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We revisit the problem of approximating minimizers of certain convex functionals
subject to a convexity constraint by solutions of fourth order equations of Abreu
type. This approximation problem was studied in previous articles of Carlier—Radice
(Approximation of variational problems with a convexity constraint by PDEs of
Abreu type. Calc. Var. Partial Differential Equations 58 (2019), no. 5, Art. 170)
and the author (Singular Abreu equations and minimizers of convex functionals with
a convexity constraint, arXiv:1811.02355v3, Comm. Pure Appl. Math., to appear),
under the uniform convexity of both the Lagrangian and constraint barrier. By
introducing a new approximating scheme, we completely remove the uniform
convexity of both the Lagrangian and constraint barrier. Our analysis is applicable
to variational problems motivated by the original 2D Rochet-Choné model in the
monopolist’s problem in Economics, and variational problems arising in the analysis
of wrinkling patterns in floating elastic shells in Elasticity.
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1. Introduction

In this note, we revisit the problem of approximating minimizers of certain convex
functionals subject to a convexity constraint by solutions of fourth order equations
of Abreu type. This problem was investigated in previous studies by Carlier—Radice
[3] and the author [6], under the uniform convexity of both the Lagrangian and
constraint barrier. Here, by introducing a new approximating scheme, we completely
remove the uniform convexity of both the Lagrangian and constraint barrier. We
start by recalling this problem.

1.1. Approximating minimizers of convex functionals subject to a
convexity constraint

Let Qo be a bounded, open, smooth and convex domain in R" (n > 2). Let Q be a
bounded, open, smooth uniformly convex domain containing 2. Let ¢ be a convex
and smooth function defined in Q. Let F'(z, z,p) : R" x R x R" — R be a smooth
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Lagrangian which is convex in each of the variables z € Rand p = (py,...,p,) € R™.
Consider the following variational problem with a convexity constraint:

inf /Q F(z,u(x), Du(z))dz (1.1)

u€S[p,Q0]
where
S[p, Qo] = {u: Qo — R | u is convex,

u admits a convex extension to Q such that u = ¢ on Q\ Qo}.
(1.2)

Note that elements of S|y, (2] are Lipschitz continuous with Lipschitz constants
bound from above by || Dg| () and hence S[p, Q] is compact in the topology of
uniform convergence. Under quite general assumptions on the convexity and growth
of the Lagrangian F, one can show that (1.1) has a minimizer in S[p, Qo).

Due to the intrinsic difficulty in the convexity constraint, as elucidated in [3, 6],
for practical purposes such as numerical computations, one wonders if minimizers
of (1.1) can be well approximated in the uniform norm by solutions of some higher
order equations whose global well-posedness can be established. The approximating
schemes proposed in [3, 6] use the second boundary value problem of fourth order
equations of Abreu type which we now would like to make more precise.

Let ¢ be a smooth function in Q with infsn 1 > 0. Fix 0 < 0 < 1/n. For each
€ > 0, consider the following second boundary value problem for a uniform convex
function wu.:

e Y Ub(we)ij = fe(-ue, Due, D?uzs ) in Q,

ij=1
= (det D?u. )t in Q, (1.3)
=y on 0%},
=1 on Of).
Here and what follows, U. = (U¥ )i<i,j<n is the cofactor matrix of the Hessian
matrix
0%u
D?u. = ((ue)ij), <y ; nz( < )
SIS 92075 ) 1< j<n
and
fs(xaus( ) Dus( ) ( ) ({E))
OF 0
_ E(x,ug( , Duc(x ; oz, (3]91 x, ue (), Dug(x))) x € Qo,
1
g(ue(m)—ﬂl‘)) x € Q\ Q.

(1.4)

The fourth order expression U%[(det D?u)?~1];; appears in several geometric con-
texts including Kéhler geometry (such as the Abreu’s equation when 6 = 0; see
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[1]) and affine geometry (such as the affine maximal surface equation when 0 =
1/(n +2); see [9]). When the Lagrangian F depends on the gradient variables, the
right-hand side of (1.4) contains the Hessian D?u. of u.. Without further regularity
for the convex function u,, the Hessian D?u, can be just a measure-valued matrix.
Thus, as in [6], we call fourth order equations of the type (1.3)—(1.4) singular Abreu
equations.

