of the universal minimal flows. In this paper. we give concrete descrip-
tions of the universal minimal flows for Aut(S). Aut(T) and Aut(T,,). Moreover,
these universal minimal flows are metrizable. We should contrast this with the fact
that a universal minimal flow of a countable discrete group is never metrizable, see
page 121 in [11]. A topological group G is amenable if every G-flow admits an
invariant Borel probability measure. A G-flow is uniquely ergodic if it has a unique
invariant probability measure. We say that a topological group G is uniquely ergodic
if every minimal G-flow is uniquely ergodic. In this paper, we prove that Aut(T)
and Aut(T,,) are uniquely ergodic groups. Also we explain why Auz(S) is a nona-
menable group. Moreover, 7 and 7, are the first known examples of Fraissé classes
which are not Hrushovski classes such that the groups of automorphisms of their
corresponding Fraissé structures have nonisomorphic universal minimal flow and
they are uniquely ergodic.

In Section 2 we give formal definitions and present the main results. In Section 5
we introduce more ordered classes of semilattices which are natural to consider
and we recall basic concepts from Fraissé theory. This is important so we can give
a topological interpretation of our results in Section 7. In particular, we examine
amenability, extreme amenability, and unique ergodicity of automorphism groups
of certain countable structures. We give the first example of a Fraissé class IC
with corresponding automorphism group of its Fraissé limit such that I is not a
Hrushovski class and the automorphism group has a nontrivial minimal flow and
is uniquely ergodic, see Theorem 7.9. In Section 8 we consider natural orderings on
semilattices.

§2. Background. A meet semilattice is a poset with the property that every two
elements have an infimum, and a join semilattice is a poset with the property that
every two elements have a supremum. A poset which is a meet semilattice or a
join semilattice is called a semilattice. Each meet (join) semilattice (A4, <) defines
a binary meet (join) operation o with a o b = inf{a.b} (sup{a,b}) for a.b € A.
Moreover for all a. b, ¢ € 4 we have

ao(boc)=(aob)oc,aob=boa,aoa =a. (2.1)

Also if o is a binary operation on a set A which satisfies 2.1 for all a, b, ¢ € A4 then
on the set A we may define a partial ordering < such that (4, <) is:

(i): either a meet semilattice witha < b < aob =a andinf{a.b} =aocb,
(ii): or a join semilattice witha < b < aob = b and sup{a.b} = a o b.
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It follows from this connection that there is a duality between meet and join
semilattices, so in the rest of this paper we will consider only join semilattices and
we will call them only semilattices instead of meet semilattices. Also we consider a
semilattice as a pair (4. o), where o is a binary operation on A which satisfies 2.1
for all a.b.c € A. We denote by <4 q partial ordering on the set 4 such that
a <'b e ao’bh =aqforallab € A, and we also write (4,04, <4) instead
of (4, 01). In the rest of this paper we consider a semilattice as a structure with a
binary function, denoted by o, and we define in the semilattice a partial ordering,
denoted by <, using function o. We refer the reader for more details on lattices and
semilattices to [18]. We denote by S the class of finite semilattices. Beside the class
S, we also consider few subclasses of the class S.

We say that (4.04) € S is a treeable semilattice if the induced poset (4, <4) is
a tree, i.e.. it has a minimum called the root and for each @ € A4 the set {b € 4 :
b <4 a} is linearly ordered with <4. We denote by 7T the class of finite treeable
semilattices and we say that structures in 7 are trees. For a tree A = (4, <4y and
a,b € A we say that b is an immediate successor of a if for all ¢ € A4 we have
a<Ac¢<4bh=c¢=aorc=>b. Wedenote the set of immediate successors of a
in a tree A by ima(a). We say that a € A is terminal if imy(a) = () and the height
of ais hty(a) = |{b € A : b < a}|. Tree A has a constant branching k if for every
nonterminal @ € 4 we have k = |imy(a)|. We say that the tree A is (h, k)-balanced
if it has constant branching & and all terminal elements have the height . We say
that a given tree is balanced if it is (h. k)-balanced for some 4 and k. For a € A we
denote by A(a) = {b € 4 : a < b} the substructure of A.

For a natural number m > 1 we denote by 7, the subclass of 7 that contains
structures A = (A4, <) from T with the property that |imy(a)| < m for a € A.
In particular, 7] is the class of finite linearly ordered sets.

The analysis in [11] leads to consideration of the classes of finite semilattices
and also the classes of finite ordered semilattices. Before we introduce classes of
finite ordered semilattices we fix notation. The collection of all linear orderings
on a nonempty set 4 we denote by /o(A4). A linear ordering < on a 4 is a linear
extension of a partial ordering C on A if for alla,b € A wehavea C b = a < b.
We denote by /e(C) the collection of all linear extensions of a partial ordering C.
We say that partial orderings < and < on 4 are opposite, = = op(<) or < = op(=).
ifa <b< b <aforalla, b € A. We denote the strict part of partial orderings
<, =<.or C by <, < or C. For a partial ordering < on a set 4 and subsets B, C C 4
with BNC = ), wewrite B < C ifb < cforallb € Bandallc € C.The cardinality
of a given set 4 we denote by | 4| or card(A). If a and b are incomparable with
respect to the partial ordering < then we write nc(<. a. b).

By adding linear extensions to structures from S we obtain the class

ES = {(A.0".=<1) 1 (4.01) € S. = le(<)).
Let (4. 04, <4) be in £S such that (4.04) € T and let A = (4. <4). Then we say
that <4 is a convex ordering with respect to <4 if forall a.b.c € A witha o’ b = c.

a # ¢, b # ¢ we have

a=1besad <1y,
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where a’. b’ € imy(c). a’ <* a. b’ <* b. We denote the set of all convex ordering
with respect to <4 by co(<), and we consider the class

CT = {(AaOA,ﬁA) : (A,OA) cT. <1 Co(gA)}.

In order to simplify exposition we introduce additional notation. Let A and B be
two structures in a given signature L. If there is an embedding from A into B then
we write A < B, otherwise we write A < B. If A is a substructure of B then we
write A < B, and if A is isomorphic to B then we write A = B. We denote by (E)
the collection of all substructures of B which are isomorphic to A. For a structure K
we denote the class of all finite substructures that are isomorphic to a substructure
of K by Age(K). We denote by |A| the size of the underlying set of the structure A.
For a function /' : X — Y and 4 C X, we write f(4) = {f(a) : a € A}.

Let K be a class of finite structures in a signature L. If for natural numbers r and 7,
and structures A, B, C € K we have that for every coloring ¢ : (K) —{1,.... r}

there is B € (5) such that [¢((%))| < 7 then we write
C — (B)A,.

In particular, for ¢ = 1 we write C — (B)“. We say that A € K has Ramsey degree
to in K, denoted by 7xc(A), if 7o is the smallest natural number with the property
that for any natural number r and any B € K there is C € K such that C — (B), .
A structure A € K is a Ramsey object in K if txc(A) = 1. We say that the class K is a
Ramsey class or that K satisfies the Ramsey property (RP) if for all A in K we have
I (A) =1.

It was proved that every one element lattice is a Ramsey object in the class of
finite lattices, see [15] and [10]. Proposition 2.1 in [10] implies that every one element
semilattice is a Ramsey object in S, and 7, but it does not give any information
about Ramsey objects in £S and C7T . In Section 3 we prove the following

THEOREM 2.1. ES is a Ramsey class.

