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PRINCIPAL RADICAL SYSTEMS, LEFSCHETZ PROPERTIES,
AND PERFECTION OF SPECHT IDEALS OF
TWO-ROWED PARTITIONS

CHRIS MCDANIEL® anD JUNZO WATANABE

Abstract. We show that the Specht ideal of a two-rowed partition is perfect
over an arbitrary field, provided that the characteristic is either zero or bounded
below by the size of the second row of the partition, and we show this lower
bound is tight. We also establish perfection and other properties of certain
variants of Specht ideals, and find a surprising connection to the weak Lefschetz
property. Our results, in particular, give a self-contained proof of Cohen—
Macaulayness of certain h-equals sets, a result previously obtained by Etingof—
Gorsky-Losev over the complex numbers using rational Cherednik algebras.

§1. Introduction

Fix an integer m, let F be any field, and let R = F[zy,...,2,,] be the polynomial ring
with its standard grading, and equipped with the usual action of the symmetric group
S, by permuting the variables. For any partition A F m, the Specht module V() over
F is the F-vector space generated by the Specht polynomials of A which are indexed by
the set of tableaux T on the Young diagram of A. If ' has characteristic zero, then the
Specht modules form a complete list of irreducible &,,-representations, highlighting their
importance in representation theory. In this paper, we take the point of view of commutative
algebra, and study the ideals generated by Specht modules called Specht ideals.

Specifically, we show that for partitions with two parts A = (A1,A2) (or Young diagrams
with two rows), the associated Specht ideal is radical and, if the characteristic of I is zero
or sufficiently large, perfect. Our results are stated in terms of commutative algebra, but
they can be interpreted geometrically as follows:

PROPOSITION 1.1. Fiz a field F with char(F) =p >0, and fiz a positive integer m. For
each integer h satisfying 1 < h <m, define the h-equals set X,, , CF"™ as the union of &,

translates of the linear subspace cut out by the h— 1 linear equations x1 = --- = xy, that is,
Xm,h = U U.{(@'l,...,xm) cF™ ’ T = :xh}
GGG’VYL

Assume that 2h > m -+ 2.

1. Ifp=0orp>m—h+1, then X, , is Cohen-Macaulay.’
2. If m>2p+2, then X, ym—p is not Cohen—Macaulay.

Over the field F = C, Proposition 1.1(1) was obtained by Etingof-Gorsky—Losev
[1, Prop. 3.11], using deep results from the representation theory of rational Cherednik
algebras. Our proof of Proposition 1.1 is more elementary in that it uses only basic results
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PERFECTION OF SPECHT IDEALS 691

from commutative algebra, which we hope will appeal to those uninitiated with rational
Cherednik algebras. We emphasize, however, that our elementary proof is not easy.

The study of Specht ideals seems to have been initiated by Yanagawa in his recent paper
[17], although they have appeared implicitly in the earlier works of others [1, 2, 4, 9]. In
particular, the connection between the h-equals set in Proposition 1.1 and Specht ideals,
as first observed by Li-Li [9] and rediscovered later by Yanagawa [17], is as follows: Setting
m=n+1and h=n+1-k, if I,,, , C R is the ideal cutting out the h-equals set X,, 5, and
if 2h > m+ 2, then we have

Inn= () o.(z1—22...,21—an) = Valn+1,k+1,k+1), (1)
ceS,,

where a(n+1,k+ 1,k +1) is the Specht ideal associated to the two-rowed partition A =
(n—k,k+1). In his paper [17], Yanagawa proves that two-rowed Specht ideals are radical
by an ingenious but complicated argument. He then invokes the Etingof-Gorsky—Losev
result [1, Prop. 3.11] to prove that the Specht ideal a(n+1,k+1,k+1) (although he used
different notation) is perfect if the field has characteristic zero. The present paper grew out
of an attempt to understand and simplify Yanagawa’s arguments and to find an elementary
proof of the Etingof-Gorsky—Losev result in the two-rowed case. As the reader will surmise,
the distinguishing feature of Specht ideals of two-rowed partitions is that their minimal
generators are square-free, a fact which exploits throughout this paper.

Recall that an ideal I C R in a Noetherian ring is called perfect if its grade is equal to its
homological (or projective) dimension. In a polynomial ring R, a homogeneous ideal I C R
is perfect if and only if its quotient R/I is Cohen—Macaulay. The following is one of the
main results of this paper, and is the algebraic analogue of Proposition 1.1.

THEOREM 1.2. Let F be any field of characteristic p > 0, and fix positive integers n,k
satisfying n > 2k +1.

1. If p=0 orp>k+1, then the Specht ideal a(n+1,k+1,k+1) is perfect.
2. Ifn>2p+1, then the Specht ideal a(n+1,p+1,p+1) is not perfect.

In his paper [17], Yanagawa has conjectured that the Specht ideal a(n+1,k+1,k+1)
is perfect in characteristic p if and only if p=0 or p > k+ 1. Theorem 1.2 proves one
implication and part of the other one in Yanagawa’s conjecture.

Our proof of Theorem 1.2 is inspired by the seminal paper of Hochster—Eagon [6], in
which they proved perfection of generic determinantal ideals using what they termed a
principal radical system. Our method, which might be more aptly described as a principal
perfect system, is based on the following elementary facts from commutative algebra:

LEMMA 1.3. Let I C R be a homogeneous ideal, and let x € R\ I be a homogeneous
polynomial of positive degree.

1. If (I :x)=1 and I+ (x) is perfect, then I is also perfect.
2. If(I:x)#1 and I+ (z) are both perfect of the same grade, then I is also perfect of that
grade.

LEMMA 1.4. Suppose that ideals I,J C R are homogeneous ideals, both perfect of the
same grade g and suppose that I+ J has grade g+ 1. Then INJ is perfect if and only if
I+ J is perfect.
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692 C. MCDANIEL AND J. WATANABE

Our strategy then is to start with the two-parameter family of Specht ideals a(n +
1,k+1,k+1), and use the constructions in Lemmas 1.3 and 1.4 to obtain new families
of ideals until we arrive at one which is evidently perfect, for example, by induction on
one of the parameters. Shown below are the new two-parameter families we construct,
labeled a(n,k,k+1), I(n,k), and J(n,k), together with a schematic diagram indicating the
implications in our argument, where “I = J” means “perfection of I implies perfection of
J” and “I = J <= K” means “perfection of I and K implies perfection of J”:

aln+1,k+1,k+1) L3 qin b k+ 1) <22ld i ) <222 Ld (k)

)//47 %

a(n,k,k I(n—1,k—1)

We remark that Lemma 1.3 is true almost verbatim if “perfect” is replaced by “radical,”
illustrating the close relationship between these two properties (see Lemma 4.1). In fact,
before we show that the Specht ideals are perfect we must first show that they are radical.
More generally, in order to apply Lemma 1.4 to an ideal a = I'NJ we must know the
ideals I and J, and these come from knowing a primary decomposition for a. Finding such
decompositions forms the technical heart of this paper; see Theorems 1.6 and 1.8(3). We
give a more detailed description of our method and these ideals listed above, together with
the other results of this paper below.

Taking I =a(n+1,k+1,k+1) and = 2,41 in Lemma 1.3, it is easy to show that (I :
x) =1, and, with a little more work, that I+ () = a(n,k,k+1)+ (x,+1) where a(n,k,k+1)
is the ideal generated by square-free products of Specht polynomials of type A = (n—k, k)
with a linear monomial in the variables z1,...,z,. Generalizing, we introduce, for integers
0 <k <d<n-—k, the d-shifted Specht ideal a(n,k,d) generated by square-free products of
Specht polynomials of type A = (n—k, k) and square-free monomials of degree d — k.

These shifted Specht ideals interpolate between Specht ideals a(n,k,k) in case d = k,
and square-free monomial ideals in case k = 0, where a(n,0,d) = (z1,...,2,){% is the ideal
generated by all square-free monomials of fixed degree d.? Our first step in understanding
these shifted Specht ideals is to find a minimal generating set. Just as minimal generators
for the Specht ideal are indexed by standard Young tableaux on A, we show that minimal
generators for the shifted Specht ideal are indexed by standard Young tableaux on a shifted
version of A.

THEOREM 1.5. A minimal generating set for the shifted Specht ideal a(n,k,d) is formed
by the shifted Specht polynomials Fr(d) indexed by standard tableauz T on the d-shifted
shape of A= (n—k,k) obtained from Young diagram of X by moving the last n—k —d bozes
on the top row to the first n—k —d boxes on the bottom row, that is,

d
Ad) =
[ |
n—k—d
2 The ideals (z1,...,2,){? should not be confused with symbolic powers, which are not discussed in this

paper.
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The linear span of the shifted Specht polynomials Frp(d), T € Tab(A(d)) forms an &,,-
representation V (n, k,d) that we call a shifted Specht module.> We prove that our d-shifted
Specht ideals satisfy the following decomposition formula, which is crucial in our quest for
perfection, and which holds if and only if our shifted Specht ideals are radical.

THEOREM 1.6. For any integers k,d satisfying 1 <k <d <n—k, we have
a(n,k,d) = a(n, k,d—1) N (z1,...,2,) Y = a(n, k, k) N (21, .., 2,) D, (2)

Yanagawa [17] has proved Theorem 1.6 in the special case d = k+ 1 using a clever
argument, which is described in further detail below. As it turns out, his argument goes
through verbatim to prove Theorem 1.6 in the general case, and is in fact simplified by
Theorem 1.5. It follows directly from Theorem 1.6 that our shifted Specht ideals are radical.

THEOREM 1.7. Fix integers k,d satisfying 0 < k < d <n—k. Then the shifted Specht
ideal a(n,k,d) is radical.

Perfection of shifted Specht ideals is more difficult to prove, and in fact, most shifted
Specht ideals are not perfect. Indeed Theorem 1.6 implies that the shifted Specht ideal
a(n, k,d) does not have pure height and hence cannot be perfect if d # k,k+ 1. To show that
the shifted Specht ideal a(n,k,k+1) = a(n,k, k)N (z1,...,2,)* ) is perfect, we appeal to
Lemma 1.4 and introduce the Specht-monomial ideal I(n,k) = a(n,k,k)+ (21,...,2,)* 0.

While the Specht-monomial ideal is not radical in general, it does satisfy a decomposition
formula similar to (2), but it depends on the field characteristic. We were pleased to discover
that this dependence on field characteristic is the same one imposed by the weak Lefschetz
property of certain monomial complete intersection algebras. This is summarized in the
following, which can be considered the other main result of this paper.

THEOREM 1.8. Let F be a field with char(F) =p >0, and let n and k be positive integers
satisfying n > 2k +1. The following are equivalent:

1. p=0orp>k+1.
2. The quadratic monomial complete intersection

C = [:L;a 7€2k]’ (3)
(x1,...,25;)

has the weak Lefschetz property.
3. The Specht-monomial ideal I(n,k) satisfies the decomposition

I(n7k) :I(TL - 17k - 1) N ((ylv e 7yn—1)<k> + (Z’i)) ) (4)
where y; =z, —x; for 1<i<n-—1.
4. The Specht-monomial ideal I(n,k) is perfect.

We shall break Theorem 1.8 into three equivalences (1) < (a) for a = 2,3,4. The
equivalence (1) < (2) follows from a general result of Kustin—Vraciu [8], and we shall not
prove it here; but we use it! Using Equation (4), which essentially amounts to computing a
primary decomposition of the Specht-monomial ideal, in conjunction with Lemma 1.4 leads

3 This is evidently the skew representation of &, associated to A(d) (see Remark 3.8).
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to yet another family of ideals, which remain unnamed:
J(nak) = I(TL— Lk_ 1) + (yl,- : ->yn—1)<k> + (Ii)

Finally, in order to prove equivalence (1) < (4) in Theorem 1.8, and hence also Theorem
1.2, we apply Lemma 1.3 to show that the ideal J(n,k) is perfect.

Some further remarks on the connection to the weak Lefschetz property are in order
here. Since (shifted) Specht polynomials are square-free they are identified with elements
of the algebra A =F[zy,...,2,]/(22,...,22), which carries an sly-representation, in which
the raising operator is multiplication by the sum of variables, and the lowering operator is
the corresponding linear partial differential operator. Moreover, surjectivity of this lowering
operator in degree k is equivalent to equality of the kernel of that lowering operator with
the Specht module V' (n,k,k), which is in turn equivalent to the weak Lefschetz property
of C in (3). Surjectivity of the lowering operator on A is key to proving decomposition
(4), and in fact reveals a hidden property of the Specht-monomial ideal: in small positive
characteristic, that is, 0 < p < k+ 1 the ideal I(n,k) has an embedded prime divisor, a
phenomenon which does not occur for the Specht ideals.