We note that the first two equations of system (1.3)—(1.4) are critical points,
with respect to compactly supported variations, of the following functional:

Je(v) = F(z,v(x), Dv(z))dx + 1 (v— @)2 de — 6/ M e

Qo 2e Jova, Q 6

When 6 = 0, the integral [, ((det D?v)? — 1)/8 dx is replaced by [, log det D?v da.
The requirement 0 < 6 < 1/n is to make J. a convex functional.

The function f. defined by (1.4) is not continuous in general; this is usually due
to the jump discontinuity through 9. Thus, the best global regularity one can
expect for a solution to (1.3)—(1.4) is W4P(Q) for all p < cc.

The questions we would like to ask are the following:

(Q1) Does system (1.3)—(1.4) have a uniformly convex solution u. € W4P(Q) (for
all p < o0) for each € > 0 small?

(Q2) If the answer to Q1 is yes, does u. converge uniformly on compact subsets of
Q to a minimizer u € S[p, Qo] of problem (1.1)7

Another way to rephrase the above questions is to study limiting properties of
solutions, if any, to singular Abreu equations of the type (1.3)—(1.4) when £ — 0.

The positive answers to questions Q1 and Q2 above have been given in [3,
theorem 5.3] and [6, theorem 2.3] when F and ¢ satisfy certain structural condi-
tions. These studies require the uniform convexity of the Lagrangian F(x, z, p) with
respect to z and also the uniform convexity of the barrier constraint ¢. We recall
these theorems here.

THEOREM 1.1 [3, theorem 5.3]. Let 6 = 0. Let 1 be a smooth function in Q with
infgq 1 > 0. Assume that o is uniformly convex in Q and that F(z, z,p) = F°(x, 2)
where F° is uniformly convex with respect to z, that is, f(x,z) := OF%(x,2)/0z
satisfies for some a > 0

(f%z,2) — 22, 2))(z = 2) = alz — 2> forallz € Qq and all 2,2 € R.  (1.5)

Assume that, for some continuous and increasing function n : [0,00) — [0,00), we
have

|0z, 2)| < n(|z])  for all x € Qo and all z € R. (1.6)

Then, for € >0 small, system (1.3)-(1.4) has a uniformly convex solution u. €
W44(Q) for all q € (n,00). Moreover, when & — 0, uc converges uniformly on
compact subsets of Q to the unique minimizer u € S[p, Qo] of (1.1).
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THEOREM 1.2 [6, Theorem 2.3]. Assumen =2 and 0 < 0 < 1/n. Let ¢ be a smooth
function in Q with infaq 1 > 0. Assume that ¢ is uniformly conver in Q0 and that
F(x,z,p) = F(x,2) + F'(z,p) where F satisfies (1.5) and (1.6). Suppose that for
some M > 0, we have for all p € R™,

0< F;ip], (x,p) < MI; |FI}I (x,p)| < M(|p| +1) for all x € Qy and for each 1.

Then, for e >0 small and o > 0 sufficiently large, system (1.3)-(1.4) has a uni-
formly convex solution u. € W*49(Q) for all ¢ € (n,00). Moreover, for a sufficiently
large, us converges, when € — 0, uniformly on compact subsets of Q0 to the unique
minimizer u € S[p, Qo] of (1.1).

In theorem 1.2 and what follows, we use the following notation: I,, is the identity
n X n matrix and

O*F'(x,p) OF'(z,p)
Fl — b . 1 — I .
pip; (Z‘v p) 8}%8}?] ) pi; (xa p) apzax] ’
IOF!(z,p) IOF!(z,p)
F! = A ’ .
VP (x7p) ( apl ’ ' apn )

REMARK 1.3. Inspecting the proof of theorem 5.3 in [3], we find that theorem 1.1
also holds for all 0 € [0,1/n).

