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Abstract. Let X( be a smooth projective threefold which is Fano or which has Picard
number 1. Let 7 : X — X be a finite composition of blowups along smooth centers. We
show that for ‘almost all’ of such X, if f € Aut(X), then its first and second dynamical
degrees are the same. We also construct many examples of blowups X — X, on which
any automorphism is of zero entropy. The main idea is that, because of the log-concavity of
dynamical degrees and the invariance of Chern classes under holomorphic automorphisms,
there are some constraints on the nef cohomology classes. We will also discuss a possible
application of these results to a threefold constructed by Kenji Ueno.

1. Introduction
While there are many examples of compact complex surfaces having automorphisms
of positive entropies (for example, the works of Cantat [8], Bedford and Kim [4-6],
McMullen [23-26], Oguiso [28, 29], Cantat and Dolgachev [9], Zhang [40], Diller
[15], Déserti and Grivaux [14] and Reschke [33]), there are few interesting examples of
manifolds of higher dimensions having automorphisms of positive entropies (for example,
Oguiso [30, 31] and Oguiso and Perroni [27]). In particular, for the class of smooth rational
threefolds, there are currently only two known examples of manifolds with primitive
automorphisms of positive entropy (see [10, 11, 32]). Here, a primitive automorphism,
defined by Zhang [40], is one that has no non-trivial invariant fibrations over a base of
dimension one or two. For general properties on automorphism groups of compact Kéhler
manifolds, see the recent survey paper [16].

It is natural to ask what happens in dimension three and higher. For example, the
following question was asked by Bedford in 2011.

Question 1. Ts there a finite composition of blowups at points or smooth curves X — P3
starting from IP3 and is there an automorphism f : X — X with positive entropy?
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This paper aims to study Question 1 and some related questions. We give evidence
that the answer to Question 1 is negative and that the examples in [10, 11, 32] cannot be
obtained as smooth blowups of smooth threefolds having Picard number 1 or being Fano.

Our results and proofs are stated in terms of dynamical degrees, which we recall now.
Let X be a smooth projective threefold. We denote by Pic(X) the Picard group of X,
Picg(X) = Pic(X) ®z Q and Picr(X) =Pic(X) ®z R. Let Nef(X) C Picr(X) be the
cone of nef classes, which is the closure of the cone of ample classes. Recall that a class
in Picgr(X) is nef if and only if it has non-negative intersection with every curve on X.
For later use, we denote by c¢1(X) and c>(X) the first and second Chern classes of X. Let
f : X — X be an automorphism. Then f preserves both Pic(X) and Nef(X). Let w be an
ample class on X. We define the first and second dynamical degrees of f as

M) = lim [(F") (@) -],
ha(f) = lim [(f")* (@) - 0] /",

Here are some properties of these dynamical degrees: A1 (f ¥ >x(f)=1land A (f =
A2(f). For more on dynamical degrees, see [19].

Entropy of f can be computed via dynamical degrees by Gromov—Yomdin’s theorem
[20, 37]): hiop(f) =log max{r;(f), A2(f)}. Hence f has positive entropy if and only if
r(f) > 1.

Primitivity of f can also be detected from dynamical degrees via the following criterion
(see [32]), which is a consequence of results in [17, 18]: if A{(f) # X2(f), then f is
primitive.

The main idea behind all the results of this paper is that the existence of an
automorphism f of positive entropy on X imposes some constraints on the cohomology
groups of X. In fact, let 0 # ¢ € Nef(X) be such that f*(¢) = A1 (f)¢ (the existence of
such a class is guaranteed by the Perron—Frobenius theorem). The differential df gives
an isomorphism between the tangent bundle 7' X and its pullback f*(7 X). Hence, from
the properties of Chern classes, we have f*c1(X) =c1(X) and f*c2(X) = ¢3(X). Since
A1(f) > 1 and X has dimension three, it follows that

P =¢t a0 =¢-a)’=0.
In fact, stronger constraints are satisfied.

THEOREM 1. Let X be a projective manifold of dimension three and f:X — X an

automorphism.

(1) If f has positive entropy, there is a nef class ¢, which is not in R - Picg(X), such that
2=0,¢-c1(X)?=0and ¢ - c2(X) =0.

(2)  If M(f) # A (f), there is a nef class ¢, which is not in R - Picg(X), such that
2=0,¢-c1(X)=0and ¢ - c2(X) =0.

Here we comment on the condition {2 = 0. If X has dimension two, then this condition
is one homogeneous equation in m variables (here, m is the Picard number of X) and hence
is very easily satisfied. In contrast, when X has dimension three or bigger, the condition
¢*=0is a system of p > m homogeneous equations in the m variables (here, p is the
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dimension of /\2 Picr (X)), and hence is more difficult to be satisfied. This is a heuristic
argument for why it is difficult to find automorphisms of positive entropy in dimension
three or larger.

Based on Theorem 1, we state some conditions on nef cohomology classes.

CONDITION 2. Let X be a smooth projective threefold.

(1) Condition A: we say that X satisfies Condition A if, whenever ¢ € Nef(X) is such
that {2 =0, ¢ -c1(X)?>0and ¢ - c2(X) <0, ¢ € R - Picg(X).

(2) Condition B: we say that X satisfies Condition B if, whenever { € Nef(X) is such
that {2 =0, -c1(X)=0and ¢ - c2(X) <0, . eR- Picg(X).

By Theorem 1, if X satisfies Condition A, then any automorphism on X has zero entropy
and, if X satisfies Condition B, then, for any automorphism f of X, A{(f) = A2(f). While
requiring more than the assumptions in part (1) of Theorem 1, Condition A is very suitable
for inductive arguments. A similar comment applies for Condition B.