Deuber in [4] considers trees as semilattices, i.e., structures with a binary function.
For a given natural number m > 1. the class of (k, m)-balanced trees in 7,, is a
Ramsey class, see [4]. Moreover, the result in [4] implies that (k. m)-balanced trees
are Ramsey objects in 7,,, but it does not tell us if there are some other Ramsey
objects in 7,,,. Note that the result in [4] does not imply immediately that balanced
trees are Ramsey objects in 7. Using the concept of strong subtrees, see [13], we
may obtain the same conclusion. If we make the restriction to the class of (k. m)-
balanced trees in 7, but considering only embeddings that map terminal elements
to terminal elements then we have a Ramsey class, see [23]. This result does not
give any information about Ramsey objects in 7, 7,, or CT. In [24] it is proved
that objects in 7 have finite Ramsey degree, but they are not calculated explicitly.
Note that the results in [4] and [13] also imply that objects in 7 and 7,,, have finite
Ramsey degree. We give a proof of Theorem 2.2 in the Appendix by modifying the
approach in [4]. We point out that Theorem 2.2 was stated, in a slightly different
form, in [7] on page 276 and it is credited to Leeb. We give a proof of Theorem 2.2 in
the Appendix by modifying the approach in [4], but it can be also proved by using
the approach from [23]. We decide to add this proof in the Appendix because we
were unable to find a proof in the literature.
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THEOREM 2.2. CT is a Ramsey class.
We also calculate Ramsey degrees for structures in S and 7, see Section 4.
THEOREM 2.3.

(i) For A= (A4.04.<4)in S we have ts(A) = %.

(i) For A = (4.0, <) inT we have t1(A) = %.

Note that the chains are Ramsey objects in S, but not the only Ramsey objects.
Similarly for the class 7, we see that balanced trees are Ramsey objects, but not the
only Ramsey objects.

For a natural number m > 1 we define a function ¢,, : 7,, — N inductively on
the size of the structures. Let A = (4. o4, <4) be a structure in 7,,. For Al =1 we
take 7,,(A) = 1. Suppose that |A| > 1 and that 7,,(A’) is defined for all A’ € T,
with |[A’| < |A|. Let a be the root of the tree (4. <4) and let ima(a) = {a1.....a,}.
Without loss of generality we may assume that the structures A(ay).....A(ay)
are mutually nonisomorphic and that for every j > k there is a i < k such that
Ala;) = Ala;). Fori <k we consider n; = |{1 < j <n:A(a;) = A(a;)}| and we

define |
m n! n
tm(A) = (n) mnizllm (Alay)).

In Section 6 we prove the following.
THEOREM 2.4. For a natural number m > 1 and A € T,, we have t1,(A) = t,,(A).

m

For A € T, we have that ¢7,(A) = ,(A) = 1 implies m = n, k = 1 and
tm(A(a;)) = 1. Using an induction on the height of the Ramsey objects in 7y,
we obtain that the Ramsey objects in 7, are exactly the (k.m)-balanced trees.
We also give an alternative way to calculate the Ramsey degree for structures in 7,

in Section 5.

§3. Proof of Theorem 2.1. Before we start with the proof we need to recall some
basic facts about Boolean lattices. We consider a Boolean lattice as a structure with
two binary operations o and e. Each Boolean lattice (B, o?, %) comes with the
induced partial ordering <4 defined such that for all . b € B we have

a<ibsaclb=asae'b=0.

Note that o? gives infimum while o4 gives supremum for two elements with respect
to <4. We write (B, o, #, <) instead of (B. o® . ?) and we denote by BL the class
of finite Boolean lattices. Let B = (B. 0%, e5 <%) be a finite Boolean lattice. Then
we denote by Og and 1 the maximum and minimum in B with respect to <2. An
element b € B with the property that b # Op, b # 1 and that for all « € B we have
a <8 b = a =bora = Opis called an atom. The set of all atoms in B is denoted by
atom(B). Let atom(B) = {aj, ..., a;}. Then every a € B has a unique representa-
aj;e =1,
OJB;; € = 0.
Suppose that b € B has the unique representation b = dya; o --- o8 §ra; with
6; € {0,1} and let C5 be a linear ordering of the atoms azom(B). Then we say that
a linear ordering <? is an antilexicographical ordering on B if for a,b € B we have

tion of the form a = €ja; % - -- % ¢ a;, where ¢; € {0, 1}, and €;a; = {

B

a-<Bb<:>ej<5j,
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where a; is the maximal element in {a; : €; # J;} with respect to C%. We denote by
lex(<B) or lex(B) the set of all antilexicographical orderings on B. We denote
by L£BL the class of finite structures (B, o? e# <5 <8) with the property that
(B.o?. e8) ¢ BLand <8¢ lex(<5). Note that for every Boolean lattice (B. o?. o%),
the structure (B.o?) is a semilattice. Since lex(<B) C le(<®), we have that
(B.oP &8 <B <B) c LBL implies (B.o8. <B <B) c £S.

Let A = (4,04, <4, <) be a structure from £S such that |4] = k and 4 =
{a; =" ay < - <1 q;}. Let B = (B, 0%, 8 <8 <P) be a structure from LBL
such that atom((B,o%, %)) = {h; <8 by <8 ... <B b, }. Then we consider a map
¢ : A — B given by

pla;) = o"{b; 1 a; <" a;}.
We denote by ¢(A,B) the substructure of B induced by the set ¢(A4). Let 1 <
i, j.I < k. Then we have the following:

FAcT 0: ¢(A) is closed under the operation o®. i.e., p(a;) o p(a;) € p(A).
FACT 1: ¢ preserves the linear ordering, i.e., a; <* a; & ¢(a;) <% p(a;).
FACT 2: ¢ preserves the partial ordering, i.e.. a; < a; & ¢(a;) <? p(a;).
FACT 3: ¢ preserves the binary operation, i.e.. a;ola; = a; < ¢(a;) ot p(a;) =

pla).
Note that the map ¢ is good for defining some kind of canonical image of A into
any Boolean lattice B with |atom(B)| = |A|. Therefore, we will be able to use the

dual Ramsey theorem.

PrOOF OF THEOREM 2.1. Let r be a natural number. Let A = (4, o4, <4, <) and
B = (B, o, <B <) bestructures from £S such that (}) # 0. |4| = k and | B| = m.
Then we consider structures Ay, By € BL with k, and m atoms respectively. Using
the Ramsey property for BL. see [6]. there is C = (C. 0, ¢, <€) in BL such that

Co — (Bo)é“.

Now we consider a linear ordering < on C such that (Cy. <€) = (C.0¢, ¢, <€,
=€) € LBL. Then we have that C = (C.0¢. <¢, <¢) € £S and we claim

C — (B)A.

To check this we consider a coloring ¢ : (K) — {1,...,r} and an induced coloring

co(Ah) = c(p (A, (4. D))

where (A{. <€) is the substructure of (Co, <€) given by A). By the choice of the
structure Cy there is B € (') such that

B/
co | <A2> = const.