The most technically difficult parts of our arguments are the decompositions in Theorem
1.6 and Theorem 1.8(3). As it turns out, the two proofs we give are strikingly similar, and
are both based on that clever argument of Yanagawa mentioned above. This argument, in
general terms, runs as follows: To prove that an ideal I satisfies a decomposition formula
of the form I = I'NJ where J is a monomial ideal, first show that the intersection I’ N.J
can be generated by products of minimal generators of I’ with monomials (not necessarily
from J), with the additional property that if a sum of such products is in I’NJ then each
of the summands is also in I’NJ (perhaps we should call such I an I’-monomial ideal).
Next fix a monomial m and split the minimal generators V' (I’) into two parts say V(I') =
Vin(I") ® V™ (I"), determined by whether or not m appears in their monomial expansion
or not. In our situation, one can show that if m is not in the support of v € V'™ (I’), then
m-v € I, and, with more effort, one can also show that if v € V,,, and m-v € I'NJ then
m-v € I. We highlight this argument here because it seems important in the theory of
two-rowed Specht ideals.

This paper is organized as follows. In §2, we define Specht polynomials, shifted Specht
polynomials, and the modules and ideals they generate. We then prove Theorem 1.5 and
compute the dimensions of our shifted Specht modules (Theorems 2.2 and 2.9, respectively).
In §3, we draw out the connection between Lefschetz properties and Specht modules,
decompose the shifted Specht module into its irreducible representations, and derive
other useful consequences. In §4, we prove Theorems 1.7 and 1.6 (Theorems 4.4 and
4.3, respectively). Finally, in §5, we prove Theorems 1.8 and 1.2 (Theorems 5.5 and 5.6,
respectively).

§2. Shifted Specht polynomials, modules, and ideals

Fix a positive integer n, a field F, and let R = F[zy,...,2,] be the standard graded
polynomial ring in n-variables, equipped with the usual action of &,, which permutes the
variables. A partition of n, denoted A F n is a sequence of nonincreasing integers which sum
to n, that is, A = (A1,...,A,) where A\; >--- >\, and }_._; \; =n. The Young diagram of A
is a left-justified array of boxes with r-rows and A; boxes in each row, and a filling of those
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boxes with distinct numbers 1,...n is called a tableau of shape A; the set of all tableaux of
shape A will be written as Tab(\). To each tableau T' € Tab(\) of shape A we associate a
polynomial Fr € R as follows.

First for any subset S C {1,...,n}, define the S-Vandermonde polynomial

AS = H (l’l - l‘j)
1<JES
with the convention that if |S| < 2 then Ag = 1. Then for any tableau T of shape A with
columns C1,...,C),, define its Specht polynomial by

A1
Fr= H Ac,.
=1

The F-linear span of Specht polynomials over Tab()) is an &,,-representation called the
Specht module, which we denote V' (\), that is,

V(A) = (Fr | T € Tab(A)) = spp(Fr | T € Tab(}));

it is well known, in the case char(F) =0, that V' ()) is irreducible, and conversely that every
irreducible &,,-representation is isomorphic to V() for some A - n, for example, [14]. The
Specht ideal of A is the ideal in R generated by V'(\), that is,

a(A\)=V(\)-R=(Fr | T € Tab()\)).
In his paper [17, Conj. 2.9], Yanagawa has formulated the following conjecture:

CONJECTURE 2.1 ([17]). Owver any field F, and for any partition X, the Specht ideal a(\)
is radical.

This conjecture has been proved for partitions of the form A = (n—k,1,...,1) by
Yanagawa—-Watanabe [16], and for partitions of the form A = (n—k,k) and A = (d,d,1) by
Yanagawa [17]. However, even in these simple cases, Yanagawa’s proof that a(\) is radical
is by no means easy. This paper grew out of an attempt to understand and perhaps simplify
Yanagawa’s proof in the case of two rowed partitions A = (n—k, k), which we discuss next.

Fix an integer k satisfying 1 <k <n—k, and let A = (n—k,k) be the corresponding
partition, which we regard as a left-justified two-rowed Young diagram with n — k boxes in
the first row and k boxes in the second. For each integer d satisfying 1 <k <d<n-—k,
define the d-shifted shape A(d) to be the Young diagram obtained by moving the righter-
most n —d — k boxes on the first row to the left of the first boxes in the second row:

n—k d

A= RN L o),

Note that A(k) is A rotated by 180°.
A tableau T on shape A(d) is a labeling of the boxes of the Young diagram of A(d) with
the numbers {1,...,n} used exactly once; we say that T is standard if the rows are increasing

from left to right, and the columns are increasing from top to bottom. The set of tableaux
on \(d) we denote by Tab(n,k,d), and the set of standard tableaux by STab(n,k,d).
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Given a tableau T' € Tab(n,k,d) on the d-shifted shape A(d), such as

iy | oo |k lieg] o | da
T= (5)
a1 = fbn—K| J1 | = | Tk

define the associated d-shifted Specht polynomial to be the homogeneous polynomial of
degree d by

FT(d) = (xi1 7xj1)."(xik- 7$]'k) L Lig-
Note that if d =k, then we recover the usual Specht polynomial:
Fp(k) = (i, —j,) - (20, — 25,);

for the usual Specht polynomials we shall sometimes use the alternative notation Fp or
Fk if we want to keep track of its degree. We allow k =0, and in this case a tableau
S € Tab(n,0,d) has the form

iy || g
S = (6)
Tap1| o fon—k| J1 | 00 | Tk

and its associated shifted Specht polynomial is the monomial
Ms =i, -+ wiy,

which we sometimes write as M g to remember degree.
The d-shifted Specht module of A = (n—k, k), denoted by V(n,k,d), is defined to be the
F-linear span of the d-shifted Specht polynomials, that is,

V(n,k,d) = (Fr(d) | T € Tab(n,k,d));

like the Specht module, it is also an &,-representation, although it is not irreducible for
d >k (cf. §3). The d-shifted Specht ideal of A= (n—k,k), denoted by a(n,k,d), is the ideal
in R generated by the shifted Specht module, that is,

a(n,k,d) =V (n,k,d)- R= (Fp(d) | T € Tab(n,k,d)).

The remainder of the section is devoted to finding a basis for the shifted Specht module
V(n,k,d) and to computing its dimension.

2.1 Basis of a shifted Specht module
THEOREM 2.2. A basis for the d-shifted Specht module V (n,k,d), and hence a minimal

generating set of the ideal a(n,k,d), are indexed by the standard tableaux on the d-shifted
shape \(d), that is,

{Fr(d) | T € STab(\(d))}.
The proof of Theorem 2.2 comes in two steps, which we state as Lemmas.
LEMMA 2.3. The set {Fp(d)|T € STab(n,k,d)} is linearly independent.

Proof. By induction on n > 2. The base case, where n =2 and k=d=n—-k=1 is
trivial. For the inductive step, we assume that for every choice of k' and d’ satisfying
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1<k <d <(n—1)—F, the set {Fr/(d")|T" € STab(n—1,k’,d')} is linearly independent.
Fix any integers 1 < k <d <n—k and suppose we have a dependence relation

Z CTFT(d) =0. (7)

T'eSTab(n,k,d)
Note that for every d-standard tableau T € STab(n,k,d) as in (5), we must have either
n=1iq or n=ji; let I; C STab(n,k,d) denote the set of d-standard tableaux with n =1iq4
and let J; C STab(n,k,d) be the ones with n = ji. Let 7: R — S = F[z1,...,2,-1] be the

projection sending x,, to 0, and note that for every T' € I; we have w(Fr(d)) = 0. Moreover,
for every T € Jy, we have w(Fp(d)) = Fr/(d) where

) 11 | e [tk—1| Tk [Tkt oo |
T =

Gd1| = fin—k| J1 | 0 [Jk-1

We see that 77 € STab(n — 1,k — 1,d), hence the induction hypothesis applies. Note that
since the map J; — STab(n—1,k—1,d), sending T+ T" is one-to-one, and since

7T Z CTFT(d) = Z CTFT/ (d) = 0,

TeSTab(n,k,d)=I4Jq Ted,

we deduce, by the induction hypothesis, that ¢y =0 for all T' € J;. Then our dependence
relation (7) becomes

Tely Telq
where
, i | | Uk flkt] o fld—1
T" =
tdt1| == fin—k| J1 | o | Jk

In this case, we see that 7" € STab(n —1,k,d — 1), and again our induction hypothesis
applies. Since the map I; — STab(n—1,k,d —1) sending T +— T" is one-to-one, and since

Z CTF ’” (d) = 0,
Tel,

the induction hypothesis implies that ¢y = 0 for every T € I; too, and therefore the
dependence relation (7) must be trivial. 0

To see that the d-standard polynomials span V' (n,k,d) is a little more work. We follow
the general method described in [14, Sec. 2.6]. For T as in (5) and any index 1 <a <n,
define a-composition vector to be the integer vector with n — k components defined by

V(T) = (D), 9e_4(T)), where 72(T) = #{c € coly(T) | c < a}.

Note that for a two rowed partition A = (n — k,k) the a-composition vector has entries
0, 1, or 2. Define the composition series for T to be the n-tuple of composition vectors
YT) = (vH(T),...,v™*(T)); we regard v(T') as a matrix whose columns are the composition
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vectors of T. Given two vectors v = (v1,...,0p—k) and w = (wy,...,w,_r), we say that w
dominates v, and write v<w, if v1 +---+v, <w;+---+w)p, for all 1 < p <n—k. Finally
given two tableaux T',T" € Tab(A(d)), we say that T’ dominates T, and write T<T", if every
composition vector of 77 dominates the corresponding composition vector of T, that is,

T<aT' & ~Y(T)ay*(T"),V1<a<n.

This composition-dominance order is a partial order on the set of tableaux Tab(A(d)).
Moreover, it is clear that the largest tableau is the one that fills the columns in order from
left to right. For example, if n =5, k =1, and d = 3 the largest tableau (with increasing
columns) is the standard tableau

21415
T —
1] 3
with composition series

111 11
01 2 2 2
MM=1900 11
00 0 01

Note that if 7" and 7" have the same columns (possibly in different orders) then they
have the same composition series, and they also have the same shifted Specht polynomials
(up to sign), that is, v(T') =~(T") and Fr(d) = +Fr/(d). The following lemma is useful for
telling when one tableau dominates another.

LEmMMA 2.4. If1<a<b<n and a appears in a column to the right of b, then
T<(a,b)-T,
where (a,b)-T is the tableau obtained from T by transposing a and b.

Proof. Note that for 1 <i<a—1 and for b <i <n we have v(T) = v*((a,b) - T).
Assume then that a <i <b—1, and suppose that a and b belong to columns r and ¢
in T, respectively. Then

i i with rth part decreased by 1
¥'((a,b)-T) =+(T) P Y

and gth part increased by 1,

and since we are assuming that ¢ < r, it follows that v*(T)<~*((a,b)-T), and the result
follows. 0

We are now in a position to show the standard shifted Specht polynomials span the
shifted Specht module.

LEMMA 2.5. The set {Fr(d)|T € STab(n,k,d)} spans V(n,k,d).

Proof. We show by downward induction on the composition-dominance order on
Tab(A(d)) that for every T € Tab(A(d)), Fr(d) can be written as a linear combination
of shifted Specht polynomials associated to d-standard tableaux. For the base case, note,
as above, that the largest tableau of shifted shape A(d) is already standard. Inductively,
fix a shifted tableau T' € Tab(\(d)) as in (5), and assume that for every tableau 7’ that

https://doi.org/10.1017/nmj.2021.17 Published online by Cambridge University Press


https://doi.org/10.1017/nmj.2021.17

PERFECTION OF SPECHT IDEALS 699

dominates T, Fp/(d) can be written as a linear combination of shifted Specht polynomials
corresponding to standard tableaux. We may assume that the columns of T' are increasing.
If T has no row descents, then T must be standard and we are done. Otherwise 1" has some
row descent, say between the a'” and a4+ 1%* column. There are several cases to consider
and we claim that in all cases we can write Fr(d) as a linear combination

FT(d> = Z CT/FT/(d).
T’
Case 1: 1 <a<n—k—d—1. Set b=d+ a; in this case, we can merely swap i, and ip41
without affecting Fr(d); in other words setting 7" = (ip,ip+1) T we have

Fr(d) = Fr/(d),

and since T'<(ip,ip+1) - T, it follows from our inductive hypothesis that Fr(d) can be written
as a linear combination of d-standard Specht polynomials on the shifted shape A(d).
Case 2: a =n—k—d. Then we have

i1 || ik figsr| o | dd

T =
Ld+1| v [fn—k| J1 | | JE

and we have the descent ¢,,_j > j1 > 1. Then by Lemma 2.4, we see that
T<T = (in—k,j1)-T and T<9T" = (i1,0n—p) - T.
Moreover, one can easily check that
Fr(d) = Fr(d)— Pro(d) = G ((xi, — x4, ) = (2, — i, )

and inductive hypothesis applies.
Case : n—k—d+1<a<n—-d—1.Set b=a—n-+k+d so we have

i | |y liban| oo | ik ikga| o | da

T—

Gd+1| 0 fin—k| J1 | 0| Jb [Jba| 0| Tk

Sub-Case 3a: ip11 < iy < jp. Then
T<T = (ips1,9p) T and T<T" = (iyy1,ip) - T,
and again one can easily check that
Fr(d) = Fr(d)+ Fr(d) = G- (i, = Tip ) (@5, = o) + @iy —25,) (@3, — 25011))

and our inductive hypothesis applies.
Sub-Case 3b: i), < 1 < Jot1 < Jb- Then

TaT" = (ip+1,Jp) - T and T9T" = (fys1,J5) - T,
and again one can easily check that
Fr(d) = Fr(d)+ Fr(d) = G- ((zi, = Tiy ) (@5, = 2o 0) + (@i, = 25,00) (@0 —25))

and our inductive hypothesis applies.
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Case 4: a=n—d. Then

|| e k] o | td

T —

Tat1| o fin—k| J1 Jk

and we have the descent ji > iy > ix11. Then by Lemma 2.4, we have
T<T' = (igy1,i) T and T<T" = (igs1,7) - T.
and again one can check that
Fr(d) = Fr(d)+ Fr«(d) = G (2, (ziy,, —25,) +2j, (25 — i),

to which the inductive hypothesis once again implies.
Case 5: n—d+1<a<n—k—1.In this case, set b=a— (n—k —d) so that we have

i1 | oo | e i o | lipga| o | g

T —

in—k

(FASY IR Ji Jk

with the descent iy > ip11. Hence by Lemma 2.4, we have
T<T = (ipy1,ip)- T,
and in this case we clearly have
Fr(d) = Fr/(d),

to which the induction hypothesis applies again.