Now we are ready to state the main results of this paper. The first result is for blowups
of some special configurations of P3.

THEOREM 3. Let pi, ..., pn be distinct points in Xo = P3 such that any four of them do
not belong to the same hyperplane. Let C; ; be the line connecting the points p; and p;j.
Let 7y : X1 — P3 be the blowup at p1, ..., pn. Let D; j C X1 be the strict transforms of
Ci,j, and 7y : X2 — X1 be the blowup at D; j. Then any automorphism of X, has zero
entropy.

Remark. Dolgachev and Prokhorov informed us that, in the special cases where 4 <n <7,
the automorphism group of X, in Theorem 3 is finite. The conclusion of Theorem 3
can be proven for the blowups of more general configurations in P3. However, since the
statements of these generalizations are a bit complicated, we refer to §4 for more details.

The next two main results of the paper are for threefolds having Picard number 1 or
satisfying a special property on the second Chern class.

THEOREM 4. Let X( be a threefold with Picard number 1. Let Cy, ..., C; C Xo be
smooth curves which are pairwise disjoint. Let p1, ..., ps € Xo be distinct points, which
are allowed to belong to the curves Cy, ..., Cs. Let 1 : X1 — Xo be the blowup at
Pls - -, Ps, andmy : Xo — X1 be the blowup at the strict transforms of Cy, . . ., Ct. Then
X» satisfies Properties A and B.

We note that, in general, Theorem 4 does not hold for threefolds X with Picard number
greater than or equal to two (for example when Xo = P? x P!). However, the theorems
below may still hold for those manifolds. See §4 for more details. We recall that a class ¢
on X is movable if there is a smooth blowup 7 : Z — X such that ¢ is the pushforward of
some nef class on Z.

THEOREM 5. Let Xg be a smooth projective threefold such that c2(Xg) - ¢ > 0 for all non-

zero movable ¢ € NSr(Xo). Let p1, ..., pn € Xo be distinct points. Let w1 : X1 — Xo
be the blowup of Xg at p1, ..., pu. Let D1, ..., Dy, C X be disjoint smooth curves and
let my : Xo» — X1 be the blowup at Dy, .. ., D,.
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(1)  X» satisfies Condition B.
(2) Assume, moreover, that for any j, c1(X1) - Dj <2g; — 2, where g; is the genus of
D;. Then X, satisfies Condition A.

Theorem 5 applies for Xo=P3 or P? x P! or P! x P! x P'. It also applies for
complete intersection threefolds in P (see §4 for more details). We note that, here, the
images in Xo of Dp, ..., D, may be singular and intersect with each other, and hence
Theorem 5 is not covered by Theorem 4, not even in the case Xo = P3,

Finally, we state several results which are purely inductive in nature, which can also be
applied to blowups of Fano threefolds. Here we recall that a threefold is Fano if ¢1(X) is
ample.

We start with the case of point blowups.

THEOREM 6. Let Y be a smooth projective threefold satisfying one of the Conditions A
and B. Let w : X — Y be the blowup at a point. Then X satisfies the same condition.

Next, we consider the case of curve blowups.

THEOREM 7. Let Y be a smooth projective threefold satisfying Condition A or B. Let

7w : X — Y be the blowup at a smooth curve C C Y. Let g be the genus of C, and define

y=c1(Y)-C+2g—2. Then X also satisfies the same condition if one of the following

cases occurs.

(1) c1(Y) - C is an odd number and the normal vector bundle Nc,y is decomposable.
The latter means that Ncy is the direct sum of two line bundles over C.

(2) y < 0and C is not the only effective curve in its cohomology class.

(3) There is an irreducible hypersurface S C Y such that 2k < py. Here, k = S - C and
W is the multiplicity of C in S.

We note that in (1) of Theorem 7, the condition that N¢,y is decomposable, may
be satisfied easily. For example, if C is a smooth rational curve, then N¢,y is always
decomposable, by a result of Grothendieck, even if C does not move in Y.

THEOREM 8. Let Y be a smooth projective threefold satisfying Condition B. Let w : X —
Y be the blowup at a smooth curve C C Y. Let g be the genus of C. If c1(Y) - C #£2g — 2,
then X also satisfies Condition B.

Hence, we conclude that if X is a smooth threefold which is Fano or has Picard
number 1, then, for almost every X — X which is a finite composition of points or smooth
curves, every automorphism f on X has A1(f) = A(f). This is a strong indication that
probably all automorphisms on such manifolds are not primitive, that is, they have invariant
fibrations over a base of dimension one or two.

In §4, we will give various examples illustrating the above results. In §5 we will discuss
a possible application of the above results to Ueno’s threefold, considered in [36].

Remark. The general case of compact Kihler threefolds can be treated, similarly, by
replacing the Neron—Severi group by the (1, 1) cohomology group. After the appearance
of a first version of this paper (see [35]), some generalizations to higher dimensions have
been given in [2, 34].
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2. Preliminaries on nef classes and blowups
2.1. Kdhler, nef and psef classes and effective varieties. Let X be a compact Kihler
manifold. Let n € H"!(X). We say that 7 is Kihler if it can be represented by a Kihler
(1, 1) form. We say that n is nef if it is the limit of a sequence of Kéhler classes.
We say that 5 is psef if it can be represented by a positive closed (1, 1) current. A
class & € H?-P(X) is an effective variety if there are irreducible varieties C, ..., C; of
codimension p in X and non-negative real numbers ay, . . ., a; so that £ is represented by
Zi a; Ci.

Demailly and Paun [13] gave a characterization of Kahler and nef classes, which, in the
case of projective manifolds, is summarized as follows.