It is enough to show that for B’ = ¢(B. (Bf. <)) we have

B/
c| (A) = const.

https://doi.org/10.1017/js1.2014.40 Published online by Cambridge University Press


https://doi.org/10.1017/jsl.2014.40

1242 MIODRAG SOKIC

Suppose that atoms of B}, are linearly ordered according to <€ as follows b; <¢
-+ < by, and let A’ € (%) have elements a] <€ aj <€ --- <€ aj. Then for each
1 <i < k. we consider elements af'.....a; in B given by

al’ = ¢ (b : by <€ a] & (Vt)[a, <€ a] =7(b; < a))]}

for | < i < k. Now we have that af,.. .,a,’(’ are atoms of the Boolean lattice
A}, which is also sublattice of B). Moreover we have A’ = ¢(A, (A}, <)), so our
Ramsey property is verified. -

84. Ordering property. Let L be a signature and let < be a binary relational
symbol such that < ¢ L. If A’ is a structure in L U {<} and A is a structure in
L obtained by dropping the interpretation of the symbol <in A’ then we say that A is
areduct of A’ or that A’ is an expansion of A and we write A = A’|L. Let K’ be a class
of structures in L and let I be a class of the structuresin L. If K = {A|L: A € K'}
then we say that K is a reduct of K" in L or that K’ is an expansion of K in L’ and
we write L = K'|L. If < is interpreted as a linear ordering in each structure from
K’ and K = K'|L then we say that K’ is an ordered expansion of K. If K’ is an
ordered expansion of K and for all A, B € K, every embedding ® : A — B, and
every A’ € K’ with A = A'|L there is B’ € K’ such that B = B’|L and @ is also an
embedding @ : A’ — B’ then we say that K’ is a reasonable expansion of K. Suppose
that K’ is an ordered expansion of K. Then we say that the class K’ has the ordering
property (OP) with respect to K if for every A € K there is B € K such that for
every A’ € K’ and B’ € K’ with the property that A’|L = A and B’|L = B we have
A’<s B'. In this case we say that B verifies OP for A. If for A’ € K’ thereis B € K
such that for every B’ € K’ with B’|L = B we have A’ B’, then we say that B
verifies OP for A’.

We point out that the verification that we have a reasonable expansion of a given
class is straightforward and we will avoid such verifications. Also we point out that
this property is important for the topological interpretation of our results.

For the purpose of examination of the OP for the class £S with respect to the class
S we need to consider structures, see Figure 1, P = (P, of, <), R = (R.oR <R),
Py = (P1.of", <P1) and P, = (P,. of2. <) from £S given by:

o P={p.po.p1}. poo’ pr=p.p <" po <" pr.

o R=1{ro.r1.r2.13.74.15}, 10 <R ry <Ry <Rrs, rg <Ry <R s, ne(<R 2. ry),
ne(<R o r3), ne(<R vy, m3), ne(SR rg,rs), 11 <® rg,ra <®org rg <R 1y <R
) -<R r3 -<R r4 -<R rs.

e P <R, P = {rl,r3,r4}.

o P, <R, P, = {rz,r4,r5}.

LemMa 4.1. ES satisfies OP with respect to S.

PrOOF. It is enough to show that for a given A = (4,04, <4, <4) in £S there is
B = (B.o%, <%) in S such that for every <% with (B, <?) we have A — (B, <?).
There is a structure Ay € £S such that A <— Ay and R < Ay. By Theorem 2.1 there
is C = (C,0%, <€, <) in £S such that

C — (Ag)}. (4.1)
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FIGURE 1. Structures P and R: curved lines are linear orderings.

We claim that (C, o€, <) verifies OP for A. Suppose that =€ is a linear ordering
on C such that (C,C¢) € £S. Then we have a coloring

c: (g) —{0,1},

cU)=1&(CTU=x107.
where U is the underlying set of the structure U. From 4.1 we obtain Aj, € (fgo) such
that ¢ | (‘?P{") = ¢; for some ¢; € {0,1}. Since R < A, we may suppose without
loss of generality that R < A{. Note that we have P; 2 P, = P and r; < r4 <€ rs.
If ¢; = 0 then ry € r3 and rs C€ r4. and consequently s € r3. But this is a
contradiction since 3 <€ rs. Therefore, we must have ¢; = 1 which shows that C€
and <€ agree on the underlying set of Aj, so there is an embedding A —(C, C).

Lemma 4.2. CT satisfies OP with respect to T .

PrOOF. Let A = (4,04, <4 <) be a structure in CT and let Ay = (4,04, <4).
Let hy = max{hts,(a) : a € A} and let kg = max{|imp,(a)| : a € Ap}. Let By be
an (ho. ko)-balanced tree in 7. Then it is easy to see that for every linear ordering
=<8 with the property (By. <%) € CT we have A < (B. <5). so By verifies OP for
A. Consequently, we have that CT satisfies OP with respect to 7. -

Proor oF THEOREM 2.3. This follows from Proposition 10.5 in [11] applied to
Theorem 2.1 and Lemma 4.1 in the first case and Theorem 2.2 and Lemma 4.2 in
the second case. We point out that our symbol #7x(A) for Ramsey degrees has a
different meaning in [11], Ramsey degrees are denoted by 7(A, K) in [11]. o

85. More ordered classes. We assume that every class of structures in this paper
is closed under taking isomorphic images. We say that a given class K of structures
is countable if it contains, up to isomorphism, countably many nonisomorphic
structures.

Let K be a class of finite structures in a signature L. We say that K satisfies the:

e Hereditary property (HP) if for all A — B and B € K then A € K.

e Joint embedding property (JEP) if for all A € K and B € K there is C € K such

that A — Cand B — C.
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e Amalgamation property (AP) if for all A, B, C € K and all embeddings f : A —
Band g : A — C there are D € K and embeddings /' : B — Dand g :C — D
suchthat fo f =gog.

o Strong amalgamation property (SAP) if for all A, B, C € K with the underlying
sets 4. B, C respectively and all embeddings /" : A — B and g : A — C there
are D € K and embeddings / : B — Dand g : C — Dsuchthat fo f =gog
and f(B)Ng(C) = fo f(4) =g og(A).

A class IC of finite structures in a countable signature L which is countable,
contains structures of arbitrary large finite cardinality, and satisfies HP, JEP, and
AP is called a Fraissé class.

A structure A is ultrahomogeneous if for all isomorphisms ¢ : B — C between
its finite substructures there is an automorphism ® : A — A such that ® | B = ¢.
A structure A is locally finite if all its finitely generated substructures are finite.
A structure A is called a Fraissé structure if it is infinite, countable, locally finite, and
ultrahomogeneous. The following Theorem provides a connection between Fraissé
classes and Fraissé structures.

THEOREM 5.1 ([9]). The connection between Fraissé structures and classes is given
in the following:
(i): If A is a Fraissé structure then Age(A) is a Fraissé class.
(ii): If A is a Fraissé class then there is a unique, up to isomorphism, Fraissé
structure A such that Age(A) = A.
The structure A given by the second part of the previous Theorem is called a

Fraissé limit of the class A, A = F lim(A). There is a bijection between Fraissé
classes and Fraissé structures given by:

AFlLim(A), A — Age(A).