Therefore, in all cases, we have shown that Fr(d) is a linear combination of shifted Specht
polynomials indexed by tableaux on the shifted shape A(d) which dominate T. Therefore,
by induction, the d-standard shifted Specht polynomials

{Fr(d)|T € STab(A(d))},

must span V' (n,k,d). U

Proof of Theorem 2.2. By Lemma 2.3, the polynomials in the set
{Fr(d) | T € STab(A(d))},

are linearly independent, and by Lemma 2.5, they generate the shifted Specht module
V(n,k,d), and hence they must form a basis.

EXAMPLE 2.6. Let n =25, k=1, and d = 3. There are 9 standard tableau of shifted
shape A(3) where A = (4,1):

2[4]5] [2][3]5] [2]3]4] [1]4]5]
[1]3 [1]4 [1]5 |2
3[5] [1]3]4] [1[2]5] [1]2]4] 2[3]
|2 [2]5 [3]4 13]5 |4
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Hence a minimal generating set for the ideal a(5,1,3), and a basis for the representation
V(5,1,3), is given by

(1‘2 - 363)1‘43657 (362 - 334)363375, (332 - 905)3333047
(£U1 - 563)564535, (IE1 - 364)563365, (361 - 305)963304,
(1 —xa)wows, (1 —x5)T2wa, (T1—25)T2x3

The utility of Theorem 2.2 is that it can transform set maps on the set of standard
tableau STab(A(d)) to linear maps on the shifted Specht module V'(n,k,d), and sometimes
the shifted Specht ideal a(n,k,d). The following useful corollaries illustrate this point.

We say that an index 4, 1 <i <n is in the support of tableau T' € Tab(n,k,d), and write
i € supp(T), if i appears in or to the right of a column with more than one row, that is, if

(SN IR R (VY R

T =
Ld4+1| c bn—k| J1 | | Tk

then supp(T") ={41,J1," " , %k, Jksik+1,---,%d}- Note every standard tableau T € STab(n,k, k)
has n in its support; in fact it must have the form

i | e fle—1|

T =
Ue+1| " [bn—K| J1 | == JE=1| N

We get a standard tableau 77 € STab(n — 1,k —1,k) from T by deleting the box containing
n, that is,

i1 | e [le—1| ik

T =

Tea1| o fln—k| J1 | " k=1

Since this map is obviously a bijection it extends to a linear isomorphism
Vin,k,k) = V(n—1,k—1,k).

In fact it can be extended to an isomorphism of Specht ideals using a linear change of
coordinates: Define the variables yq,...,y, by the formula

{xn—xi, fl1<i<n-—1,
Yi = e
Tn, if i =n,

and let ®: R — R be the change of coordinates map ®(z;) = y;.

COROLLARY 2.7. Fiz integers k,n satisfying 1 <k <n—k. Then ring isomorphism ®
maps the Specht ideal in n-variables isomorphically onto the shifted Specht ideal in n —1-
variables:

a(n,k, k)= ®(a(n,k,k)) =a(n—1,k—1,k).
In fact, in adding the principal ideal (x,,), this isomorphism becomes equality:

a(n,k,k)+ (x,) =aln—1,k—1,k)+ (z,).
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Proof. With T € STab(n,k,k) and T’ € STab(n — 1,k — 1,k) as above, we compute

k k-1 k—1
Fr= H(xlf _xjt) = H(mit _$jt) ’ (‘le _‘T’ﬂ) = H(yjt _yif,) ’ (_ylk) = (_1)k '(I)(FT’)v

and hence by Theorem 2.2, the first statement follows. To see the second statement note
that the ring automorphism ®: R — R becomes the negative identity map on the quotient
®=-1I: R/(z,) — R/(x,), and hence

a(n,k, k) + (x,) =a(n—1,k—1,k) + (z,),
which is the second statement. U

Fix an integer m satisfying 0 < m < d, and define the subset STab,,(n,k,d) C STab(n,k,d)
consisting of standard tableaux which contain {1,...,m} in its support. A standard tableau
T € STab,,(n,k,d) necessarily has the form

T | m |mgt| oo | B Jpaa] | d

T—

Lag1| o [on—k| J1 | = | Jm [Pm+1]| =0 | Jk

and we define its image tableau as the one obtained by removing the boxes containing the
numbers 1,...,m:

ma1| | K k1| o | d

T =

iara| e finew| G0 | o [ ] o |

Note that 7" € STab([n],,,k —m,d —m) where [n],, means the tableaux are filled with
numbers {m+1,...,n} exactly once, and our convention is to count k —m as zero if k < m.
The map of sets STab,, (n,k,d) > T+ T" € STab([n)n,,k —m,d—m) is evidently one-to-one
and onto, and by Theorem 2.2, it induces a bijective linear map of Specht modules, which
is the key to some of the main technical arguments in this paper.

COROLLARY 2.8. The induced linear map
Vin(n,k,d) —— V([n]m,k —m,d—m) ,
Fr(d)r———— Fp/(d—m)
1s bijective.

2.2 Dimension of a shifted Specht module
Using Theorem 2.2, we can compute the dimension of the shifted Specht module
V(n,k,d).

THEOREM 2.9. For integers n,k,d satisfying 1 <k <d <n—k, the number of standard
tableauz on the shifted shape A(d) or equivalently the dimension of the shifted Specht module

V(n,k,d) is
dimg(V (n,k,d)) = <Z> - (k:)
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Proof. We prove the formula by induction on n, the base case n=1 (k=0, d=1) being
trivial. For the inductive step, assume that the formula holds for n — 1, that is,

mmﬁuqn—L$@):<”;1>—<";1)

for all integers j,e satisfying 1 < j <e <n—1—j. Then fix integers k,d satisfying 1 <k <
d<n—k.If d>k, then by removing the box containing n, we get a bijection of indexing
sets STab(n,k,d) — STab(n—1,k,d— 1)1 STab(n— 1,k —1,d), and hence we find that

dimp (V(n,k,d)) = dimg (V(n—1,k,d—1)) +dimp (V(n— 1,k —1,d))
B n—1 n—1 n—1 n—1
~((m0)=G) () -G2)
_(n n
-(1)- ()
where the last equality is Pascal’s identity. If d = k, then by Corollary 2.7, we have

&mFathk»—dmmﬂﬂn—Lk—LM)—(”;1>—<Z:;>

B n—1 n n—1 (- 1 (- 1 _(n) ([ n
B k k—1 k-1 k-2)) \k k—1)’
again by Pascal’s identity. 1

83. Lefschetz propoerties

Let E C R be the graded vector subspace spanned by square-free monomials in the
variables x1,...,z,. It will be convenient to identify F with a quotient of R as well,
specifically the Artinian monomial complete intersection

Flz,...,x,]
(22,...,22) "

Define the following linear operators on A: The raising operator is multiplication by the
sum of variables:

A=

L=x(x1+ - +z,): A= A[l],

the lowering operator is the partial derivative map corresponding to the sum of variables:

0 0
D=2ty 2 A A1
0x1 Tt 0x,, — A=),

and the semi-simple operator:
H:A— A, H(a)=(n—-2k)-a, Vae Ay

LEMMA 3.1. The operators {D,L,H} forms an sly-triple on E = A, that is, they satisfy
the commutator relations:

[D,L]=H, [H,D|=2D, [H,L]=-2L.
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Proof. Since D, L, and H are linear, it suffices to check the relations on monomials, and
by symmetry it suffices to check only the single square-free monomial y = x1 ---x;. We have

n
DoL(m):D Z Ty Ty

Jj=i+1
j=it+1 j=it+1 k=1
=(n—1i)-m+ Z Z:Ul---ik---xixj, (8)

j=it+1k=1

k=1
K3 7 n
= (L(xy -2 :UZ)):Z T1 X+ Z Ty Tp Ty T
k=1 k=1 j=it1
7 n
=1 m—i-z Z LSRR R AR 9)
k=1j=i+1

Substracting (8) and (9) yields [D,L](m) = Do L(m)— Lo D(m) = (n—2i)-m = H(m),
and hence verifies the relation [D,L] = H. Verifications of the other two relations are
straightforward and left to the reader. O

For each 0 < i < n, define the i*"-primitive subspace P; C A; by
P, =ker(D)NA;={acA; | D(a) =0}.
It follows from Lemma 3.1 that for any positive integer m and for any « € Pj, we have
D(L™(a))=m-(n—2k+1—m)-L™ ' (a).
Also note that for any Specht polynomial Fr € V(n,k,k) C Aj, we have
D (Fr)=0.
In particular, we have a chain of containments
V(n,k,k) C P, Cker(L" 2k 1) 0 Ay.

LEMMA 3.2. Fquality V(n,k,k) = Py holds if and only if the derivative map, that is,
the lowering operator

D: Ak — Ak—l
18 surjective.

Proof. Assume that V(n,k,k) = P;. Then by Theorem 2.9, we have

dim(Py) = (Z) - (/: 1) — dim(A) — dim(A,_1).
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Let I—1 = D(Aj) be the image of the derivative map. By linear algebra dim(l;_1) +
dim(Py) = dim(Ag) hence dim(Ix_;) —dim(Ag—1) = 0, hence the derivative map is
surjective. Conversely, if D: Ay — Aj_; is surjective, then dim(I;_;) = dim(Ax_1), hence
dim(Py) = dim(Ax) —dim(Ax_1) = dim(V (n, k,k)). Since V(n,k, k) C Py, and they have the
same dimension, this containment must be equality. 0

As we shall see, surjectivity of the derivative map in Lemma 3.2 is dictated by the weak
Lefschetz property.

3.1 Weak Lefschetz property
For an arbitrary graded Artinian algebra C'= R/I, we say that C has the weak Lefschetz
property if there is a linear form ¢ € (' such that the multiplication maps

A Ci—l _>Cz (10)

have maximum rank for every degree ¢ > 0; in this case, we call £ a weak Lefschetz element
for C. If C has a symmetric and unimodal Hilbert function with socle degree d, then £ € C
is Lefschetz if and only if the multiplication maps (10) are injective for 1 < < L%J and
surjective for L%J <1i<d. If C is Gorenstein, then it suffices only to check that (10)
is injective in degrees 1 <i < L%J In fact, one can show that if C' is Gorenstein with
the standard grading and if the multiplication map (10) is injective for some i¢, then it is
injective for all ¢ <iy. Moreover, if the ideal I is generated by monomials then C' is weak
Lefschetz if and only if 21 +---+x, € C; is a weak Lefschetz element. For more details,
especially regarding these last two facts, see [11, Props. 2.1 and 2.2] or [15, Prop. 2.5].

In our situation, A is a standard graded Artinian Gorenstein algebra with unimodal
Hilbert function and cut out by a monomial ideal. In fact, in our situation, the matrix
for the multiplication map L: Ap_1 — Aj in the monomial basis is the transpose of the
derivative map D: Ay — Ag_1. Therefore, we see that A has the weak Lefschetz property
if and only if the derivative maps

D: Ak — Akfl
are surjective for all 1 <k < L"THJ The following result is due to Kustin—Vraciu [8], and
we refer the reader there for a proof. As usual, p = char(FF) > 0.

LEMMA 3.3. The monomial complete intersection A has the weak Lefschetz property if
and only if p=0 orp> L"THJ

From Lemma 3.3, we derive the following useful result.
LEMMA 3.4. Fiz any integer k satisfying 2k <n. Then the following are equivalent:

1. p=0orp>k+1.
2. The derivative maps D: A; — A;_1 are surjective for all 1 <i <k.
3. The derivative map D: A — Ap_1 is surjective.