THEOREM 9. Let X be a projective manifold with a Kdhler (1, 1) form w. A class n €
H“Y(X) is Kéihler if and only if, for any irreducible subvariety V C X, fV pdim(V) > 0,
A class ne HV\(X) is nef if and only if. for any irreducible subvariety V C X,
Jy n8m = A wl >0 forall 0 < j < dim(V).

Nef classes are preserved under pullback by holomorphic maps.

LEMMA 10. Let 7 : X — Y be a holomorphic map between compact Kdhler manifolds.
Then T*(H ! (X)) € HLL (Y).

©

Proof. Since nef classes are in the closure of Kihler classes, it suffices to show that if n
is a Kihler class, then 7*(n) is nef. Let ¢ be a Kéhler (1, 1) form representing 1. Then
¥ () is a positive smooth (1, 1) form. Let wy be a Kéhler (1, 1) form on X. Then 7*(n)
is represented as a limit of the Kihler classes

N 1
7 (p) + —ox,
n
and hence is nef. O
Remark. Similarly, it can be shown that psef classes are preserved under pushforward by

holomorphic maps. However, nef classes may not be preserved under pushforwards, even
when the map is a blowup.

2.2. Blowup of a projective 3-manifold at a point. Let m : X — Y be the blowup of a
projective 3-manifold at a point p. Let E = P? be the exceptional divisor and let L C E
be a line. Then H'1(X) is generated by a*(H"1(Y)) and E, and H>2(X) is generated
by 7*(H*?(Y)) and L. The intersection product on the cohomology of X is given by

¥ E)-E=0, E-E=—L,
n*€)-L=0, E-L=-—1.

The first and second Chern classes of X can be computed by (see, for example, the book
of Griffiths and Harris [21, §6, Ch. 4])

c1(X) = 7" (c1(Y)) — 2E,
o2 (X) = 7¥(c2(Y)).

The following result concerns the relations between cycles on X and Y.
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LEMMA 11. For any effective curve V C Y, there is an effective curve V C X so that
s (V)=VandV - E > 0.

Proof. 1t suffices to consider the case when V is an irreducible curve. We can choose 1%
to be the strict transform of V. Then ,(V) =V, and V is not contained in E. Therefore
V.-E=>0. O

We end this subsection showing that nef classes are preserved under pushforward by
point blowups.

LEMMA 12. Let € HYl (X). Then (1) € Hyf (V).

Proof. 1t suffices to prove the conclusion when 7 is a Kéhler class. Let ¢ be a Kéhler
(1, 1) form representing 1. Then . (¢) is a positive closed (1, 1) current, which is smooth
on X — p.

Let wy be a Kihler (1, 1) form on Y. To show that (1) is a nef class, by Theorem 9,
it suffices to show that, for any irreducible variety V C Y, 7, (n)4im()=/ . v . &), > 0 for
0 <j =<dim(V). We let [V] be the current of integration on V. Then, by the results
in §4, Ch. 3 in the book of Demailly [12], the current 7, (9)3™MY) =/ A [V] A ), is well

defined and is a positive measure with mass equal to , (n)3mV)=/ . v . a){, Thus the
latter quantity is non-negative. O

2.3. Blowup of a projective 3-manifold along a smooth curve. Letm:X — Y be the
blowup of a projective 3-manifold along a smooth curve C C Y. Let g be the genus of
C. Let F be the exceptional divisor and let M be a fiber of the projection F — C. We
can identify F with the projective bundle P(£) — C, where £ = Nc;/y — C is the normal
vector bundle of C in Y.

Then H'!'(X) is generated by 7*(H"!'(Y)) and F, and H>>(X) is generated by
7*(H*2(Y)) and M. The intersection between F and M is F - M = —1. The first and
second Chern classes of X can be computed as

c1(X) = 7%(c1(Y)) = F,
(X)) =7 (c(Y)+C) —n*c1(Y) - F.

Let [F] — X be the line bundle of F in X, denoted by e =[F]|r. Then (see, for
example, §6, Ch. 4 in the book of Griffiths and Harris [21]), in F,

e M=—1, e-e=—c|(£).
From the short exact sequence (SES) of vector bundles on C
0—Tc— Tylc — £ — 0,
it follows, by the additivity of first Chern classes, that
c1&)=c1(Ty) - C—c1(Te) =c1(Y) - C +2g — 2.
We define
yi=c1(Y)-C+2g—-2.
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We now consider an effective curve Cy C F with the properties

Co-Cp=r,
Co-M=pn>0,
M-M=0.

Any divisor on F is numerically equivalent to a linear combination of Cy and M. We now
show the following lemma.

LEMMA 13.
(a)
1 T
F'CQZE(]//L——>. (2.1)
"
(b)
1 1/t
F-F=——Cy+ = +y |M
2\ u?

() m(F-F)=-C.
Proof. (a) In fact,
F-Co=I[Fllc,=I[Fllr-Co=e-Co,

where the two expressions on the right-hand side are computed in F. On F, numerically,
we can write e = aCqo + bM. Then, from —1 =e¢- M = (aCo+ bM) - M = au, we get
a = —1/u. Substituting this into e - ¢ = —y, we obtain

1 1
—y:e-e=<—c0—bM>-<—co—bM>=i2—2b,
I I n

which implies that

Therefore
e +1(T + )M
e=—Co+ 5| 5+
0 2\ u?
Thus
-1 1/ 7
F-Co=e-Co=|—Co+ 5| —+7|M|Co
w 2\
—T 1/t
=—+—<—+yu)
w2\
1

I
Y
|
Tl
+
<
=
\._/

(b) From the formula for e in the proof of (a), it is not difficult to arrive at the proof
of (b).
(¢) Since Cy - M = p, it follows that 7, (Co) = «C. Then, from (b), we obtain (¢). O
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We end this subsection with a fact about ruled surfaces to be used later. By [22,
Proposition 2.8 in Ch. 5], there is a line bundle M — C so that the vector bundle
& =& ® M is normalized in the following sense: H°(E’) # 0 but, for all line bundles
£ — C with ¢;(£) <0, HY(&' ® £) = 0. A canonical section Cy C F can be associated
to such a normalized £’. The intersection between Cy and M is 1. Moreover, the number

10=Co-Co=c1(E) =c1(E) + 2¢c1(M),

is an invariant of F.