It can be proved by an easy but tedious argument, which we skip, that S. 7T,
ES, and CT are Fraiss¢ classes whose Fraiss¢ limits we denote by S, T. ES and
CT respectively. Since S and T satisfy SAP and JEP then by Proposition 5.3 and
Proposition 5.4 in [11] we have Fraissé classes

08 = {(4.0%, <) : (4.0") € S. =€ lo(A)}.
OT = {(4.0%,24) : (4, 0%) € T. 2" € lo(4)},

with limits OS and OT respectively. At this point it is natural to consider the
Fraissé class

T = {(A,OA,ﬁA) : (A,oA) cT.<1¢e le(gA)}_

It is straightforward to see that OS does not satisfy OP with respect to S. and
that OT and £T do not satisfy OP with respect to 7.

Lemma 5.2. OS., OT and ET are not Ramsey classes.

PrOOF. We prove the claim for OS and OT by presenting a counterexample
to the Ramsey property. This can be done by using the same counterexample
for both classes. For this we use Lemma 4 in [20] which shows that the class of
finite ordered posets is not a Ramsey class. We consider A = (4,04, <4 <4) and
B = (B.o?. <8 <8) from OT C OS given by:
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A= {a,ao,al},B = {b,bo,b],boo,b]l},
a=apo” a.
b = by o by = by oF b1y, by = by o® boo. by = by 0B by,
a <1 ag <1 a.
b -<B bo() -<B b] -<B b() -<B b11.
Suppose there is C = (C.0¢. < <) in OT or OS such that C — (]B%)?.
Let <% le(<€). We consider the coloring

1 (i) — {0, 1},

(L) =1e <107 ==<"1L%

where L is the underlying set of the structure L. Without loss of generality we may
assume that B < C. Considering each <’ € [e(<?) we obtain y | (i) £ const.
This is in contradiction with C — (IB%)?, so OT and OS are not Ramsey classes.
To show that £7 is not a Ramsey class we consider again the structure A, which
isin ET, and Uy = (U, 0%, <% <) in £T. Uy is a binary tree such that:
Uo = {u. uo, uy. upo, o, U0, U11 }
u is the root,
uy, <Yy, < s’ is an end extension of s,
u <Y o <Yy <Y ype <Y ug <Y ugp <Y uyy.
Suppose thereis Vo = (Vp. 0", <o, <) in £T such that Vo— (IUO)‘; Then there
is C" e lo(V}) such that (7, 0", <% ") e CT and there is a coloring

c: Cgo) — {0, 1},

cL)=1e=<"2=c" |

where L is the underlying set of the structure .. We claim that there is no U € (gg)

such that ¢ | (X) = const. Without loss of generality we may assume that U = Uj.
Now we have two options, either g =Y u; or u; =% ug. In the case that uy =% u;
then we have % uy, and Uo| c W u19. and also ugg <% 4y and U <l Uy -
If Ay and A; are substructures of U given by the underlying sets {u. ugo, u11 } and
{u. uo1, u1o} then we have ¢(Ag) = 1 and ¢(A;) = 0, so we have contradiction with
the starting assumption. In the case u; =% wu we obtain a contradiction in the

similar way. -

REMARK 5.3. Let £ be the class of finite lattices. Let OL be the class of finite
structures of the form (A, <4), where A € £ and <€ [o(A). Using the same
approach as in the proof of Lemma 5.2 we may show that OL is not a Ramsey class.

For a natural number m > 1 we have that 7, is a Fraissé class which satisfies SAP
and has the limit T,,. In this case we may consider classes:
OTm = {(4.0%,2%) : (4. 0") € Tp. 2"€ lo(4)}.
ETm = {(AaerjA) € &T : (A’ 67;11}9
CTm={(4.0", =21 €CT : (4,0") € T,n}.

o)
o)
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Since 7, satisfies SAP we have that OT,, and £T ,, are Fraissé classes which satisfy
SAP. We denote the limits of these classes by OT,, and ET,,. On the other hand
CT ., does not satisfy AP for m > 1. For m = 2 we consider also the class BT,
which contains structures A = (4,04, <4) € OT, with the property that for every
a € Awith imy(a) = {ay, ay} we have:

e Ay ={a€Ad:a <*a}yand 4, = {a € 4 : ay <* a} are intervals with

respect to <4,

e FEither 4; <4 a <4 Ay or Ay <4 a <4 4,.

By an easy but tedious argument we may see that 57, is a Fraissé class with
limit BT).

Form =1, T, = CT. so we can view £7 as the class of finite ordered sets,
which satisfies RP by the classical Ramsey theorem, see [19]. For m = 1, OT,
can be seen as the class of finite sets with two linear orderings. which satisfies RP,
see Proposition 1 in [20].

LEMMA 5.4.

(i) For m > 1, the classes OT ., ET y and CT, do not satisfy RP.
(i) BT, satisfies RP.

PrOOF.

(i) This is proved by using the same counterexamples as in the proof of
Lemma 5.2.

(ii) This is done in the same way as the proof of Theorem 2.2 except the base of
the induction. The reason for this follows from the fact that 75 is not closed
under taking products. In this case for the base of induction we use the fact
that strong subtrees form a Ramsey class, see [13] and [24]. and the fact that
strong subtrees are also substructures in the sense of treeable semilattices.
We leave details of the proof for the reader, see also Section 6. -

It is easy to see that form = 1, £T | = CT satisfies OP with respect to 7}, while
OT does not satisfy OP with respect to 7;. We leave the following lemma as an
easy exercise.

LEMMA 5.5.

(1) For m > 1, the classes OT ,, and ET ,, do not satisfy OP with respect to T,,.
while CT , satisfies OP with respect to T,y,.
(ii) BT, satisfies OP with respect to T>.

Note that we may use Lemma 5.5 (ii), Theorem 5.4, and Proposition 10.5in [11]
to calculate Ramsey degrees for objects in 7;. Instead of doing this we will present an
approach in the following section which gives a calculation of the Ramsey degrees in
T forallm > 1. The following Lemma shows that we cannot use order expansions
of classes 7, in order to calculate Ramsey degrees.

LEMMA 5.6. For m > 3, there is no order expansion of the class T, which satis-
fies RP.

PROOF. Suppose there is an ordered Ramsey expansion K of the class 7,,. First
we need to consider structures A = (A, o1, <A1, A1) Ay = (A, o2, <42, <42,
By = (B, 0B, <B <B)and B, = (B,, 0B, <B <) see Figure 2, given by:
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FIGURE 2. Structures Aj, A;, B;. B,: curved lines are linear orderings.

<Aclo(Ay). =€ lo(A4,). =Brc lo(By). =B ¢ lo(B,).