Proof. (1) = (2). Assume that p=0 or p > k+ 1. For each index j, 2k < j < n, define
the nested chain of monomial complete intersections

F[.’El,. ‘e ,J,‘j]

Cy, C---CC,, where C; = —5"——">-.
" T (2R, 22)

https://doi.org/10.1017/nmj.2021.17 Published online by Cambridge University Press


https://doi.org/10.1017/nmj.2021.17

706 C. MCDANIEL AND J. WATANABE

By Lemma 3.3, the first monomial complete intersection Cy has the weak Lefschetz
property, and in particular the derivative map

DC% : (C2k)i - (CZk)i_l )

is surjective for all 1 < ¢ < k. Inductively for j > 2k, note that for each 0 < ¢ <k, we have
direct sum decomposition of graded vector spaces

(Cj)i = <Cj_1)i@xj ’ (Cj—l)i—l7
and in particular the derivative map in degree k decomposes into block triangular form

De,: (Cj); = (Ch); 4

De; y: (Cj-1); = (Cj-1),_4 I: (Cj1);y = (C-1);

0 | DCj,lz (ijl)i_1 — (ijl)i—Q
Since the maps

Dijl : (ijl)i — (ijl)i_l
is surjective for all 1 <4 <k, it follows that the maps

: (Cy); = (Cy)

i—1

is also surjective for all 1 <17 < k. In particular, this argument shows that the derivative
maps D: A; — A;_1 must be surjective for all 1 <i <k as well.

(2) = (3) Obvious.

(3) = (1) Assume that 0 < p < k+1. Then setting i =p <k, we claim that D: A,: A,_;
cannot be surjective. Indeed, set o € A, to be the pth-elementary symmetric polynomial in
the first 2p — 1 < n — 1 variables:

a=-ep(T1,...,T9p—1) € Ap.
Note first that over a field of characteristic p, we have
D(Oé) =Dp- €p_1(l'1, ce ,.’,1:'2p_1) =0.

On the other hand, we have

(7B

This shows that a € P, =ker(D)NA,, but a & V(n,p,p) (since every polynomial in V (n,p,p)
necessarily vanishes at any point in which at least p+ l-entries are equal). Therefore, by
Lemma 3.2, D: A, — A,_ is not surjective, and hence by [11, Prop. 2.1], D: Ay — A1
cannot be surjective either. O

We can also derive a useful result on specialization of Specht modules.
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LEMMA 3.5. Assume that p=0 or p>k+1, fix j satisfying 2k < j <n, and set

B: IF[:L.17 ,$]]
(21,...,23)

Then
V(j,k,k) =V (n,k,k)N By.

Proof. Containment V' (j,k,k) C V(n,k,k) N By, is clear. For the reverse containment,
suppose that o € V(n,k,k) N By. The key observation here is that the restriction of the
derivative map on A, call it Dy, to the subspace B C A is the same as Dg. Since a €
V(n,k,k) C Pay =ker(Da)N Ay, it follows that D4(«) =0, and hence also Dp(a) = 0.
This means that o € Pp . From the proof of Lemma 3.4, we deduce that Dp: By — Bj_1
is surjective, which by Lemma 3.2 implies that a € V' (j,k, k), as desired. U

As we shall see, the weak Lefschetz property, or lack thereof, can be used to detect
embedded primary components of our Specht-monomial ideals. Next, we shall use the
strong Lefschetz property to decompose our shifted Specht modules into irreducible &,,-
representations.

3.2 Strong Lefschetz property
The pair (4, L) is strong Lefschetz if the restriction of L? to the graded components of
A always has maximal rank, or equivalently if

L2k A — A,y
are isomorphisms for all 0 <k < L%J One can show that we have containment
V(n,k,d) Cker (L™ F~4T1) 0 A
LEMMA 3.6. Let p = char(F). The following are equivalent.

1. p=0orp>n+1,
2. The pair (A,L) is strong Lefschetz.
3. For all integers 0 < k <d <n—k, the shifted Specht modules V (n,k,d) C A satisfy

d
V(n,k,d) =@ L (P,) =ker (L") N Aq.
i=k

Proof. (1) = (2). This is due to Ikeda; see [5, Prop. 3.66].

(2) = (1). Note that if p <n, then we must have LP =0, and (A4, L) cannot be strong
Lefschetz.

(2) = (3). If (A, L) is strong Lefschetz then the map

k—dt1
L" e Ag— An kg,

must have maximal rank, and hence we must have

dim (ker(L" ¥ =41 0 Ay) = dim(Ag) — dim(A,_ji1) = <Z> - (k:) = dim(V (n, k,d)).
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But since we already have containment V' (n,k,d) C ker(L"~*=4+1) A, it must be equality.
It follows that P; = ker(L"~2**1)N A;, and hence we have the containment
d .
P L (P) Cker(L"FH )N Ay
i=k
Since (A, L) is strong Lefschetz it follows that for each i, L~*(P;) = P;, and hence a simple
dimension count reveals this containment must also be equality.

(3) = (2). Assume (3) holds, and assume that (2) does not. Fix integer k satisfying
1<k <|2| and suppose that o € ker(L"~?*) N Aj,. Then certainly « € ker(A"2Ft1)n A,
hence a € Py, by (3). But also according to (3) we have

n—~k
Ak =V(n,0n—k) =@ L+ (P).
i=0

On the other hand, if L"~%*(a) = 0, then dim(L"~2¥(P;,)) < P, and hence we must have

dim (A Zdlm (L =k ZP < >

which is a contradiction. Therefore, (2) must hold after all. 0

~

If any one of the conditions in Lemma 3.6 is satisfied, one can show that LI~¢(P;) &
P; 2V (n,k,k), and hence in this case, we get a decomposition of the shifted Specht module
V(n,k,d) into irreducible &,,-representations.

COROLLARY 3.7. Let p = char(F), and assume that p =0 or p >mn+1. Then the
primitive decomposition of the shifted Specht module is a decomposition into irreducible
G, -representations:

d
V(n,k,d) = @L‘“ P) =V (n,i,i)d—1].
1=k

Here, a basis for the irreducible component L% (P;) is

{eq—i(T¢)-Fr | T € Tab(n,i,i)},
where eq—;(T€) is the (d—1i)th elementary symmetric polynomial in the variables which are
not in the support of T.

REMARK 3.8. In characteristic p = 0, the Littlewood—Richardson rule implies that
the skew representation of &,, associated to the skew diagram A(d) has the same &,,-
decomposition as in Corollary 3.7, for example (see [7, Th. 5.5]). Hence in this case, it follows
that our shifted Specht module V' (n,k,d) is isomorphic to the skew representation of &,,
associated to the skew shape A(d). We thank the referee for pointing out this connection.

§4. Radical of shifted Specht ideals

Our main idea is principal radical systems, based on the following basic facts from
commutative algebra:

LEMMA 4.1. Let I C R be a homogeneous ideal and x € R\ I be any homogeneous
polynomial of positive degree satisfying (I : ) = (I : x2).
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1. If(I:x)=1I and if I+ (x) is radical, then I is radical too.
2. If (I:2)# 1 and if (I:x) and I+ (x) are both radical, then I is radical too.

Proof. Note that I C I+ (x) and if I + () is radical we also have
VICT+(x).

Hence, for g € v/I, we can find a € I and b € R such that g = a+ zb. Since g € VI, there
is some integer N for which ¢"V € I, and we have gV = a’ +2Vb" for some other o’ € I.
Therefore, Vo™ € I and hence b € (I : 2) = (I : ) and therefore,be /(I : x). If ([ :x) # 1
and (I :x) is radical, then xzb € I and hence g € I, and we are done. If (I : z) = I, then
be \ﬁ, and hence we can find a; € I and by € R for which b = a; 4+ zb;. Looking back
to g, we have g = (a+ za1) + 2%b;. Repeating this procedure a number m-times will yield
g=(a+za; +z2as+---+1™a,,) +x™ b, which implies that

g€ ﬂ I+ (z™).
m=1

Since z is homogeneous, it follows that ()-_, I+ (™) = I, and the result follows. [

An easy application of principal radical systems is the ideal (x,...,2,){ generated by
square-free monomials of degree d.

LEMMA 4.2. For each integer d satisfying 1 < d <n the square-free monomial ideal

(1’1,...,1}n)<d)

s radical.

Proof. By induction on n > 1, the base case being trivial. For the inductive step, assume
that (z1,...,2,_1)'® is radical for all 1 <e <n—1, and fix an integer d satisfying 1 < d < n.
Set I =(x1,...,2,)Y and z = ,,. If d =n then I = (x - --x,,) is principal, and clearly radical,
hence we may assume that 1 <d <n—1. Then we have

(I:2)=(21,...,2p-1)""Y, and T+ (z)=(z1,...,20-1)'Y + (2,),

which are both radical by the induction hypothesis. Also note that (I : #?) = (I : z) since I
is generated by square-free monomials. It therefore follows from Lemma 4.1 that the ideal
I=(z1,...,2,)? is radical. 0

Applying principal radical systems to Specht ideals requires the following decomposition
of shifted Specht ideals, and is key to the further results of this paper. This is Theorem 1.6
from §1.

THEOREM 4.3 (Theorem 1.6). For any integers k,d satisfying 0 < k <d <n—k, we
have

a(n,k,d) = a(n, k,d—1) N (z1,...,2) Y = a(n, k, k) N (21, .., 2,) P (11)

Before embarking on the proof of Theorem 4.3, we show how to use Theorem 4.3 and
principal radical systems to show that shifted Specht ideals are radical. This is Theorem
1.7 from §1.

THEOREM 4.4 (Theorem 1.7). For any integers k,d satisfying 0 < k < d<n-—k, the
shifted Specht ideal a(n,k,d) is radical.
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4.1 Shifted Specht ideals are radical

Proof of Theorem 4.4. Assuming that Theorem 4.3 holds, we prove Theorem 4.4 by
induction on n > 2. For the base case n = 2, the only possibilities for integers k,d are k=0
and d=1,2 and k=1 =d. In the case k =0, we have a(2,0,d) = (x1,22)¥ which is radical
by Lemma 4.5. In the case, k =d =1 we have a(2,1,1) = ((z1 —z2)) is prime, and therefore
radical. For the inductive step, assume that a(n—1,7,e) is radical for all integers satisfying
0<j<e<n-—1-j. Fix integers k,d satisfying 1 < k < d <n —k. First, we argue for the
case d = k. Let I = a(n,k,k) and = z,,. Then by Corollary 2.7 it follows that we have

I+ (z) =a(n,k,k)+ (zn) =a(n—1,k—1,k) + (x,).

By induction hypothesis, a(n—1,k—1,k) is radical, and since its generators are polynomials
which are independent of x,,, it follows that the sum I+ () is radical. Also using the change
of coordinates map ®: z; — y; in Corollary 2.7 we find that

O :2)= (D) : () = (aln—1,k—1,k) :2p) =a(n—1,k—1,k) = ®(I),

from which it follows that (I : x) = I. Therefore, it follows from Lemma 4.1 that I = a(n, k, k)
itself must be radical.
For d > k, we appeal again to Theorem 4.3:

a(n, k,d) = a(n, k,d—1) N (z1,...,2,) " = a(n, k, k) N (21, 2,) (D

Since a(n,k, k) is radical, and (z1,...,2,)? is radical, it follows that a(n,k,d) is radical
too.

4.2 Decomposition of shifted Specht ideals

The proof of Theorem 4.3 comes in three steps, each of which we state as a lemma. First
some notation: For any exponent vector a = (ay,...,a,) € N*, we denote the associated
monomial by x® = z{*---2% and its radical by v/x2 = [, 507

LEMMA 4.5. The ideal a(n,k,d—1)N (ml,...,xn)<d> is generated by products of mono-
mials and polynomials in the shifted Specht module V (n,k,d—1). In fact, if the sum of any
monomials times forms in V(n,k,d—1) lies in the intersection a(n,k,d—1)N(x1,...,2,) ¥,
then so do each of its summands.

Proof. 1t is not difficult to see that every polynomial P € a(n,k,d —1) decomposes into

P= Z X% vy,

acN”n

a sum of terms of the form

where v, € V(n,k,d—1). We want to show that if P € (21,...,2,)?, then each of its
summands are too, that is, x* v, € (xl,...,xn)<d> for all a € N™. Suppose by way of
contradiction that for some a € N and some v, € V(n,k,d—1) that x*- v, ¢ (z1,...,2,) ?.
Since (z1,.. .,xn)<d> is a monomial ideal, there must be some monomial x? which appears
in the monomial expansion of x2- v, such that x? ¢ (z1,...,2,){?. Define the weight of
monomial xP as wt(xP) = #{b; > 0}. Since (z1,...,2,){¥ consists of all monomials of weight
at least d, it follows that wt(xP) < d—1. On the other hand, since v, is a linear combination
of shifted Specht polynomials of type A(d), it follows that every monomial in the monomial
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expansion of v, also has weight d— 1. This implies that wt(xP) = d —1, and therefore that

—F =X .