3. Proofs of the main results
We make use of the following result (see, for example, [3, 38]).

LEMMA 14. Let X be a smooth projective threefold and f : X — X be an automorphism.
If M (f) > 1, then M1 (f) is irrational.

For the convenience of the readers, we reproduce the proof of this Lemma here.

Proof. Let A be the matrix of f*: NSp(X) — NSr(X). Then A is an integer matrix and
A1(f) is areal eigenvalue of A. Moreover, A is invertible and its inverse A~ is the matrix
of the map (f ~1)* . NSp(X) — N Sr(X) and hence is also an integer matrix. Therefore
det(A) = £1. Thus the characteristic polynomial P(x) of A is a monic polynomial of
integer coefficients and P(0) = £1. Assume that A1 (f) is a rational number. Since A1 (f)
is an algebraic integer, it follows that A1 (/) must be an integer. Then we can write P(x) =
(x —A1(f))Q(x), where Q(x) is a polynomial of integer coefficients. If A1(f) > 1, we
get a contradiction, =1 = P(0) = —A1(f) Q(0). O

Now we give the proofs of the main results.

Proof of Theorem 1. Since f* preserves the cone Nef(X), by a Perron—-Frobenius type
theorem, there is a non-zero nef class n so that f*(n) = A1(f)n. Similarly, there is a
non-zero nef class _ so that (f~)*(n_) = A1 (f )n—.

Assume that A;(f) > 1. By the log-concavity of dynamical degrees, we also have
A (f~1 > 1. By Lemma 14, both A; (f) and A (f ') are irrational. Hence both ¢ and ¢_
are notin R - NSq(X). It is easy to see that

¢-e1(X)? =¢ -0 =0,
¢ e1(X)? = ¢ - ea(X) = 0.
To prove (1) it suffices to show that either £2 = 0 or ¢2 = 0. Assume otherwise. From

£2#0and f*(£%) = 1()?,

MO < ha(H)=r(f).
Similarly, from {E #£0,

SIADEXSTOR

Combining these two inequalities, we conclude that A{(f) > A (f )4, which contradicts

the fact that A;(f) > 1. This completes the proof of (1).
(2) The proof of (2) is similar. O
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Proof of Theorem 3. For the proof, it suffices to show that, for any non-zero nef ¢ on
X = X», either ¢ - ¢ (X)> #0or ¢ - c2(X) #0.

We let Eq, ..., E, be the exceptional divisors of the blowup 71 : X1 — Xo = P3. Let
F; j be the exceptional divisors of the blowup 73 : X = X, — X;. Then we can write

=13 =) aijFi;.
i<j

E=nfw) - ) PE.
I

Here u is nef on P? and a; i, B = 0.
For the proof of (1), it then suffices to show that deg(x) = 0. From

a(X)=m3ea(X)+ Y mDij— Y wrei(X1) - Fij,
i<j i<j
and the fact that ¢1(X1) - D; j =0, the condition ¢ - c2(X) =0 becomes & - c2(X1) +
ZRJ. £-D;;=0. Since c2(X1) = nf(cz(IPﬁ)), it follows that & - ¢p(X1) = 16 deg(u).
We also have that & - D; ; = deg(u) — B; — B; for every i < j. Therefore, we obtain

6deg(u)=—» £-Dj ;.
i<j
—1
(6+ %) deg(u) = (n — 1) Xl:ﬂ,.

From the condition ¢ - ¢ (X )2 = 0, we obtain

0=2¢-c1(X)?= <ﬂ§($) - Zai,jFi,j) . (ﬂz*cl(Xl)z

i<j
—2) meX) - Fij+ Y. F,.?j>
i<j i<j
=& aX)? =) & Dij—2) ajci(X)) Dy
i<j i<j
+ Zai,j(cl(xl) “Dij+2gij—2)
i<j
=22degu) —4 Y B+ Y ;28 —2—c1(X1): D)
1 i<j
= 22 deg(u) —42/31 —22061',]'-
! i<j

In the above, g; j = 0is the genus of C; j, and ¢1(Xy) - D; j =0foralli < j. In particular,
we obtain

11 6 n
7deg<u>z;m=<f+—

P 2) deg(u). (3.1

From the above inequality, we will finish by showing that deg(u) = 0. We consider several
cases.
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Case 1: n > 10. From Equation (3.1), it follows, immediately, that deg(u) = 0, as desired.

Case 2: 6 <n <9. In this case, for each of the six points p;, ..., p;; among n points
Pl ..., pn, there is a unique rational normal curve C C P? of degree three passing
through the six chosen points. Let D C X be the strict transform of C. Then D is different
from the curves D; ;. Therefore n;‘D is an effective curve, and hence

6
3deg(u) — Y By =& -D=¢-73(D)=0.
=1

Summing over all such choices of p;, ..., p;, we find that
n
7 deg(u) = Zz: Br.

Combining this with

6
> b= (n ~—+ %) deg(u),

l

we obtain deg(u) = 0.

Case 3: n =4, 5. In this case, we use rational normal curves to obtain

% deg() > ; A

Combining this with

6
> b= (n — + g) deg(u).

we obtain deg(u) = 0.