From the variational analysis and practical models in Economics and Elasticity
to be described below, it would be interesting to remove the uniform convexity
assumptions in theorems 1.1 and 1.2.

(Q3) Can we remove the uniform convexity assumptions on F and ¢ in theorems
1.1 and 1.27

1.2. Examples with non-uniformly convex Lagrangians

Our examples of convex functionals subject to a convexity constraint arise in the
Rochet—Choné model of the monopolist’s problem in Economics and variational
problems arising in the analysis of wrinkling patterns in floating elastic shells in
Elasticity. In these models, the Lagrangians F'(z, z, p) are convex but not uniformly
convex with respect to z.

The Rochet—Choné model. The analysis in [6] is applicable to the 2D Rochet—
Choné model perturbed by a strictly convex lower order term. It is not known if
the analysis in [6] is applicable to the original Rochet—-Choné model [7] where

F(,20) = b2 (@) = 2 p1(@) + 29(2).

Rochet—Choné modelled the monopolist problem in product line design with
quadratic cost using maximization of the functional

O(u) = /QO {ac - Du(x) — %|Du(m)|2 — u(x)} ~v(x) dz.

Here ®(u) is the monopolist’s profit; u is the buyers’ indirect utility function with
bilinear valuation; ¢ C R™ is the collection of types of agents; v is the relative
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frequency of different types of agents in the population. The function v is assumed
to be nonnegative, bounded and Lipschitz continuous, that is,

0<y<C and [[Dy|r=(0y < C.
For a consumer of type x € g, the indirect utility u(z) is computed via the formula
u(x) = max{z-q—
() = max{x - q —plq)}

where Q C R” is the product line and p : @ — R is a price schedule that the monop-
olist needs to both design to maximize her total profit ®. Clearly, u is convex and
maximizing ®(u) is equivalent to minimizing fQo F(z,u(x), Du(z)) among all con-
vex functions u. For economic reasons, there are other conditions for u outside 2g;
see [7] and also [2] for more details.

Thin elastic shells. We also note that, in certain applications where F' is indepen-
dent of the gradient variables, F' can be non-uniformly convex in z. A particular
example arises in the analysis of wrinkling patterns in floating elastic shells by
Tobasco [8]. As discussed in [8, §1.2.3], describing the leading order behaviour of
weakly curved floating shells lead to limiting problems which are dual to problems
of the type:

Given a smooth function ¢ : Qy € R? — R, minimize

/QO ('”322 - u(x)) det D2q(z) da (1.7)

over the set

|z

{u convex in R?, = “—— in RQ\QO}.

Optimal functions in (1.7) are called optimal Airy potential in [8]. In this example,

|z

F(z,2,p) = <2 — z> det D?*q(x).

1.3. The main results

In this note, we answer question Q3 at the end of §1.1 by completely removing
both the uniform convexity of F' with respect to z and the uniform convexity of
. To do this, we introduce a new approximating scheme, slightly different from
(1.3)—(1.4).

As in [6] and motivated by the Rochet—Choné model, we consider Lagrangians
of the form:

F(z,2,p) = FO(x,2) + F'(x, p).
Let

Oz, 2) = LF(;(:’ ?) .
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We assume the following convexity and growth assumptions on FY and F'. For
some nonnegative constant Cl:

(f%z, 2) — 2, 2)) (2 — 2) = 0; | f(x, 2)| < n(|z]) for all 2 € Qg and all 2,7 € R

(1.8)
where 7 : [0,00) — [0, 00) is a continuous and increasing function. Furthermore, for
allp e R”

0< in;pj (z,p) < Cily; |F;x (z,p)| < Ci(lp| + 1) for all z € Qy and for each 1.

(1.9)

Let p be a strictly convex defining function of 2, that is,
Q:={zeR":p(x) <0}, p=0on Q2 and Dp # 0 on ON. (1.10)
Let
- 0 ifepis 1.1niformly convex in ), (1.11)
1 otherwise.