VxP

In particular, we see that the monomial x? is unique to the term x2-v,, and hence must
occur with the same coefficient in the monomial expansion of x*-v, as it does in the
monomial expansion of P =73 . X?vVa. Therefore P ¢ (1,... ,2,) D | as desired. 0

Lemma 4.5 tells us that it suffices to check Equation (11) in Theorem 4.3 on products of
monomials with V(n,k,d—1). So we want to show that for each v € V(n,k,d—1) and for
each a € N the following implication holds:

X ve (z1,...,20) Y = x®-vealnk,d).
Note that since (z1,...,2,)? is generated by square-free monomials, we have
X2 v € (x1,...,20)'Y & VxE-vE (r,...,2,) P

In particular, we may assume without loss of generality that our monomials x?® are
square-free. For any polynomial F' € R define its support to be the set of square-free
monomials which divide some nonzero monomial term of F. For example, given a tableau
T € Tab(n, k,d), the support of the shifted Specht polynomial Frr(d—1) is the set of square-
free monomials indexed by subsets of numbers in the support of T, no two of which lie in
the same column of 7.

LEMMA 4.6. For each T € Tab(n,k,d), if x* ¢ supp(Fr(d—1)) then x*-Fp(d—1) €
a(n,k,d).

Proof. 1If there is a variable x; € supp(x®) which is not in supp(Fr(d—1)), then
certainly x?- Fr(d—1) € a(n,k,d). Otherwise, there must be two indices i # j such that
x;,x; € supp(x®) and ¢,j in the same column of T. Choose any index r # ,j such that
x, ¢ supp(Fr(d—1)), which exists since 0 <k <d—1<d<n-—k, and let (i,7),(j,7) € &,
be the transpositions swapping 7,7 and j,r, respectively. Then we have

Fr(d—1)=Fr(d—1)+F;qr(d-1),
and since x; - F; oy p(d—1),2; - F(j .y r(d—1) € a(n,k,d), it follows that
x*-Fr(d—1) € a(n,k,d),
as desired. 0

Finally, we must show what happens with square-free monomials which do lie in the
support of the shifted Specht polynomials. Here, we use symmetry to make the further
reduction that our square-free monomial is initial, that is,

x2=x" =12, forsomel<m<d-—1.

Setting V™ (n,k,d—1) C V(n,k,d—1) to be the span of shifted Specht polynomials indexed
by standard tableaux T € STab(n,k,d—1) for which {1,...,m} ¢ supp(T'). Then the shifted
Specht module decomposes into a direct sum

Vin,k,d—1) =V, (n,k,d=1)®V™(n,k,d—1),
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and Lemma 4.6 says x™-v € a(n,k,d) for every v € V™(n,k,d—1). Recall the bijective

linear map
¢: V(n,k,d—1) —— V([n]m,k—m,d—m),
FT(d) f FTI(d),
where
Lo | m fimga| oo | Gk [lkgr| oo |fd—1
T = (12)
tg | o fin—k| J1 | 0 | Jm Pmt1| 0 | Tk
and
Im+1| o0 | Uk |Tk1| o |ld—1
T = (13)
td | o k| J1 | | Jm Pmea| 0 | Tk

LEMMA 4.7. Fiz v e Vy(n,k,d—1). If x™ v € (x1,...,2,) " then v =0, and hence
x™-v e a(n,k,d).

Proof. We observe that

d)

XM (v —x™ ) € (z1,...,2) Y,

where v/ € V([n]m,k —m,d—1—m) is the image of v in the map above. Indeed note
that for each standard tableau T € STab,,(n,k,d —1) as in (12), the support of the
difference Fr(d—1) —x™ - Fr/(d—1—m) does not contain the monomial x™, hence the
product x™ - (Fp(d) —x™ - Fpi(d—1—m)) € (z1,...,2,) . Hence, if x™-v € (z1,...,2,) (¥,

it follows that (x™)*-v/ € (21,...,2,)?, and hence that v/ € (z1,...,25) Y :x™) =
(xm+1,...,:rn)(d_m). For degree reasons this implies that v’ = 0, and hence by Corollary
2.8, v =0 as well. O

Proof of Theorem 4.3. The containment a(n, k,d) C a(n,k,d—1)N(z1,...,2,)? is clear.
For the reverse containment, Lemma 4.5 implies that it suffices to check it on products of
monomials with polynomials in V(n,k,d—1). Since (z1,...,2,)? is generated by square-
free monomials we may assume that our monomials are square-free, and by symmetry, we
may assume that our monomial has the form x™ =z ---x,, for some integer 1 < m <d.
Then as above we have

Vin,k,d—1)=Vy,(n,k,d—1)®V™(n,k,d—1),

and by Lemma 4.7, x™-v € a(n, k,d) if v € V,,(n,k,d —1). Furthermore, Lemma 4.6 implies
that for v € V™(n,k,d—1) if x™ v € (z1,...,2,)? then x™-v € a(n,k,d), and the result
follows.

85. Perfection of Specht and Specht-monomial ideals

Recall that an ideal I C R in a commutative ring has projective dimension s if a minimal
resolution of R/I as an R-module has length s. Its grade is the length ¢ of a maximal
R-sequence contained in I, or equivalently the smallest integer g for which the Ext group
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Ext%(R/I,R) is nonzero. We say that the ideal I C R is perfect if its projective dimension is
equal to its grade. In our case, where R is polynomial (hence Cohen—Macaulay), the grade
of an ideal is equal to its height, and by the Auslander—Buchsbaum formula, I is perfect
if and only if the quotient R/I is Cohen—Macaulay. For more details on these matters we
refer the reader to [10].

As in §4, the main idea here is to use principal radical systems.

LEMMA 5.1. Let I C R be any homogeneous ideal and let x € R\ I be any homogeneous
polynomial of positive degree. Then

1. if (I:x) =1 and if [+ () is perfect, then I is perfect too.
2. if (I:x)# 1 and if (I:x) and I+ (x) are both perfect of the same grade g, then I is
perfect of that same grade too.

Proof. Item (1) is well known, and can be found in any commutative algebra text, for
example, [10, Th. 17.3]. For (2), we use the long exact sequence for Ext-modules associated
with the short exact sequence of R-modules

0——R/(I:2) =5 R/I R/I+ (z) ——0.
0
As in §4, we give an easy application of principal radical systems to the ideal
(z1,... ,xn)<d> generated by square-free monomials of degree d.

LEMMA 5.2. For every integer d satisfying 1 < d < n the square-free monomial ideal
(d)

(T1,...,2y)
is perfect’ of grade n—d+1.

Proof. By induction on n, where the base case n =1 is trivial. For the induction step,
assume that (z1,...,2,-1)% is perfect of grade (n—1) —e+1 for every 1 <e <n—1, and
fix an integer d satisfying 1 <d <n. Set I = (z1,... ,2,)% and x = z,,. Then we have

(I:2)=(21,...,2n_1) 4V T+ (x) = (z1,...,2n_1)'Y + (z,),

which are both perfect of the same grade n —d+1 by our induction hypothesis. It follows
from Lemma 5.1 that I = (z1,...,2,)'¥ is perfect of grade n—d+1 too. 0

It is trickier to apply Lemma 5.1 to shifted Specht ideals. For one thing, not all shifted
Specht ideals are perfect. Indeed, Theorem 4.3 gives the decomposition

a(n, k,d) = a(n, k, k)N (z1,...,2,) Y.

Individually, the grades (=heights) of the ideals a(n,k,k) and (z1,...,2,)? are g=n—k
and g =n —d+ 1, respectively. In particular, we see that if d > k+ 1, then the two ideals
a(n,k, k) and (z1,...,2,){" have mixed heights, and in particular, the shifted Specht ideal
a(n,k,d) cannot be perfect. For d =k + 1, we must show that the intersection is perfect:

a(n, k,k+1) = aln,k, k)N (z1,...,2,) Y.

4 Alternatively, one could also appeal to Reisner’s theorem [13] here, since (z1,...,2,)'Y is the Stanley—
Reisner ideal of the d — 1 skeleton of an n — 1 simplex.
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To this end, we appeal to the following basic fact, which appears in the paper [6] by
Hochster-Eagon, and we refer the reader there for its proof.

LEMMA 5.3 ([6, Prop. 18]). Suppose that I,J C R are two perfect ideals of the same
grade g, and assume that I +J has grade g+ 1. Then I+ J is perfect if and only if INJ is
perfect.

In the spirit of Lemma 5.3, we study the following sum of ideals, which plays a key role
in this paper.

DEFINITION 5.4. Fix an integer k satisfying 1 <k < k+1<n—k, and define the Specht-
monomial ideal for the pair (k,n) to be the sum of ideals

I(n,k) = a(n,k, k) + (z1,...,2,) 5T, (14)

It turns out that perfection of Specht-monomial ideals depends on the characteristic
of the field F. What is perhaps surprising is that this dependence on characteristic is
the same as the dependence on characteristic of the weak Lefschetz property of certain
Artinian monomial complete intersections. This is captured in the following result which is
Theorem 1.8 from §1. Recall our notational conventions: we denote by (z1,... ,zm)<q) the
ideal generated by square-free monomials in the variables z1,...,z,, of degree q.

THEOREM 5.5 (Theorem 1.8). Let p=char(F) >0 and fix positive integers n,k satisfying
n > 2k+1. Then the following conditions are equivalent.

1. p=0orp>k+1.
2. The quadratic monomial complete intersection

F[xl, oo ,xgk]

1,13

C:
(z7

has the weak Lefschetz property.
3. The Specht monomial ideal I(n,k) satisfies

I(n,k) =I(n =1,k =10 (1 90-1) 2 + (2)) (15)
where y; =x,—x; for 1<i<n-—1.
4. The Specht-monomial ideal I(n,k) is perfect.

As in §1, we shall break the proof into three parts, one for each equivalence (1) < (a)
and refer to it as Theorem 5.5(a) for a = 2,3,4. Recall that Theorem 5.5(2) follows from a
result of Kustin—Vraciu [8], and we do not prove it here; see §3, particularly Lemmas 3.3
and 3.4. Hence to prove Theorem 5.5, it suffices to prove the two equivalences Theorems
5.5(3) and 5.5(4). Theorem 5.5(3) is the key technical result of this section, and it yields a
primary decomposition of the Specht-monomial ideal. We use it to prove Theorem 5.5(4),
which we shall then use in turn to prove the following result which is Theorem 1.2 from §1.

THEOREM 5.6 (Theorem 1.2). Let p=char(F) >0 and fix positive integers n,k satisfying
n>2k+1.

1. If p=0 orp>k+1, then the Specht ideal a(n+1,k+1,k+1) is perfect.
2. Ifn>2p+1, then the Specht ideal a(n+1,p+1,p+1) is not perfect.
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The proof of Theorem 5.5(3) is given at the end. The next subsection is devoted to the
proof of Theorem 5.5(4), assuming the truth of Theorem 5.5(3).

5.1 Specht-monomial ideals are perfect

Assuming that Theorem 5.5(3) holds, we prove Theorem 5.5(4), focusing first on the
implication (1) = (2) first. Assuming that p=0 or p > k41, Theorem 5.5(3) says that for
all 1 <k <k+1<n—k the Specht-monomial ideal satisfies (15):

I(nk)=I(n—1k-1)N ((yl, ORI (L (xg)) .

We need the following Lemma, which tells us how to go between z-variables and y-
variables, and provides a direct link to Lefschetz properties from §3.