Case 4: n =1, 2, 3. In this case, we have n deg(u) > Z, B;1. Combining this with

6 n
; B = (m + 5) deg(u),

we obtain deg(u) = 0. O

Proof of Theorem 4. Letn{ :X’1 — Xy be the blowup atthe Cy, ..., C;. Let Fy, ..., Fy
be the exceptional divisors. Let M; = (| Y Hp ;) be the preimages of the points p;
(j=1,...,n). These are smooth rational curves, and are among the fibers of the maps
Fi— Cy, ..., F;— C;. Let 5 : X} — X be the blowup at the curves M;. Then X, is
isomorphic to X7.
Fix a number j. Leti be such that M; C F;. Using
1Ny, x;) = ctNmyF) + ct(NFyx lmy) =0+ (1) = =1,

we find that

Cl(X/l)-MjZI
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is an odd number. Therefore, using either part (1) or part (3) of Theorem 7, for the proof
of Theorem 5 it suffices to show that X 1 satisfies both Conditions A and B. To this end,
we only need to show that if ¢ € Nef(X) is such that t2=0,then¢ € R.NSgp(X)).

Let H € NSg(Xo) be an ample divisor. Since X has Picard number 1, we can write

¢ =a(r))*(H) =) a;Fj,
J

where a, ay, ..., a; > 0. If a =0, then, from the fact that ¢ is nef, o1 =-- - =a; =0.
Therefore, we may assume that o« > 0, and, after dividing by «, we may assume that @ = 1.
Then, for the proof of the theorem, it suffices to show that all the numbers «q, . .., o; are
in Q.

Since the curves C; are pairwise disjoint, forany i =1, ..., 1,

2
0=¢2-F = ((n;)*H—Zaij> - F;
j

= (n))*H* - F; —2o;(|)*H - F? + &7 F}
=20;H - Ci — &} (c1(Xo) - Ci +2g; — 2),

where g; is the genus of C;. We note that H - C; is a positive rational number. Hence,
either o; = 0 or

a; =2H - Ci/(c1(Xo) - C; +2g; — 2).

In both cases, «; are rational numbers as desired. O

Proof of Theorem 5. (1) Let ¢ be a nef class on X» such that £2 =0, ¢ - ¢;(X) =0 and
¢ -c1(X2)? <0. We need to show that { € R.Hflg (X2, Q). More strongly, we will show
that ¢ must be zero.

Let us denote by F; the exceptional divisor over D; of the blowup 75 : X2 — X . We
denote by 71 : X1 — X¢ the blowup of Cy at the points p;.

We can write ¢ =75 (§) — Zj a;Fj, where a; > 0 and £ is a movable class on X.
Since D; are disjoint, by intersecting the equations ¢ 2= ¢ - c1(X2) =0 with F;, we find,
as in [35], that either a; = 0 or

S'Dj =Ole](X1)-Dj=Olj(2gj —2).

Ifaj :0, then
£-Dj=¢ D) >0=a;ci(X)) D,

where D’; C Fj is a section whose pushforward is Dj. If oj #0, then & - D; = c1(X1) -
D ;. Therefore,
0>¢-ca(Xa) = (n;@) -3 ajF,,) : (n;cz(xo +Y (@ Dj —wiei(X)) - F,,))
j j

=& X))+ Y (- Dj—ajei(X1)- D)),
J
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Since each term & - D; — «jc1(X1) - D is non-negative, we find that & - c2(X;) <0.
Because ¢3(X1) = nfcz(Xo), we then get that (71)4(§) - c2(Xo) < 0. Because (71).(§)
is movable in X, from the assumption on c¢;(Xp) we obtain (71).(§) = 0. From this, it
follows easily that & and then ¢ are zero.
(2) The proof is similar to that of (1). The difference is that, here, for each j, either
aj=0or
§ Dy —ajer(X0) - Dy = 2L12g; =2 —er(X0) - Dy

In the first case,
£-Dj—ajei(X1)-Dj=§-Dj=¢-D; >0,

where D;. C Fj is a section. In the second case, by the assumption (2g; —2) — ¢1(X1) -
Dj > 0, we also have & - Dj —Oljcl(Xl) . Dj > 0.
Hence,

0=-— Z(é -Dj —ajc1(X1)-Dj) >§ - c2(X1).
J

Then we can proceed as before. O

Proof of Theorem 6. Let F be the exceptional divisor of the blowup 7. Let ¢ be a nef
class on X. Then we can write { = *(¢§) — aF for some o > 0 and for some movable
classé =m,.(f)onY.
Assume that {2 = 0. Then,
0=¢>=@"E) —aF)’ =7*E) +’F.

Here we used that 7*(£) - F =0. Because the classes of 7*(£2) and F? are linearly
independent in the (2, 2) cohomology group of X, from the above, we have that o = 0.
Then it follows that £ is nef on ¥ and £2 = 0. Moreover, since c¢1(X) = 7*c1(Y) — 2F
and c(X) = w*cp(Y) (see [21, Ch. 4)),

£-c1(Y) = me(w*(§) - w¥(c1(Y))) = mu (). (r 1 (Y) — 2F)) = w4 (¢ - c1(X)),

E-a()?=¢-a()?,

§-cY) =¢-cX).
Then it follows easily that, if Y satisfies one of the Conditions A and B, X also satisfies
the same condition. O

Proof of Theorem 7. We will show that if Y satisfies Condition A, then X also satisfies
Condition A. The proof for Condition B is similar.
Let ¢ be a nef class on X. We need to show that if