(dy.of, <), (A2, 0%, <8) € Ty, (Br, 0%, <) (By. 02, <) € T,

Ay = {aw. a11. ann}, A2 = {ax. az. an}. By = {bio.b11}. B = {b. b2 }.
aip = an oM aa. az = az o™ ay. big <B by, by <52 by,

aio < an <M a, an <1 an <1 ay. big <5 byy. by <5 by,

Now we consider the structure B = (B, o®, <?) in 7,, which is a tree such that all
its terminal elements have height 1 and it has exactly m terminal elements. We denote
its root by b and its terminal elements by b.....b,,. Let <Pc lo(B) be such that
(B, <8) € K. Without loss of generality we may assume that b; <% b, <8 ... <8
b. Then we have three cases: (1) b <% by, (2) b,, <2 b, (3) b; <% b <8 b, for
some 1 < i < m. Considering these three cases we have two options A; € K or
A, € K. Then we have that A} € £ = B; € Kand A; € K = B, € K. At this point
we emphasize that this assumption is not valid for m = 2. We discuss the option
A; € K, (the other one is similar) by giving a counterexample to the Ramsey
property. Let C € K be such that (© ) # 0. We construct a coloring ¢ : (ﬂg ) =
{1,...,m} bydescribing ¢(P). Let ¢ : IB%I — P be the unique isomorphism. For each
¢ € C we fix a listing of the set imc(c¢) = {c1.....ck}, k < m. If (byy) = ¢ and

@o(b11) € C(¢;) then we take ¢(P) = i. Now it is easy to see that ¢ | (]gli) £
C

const for any R € ( A ) We obtain a similar conclusion by considering the case
A, € K. Therefore, K does not satisfy RP which is in contradiction with the starting
assumption. —

§6. Bounded branching. For a natural number m > 1, we consider a sequence
(Ry.i), of binary relational symbols. In order to calculate Ramsey degrees for
structures in 7, we consider the class D7 ,,. This class contains structures of the
form (4,04, <4, (R ;)™ ) such that:

(4.0%. <) € T

RA(a,b) = a<'b,

m,(a b).b < ¢ = RA (a.c),

R4 (a,b), b o? c—a:>ﬂRm,(a,c),
a<?b= (Ji)[R2A (a.b)].

m.i

We explain how to visualize structures in D7, by considering (Rmz)f”: L asa
collection of unary predicates assigned to each vertex of a given tree. Let A be a
structure in 7,,. For every vertex ¢ in A we add unary predicates on immediate
successors of a such that: each successor is indicated by at least one predicate and
different successors are indicated by different predicates.

https://doi.org/10.1017/js1.2014.40 Published online by Cambridge University Press


https://doi.org/10.1017/jsl.2014.40

1248 MIODRAG SOKIC

It is easy to see that DT, is a Fraiss¢ class with SAP and limit DT,,. Note that
for m = 1 we may identify D7 with 7; which is a Ramsey class. For m = 2
we may see that DT is bidefinable with the class 57, for which we have already
proved RP. Therefore, the main point of Theorem 6.1 is in considering the case
m > 2. We need to recall a definition of strong subtrees. Let A = (A4, <4) and
B = (B.<?) be trees. For a natural number k > 0 we denote the k-level of the tree
Aby Akl ={a € A: htp(a) = k}. We write A[T] = |J{A[k]: k € T} for T CN.
We say that A is a strong subtree of B if there is S C N such that:

e A CB[S]and A NB[s] # @ forall s € S,
e if 51 < s, are two successive elements in S and a; € A4 N B[s;] then every
b € img(a) has exactly one extension in 4 N B[s].

We point out that a strong subtree is also a substructure in the sense of treeable
semilattices.

THEOREM 6.1. For a natural number m > 1, the class DT, satisfies RP.

Proor. Note that a given structure in D7, can be embedded in a structure from
DT ., which is a balanced tree with branching m. Therefore, in order to prove that
DT is a Ramsey class it is enough to show that for every natural number r > 1,
every A € DT, and every B € DT ,, which is a balanced tree with the constant
branching m and property that (;) # 0. there is a C € DT, which is a balanced

tree with the constant branching m and satisfies C — (B ), . We prove this by an
induction on |A| for A € DT,.

Base of induction |A| = 1: This follows from the Ramsey property for strong
subtrees, see [13] and Corollary 6.6 in [24].

Inductive step k — 1 — k,k > 1: We assume that the statement is correct for
all A E DT whenever |A| < k. Let r > 1 be a natural number and let A =
(A, 04, <4 (RA,)™ ) and B = (B, B (RE )™ ) be structures from DT, such
that (5 ) # () and B is a balanced tree w1th the constant branching m. By the base of
the induction we choose ID, which is also (/. m)-balanced tree for some /, such that:

D — (B)%, (6.1)

where x denotes the one element structure from DT ,,. We recursively construct a
sequence (B;)"_, of structures from DT, such that for all 0 < i < h we have:

[ Bh =D.

o B, <B;.

e Each B; is a balanced tree with the constant branching m.

e Trees B; and B;_; have the same elements of the height 0,1,...,i — 1.

We consider elements in A, ay, .. ., a; with height 1. Without loss of generality we
may assume that R;;‘,,q(a, a;) < q = j. where a is the root of A. We suppose that
we have constructed the structure B, ; and we proceed with the construction of the
structure B;. Let b be an element in the tree B;, | with the helght iandletby,....b;
be the immediate successors of b with the property that Rpy' (b.b;) < ¢ = j.
By the product Ramsey theorem for classes, see Theorem 2 in [21], and the inductive
assumption there is a structure B; .1 ¢ € DT ,,, which is a balanced tree with constant
branching m, such that:

Bi10 — (B(by). ... B(b)) A A, (6.2)
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Note that this is possible by the inductive assumption since |A(a;)| < |A|. Now we
take B; to be such that:

e B; and B, agree on the first i levels.
e For each b in B; with the height i we have B, (b) = B; 1.

This completes the construction of the sequence (B;)" . and we claim that
By — (B)%. So. we need to consider a given coloring

¢ (ﬁf) Sl

For an element b in By, we denote by (Hz)) , the collection of all elements in (EZO) with
the minimal element equal to . Then we have an induced coloring

By
a3

Our choice of the sequence (IB%,-)?:O gives us a sequence (IB%;)?:O of structures from
DT, such that for each 0 < i < & we have:
o B) = B,.
o B = B;.
° B/ > B! L1
e Forall b € B! with the height i and all A", A" € ( ) with the same root equal
to b we have c(A’) = c(A").

Now we explain how to obtain the sequence (B!)”,. Suppose that we have
obtained B]_,. For each b in B]_, with height i, from 6.2 we obtain B!, < B}(b).
a balanced tree with constant branchmg m, such that all copies of A 1n B}, are
monochromatic and they have color com,,. Moreover, we have B/ i» = Bio. Now we
take B} to agree with B/ | on the first / many levels and for b w1th the height i we
take Bf (b) =B.,.

In the end structure B), has the property that every two copies of A in B, with the
same root have the same color. Therefore, we have an induced coloring

B
/. h
c.< >—>{l,...,r},

c'(b) = comy.

From 6.1 there is B’ € (%{/’) such that ¢’ | (J}i/) = const. Moreover this implies that

cl (]BI;') = const, so DT, satisfies RP. 4

LEMMA 6.2. Let m > 1 be a natural number, and let A = (A, o4, <) be a structure
from T,,. Then there is a structure B = (B. o8, <®) in T,, such that for every sequence
of binary relations (RA )7y and (RE )™, on A and B respectively with (A, (Rg )7)
€ DTy and (B, (RE l) 1) € DTy we have (A, (R ,)™,) < (B, (RE,)™,).

m.,i m.,i
ProOF. If h = max{hty(a) : a € A} then it is enough to take B to be a (i, m)-
balanced tree. -

PrOOF OF THEOREM 2.4. For a structure A € 7, we denote by #(A) the number
of mutually nonisomorphic structures (A. (R )7,) € DT,,. From Theorem 6.1,
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Lemma 6.2, and results in [16]. which are generalization of the results in [11], we
have for A = (4,04, <4) in 7T,, the following

#(A)

t7, (A)

We show that 77, (A) = 7,,(A) by induction on |A|. Clearly for |A| = 1. the claim

is satisfied. So suppose we have 77, (A’) = 7,,(A’) for all A’ € T,, with |A’| < |A].
Let a be the root of the tree (A4, <4) and let imy(a) = {ay.....a,}. Then we have