LEMMA 5.7. Let P/(xy,...,x,_1) be any square-free polynomial of degree j in the
variables 1,...,2,_1. Then modulo the principal ideal (x2) we have

Pj(x17'-'a$n—1) E(_l)j (Pj(ylv-"7yn—1) _:En'D(Pj(yla"'?yn—l)) mod ($721>7

where D is the linear partial differentiation operator D = —4---+
8yl 83/71—1

if o = a(r1,...,xn—1) EV(n—1,k—1,k—1) is a linear combination of Specht polynomials
then

. In particular,

oz, 1) = (=D alyr,... Y1)

Proof. By linearity of D it suffices to assume that P’ is a square-free monomial, and by
symmetry, we may assume is P/(z1,...,2,-1) =21 ---2;. Then we have

Pizy,.zpy) =21 2; = (T —y1) (20— ))
=22 (stuff) + (—=1)' 1.z, <z]:y1gzy]> +(—1) Y1y
(where y means omission)
= (=1 (y1-+y5 —xaD (y1-+-y5)) + a7 - (stuff)
=(-1) (Pj(yh-.-,yn—ﬁ —znD (Pj(y17---ayn—1))) mod (x7.),
as claimed. The second statement follows from the first since D(a)) = 0. 0
Next, for each pair of positive integers n, k satisfying n > 2k + 1 let us form the new ideal
J(nk)=I(n—1k—1)+(y1,...,yn—1)" + (22). (16)
LEMMA 5.8. Assume that p=0 or p>k+1. Then the ideal J(n,k) satisfies
Jn,k)+ (zp) =I(n—1,k—1)+ (2,), and (J(n,k):2n) = (x1,...,20_1)* Y + ().
Proof. We have
J(n,k)+ (x)

In—1,k—=1) 4 W1, yn—1)* + (@2) + (z,)
an—1k—1,k—1)+ (21, .., 2n-1)" + W1, Yn_1)® + (z2)

(n—1,k—=1,k—=1) 4 (x1,...,2n_1)" + ()
(n—1,k—=1)+ (z,).

a
I
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For the other equality, note first that containment (J(n,k): z,) 2 (z1,...,2,_1)* 1 +
() = (W1, yn_1)* Y 4 (x,) follows from Lemma 5.7. Indeed identifying the
space of square-free polynomials with the monomial complete intersection B =

Flz1,...,2n_1]/(¥%,...,y2_1), Lemma 3.4 implies that the derivative map D: By — Bj,_1 is

surjective, and hence for any square-free monomial of degree k —1 in variables y1,...,yn_1,
say P=vy1---yr—1, we know by Lemma 3.4 there is square-free polynomial of degree k for
which

D(Qy1,--Yn—1)) = P(y1,-- - Yn—1) = Y1 Yr—1.
Then Lemma 5.7 implies that
P-zp=y1-yp—1-2n =12p 'D(Q(yla"-)ynfl))
EQ(:pl,...,xn_l):I:Q(yl,...,yn_l) HlOd (.’Bi)

Since Q(z1,...,2n_1) €EI(n—1,k—1) and Q(y1,...,Yn—1) € (Y1,...,yn—1) ¥, it follows that
ZTn P=2,-D(QY1,---,Yn-1)) € J(n,k), and hence P =y ---yx_1 € (J(n,k) : x,). For the
reverse containment, fix G € (J(n,k) : x,). Then for each S € STab(n —1,0,k) there exists
polynomials dg € R for which

G — Z dsMg € I(n—1,k—1)+(22),
SeSTab(n—1,0,k)

where Ms = Mg(y1,... yn—1) € (Y1,-.,Yn—1)*) are square-free monomials of degree k in
the y-variables. By Lemma 5.7, we have for each S € STab(n —1,0,k)

Ms(y1,... yn—1) =+ (Ms(x1,...,2p-1) —xnD(Mg(21,...,2n-1))) mod (xi),

and since Mg (21,...,2n_1) € (x1,...,2y_1)"* C I(n—1,k—1), we see that

nG— > dsMs(yr,.yn-)=2.G— Y dszaD(Ms(y1,...,Yn-1))
SeSTab(n—1,0,k) SeSTab(n—1,0,k)

=0 mod I(n—1,k—1)+(22).
Since x,, is a nonzero divisor for I(n—1,k—1), it follows that

G- > dsD(Mg(z1,...,2n_1)) € [(n—1,k—1)
SeSTab(n—1,0,k)
=+ (.CEn) - (5[51; e 7xn—1)<k71> + (iL'n),

and since D(Mg(z1,...,2n_1)) € (21,...,2n_1)¥ 1 for all S € STab(n—1,0,k), we see also
that G € (z1,...,2,_1)* 1 + (2,,), as desired. 0

We are now in a position to prove implication (1) = (2) in Theorem 5.5(4).

Proof of (1) = (2) in Theorem 5.5(4). Assume that p=0 or p > k+ 1. We prove by
induction on n > 3 for each integer k satisfying 1 <k < k+1 <n—k then the ideal I(n,k) is

perfect. The base case is n = 3 where the only possible &k value is k = 1. Here, the assumption
on p is vacuous, and we have

1(3,1) =a(3,1,1) + (1,29,23)? = (21 — 23,2 — 3,21 72,2173, T273).
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Note that F[z1,x2,23]/1(3,1) = F[2]/(2?) is Cohen-Macaulay, which implies that (3,1) is
perfect of grade n—k+1=3.

For the inductive step, assume that I(n —1,5) is perfect for all integers j satisfying
1<j<j+1<n—-1-—j. Fix k satisfying 1 <k <k+1<n—k, and consider the Specht-
monomial ideal

I,k = a(n o k) + (21, 50) 54D
Consider the sum J(n,k) as in (16), that is,
J k) =T(n—1,k=1)+1,....,yn_1)* + (22).

Note that I(n—1,k— 1) is perfect by the induction hypothesis. Also (y1,...,yn_1)* +(22) is
perfect since (y1,...,Yn—1)* is perfect (by Lemma 5.2), and z2 is (y1,...,yn—1) ¥ -regular.
Therefore, by Lemma 5.3, I(n, k) is perfect if and only if J(n, k) is perfect. But according to
Lemma 5.8 J(n,k) + (z,) = I(n—1,k—1)+ (z,) and (J(n,k) : 2,) = (z1,...,2p_1)F D +
(z,,) which are both perfect of the same grade g =n —k+ 2, and hence by Lemma 5.2, it
follows that J(n,k) is also perfect (of grade g =n —k+2). Thus it follows that I(n,k) is
perfect completing the induction step, and hence the proof. U

Next, we prove the reverse implication (2) = (1) in Theorem 5.5(4) which also requires
a bit of a set up. First note that Theorem 5.5(3) implies that if p=0 or p > k+1, then
I(n,k) has the following irredundant primary decomposition:

I(nak):a(n’kvk)+($1>"'7$n)<k+1> = ﬂ a. (xl_:EZa"'?wl_xn—k—l-lam%)' (17)
ceG, ~
QU

Note that for ¢ = e, we have Q. = a(n —k+1,1,1) + (z1,...,2,_x4+1)?; in particular, Q.
contains all quadratic forms in the variables x1,...,2p_g41.

LEMMA 5.9. Ower any field F, and for any positive integers n,k satisfying n > 2k+1,
if I(n,k) is perfect then I(n,k) must satisfy the decomposition (17).

Proof. Assume that I(n,k) is perfect, and consider the intersection of primary ideals as
n (17), that is,

with minimal associated prime divisors given by

F’t7 = \/QO- =a0. (ml,...,xn_k+1).
We would like to show that I(n,k)=1I'(n,k). Note first that they have the same radical:

VI k)= () Po=(21,....20)" = /I(n k). (18)

O'EGTL

For the last equality, the containment I(n,k) C (x1,...,2,)*) is clear, and the other
containment follows from the containment:

11 1k

2t =y eemg, - Fr4 (stuﬂ in (xl,...,a:n)<k+1>) € I(n,k),
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where

iv | e | i

Ue1| o k| J1 | 0 | Jk

It follows that {P, | o0 € §,,} is a complete list of minimal prime divisors of I(n,k), which
implies Equation (18).

Set I' =1I'(n,k) and I = I(n,k). Suppose that a primary decomposition of I is given by
I=U;N---NUy. Since I is perfect, all of its associated prime divisors must be minimal,
and hence the primary components must be indexed by the symmetric group and we can
write

I= () Us,

ceS,

where /U, = P,. Fixc € &,,, and set U =U,, P = P,, and Q = Q,. We want to show that
Uy, = Q5. Let Rp be the polynomial ring R = F[xy,...,z,] localized at the prime ideal P.
By a theorem of Nagata [12, Th. 8.7] we have

U=IRpNR and @Q=JRpNR.

We prove that in the local ring Rp, the ideals are equal IRp = JRp. Certainly because
of the containment I C J, we have also IRp C JRp. In the other direction, we observe
that JRp = QRp. Without loss of generality we may assume that o =e, and Q = (z1 —
To,..., 21 —xn,kﬂ,m%). For each pair 1 <r <s<n-—k+1 we may choose 1 <1 <--- <
ix—1 <n—k+1such that r,s ¢ {i1,...,ix—1} and setting j; =n —k+ 1+ define the tableau

il ik—l r

Ueg1| o lln—k| J1 | *0 [Jk—1| S

Then in the local ring Rp the Specht polynomial Frr € I has the form Fr =u- (z, —x5)
where u € Rp is a unit. Also consider the monomial

k
MS:xnkarQ"'CUn'ﬂ?r‘xsE(xlv”"xn)< ) cl.

Then in the local ring Rp it has the form M = w-x, - x5 where w € Rp is a unit. Therefore,
the generators of QRp satisfy (x, —xs) € IRp and z,-x4 € I Rp it follows that QRp C IRp
and hence that JRp C IRp, as desired. U

In particular Lemma 5.9 implies that if the Specht-monomial ideal I(n,k) is not perfect
then it must have an embedded prime divisor. On the other hand, note that the Specht
ideal a(n+1,k+1,k+1) cannot have embedded prime divisors since it is always radical.
This indicates that detecting imperfection in Specht ideals is more subtle than in Specht-
monomial ideals, and offers some excuse for the disparity between the statements of
Theorems 5.5(4) and 5.6. We are now in a position to prove the other implication of
Theorem 5.5(4).
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Proof of (2) = (1) in Theorem 5.5(4). Assume that p satisfies 0 < p < k+ 1. We show
that I(n,k) is not perfect by showing it does not satisfy Decomposition (17), or equivalently
that

a(n, k, k) + (z1,...,z,) FF
1(n,k)
£an—1,k—1,k—1)+(z1,...,20_1)* N ((yl,...,yn_l)“‘“) + (wi)) : (19)
I(n—1,k—1)

We identify the space of square-free z-monomials with the monomial complete intersection
B=F[z1,...,xy-1]/(z3,...,22_1) and D= Dp = 8%1 +--+ arf_l the associated lowering
operator. From our assumptions on p, Lemma 3.4 implies that the derivative map
D: By — Bj_1 is not surjective, and hence (by Lemma 3.2), V(n—1,k,k) =ker(D)N By. In
particular, there must exist a square-free polynomial of degree k, say f = f(x1,...,2p,-1) €
(z1,...,2,_1)*) with the property that D(f) =0 but f ¢ V(n—1,k,k). Since D(f) =0, we
deduce from Lemma 5.7 that

f(xlv"'7xn—1) = f(y17'~'7yn—1) =0 mod (3/17---73/n—1)<k> +(xi)

Therefore, f € I(n—1,k—1)N ((y1,...,yn—1)* 4+ (22)). On the other hand, since f ¢ V(n—
1,k,k) it follows from Lemma 3.5 that f ¢ V(n,k,k) either, and it follows that f & I(n,k).
This shows that Inequality (19) holds, and hence by Lemma 5.9, the Specht-monomial ideal
I(n,k) is not perfect. 0

5.2 Specht ideals are perfect
We are now in a position to prove Theorem 5.6.

Proof of Theorem 5.6. First assume that p=0 or p > k+ 1. We prove by induction on
n > 3 that for each integer k satisfying 1 <k <k+1<mn—k, and each ¢ satisfying 1 <i <k
the Specht ideal a(n+1,i+1,i41) is perfect. First, recall that Corollary 2.7 says the change
of coordinates map ® gives a ring isomorphism

a(n+1i+1i+1) Za(n,i i+ 1) =a(ni,i) 0 (@,...,00) T,

where the second equality follows from Theorem 4.3.
For the base case n = 3 and the only possible k =1 gives

a(4,2,2) = a(3,1,2) = a(3,1,1) N (z1,x2,23)?.

Note that a(3,1,1) and (x1,z2,23)® are both perfect of grade g =2 Also note that the
Specht-monomial ideal 1(3,1) = a(3,1,1) 4 (21,22, 23)‘? has grade g+1 = 3 and its quotient

Flzy,ze,z3]  F[2]

I(3,1)  (2?)

is Cohen—Macaulay. Therefore, 1(3,1) is perfect and hence by Lemma 5.3, so is a(4,2,2).
For the inductive step, assume that a(n,i,7) is perfect for every 1 <1i < k. We have

a(n+1,i+1,i+1) = a(n,,i) N (z,...,z,) F.
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Also note that since 1 <i<i+1<k+1<n—k<n-—i, Theorem 5.5(4) implies that the
Specht-monomial ideal

I(n,i) = a(n,i,i)+ (x1,...,2,) Y

is perfect of grade g+ 1 =mn—i+ 1. Since a(n,i,i) and (z1,...,2,) T are both perfect
of grade g =n —1i. Then it follows from Lemma 5.3 that a(n+1,i+1,i+1) = a(n,i,i) N
(z1,...,2,)¢t1) is also perfect. This proves implication (1).

For (2), assume that n > 2p+ 1. By (1), we see that a(n,p, p) is perfect. Also (z1,...,z,)®
is perfect by Lemma 5.2. Therefore, by Lemma 5.3, it follows that the Specht ideal a(n +
1,p+1,p+1) and the Specht-monomial ideal I(n,p) are perfect or not, alike. But Theorem

=

5.5(4) implies that the Specht-monomial ideal
I(nvp) = a(n7p7p) + (xlv e 7xn)(p+1)
is not perfect, and hence the Specht-monomial ideal a(n+1,p+1,p+1) is not perfect either.

CONJECTURE 5.10. If p=char(F) and n,k are positive integers satisfying 0 < p < k+1
and n > 2k+1, then the Specht ideal a(n+1,k+1,k+1) is not perfect.