2 =0,
¢-c1(X)* >0,
¢-c2(X) <0,

then ¢ e R - NSgp(X).
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Let F be the exceptional divisor of the blowup mw:X — Y. We can write
 =m*() — aF for some o > 0. Also (see §2),
c1(X) =a*c1(Y) - F,
(X)) =a*c(Y)+7*C —a*c1(Y) - F,
. (F-F)=—C.
We first consider the case @« = 0. Then, £ is nef on Y and, moreover, éz =0. In this
case,
(¢ - c1(X)) = mu (™€) - (1 (Y) — F)) =& - c1(Y),
roa(X) =aE) - (wFa(Y) — F)? =7*&) - (t*c1(Y)? = 2x*c1(Y) - F + F?)
=&-c(Y))—£-C,
X)) =) @) +7°C —a¥c(Y) - F)
=&-al)+§-C.
Since £ is nef and C is an effective curve, & - C > (0. Therefore, from the assumptions
¢-c1(X)?>0and ¢ - c2(Y) <0, we obtain
£ =0,
Ea)?=¢-aX)’+E-C=0,
§-00Y)=¢-c2X)-§-C=<0.
Since Y satisfies Condition A, by assumption, it follows that £ € R- NSg(Y). Then
¢ =n*() eR- NSg(X). Hence X also satisfies Condition A.

Now we show that, under the assumptions of Theorem 6, actually « must be zero.
Assume otherwise, that is, that « > 0: we will obtain a contradiction. We recall that
y =c1(Y) - C + 2g — 2. From the assumption that > = 0,

0=¢2-F=@*¢) —aF)? - F
=7*E?) - F —2an™() - F2 + F>
=a$-C—2a2-y.
In the fourth equality, we used the results in §2. The assumption that & > 0 implies that
E-C=a-y/2.

‘We now proceed according to parts (1)—(3) of the theorem.
(1) In this case, ¢1(Y) - C is an odd number and N¢,y is decomposable. We have a SES
of vector bundles over C: that is,

0—Tc — Tylc = N¢jy — 0.
From this, it follows that
ci(Ncyy)=c1(Y)-C+2g—-2=y.

Recall that F is the exceptional divisor of the blowup 7. Then F =P(N¢,x) — C is
a ruled surface over C. Hence (see [22, Proposition 2.8 in Ch. 5]) there is a line bundle
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M over C such that £ = N¢;y ® M is normalized, in the sense that H 0(&) # 0, but, for
every line bundle £ with ¢ (£) <0, H*(£ ® £) =0.

Let f be a fiber of the fibration F — C. Then (see [22, Proposition 2.9 in Ch. 5]), there
is a so-called zero section Cy C F with the properties

1:=Co - Co = c1(&),
Co-f=1.

Because N¢,y is decomposable, £ is also decomposable. By part (a) of [22, Theorem
2.12 in §5], ¢1 (&) < 0. Moreover, from

c1(€) =c1Ngyy) +2ctM) =c1(Y) - C +2¢ =2+ 2¢1 (M),

and the assumption that ¢1(Y) - C is an odd number, we get that ¢1(£) < 0. Hence t < 0.
From Lemma 13,

C():—F-F—i-%(t—i—y)f.

Now we obtain the desired contradiction. Since ¢ is nef and Cy is an effective curve,
¢ - Co > 0. Hence,

0 < (@*() —aF)- (—F~F+%(T+V)f>
=g-n*(—F-F)+oeF-F-F—%a(t—}—y)F-f

1 ot
=€~C—ay+§a(r+y)=?<0.

In the above, we used that 7, (—F - F) = 74(Cp) = C (see, for example, [35, Lemma 4]),
F.-f=—1,F-F-F=—y,§-C=ay/2,a>0andt=Cp-Cy <0.

(2) In this case, y < 0 and C is not the only effective curve in its cohomology class. Let
D be another curve in the cohomology class of C. Since C is irreducible, we can assume
that C is not contained in the support of D. Then 7*(D) is an effective curve in X. Since
¢ is nef, we obtain a contradiction

0<a*(D) (=D -m(@)=D-5=C-&=ay/2<0.

(3) In this case, there is an irreducible hypersurface S C Y such that 2« < uy. Here
k = § - C and u is the multiplicity of C in S. We now construct an effective curve Co C F
and use it to derive a contradiction.

The strict transform S of S is given by S= 7*(S) — uF and is an irreducible
hypersurface of X. Since S and F are different irreducible hypersurfaces, their intersection
Co= S.F= (w*(S) — uF) - F is an effective curve of F. We now compute the numbers
Co-Copand Co - M.

Co-Co=S|p -S|lp=S-5-F
= (*(S) — uF) - (7*(S) — uF) - F = —2un*(S)-F-F+ u’F-F-F
=2MS'C—[,L2)/=2/,LI(—/L2)/.
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Define T = Cy - Co and o= Co - M. Note that ug # 0, otherwise Cp is a multiplicity
of M, and hence m,(Cp) =0. But, from the definition of Cy, we can see that
7. (Co) = uC # 0. Then, by Lemma 13,

1 1/
F-F=——Co+z(—+y M.
Ko 2\ ug

Pushforward this by the map 7 and, using that 7. (F - F) = —C and 7m,(Co) = uC, we
have that g = u.
From the above computation, T = 2k — sz, we obtain

1 T
F~C0=§ yu—; =YH =K.

Because ¢ is nef, it follows that

05;mb=mﬂa—aF»wa@-C—%(ww—i)

o o T ot 1
=—yu—-= ——)===—=alk— = .
) Y ) 12 P 21 7 Y
This contradicts the assumptions that 2x < yu and o > 0. O

Proof of Theorem 8. Let ¢ be a nef class on X. We need to show that if

t?=0,
¢-c1(X) =0,
(X)) <0,

then ¢ e R- NSgp(X).