#(a) = (}:)n!H:l]#(A(ai)). (6.4)

Without loss of generality we may assume that the structures (A(a;))%_; are mutually
nonisomorphic and that for every j > k there is i < k such that A(a;) = A(a;).
Let (n;)¥_, be a sequence of natural numbers such that n; = [{j < n : Aa;) =
A(a;)}|. Then we have

|Aut(A)| = my!- --nk!H:’:1|Aut(A(ai))|. (6.5)

Now from 6.3, 6.4, 6.5, and the inductive assumption we obtain

B (:’)H!HL]#(A(&')) (! no #(Aa))
I et et Py

o " ™! n
- n1!(’-1.).nk!Hi1tT”’(A(ai)) - ﬁnillm(A(ai)) = in(A). =

§7. Dynamics. A continuous action G X X — X of a topological group G on a
compact Hausdorff space X is called a G-flow. A G-flow X is minimal if for every
x € X wehave {gx : g € G} = X. A G-flow Y is a subflow of G-flow X if Y is a
G-invariant subset of X'. Zorn’s lemma implies that every G -flow contains a minimal
subflow. Among minimal G -flows there is a maximal one which is called the universal
minimal G-flow which is unique up to isomorphism, see [2]. If the universal minimal
G -flow contains only one point then we say that G is an extremely amenable group.
We assume that groups of automorphisms of a countable structures are equipped
with pointwise convergence topology, see [3] for more details. Moreover, all such
groups are closed subgroups of S, the group of permutations of natural numbers
with pointwise convergence topology. More details on closed subgroups of S, can
be found in [3].

By Theorem 6.1 in [11] and Theorem 2.1, Theorem 2.2, and Lemma 5.2 we have
the following.

COROLLARY 7.1. Aut(OS) and Aut(CT) are extremely amenable groups, while
Aut(ES), Aut(ET), and Aut(OT) are not extremely amenable groups.

Let K be a Fraissé class in a given signature L, let < be a binary relational symbol
such that < ¢ L and let K’ be a Fraissé class in L U {<}. Let K = F lim(K)
and K’ = F1lim(K’) be the corresponding Fraissé limits, and let G = Aut(K).
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If K’ is a reasonable expansion of K then we may assume without loss of generality
that K and K’ have the same underlying set, the set of natural numbers N, and that
K = K'|L. We denote by =< the interpretation of the symbol < in K'. We consider
L O the set of linear orderings on N as the compact subset of 2N2, where 2 = {0, 1}.
Also we consider logic action of the group G on the set LO and define

Xicr = G- =op.

In particular, Xy is a G-flow. We use Theorem 7.4 and Theorem 7.5 in [11] with
Theorem 2.1, Theorem 2.2, Lemma 5.2, Lemma 4.1, and Lemma 4.2 to obtain the
following.

COROLLARY 7.2.
(i) Xes is the universal minimal Aut (S) flow.

(ii) Xer is the universal minimal Aut(T) flow.
(iii) Xos is not a minimal Aut(S) flow.

)
(iv) Xe7 and XoT are not minimal Aut(T) flows.

In the case of the classes 7,, and D7 ,, we have Fraiss¢ limits T,, and DT,,
respectively. We may consider these two structures as structures with underlying

set N and we write DT,, = (T,,. (R;)",). where each R; is a binary relation on N,
which can be seen as a subset of 2. Moreover we have logic action of the group

G = Aut(T,,) on the space [/, 2 and we consider the space
YDT,,, =G- (R1= ce 7RI71)'
Then from the results in [16], Theorem 6.1, and Lemma 6.2 we obtain the following.

COROLLARY 7.3.

(1) Aut(DT,,) is an extremely amenable group.

(i) Ypr,, is the universal minimal Aut(T,,) flow.

Let G be a given topological group. We recall that G is amenable if every G-flow
has an invariant Borel probability measure. We say that a given G-flow is uniquely
ergodic if it has a unique invariant measure. We say that G is uniquely ergodic if every
minimal G-flow is uniquely ergodic. Recently it was shown that the automorphism
group of the universal countable lattice is not amenable, see [12], and also in [25].
We point out that the completely same argument proves the following.

COROLLARY 7.4. Aut(S) is a nonamenable group.

For a given structure B = (B, o?) in T we denote by V(B) the cardinality of the
set {=X € lo(B) : (B,=) € CT }.1tis easy to see that

V(B) = [[{|ims(b)|!: b € BY.

where we assume that 0! = 1. For A and B, structures in 7, and a linear ordering <
with the property that A < B and (A, <) € CT we write

N(A,<.B) = {C: (B.C) € CT &C| 4% = <}.
For B = (B.o”) in T,,. we denote by V,,(B) the cardinality of the set {(Rp )", :

(B.(RE,)™ ) € DT, }. Itis easy to see that
m
= ] '.
Vi (B) =] l{(|imB(b)|>|lmB(b)|' :b € B}.
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Let m > 1 be a given natural number. For A and B, structures in 7,,, and a sequence
of binary relations (R;! ;)" with the property that A < Band (A. (R;%,)",) € DT »,
we write

N (A (R DT .B) = {(RE )7, : (B.(RE,)™) € DT & (Vi)[RE, 1 A*=R 1}

m.i m.i

LEMMA 7.5. Let m > 1 be a natural number and let K € {T, T, }. Let A = (A, 04)
and B = (B, o?) be structures in K such that A < B. Then we have:

(i) If K = T and = is a linear ordering such that (A, <) € CT then

IN(A, <, B)]| —%.

(i) If K = Tw and (RA )™, is a sequence of binary relations such that
(A, (RE ™) € DT lhen

Vi (B)

Vin(A)

Proor. We prove the statement by an induction on |A|.

(i) Base of the induction |A| = 1: This follows from the fact that N (A, <, B) =
{=Z€lo(B):(B,<)eCT}and V(A) =1

Inductive step k — 1 — k,k > 1: We assume that the statement is correct

forall A € T with |A| < k. Let a be the root of the tree A, and let imy (a) =
{ay.....a;} be linearly ordered by < as a; < --- < a,;. Let b; € img(a) be
such that b; <8 a; for 1 < i < I. Let <; be the restriction of the linear
ordering < to subtree A(«;). Then we have

IN(A, <. B)| =
(TI{|imp(®)|! : b € B &b ¢ B(a;)}) x

(limB}(a”) x (fims(a)] = D) x (TTii [N (Alar). 22, B(b:)))

= ([I{|ims(D)|! : b € B &b ¢ B(a;)}) x
img(a)l!
e Ol (T ¥ (A Gar). =0 B6))
= ([I{|ims(b)|! : b € B &b ¢ B(a;)}) x
|imgp (a)|! 1 V(B(:))
o\ g
= ([I{|ims(D)|! : b € B &b ¢ B(a;)}) x
jima (a)]! x (ITj_, V(B(5:)) x (11 x ([T, V(Ala) " = V(B) x (V(4)) .
where the third equality follows from the inductive assumption since
|A(a;)| < |Alfor1 <i<I.
(ii) Base of the induction |A| = 1: This follows from the fact that
(R L)y B) = {(Ry )Ly« (B.(Ry,)1L,) € DTy} and V(A
because edch RA must be an empty relation for 1 <i < m.

m,i

Inductive step k — 1 — k,k > 1: We assume that the statement is correct
for all A € 7T, with |A] < k. Let a be the root of the tree A, and let

Nm (A (R;;l'[ l)m B)

N (A,
) =1
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imp(a) = {ay,....a;} such that RZ .(a.a;) & i = j. Let b; € imp(a) be
such that b; <8 g; for 1 <i < /. Let R:; / be the restriction of the relation
R;. ; to subtree A(a;). Then we have

[N (A (R7 )iy B)| =

(I{ (|lm (b )|>|imm(b)|! :b e B& (V)b ¢ Bla;)]}) x

(et 1) Ui = ) (T, o). (R B )

(H{<|zm (b >|> |ims(b)|!: b € B & (V))[b ¢ Bla;)]}) x

(m—1)!
(m — |img(a)|)!