=

Conjecture 5.10 is true for p = k by Theorem 5.6(2), but, as of the writing of this
manuscript, it remains open for 0 < p < k. Conjecture 5.10 together with Theorem 5.6
establish the following conjecture of Yanagawa [17, Conj. 5.5]:

CONJECTURE 5.11 [17]. Fiz a field F with p = charF and fix positive integers n,k
satisfying n > 2k + 1. Then the following are equivalent:

1. p>0orp>k+1.
2. The Specht ideal a(n+1,k+1,k+1) is perfect.

EXAMPLE 5.12. Taking p =2, Theorem 5.6 says that a(n+1,3,3) is not perfect for every
n > 5, a result also obtained by Yanagawa [17, Th. 5.3]. For example if n =5, then a(6,3,3)
is not perfect, and one obstruction to perfection is the elementary symmetric polynomial
a = es(xy,...,24) which lies in the intersection

62(551,..-,1'4) Ea(4,1,1)ﬂ ((yla'--ay4)<2> +(I‘§)) = m U'(xl —2,T1 —3,T1 *IL'4,-T%),
AT

but es(z1,...,x4) ¢ 1(5,2). This indicates that the Specht-monomial ideal I(5,2) must
have an embedded prime divisor in characteristic p = 3, which does not appear in higher
characteristics. Macaulay?2 [3] reveals that the primary decomposition of I(5,2) over the
field F =7Z/27Z is

1(5,2)= ﬂ 0.(x1 — w2, w1 — 3,11 — 24,27) N Q,

oeGs
where @ is primary and satisfies (2%,...,22) C Q; in particular the maximal ideal m =
(21,...,x5) is an associated prime divisor of the Specht-monomial ideal 1(5,2) = a(5,2,2) +

(z1,...,25) in characteristic p = 2. Since a(5,2,2) and (x1,...,25)* are both perfect
of grade g = 3 in characteristic p =2 (and all characteristics), we deduce that a(6,3,3) =
a(5,2,3) = a(5,2,2) N (z1,...,25)3 is also not perfect by Lemma 5.3.

Similarly, for p = 3, Theorem 5.6 implies that a(n+ 1,4,4) is not perfect for n > 7 in
characteristic p = 3. For example if n =7 then a(8,4,4) is not perfect, and, as in the
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previous case, one can see that the Specht-monomial ideal I(7,3) has an extra primary
component that contains all the squared variables. Conjecture 5.10 would imply that, for
example, a(n+1,5,5) is not perfect for all n > 9 in characteristic p = 3. Computations in
Macaulay?2 [3] show that a(10,5,5) is indeed not perfect, supporting this claim.

5.3 Decomposition of Specht-monomial ideals

The proof of Theorem 5.5(3) is surprisingly similar to that of Theorem 4.3, and it too
comes by way of several lemmas. We want to show that for every 1 <k <k+1<n—Fk the
Specht-monomial ideal I(n,k) = a(n,k, k) + (x1,...,2,)* 1) satisfies

I(n,k) = 10 =1,k =10 (@1, )™ + (22)).

Of course there is an assumption about characteristic here, but we will not assume it yet,
and try to point out exactly where we need it.

LEMMA 5.13. Assume that 1 <k<k+1<n-—k. Then
I(n,k) CI(n—1,k—1)N ((yl,...,yn_1)<k> +(mi)) :

Proof. Certainly, we have that a(n,k, k) C a(n—1,k,k) Ca(n—1,k—1,k—1), and also
(z1,...2,) %0 C (21,...,2,_1)®, hence I(n,k) C I(n—1,k—1) (if k=1, we should regard
I(n—1,0) as R). It remains to see why I(n,k) C (y1,...,yn_1)* +(22). For T € STab(n, k, k)
we have

Filz(mlv"'axn) = (mh _le).“(xik _:En)
= Wi =) Wi = Yinr)* (=00) € W yn—) ™ + (a7).

For S € STab(n,0,k+1), if x,, € supp(Mé‘H) then Mg“ =1, - ME, for S’ € STab(n—1,0,k)
and by Lemma 5.7, we have

Mg,(xl,...,:pn_l) = ng(yl,...,yn_1)+xn-D(M]S“,(yl,...,yn_l)) mod (yl,...,yn_1)<k>.

It follows that Mit' =z, - ME € (y1,...,yn—1)® + (22). If 2, ¢ supp(MET!), then
it is obvious that ME&T' € (yi,...,yn—1)™ + (22). Hence I(n,k) C I(n— 1,k —1)N
(Y1, yn—1)* +(22)), as desired. 0

We have added a superscript to our notation for the shifted Specht polynomials to help
the reader remember degrees. The other containment

1(n,k) 2 10 =1k =10 (12 90-1) ® + (22)) (20)

is harder to prove.
Note that the ideal I(n—1,k—1) is generated in degrees kK —1 and k by the following
subspaces of forms:
V=V(n-1,k-1,k-1)=(F;' | T€STab(n—1,k—1,k—1))
U=Un-1,k-1,k)
=(z,F3~' | T €STab(n—1,k—1,k—1)) +(M§ | S € STab(n—1,0,k))
=z, -V(n—1,k—1,k—1)+V(n—1,0,k).
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We make some preliminary observations, but first some notation. Denote by N™(m) the set of
exponent vectors of degree, that is, a= (a1,...,a,) with a; +---+a, = m. A monomial in the
y-variables (resp., the z-variables) will be denoted by y* =y{* ---y%» (resp. x* =z{"*--- "),
and its radical is the square-free monomial /y2 =[] a;>0Yi- We also define the weight of a
monomial to be wt(y?) = #{a; > 0}, the number of nonzero entries in its exponent vector.

LEMMA 5.14. With U and V as above, we have

1. z,-VCU,

2. z,-UCI(n,k), and

3. forevery P€I(n—1,k—1), and for all exponent vectors a€ N"~1(m) and b € N"~1(m —
1), there exists elements vy € V and pyn € U such that

pP= Z Va+ Z y® b mod I(n,k). (21)

aeNn—1(m) beEN"—1(m—1)
Proof. (1) is obvious from the definitions. For (2), note that for S € STab(n—1,0,k—1),

Ty ME €V (n,0,k+1) CI(n,k). Also for T € STab(n—1,k—1,k—1) and for index 1 <4 <
n—1 such that ¢ ¢ supp(7'), which exists because n—1 > 2k > 2(k—1), we have

2 k-1 k—1 k-1
xn Fr =ap(xn —ai) - Ff 4 apx - Fpo,

and since (z, —z;)- Fi~' € V(n,k,k) and z,2;- FE~1 € V(n,0,k+1), it follows that z2 -
Ex=' ¢ I(n,k), and (2) follows. Finally fix a homogeneous polynomial P € I(n— 1,k —
1). Then for each T'€ STab(n —1,k—1,k—1) and each S € STab(n —1,0,k), there exist
polynomials, which we may take in the y-variables, gr(y) of degree m and hg(y) of degree
m — 1 for which

P = > gr(y)-Fr '+ > hs(y)-Ms.
TeSTab(n—1,k—1,k—1) SeSTab(n—1,0,k)

Writing  g7(y) = 97(y1,---,¥n—1) + Tug7(U1,- .- Yn—1) + 2797(y) and also hs(y) =
R (Y1, Yn—1) +nhis(y), it follows from (2) that 22 g2.(y)- Fa ' € I(n,k), z,hs(y)-ME €
I(n,k), and also that x,g%(y1,...,Yn—1) -Fqlf_l € U. Then taking monomial expansions,
reversing orders of summations, and grouping like monomial terms, we get

P= Z Z S (a)y?- Fpt

T€STab(n—1,k—1,k—1)acNr—1(m)

+ > > ey e P!

TeSTab(n—1,k—1,k—1) beEN"(m—1)

+ Y > di(b)y® Mg

SeSTab(n—1,0,k) beN™(m—1)

= > ¥ > G@FF |+ > y°

acN"(m) TeSTab(n—1,k—1,k—1) beN"—1(m—1)
> ch(b)FE-1 4 > d%(b)ME | mod I(n,k),
TeSTab(n—1,k—1,k—1) SeSTab(n—1,0,k)
and (3) follows. 0
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The following Lemma is analogous to Lemma 4.5 in §4.

LEMMA 5.15. If PeI(n—1,k—1)0((y1,.,yn1)* + (a
then each of its monomial summands must lie in (y1,.. ,yn 1)

y ,LLa (yla"'ayn—l)(k> +( n) (md y Vb S (yla 5 Yn— 1)
and b € N""1(m—1).

2)) is expressed as in (21),
(k) 4+ (22) is too, that is,
+ (22) for all a € N"~1(m)

Proof. By Lemma 5.14, we may write

P = Z yVa+ Z yP pin + P

aeNn—1(m) beN"—1(m—1)
Py Ps

for some v, € V', some up, € U, and some Ps € I(n, k). Next note that if P € (y1,... ,yn,1)<k> +
(22) then both Py € (y1,...,Yn—1)* + (22) and P € (y1,...,yn—1)"* + (22). Indeed, note
that in their respective y-monomial expansions, those monomials in P; are all independent
of y,, whereas all monomials in the y-monomial expansion of P, are either divisible by
Yn = T, OT i (Y1,...,Yn_1)" + (22) already, by Lemma 5.7.

For the monomial products in P; we assume by way of contradiction that y?-v, ¢
(Y1, s Yn_1)¥ 4 (22) for some a € N*~1. Then since (y1,-.-,yn_1)* +(22) is a monomial
ideal, it follows that in the y-monomial expansion of y?v,, there must be some monomial say
yd which is not in (y1,...,yn_1)% + (22). Since y?v, is independent of z,,, so is y<. Since
(Y1, yn—1)¥) consists of all y-monomials of weight at least k, it follows that wt(yd) <
k—1. On the other hand, every y-monomial in the monomial expansion of v, has weight
equal to k — 1, hence it follows that wt(y9) = k— 1. But then we can deduce, as in the proof
of Lemma 4.5, that

d

\/F:ya,

and hence the exponent vector d uniquely determines the exponent vector a. This implies

that y9 occurs with the same coefficient in the monomial expansion of the term y2v, as it

P = Z yayaa

aeN”—1(m)

does in the entire sum

contradicting the fact that Py € (y1,...,yn—1)* + (22). The argument for P is similar. [

Lemma 5.15 says that to check the containment

I(n,k) 2 I(n—1,k—1)N ((yl, e Yn—1)® (fﬁ)) :

it suffices to check on products of monomials and forms in either V or U, that is, for any
a,b e N"! and for any v € V and any p € U

y2v € (y1,... ,yn_l)U€> + (:Ei) = yiv e I(n,k), (22)

yPu e (y1,---,yn_1)<k>+(x721) = yPu e I(n,k). (23)

The next lemma verifies implications (22) and (23) in the special case where a,b = 0. This
seems to be where we need our assumptions on p.
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LEMMA 5.16. Fiz v e Vin—1,k—1,k—1) and p € Un—1,k—1,k). If v €
Y1y Y1)+ (22) thenv=0. If p=0 or p>k+1 and if p € (y1,...,Yn_1)"* + (22)
then p € a(n,k,k) C I(n,k).

Proof. The first statement for v is obvious for degree reasons. For the second statement,
we can write pu = pu(x1,...,2,) = rpa+ B for polynomials o = a(zq,...,2,-1) € Vi(n —
1,k—1,k—1) and g =B(x1,...,2n—1) € Vx(n—1,0,k). Here, it is important to distinguish
between polynomials in z-variables and those in the y-variables, hence we adopt the notation
Vi(m,j,7) and Vi (m,j,j) to denote the F-span of Specht polynomials in the z-variables
and y-variables, respectively; note that if m <n —1 these two subspaces coincide.

Consider inclusions of monomial complete intersections, B C A defined in the y-variables
by:

Flyy, ... yn_ Flyr.. .. un
[y17 'Y 1] s A= [yl Y ]

B= :
(Y2,...,92_1) (y2,...,y2)

and let Lg,Dp,Hp, and La,Da,H4 be their respective raising, lowering, and semi-simple
operators, respectively, as in §3. Then since p=0 or p > k+ 1, Lemma 3.4 implies that the
lowering maps for B and A,

DBZ Bk—>Bk;_1, and DAi Ak—>Ak_1

are both surjective, which by Lemma 3.2 is equivalent to their primitive subspaces P =
ker(Dp) N By, and P4 j, = ker(D4) N Ay, satisfying

PB,k = Vy(n— 1,]{3,145), and PA,k = Vy(n,k:,k‘).

We identify B (resp. A) with the subspace spanned by square-free monomials in variables

YiyeeosYn—1 (TESDP. Y1,...,Yn).
Then if = zpa(zy,..., 20 1)+ 81, ., Tn_1) € (W1, Yn_1)" + (22), by Lemma 5.7,
we have

p=(—D 1z, (alyr,...,yn—1)+Da(BY1,-..,yn-1))) =0 mod (yl,...,yn_1)<k> + (22),
(24)

(note that Dg(a(y1,...,yn—1)) =0 and B(y1,...,Yn-1) € W1,---,Yn_1)"* + (22) automati-
cally). Dividing by z,, in (24), we see that

a(yh"'7yn71)+DB(B(y17"'7yn71)) S ((yla"'7yn71)<k>+xi) Tp = (yla"‘uyn71)<k>+(mn)7
which, for degree reasons, implies that

(Y1 Yn—1) + DB(BY1,--,Yn-1)) = 0.