Let F be the exceptional divisor of the blowup 7 : X — Y. We can write { = n*(§) —
o F for some o > 0. As in the proof of Theorem 7, it suffices to show that « =0. We
assume, otherwise, that @ > 0. Let f C F be a fiber of the projection ' — C. Then

0=¢s=@*"E) —aF) - (7% (&) —aF)
=" &) —2an*(&) - F+a’F - F,
0=2¢-c1(X)=(p"E) —aF) - (*c;(Y) - F)
=7*E -1 (V) — %) - F —aw*c1(Y) - F + aF?.

Intersecting both of these equations with F, and using F - F - F = —y and m(F - F) =
—C, we obtain

206 - C — o’y =0,
ac1(Y)-C+&-C—ay =0.

Then we must have o = 0. Otherwise, dividing 2« from the first equation we would have
& - C = ay /2. Substituting this into the second equation and dividing by « we get 2¢1(Y) -
C =y.Hencec(Y) - C=2g — 2, which is a contradiction. O
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4. Examples

4.1. The case Xo=P? x Pl.  The Picard number of X is 2. By Kiinneth’s formula,
H'1(Xy) is generated by the classes of P> x {pt} and P! x P! (here, {pr} means a point),
and H>?(X) is generated by P! x {pt} and {pt} x P'. By Whitney’s formula,

c1(Xo) = 2P% x {pt} + 3P' x P!,
e (Xo) = 6P! x {pt} + 3{pt} x P'.

Therefore, we can check that X satisfies all the conditions of part (1) of Theorem 5.
In particular, if Dy, ..., D, C Xq are pairwise disjoint smooth curves, and 7y : X| —
X is the blowup at Dy, ..., D,, then, for any automorphism f of X1, A1(f) = X2(f).
However, X does not satisfy the conditions of Theorem 4: its Picard number is 2 which
is greater than 1. For an appropriate choice of curves D1, ..., D,, the threefold X has
automorphisms of positive entropy. In fact, there is a rational surface S obtained from
P2 by blowing up distinct points pi, ..., p, € P? such that S has an automorphism of
positive entropy. If we choose D; = p; x P!, then D; are smooth rational curves which
are disjoint, and X has an automorphism of positive entropy.

4.2. The case Xo =P' x P! x P!.  This case is very similar to the case Xo = P? x P!
above. The readers can easily redo all the (analogs of) computations and constructions in
the previous section.

4.3. The case Xo= a complete intersection in PV. Let Xy be a smooth projective
threefold which is a complete intersection in P . This means that X, is the intersection of
smooth hypersurfaces D1, ..., Dy_3 of PV. By Lefschetz’s hyperplane theorem, X has
Picard number 1. We now show that X satisfies the conditions of Theorem 5.

LEMMA 15. Let ¢ be a non-zero movable class in Xo. Then ¢ - c2(Xp) > 0.

Proof. Let dy, ...,dy—_3 be the degrees of Vq,..., Vy_3. Let h be the class of a
hyperplane on X. The Chern classes of the normal bundle Ny, /p» is given by the formula
N-3
c(Nxy/pn) = H (1+d;h).
j=1

In particular,

c1(Nxo/pn) = (Z dj>h,
J
c2(Nxq/pn) = (Z didj)hz.

i<j

From the exact sequence

0— TXO —> T]P’4|X0 —> NX()/]P’3 —)O,
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and, from the splitting principle for Chern classes, it follows that

c1(Xo) = ((n +D=) d,)h,
j
2
c2(Xo) = ((” 0 S dd DY dy+ (Z d,) )hz.
j j

i<j

‘We have

2
LS —(n—l—l)Zd +<Zd>

l<j J

- [2:"—__3) (Z dj>2 - Zdidj}

i<j
nn+1) n—
+[ 5 z(n_3)<2d> (n+1);dj:|.

By the Cauchy—Schwarz inequality, the first bracket on the right-hand side of the above
expression is non-negative. We now show that the second bracket is positive. We define
x=) j dj. Then x is a positive integer which is >n — 3, and the second bracket is
quadratic in x: that is,

nn+1) n-—2 2
5 +2(n_3)<;dj> —(n+1);dj

nn+1) n-2) 5,
= — - (n+ Dx + mx =:g(x).

The critical point of g is xo=(m + 1)(n —3)/(n —2) <n. Hence, to show that
g(x) > 0 for all positive integers x > n — 3, it suffices to show that g(n — 3), g(n — 2),
g(n — 1), g(n) > 0 for any positive integer n > 4. The latter claim can be checked by
direct computation.

A movable class is, in particular, psef: that is, it can be represented by a positive closed
current. Hence, if ¢ is a non-zero movable class on X¢ then ¢ - ¢2(X¢) > 0. Therefore,
part (1) of Theorem 5 can be applied for such a Xo. O

4.4. A generalization of Theorem 3.  The proof of Theorem 6 shows that the conclusion
is still valid in the following, more general, setting. Let 71 : X1 — Xo = IP3 be the blowup

at n points pi, ..., pn. Let Eq, ..., E, be the exceptional divisors. Let D1, ..., D,, C
X1 be pairwise disjoint smooth curves. Let X = X, be the blowup of X at Dy, ..., Dy,.
We define

y =Y deg(m)«(D)).
J
Assume that there is A > 0 such that, for any /,

Y Ei-Dj<h
J
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and, moreover,

6+y>E

A 2

In addition, assume that, for any j,

11 gj— 1
Z 4 X\)-D:>
(2 x)cl( - Djz =5

where g; is the genus of D;.