(H{<|Zm (b )|> limg(h)|! : b € B & (Vj)[b ¢ B(a;)]}) x

(|tmE )|lm]B (Cl)|' i vm (B(b/))
> (- ey)

(H{(|lm (b )|> limp(b)|!: b € B& (Vj)[b ¢ B(a;)]}) x

X (T | N (Alay). (R )y B(B))))

m
() (@ (TT, 7300

(<'7>1! x (Hf,lv,yl(A(aj)))> o o (B) x (T (A",

where the third equality follows from the inductive assumption and properties
of binomial coefficients.

From Proposition 8.1 in [1], Corollary 7.2, and Corollary 7.3 we may show that
PropoSITION 7.6.  Aut(T) and Aut(T,,) are amenable and uniquely ergodic groups.

ProoF. We prove that the group Auz(T) is amenable and uniquely ergodic, and
a similar argument proves the statement for the group Aut(T,,). We consider
1 CT = 0.1} l(8 %) = .
Lemma 7.5 (i) implies:
w is “probability”: Foragiven A € T we haveZ{,u((A, <)) :(A,x)eCT}=1.
wis invariant: (A1, <) =2 (Ar. =<2) = A = Ay = V(4) = V(Ay) =
p((Ar, =1)) = p((Az, <2)).

u is consistent: For A; < A, and (A, =) € CT we have

_ 1 V(A 1 1
n((ArL=1)) = A = VA <V - IN (A1, =1, Ag)| x ™

=Y {u((A2.22) 1 (A1 =1) < (A2, =)}
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This shows that u is a consistent random C7 -admissible ordering on 7, see page
23 in [1]. Now we show that u is the unique consistent random C7 -admissible
ordering on 7. Let B € T be a balanced tree and let <;and =, be such that (B. <;)
and (B.=<;) € CT. Then there is ¢ € Aut(B) such that ¢(=;) = =,. Since u is
invariant we have u((B, <)) = u((B. <,)) = ﬁ. Therefore, u is uniquely defined
on balanced trees in C7 . For a given (A, <o) € CT there is a balanced tree B such
that A < B. Since u is unique on balanced trees and consistent Lemma 7.5 (i)

implies
1
u((A. =0) = > {u((Ag. %)) : (A1, =1) < (Ag, ﬁz)}m
| 1
=|N(A;, =Z1,A = .
N =081 ) = ST
Therefore, u is unique and from Proposition 9.2 in [1] we obtain that Aut(T) is
amenable and uniquely ergodic. -

Let K be a class of finite structures in a given signature L. We say that K is
a Hrushovski class if for all A € IC there is B € K such that any isomorphism
¢ : A — A, between substructures of A can be extended to an isomorphism
v B — B.

COROLLARY 7.7. Let m > 1 be a natural number. Then classes S. T, T,, are not
Hrushovski classes.

PrROOF. Let K € {S.T.7,}. We consider A = (4,04, <4) € K, where 4 =
{ay,ay} and a; < a,. Note that a; and a, determines isomorphic one-element
substructures of A, so we have a partial isomorphism ¢ : {a;} — {a2}. Suppose
that there is B = (B, o8, <®) € K such that ¢ can be extended to an isomorphism
v : B — B. Since B is a finite structure and y is an isomorphism we have

{b € B:ay<® b} =|{beB:a <® b}
Since a; <? a» = a; <% a, we have
{b € B:ay<® b} <|{beB:a <® b}
Clearly, this is a contradiction which shows that K is not a Hrushovski class. -
The proof of Corollary 7.7 also implies the following.

REMARK 7.8. The class of finite lattices, the class of finite distributive lattices,
the class of finite posets, the class of finite permutations the class of finite linearly
ordered sets are not Hrushovski classes.

We point out that most of the known examples of the unique ergodic groups of the
form Aut(F lim(K)) for which group Aut(F lim(K)) has infinite universal minimal
flow are given for a Hrushovski class . If we take that K is the class of finite linearly
ordered sets we obtain a non Hrushovski class, but Aut(F lim(K)) = Aut(Q) is an
extremely amenable group. Therefore, we emphasize the following what is obtained
from Proposition 7.6 and Corollary 7.7.

THEOREM 7.9. Let m > 1 be a natural number. Aut(T) = Aut(F lim(7)) and

Aut(T,,) = Aut(F im(7,,)) are uniquely ergodic groups which are not extremely
amenable and T and T,, are not Hrushovski classes.
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§8. Canonization. Canonical orderings on the combinatorial cubes are discussed
in [14] and [17]. In this section we canonize linear orderings for semilattices.

Let A = (4.04(R1;)™,) € DT, and let < be a linear ordering on A. We say
that < is canonical on A for the class DT, if there is C€ lo({0,1,...,m}) such that
fora,b € A we have

a<be((a<b&Ry (a.b)&0Ci)or
(b<a&Rl,(ba)&irC0)or
(ao'b=c&R} (c.a) &Ry ;(c.b) &i T j)).

Let A = (4,04, <) be a semilattice and let < be a linear ordering on 4. Then we
say that < is canonical on A for the class K if:

K=38: =€le(<) orop(=) € le(<A).
K="T: (A <] 4%) € CT or (A, op(=X| 4)) € CT.
K = To: Thereis (A, (R;%,)7 ) € DT, such that < iscanonicalon (A, (R;:,)",)
for the class DT ,,.
Note that a structure in DT, which is also a (k. m)-balanced tree has (m + 1)!
nonamenable canonical orderings. On the other hand, a structure in 7, which is

also a (k, m)-balanced tree has (m + 1) nonamenable canonical orderings.
PROPOSITION 8.1. Let m > 1 be a natural number and let K € {S. T, Ty}

(i) For A = (4.0 (R2 )™ ) € DT thereis B € K such that for every C € lo(B)
there is C € (}) with the underlying set C such that C| C? is canonical on C
for the class DTm

(ii) For A = (A o4, <) € K there is B € K such that for every = € lo(B) there
isC=(C,0° <% e ( ) such that C| C? is canonical on C for the class K.

PROOF.
(i) We consider structure Z = (Z, 0%, < (RZ,;)™,) in DT, such that Z =

m,i
{z0,z1,.... Zm}, zo 1s the root, for 1 g i<j<mandl <s < m we have
zo = z; ¢ z; and R% ((z0.z;) & i = s. Without loss of generality we may
assume that A is a (k. m) balanced tree for some k. By Theorem 6.1, there is
aB € DT, such that B — (A)(m L1y~ We show that B proves the statement

by considering C € lo(B) and coloring

c: <g> —10({0.1,...,m}).