Therefore, By = B(y1,...,Yn—1) € By, is a square-free polynomial in yq,...,y,—1 such that
Dp(fy)=—ay€V(n—1,k—1,k—1) = Pp ;_1. Applying the commutator relation

[Dp, L] = Hp,
to ay = a(y1,...,Yn—1), we find that
DpoLp(ay)=H(ay)=(n—1-2(k—-1)) ay,
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which implies that
MB(yla- . -7yn—1) :=Lpg (ay) + (TL—Qk—i— 1) -55, € PB,k = Vy(n— 1,/€,]€). (25)

Note that Equation (25) also implies that up := pp(z1,...,2p-1) € Va(n—1,k, k). We can
also apply the commutator relations for those operators on A. Note that the restriction of
Djy=Dp+0/0yy, to B is Dp, and that by Lemma 3.5, we have

Vy(n—1,k, k) =V, (n,k, k)N By.

It follows that D4(By) = Dp(fy) = —ay € Vy(n—1,k—1,k—1) C V,(n,k—1,k—1), and
hence applying the commutator relation

[Da,La]=Ha,
to Da(fBy) = —ay we also find that
PAWYLs- - Yn—1,Yn) :=La(ay)+(n—2k+2)-By € Pay =Vy(n,k,k), (26)

and hence pg = pa(xy,...,x,) € Vi(n,k, k). Noting that Ly = L + x,, we see that adding
W to up yields pga, that is,

(zpa+B)+ (14 +Tp1) - a+(n—2k+1)8) = (z1++x,) a+(n—2k+2)3.

p 1B fa
It follows from (25) and (26) that =z, -a+f = pa —pup € Vx(n,k,k) = V(n,k,k) C
a(n,k, k), as claimed. 0

Next, we check containment (20) for monomials which are not contained in the support
of v and p. The following Lemma is analogous to Lemma 4.6 in §4. Recall that the support
of the (shifted) Specht polynomial for T is the set of square-free monomials indexed by
subsets of numbers in the support of T, no two of which lie in the same column of 7.

LEMMA 5.17. Fix tableaux T € STab(n—1,k—1,k—1) and S € STab(n—1,0,k), and
exponent vectors a,b € N*~1,

1. If vxa ¢ supp(Fr') then y® - Frt € a(n,k,k) C I(n,k).
2. If VxP ¢ supp(ME) then y® - ME € (zq,...,2,) %Y C I(n,k).
Proof. For (1) assume v/x® ¢ supp(Fr'). If some variable z; € supp(y®) but z; ¢
supp(Fp 1), then clearly
ya-F:lﬁ_1 = ya, ~yi-F:Iﬁ_1 = ya, (g — ) 'F;_l e V(n,k,k).

We may therefore assume that every variable of x* lies in the support of Fr_fi_l. But since
Vx2 ¢ supp(Fir ') there must be two distinct indices 4,5 for which y;,y; € supp(y®) and
i,j lie in the same column in 7. Choose any index r # 4,j such that z, ¢ supp(Fqlf_l)f
presumably there is such an r since we are assuming that k41 <n—k—and let (i,7),(j,r) €
G,, be the transpositions swapping ¢, and j,r, respectively. Then we have

k—1 k—1 k—1
ya.FT :ya, (F(lyr)T—i_F(jﬂ‘)T) 5
and since x; ¢ supp(F(klf_T;T), we must have

ya ’ F(k;;iT = ya/ “Yi F(’Z;:)I-T = ya' ’ (xn _-ri) 'Fk_;T € a(nvkak) C I(n¢k)a

(/LYT
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and similarly for F' (’;_T%T This proves that y2 - Fjlf_l € I(n,k). Item (2) is easier and left to
the reader. O
Finally, we need to check what containment (20) for monomials which are contained in
the support of v or u. Since the ideal (y1,...,yn_1)* + (22) is generated by square-free
monomials in (yi,...,¥,—1) and the monomial z2, it suffices to prove implications (22) and
(23) for square free y2. Also, by symmetry, it will suffice to assume that y2 =y™ =y Y.
As in Corollary 2.8, we define the subset of standard tableau on a shape A as those which
contain the set of integers {1,...,m} in their support, denoted by STab,,(\) C STab(\),
and define the subspaces
Vin=Vim(n—1,k—-1k—1)=(Fp' | T € STaby,(n—1,k—1,k—1)),
Up=Un(n—1,k—1,k)
=(z,F}~' | T € STaby,(n—1,k—1,k—1))+(M& | S € STab,,(n—1,0,k)).
We also define their complimentary subspaces
Vm=v"(n-1,k—1k-1)
=(Fy~' | T €STab(n—1,k—1,k—1)\STab,,(n—1,k—1,k—1)),
Un=U"(n-1,k—1,k)
=(z,F}~' | T € STab(n—1,k—1,k—1)\ STab,,(n — 1,k — 1,k — 1)),
+ (M | S € STab(n—1,0,k) \ STab,,(n —1,0,k)).
Then we have vector space decompositions V =V,,, V™ and U =U,, + U™, and Lemma

5.17 implies that y™ -« € I(n,k) for « € V™ LUU™. Hence, it only remains to check o €
Vi UU,,. As in Corollary 2.8, we have the following bijective map of vector spaces:

Viin—1,k—1,k—1) — V([n—1]m,k—1—m,k—1—m),

F’Zli—ll F,zk_rv—l—m’
where
1 m im+1 Zk}
T = (27)
Uet1| o k| J1 | =0 | Jm Pms1| 0 | Jk
and
it | ik
T = (28)
Uet1| o ln—k| J1 | = | Jm Umt1| o0 | Jk

We also have the (possibly noninjective) linear map

Un(n—1,k—1,k—=1) —— U([n—1]m,k—1—m,k—m),

anqlf_ll anjlf,_l_m

)

k k—m
Msl MS/

Y
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where T € STab,,(n — 1,k — 1,k —1) and 7" € STab([n — 1],,,k — 1 —m,k—1—m) are
the tableau in (27) and (28), respectively, and where where S € STab(n —1,0,k) and
S’STab([n —1],,,0,k —m) are given by

1| oo | m fimga o | i
S — (29)
Uet1| = [in—k

and

bm+1| = | Tk
S = (30)

Teg1| = |in—k

The following two lemmas are useful.

LEMMA 5.18. For any B € V(In—m],k—m,k—m) where [n—m] ={m+1,...,n}, we
have

(x™)2. 8 € I(n,k).

Proof. Fix a tableau 77 € STab([n—m|,k—m,k—m) as in (28) and let T' € STab,,,(n —
1,k—1,k—1) be the corresponding tableau as in (27). Then it suffices to show that we have

(x™)? . Fhom — g2 g2 CFRT™ e (k) = a(n, b, k) + (21, .., ) T,
On the other hand, we clearly have
Ty FE =222 Fr™ 4 (stuff in (1‘1,...,xn)<k+l>> €a(n,k,k)

and the result follows. U

LEMMA 5.19. Fiz elementsv € Vy,(n—1,k—1,k—1) and p € Up,(n—1,k—1,k), and let
vVeV(n—1]mk—1-—mk—1—m) and @/ € U([n— 1],k —1—m,k—m) their respective
images under the maps above. Then we have

Loy™ (= (=1)"y™) € (y1,-.. . yn—1)™ + (23),
2 ym ('u_ (_1)mymlul) € (yla' . 7yn—1)<k> + (l‘%),
3. x™(p—x"p') e I(n,k), and
4. y™ - p—(=1)"x™.pe I(n,k)

Proof. For (1) note that it suffices to see that for T' € STab,,(n—1,k—1,k—1) and
T" € STab([n— 1],k —1—m,k—1—m) as in (27) and (28), we have

ym (ijiil - (71)mymFé€171) € (ylv"'vyn—l)<k> +(‘/E$L)

By Lemma 5.7, we have Fjlf;l =FEi Y1,y yn1) = (D FE N (2, ) = FRY
and Fff;*m = (—1)k=1=m. Fr~1 Since the difference Fﬁ;l —ym-F:,IET; is a combination

of y-monomials which do not contain y™ in their support, it follows that the product

Yy (FE = (=1)™y™ Ef ) € (g, s Y1) + (22).
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For (2), write p =z, -a+f where a € V,,,(n—1,k—1,k—1) and g € V,,,(n—1,0,k). By
(1) we know that

Y (@0 — (=1)"zp ) € (Y1, yn—1) ™+ (27),
hence, it suffices to take = 8= ME € V,,,(n—1,0,k) and show that
ym (Mg - <_1)mymM§’_m) € (ylv cen 7yﬂ—1)(k> + (1'721)7

for S € STab,,(n—1,0,k) and S” € STab([n — 1],,,0,k —m) as in (29) and (30). In this case,
we have

ME=xy-apy MET™,
and Lemma 5.7 implies that the difference satisfies
Mg —(=1)"y™- Mg
= (DM, + ()" e, D(ME)

—(=1)"y™ ((—1)’“‘mM§ty+ (—1)"“—1—%”D(M§,jy)) mod (z2)
= (-1)* 'z, (D(ME,) —y™ - D(ME™™)) mod (z2)
= (-1, - (Zyl---yi---ymM’g:;%) mod (22).

=1

Therefore, it follows that the product satisfies
Y™ (ME — (=1)™y™ ME™) € (..o g )™ + (22).

For (3), we write y = x,a+ 8 where a € V,,,(n—1,k—1,k—1) and 8 € V;,,(n —1,0,k),
and also y' = z,a’ + ’. Then we have

X™ (20— xP2,0") € (21,...,2,) ) C I(n,k),
and also
X" (5~ x™B) =0 I(n k),

and the result follows.
For (4), note that

yor—(-1)"x" = (v, —x1) (Tp—Tm) — (—1)"x1 - 24, = x4 (stUD)
and since x,, - u € I(n,k) by Lemma 5.14, the result follows. U
The following is an analogue of Lemma 4.7 in §4.

LEMMA 5.20. Ify™-v € (Y1, Yn_1)* + (22) for some v € V,,,, then v =0, and in
particular, y™-v € I(n,k). If p=0 orp>k+1, then if y™ - € (y1,--,Yn_1)* + (22) for
some p € Uy, then y™-p € I(n,k).

Proof. First assume that for some v € V;, we have y™-v € (y1,...,yn_1)® + (22). By
Lemma 5.19(1), we have

YRV —y™= V) € Wise s yn1) M + (22),
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and it follows also that

(ym)Q . € (yla' .- 7yn—1)<k> + (xgz)

Therefore, we have

v e (e o)+ @2): ™)) = (nespn) P+ 62) 1 y™)
= WYmt1see s Yn—1)" " (23),

and hence that v/ € V([n— 1m,k—1—mk—1=m) N (Umits---yn-1)F"™ + (22). By
Lemma 5.16, it follows that v’ =0, and therefore also v = 0, which proves the first statement.

Next, assume that p=0 or p > k+ 1, and assume that for some p = p(x1,...,2,-1) €
Upny we have y™ -1 € (y1,...,yn—1)* + (22). Then by Lemma 5.19(2), we must also have
(y™)? ' e (Y1, Yn—1)¥ 4 (22), and hence also we must have

€ () 4 @2) ™) = (100 ™+ (02) 5 3™)
= Ymt1s-- Y1)+ (22).

Therefore, we have p/ € U([n— 1],k —1—m,k—m) N (Ymi1,--- Yn_1)* "™+ (22), and it
follows from Lemma 5.16 that y' € V([n)m,k, k). Therefore, by Lemma 5.18, it follows that
(x™)?. 1/ € I(n,k). Then by Lemma 5.19(3), we must also have x™ -y € I(n, k), and from
Lemma 5.19(4) it follows that y™ - € I(n, k), as desired. 0

Finally, we are in a position to prove Theorem 5.5(3):
Proof of Theorem 5.5(3). Assume that p=0 or p > k+1. By Lemma 5.13, we have

I(n,k) € 10 =1,k =10 (1, )™ + (22)).

For the reverse containment, Lemma 5.15 implies that we only have to check on products
of monomials in (y1,...,y,—1) and forms in the subspaces V=V(n—1,k—1,k—1) and
U=U(n—1,k—1,k). Since (y1,...,yn—1)* + (22) is generated by square-free monomials
in (y1,...,yn—1) it follows that we may assume our monomials are square-free, and by
symmetry, we may assume that our monomial is y™ =y - y,,. Write V =V, @ V™ and
U=U,,+U™ as above. Then Lemma 5.17 implies that y™ -« € I(n, k) for any a € V" LU™.
Also if B € V,, UU,,, then Lemma 5.20 implies that if y™ -8 € (y1,...,Yn_1)* + (22), then
y™- 5 € I(n,k), and the result follows.

Conversely, assume that 0 < p < k+ 1. Then as in the proof of Theorem 5.5(4) and in

particular (19), we have I(n,k) # I(n—1,k—1)N ((y1,....yn—1)" + (22)).
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