5. A possible application to the Ueno’s threefold
Let E /=y be an elliptic curve with an automorphism of order four, which we denote by
/—1. In [36], Ueno asked whether the quotient variety E fﬁ /+/—1 is rational. Campana
[7] showed that the variety is rationally connected. Then, by a combination of the two
papers [10, 11], it follows that E Zm /+/—1 is rational. Previously, a similar construction,
using, instead, an elliptic curve with an automorphism of order six, has been shown to be
rational (see [32]).

The automorphism +/—1 on Efg has 8 fixed points and 64 — 8 points of period two.

Therefore, E?ﬂ/ +/—1 has 8 + 28 = 36 singular points. Let X4 be the minimal resolution

of E3 _1/«/—_1: that is, X4 is the blowup of E?ﬁ/“/__l at the 36 singular points. The
analog of X4 in the case of elliptic curves with an automorphism of order six is denoted
by Xe.

Since Xy is birationally equivalent to P3, by the weak factorization theorem (see [1]),
X4 can be obtained from P? by a combination of smooth blowups and blowdowns. It is
then natural to ask the following question.

Question 2. Can X4 be obtained from P3 or P2 x P! or P! x P! x P! by a finite
composition of smooth blowups only?

This question is interesting in several aspects. First, the two dimensional analog, that is,
the minimal resolution of E fﬁ /+/—1, has been shown to be a finite composition of point

blowups starting from P! x P! in [7]. Second, the final proof that X is rational in [10] is
rather abstract. Hence, if the answer to Question 2 is affirmative, it will give an explicit
proof that X4 is rational.

We note that the smooth threefold X4 has automorphisms f coming from the complex
torus E fﬂ with A1 (f) # A2(f). Therefore, from the discussion in the introduction of this
paper, it is plausible to conclude that the answer to Question 2 is negative. The purpose of
this section is to give more weight to this speculation.

We first show that, if the answer for Question 2 is affirmative, then centers of the
individual blowups must be points or smooth rational curves. In the following, for any
quasi-projective variety Z we will denote the Euler characteristic with compact support by
x(Z). For a smooth projective manifold Z, we denote the Picard number of Z by p(Z).

THEOREM 16. Let X( be any smooth projective threefold. Assume that X4 can be obtained
from Xq by a finite composition of smooth blowups. Then the curves which are centers of
the blowups must be smooth rational curves. The same conclusion holds if we replace X4
by Xe.
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Proof. We give the proof for X4 only. We divide the proof into several steps.

Step 1. We claim that x (X4) = 92. In fact, first we consider the quotient map o : E?ﬂ —
Eiﬁ/‘/_l' Let A C Efﬁ be the set of fixed points of /—1, and B C Eiﬁ be the set of

points of period two of /—1. As mentioned before, the cardinals of |A| and | B| are 8 and

56, and the cardinals of 0 (A) and o (B) are 8 and 28. Since the map x : Efﬁ —(AUB)

— Eq /«/ — (6(A)Uo(B))isa4: 1 map, by the excision property,

X(E>—/V=1 = (a(A) Uo(B)) = x(E>— — (AU B))/4

(X(E —) — x(AUB))/4
=0-— 64)/4 = —16.

Hence, by the excision property, x (E> / v =1)=-16436 =20.
Next, we consider the blowup 7 : X4 — E3 / +/—1. This map has 36 exceptional

divisors, and each is a P2, Since x (P?) = 3 and the blowup map is 1 : 1 outside exceptional
divisors, arguing as above, we obtain

x(X4) = (X(E /\/ 1) — 36x(pt)) + 36 x x(P?) =20 — 36 + 36 x 3 =92.
Here pt denotes a point.

Step 2. We claim that p(X4) =45 and h3(X4) = 0. To see this, we can proceed as follows.

The complex torus E fﬁ has Picard number 9. We can construct X4, alternatively, as

follows. We let Y be the blowup of E f/jl at the 64 points of order one or two. Then the
automorphism /—1 lifts to an automorphism of ¥, which we still denote by ~/—1. Then
X4 =Y /+/—1. It follows that the Picard group of X4 is generated by the pushforward of
the Picard group of Y. For generators of the Picard group of Y, we can take the generators
of E3 —~ plus the exceptional divisors of the blowup ¥ — E> — The pushforward to X4
of these generators are 45 hypersurfaces of X4. Therefore, p(X4) < 45. Moreover, from

Step 1 and Serre’s result mentioned above,
92 = x(X4) =2+ 2p(Xsq) — h*(X4) <92.

Since equality occurs, we conclude that p(X4) =45 and h3(X4) =0
From the fact that #3(X4) = 0, the conclusion of the Theorem follows immediately,
since, if we blow up a smooth threefold at an irrational smooth curve, h3 increases. O

Now we show how Theorem 16 and Theorems 6—8 almost give the proof that the answer
to Question 2 is negative. In fact, let X be P3,P?2 x PLorP! x P! x PL. Then X satisfies
Condition B, while X4 does not satisfy Condition B. Assume that X4 is a finite composition
of smooth blowups starting from Xo. Let7; : Z;1 — Z; be an individual blowup in the
sequence, where Z; satisfies Condition B. If 7; is a point blowup, then, by Theorem 6,
Z 1 also satisfies Condition B. If 7; is the blowup of a smooth curve C C Z;, then, by
Theorem 16, C must be a smooth rational curve. If c1(Z;) - C #2g — 2= -2, then, by
Theorem 8, Z; 1 also satisfies Condition B. The remaining case is when ¢{(Z;) - C = —2.
But, in this case, half of the conditions of part (2) of Theorem 7 are satisfied. The only
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condition that is missing is that C is not the only effective curve in its cohomology class.
Using part (1) of Theorem 6, we can also show that if the normal vector bundle N¢,z; is
not isomorphic to O(—2) @ O(-2), then Z; | also satisfies Condition B.
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