To describe the coloring ¢, we consider U € (g) with the root u# and the
unique isomorphism 7 : Z — U given by n(z) = u and R}, (u.7(z;)) for
1 <i < m. Now we define ¢(U) by

ic(U)j & =(i) En(j).

Then thereisC € (K) and thereis <€ /o({0,1,...,m})suchthatc | (%) = <.
Clearly this means that C| C? is canonical.

(ii) We consider structures P = (P, o, <) and R = (R, oR, <R) given by P =
{p1.p2}. ;1 <% pa. R = {ro.r1.r2} and ro = ry of r,. We have 1c(P) = 1
only for K € {S.7;, T} and tx(R) = 1 only for K € {S.75.T}.
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K € {S.7}: Since ix(P) = 1 we have a B € K such that B — (A)}.

For a linear ordering C€ lo(B) we consider coloring

c: (ﬁ) — {0, 1},

(V=1 rr=<",

where V = (V.0o”,<"). Then there is C € (ﬁ) and there is r such that

¢ 1 (5) =r.Ifr = 1 then we have C| C? € le(<") and otherwise we have
op(C| C?) € le(<?).

K = T: From the fact that tx(P) = 1 = 1, (R) we obtain structures D,
B € K such that D — (A)g§ and B — (]D))g). We consider C€ [o(B). From
the first part of this proof there is H = (H, o', <) ¢ (g) such that C| H?
€ le(<f)orop(C] H?) € le(<f). We discuss only the case C[ H? € le(<H)
and the other case is similar. Let < ¢ [o(H) be such that (H, <) € CT.

Then we have a coloring
H
: 0.1
¢ (R) — 10,1},

cV)=1eC V=<1

where V = (V. 0o”.<"). The coloring ¢ is well-defined because there are
only two linear extensions of <®. Then there is C € (Hg) and there is » such
that ¢ [ (5) = r. If r = 1 then we have C| C? = </| C? what implies
(C.C| C?)eCT.Ifr = 0 then we consider structure W = (W, 0", <")eT
such that W = {w, wo, wy. w1 }, w is the root, wy <" w; iff s’ end extends s.
Without loss of generality we may assume that () # 0. In order to show
that (C,C| C?) e CT itis enough to show that wy C w; T wp, is impossible.
If this is the case then we have wg; < w; < w, what is in contradiction
with the fact that <7 e le(<H).

K = T,: This follows from the part (i) of this Proposition. -

§9. Appendix. We prove by an induction on |A| that each A € CT is a Ramsey
objectin CT.

Base of induction |A| = 1: Since |A| = 1, we may consider A also as a structure
in 7. Let r > 1 be a given natural number and let (B, <?) € CT be such that
((B*§B>) #£ (). Without loss of generality we may assume that B is a balanced tree.
Since the class 7T is closed under taking products and taking substructures, we have
by Proposition 2.1 in [10] that one-element structures are Ramsey objects in 7.
So there is C € T such that C — (B)”. Note that for a linear ordering <¢ with
(C.<%) e CT and some D < C we have (D, <?) € CT where <” is the restriction
of <€ on the underlying set of the structure ID. Then for a linear ordering <€ with
the property that (C, <€) € CT we have (C,<¢) — (B, <®)% so A is a Ramsey
objectin C7T . In the rest of the proof we denote by x the unique one-element structure
inCT.
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Inductive step k — 1 — k.k > 1: We assume that A € 7 is a Ramsey object
in 7 when |A| < k. Let r > 1 be a natural number and let A = (4,04, <4) and
B = (B. o8, <) be structures from C7 such that (}) # . By the base of induction
we choose D such that:

D — (B)* (9.1)

re

Without loss of generality we may assume that ID is (m. ko)-balanced tree for some
m and ko. We going backward construct a sequence (B;)”, of structures from C7T
such that for all 0 < i < m we have:

e B, =D.

o B, | >B,.

e Trees B; and B;_; have the same elements of the height 0,1,...,i — 1.

e Elements in B; with the height i — 1 have the same number of immediate
successors equal to k;.

e If h and b’ are elements in B; with the height i then B;(h) = B; (’).

We suppose that we have constructed structure B;,; and we proceed with the
construction of the structure B;. Let (b 1)7:1 be the list of all elements in B,
with the height 7. Note that we can calculate u, but it is not of importance for
our consideration. At this point we need to consider elements in A with the height
l:a <1 ay <4 --- <4 q;. By the classical Ramsey theorem there is a natural

number v such that
v — (u)l. (9.2)
Properties of B;. | implies:

Bit1(b1) = Biyi(b) = --- = By (by) = Bispo.

Now we use the product Ramsey theorem for classes, see Theorem 2 in [21]. to

v

obtain recursively a sequence (IB; ;1 )L(:lg‘ in CT such thatfor0 < s < | (7) | we have:

Biity = Bistyot..... Bipys_p)bla)--ala)), (9.3)
Note that this is possible by the inductive assumption since |A(a;)| < |A|. Without
loss of generality we may assume that each B, is a balanced tree. Now we take
B; to be such that:

e B; and B, | have the same elements of the height at most ;.
e Each b in B; with the height i has v immediate successors.
e For each b in B; with the height i we have B;(b) = Bi+l‘\(§')|'

Now we have finished construction of the sequence (B;)7",. and we claim that
By — (B)2. So. we need to consider a given coloring

c: (%) —{L.....r}.

Let b be an element in By and let C = {¢; <B» - <Bn ¢/} be a subset of imp, (b).

Recall that / is the number of elements in A with height 1. We denote by (ﬂi{’) bC
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the collection of all elements in (EZO) with the minimal element equal to » and such

1
that they are contained in {6} U U 1Bo(c,»). Then we have an induced coloring
i

mer(3)
b.C — .
A b.C

Our choice of the sequence (B;)”, give us a sequence (B})”; of structures from C7T
such that for each 0 < i < m we have:

o B = By.

[ ] B; =~ Bi.

e B; > B .

e For all b € B} with the height i and all A’, A” € (]}X) with the same root equal

to b we have c(A’) = c¢(A).

Now we explain how to obtain the sequence (B})”,. Suppose that we have
obtained B]_, and we explain how to obtain B/. Let b € B,_, has the height i and
let (C;)%_, be the list of all /-subsets of img, (b). From 9.2 and 9.3 we may find
D C img_ (b) and a sequence of trees (T;)sep in CT such that for all d.d" € D
we have:

e T, =Ty,.

e Ty < B;_l(d).

e Let Q, be the substructure of B; , given by the union of b and structures

(T4)aep- There is a constant cony, such that for every /-subset C C D we have

c | (Qb> = cony.
A b.C

In this way for every b € B!_, we find a tree Q. Moreover we may assume that
for b # b’ we have Q, = Q. Now we take that B, agrees with B, | on the first /
many levels and for each b with height i we take B:(h) = Q,.

In particular structure B/, has the property that every two copies of A in B/, with
the same root have the same color. Therefore we have an induced coloring

c':(B;">—>{1,...,r},

*

¢’ (b) = comy,.

From 9.1 we obtain B’ € (B]B%") such that ¢/ | (]}i/) = const. Moreover this implies
that ¢ | (]BI;') = const, so CT satisfies RP.
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