For £ > 0, consider the following second boundary value problem for a uniform
convex function u.:

EZU” We)ij = ( ue, Dug, D? us; o+ Cop gl/3n® (e? —1)) in Q,
1,j=1
= (det D?u.)?~! inQ, (112)
= on 0f,
=1 on 0f).
Here,

(@, ue(2), Dug (), D?uc(x); p(x) + Cpe' /3 (7 — 1))

_ %(m,ug( ), Du.(z Zaxl (81)2 x,ue (v ),Dug(as))) x € Qp,
L a(a) = o) - Cypet/on (e~ 1)) re O\

(1.13)
Our main theorem states as follows.

THEOREM 1.4. Let Qo and Q be bounded, open, smooth and convexr domains in R™
(n > 2) such that ) is uniformly convex and contains Q. Fiz 0 < 0 < 1/n. Let ¢
be a smooth function in Q with infaq 1 > 0. Let ¢ be a convex and smooth function
defined in Q). Assume that (1.8) and (1.9) are satisfied. If F1 # 0 then we assume
further that n = 2. Then the following hold.

(i) Fore >0 small, system (1.12)-(1.13) has a uniformly convex solution u. €
W44(Q) for all q € (n,0).
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(ii) Fore > 0 small, let u. € W*9(Q) (q > n) be a solution to (1.12)-(1.13). After
extracting a subsequence, u. converges uniformly on compact subsets of {1 to
a minimizer u € Slp, Qo] of (1.1).

Several remarks are in order.

REMARK 1.5. Without the uniform convexity of F with respect to z, minimizers
of problem (1.1) with the convexity constraint (1.2) can be non-unique. As such,
each convergent subsequence of {uc} converges to a minimizer of (1.1) as stated
in theorem 1.4(ii). It would be interesting to investigate whether the approzimating
scheme (1.12)-(1.13) selects a distinguished minimizer of problem (1.1) when it
has several minimizers.

REMARK 1.6. When ¢ is not uniformly convez, the addition of £+/3"° (ef = 1) to
@ is to make the new function ‘sufficiently’ uniformly convex. The choice of the
exponent 1/3n? (or any positive number not larger than this) is motivated by the
need to establish uniform bounds for u. in the a priori estimates for solutions to
(1.12)-(1.13); see (3.2) and (3.6).

REMARK 1.7. Let G(t) be an antiderivative of t?=1. One of the crucial information
in the proof of the convergence of solutions of (1.3)—(1.4) to a minimizer of (1.1)
is a variant of the estimate

lim infs/ G(det D*v)dx =0 for all v € S[p, Q. (1.14)
¢ Q

(a) When ¢ is uniformly convez in 0, for any v € S[p,Qo], (1.14) was shown to
be true with v being replaced by (1 —)v +ep € S[p, Q] in [3, proposition
3.5] and [6, inequality (5.15)]. When the uniform convexity of ¢ is removed,
unless 0 > 0, (1.14) might fail for all v € S[p, Q] as in the case ¢ being a
constant for which S[p, Qo] = {p}.

(b) On the other hand, for any conver o, estimate (1.14) holds for v € Sy, Q]
being replaced by v + C¢51/3”2 (e —1); see (3.25). This somehow indicates
the advantage of our approximating scheme.

In theorem 1.4 and in two dimensions, we can replace the convexity of F° in (1.8)
by a semi-convexity condition as long as the function F'! is highly uniformly convex
with respect to p. Moreover, the whole sequence of solutions u. to (1.12)—(1.13)
converges to the unique minimizer u € S[p, Q] of (1.1). This is the content of the
next theorem.

THEOREM 1.8. Let n = 2. Let Qg and €2 be bounded, open, smooth and convex
domains in R™ such that Q is uniformly conver and contains Qo. Fizr 0 < 0 < 1/n.
Let v be a smooth function in Q with infapg 1) > 0. Let ¢ be a convexr and smooth
function defined in Q). Assume that the following conditions (1.15) and (1.16) are
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satisfied for some positive constants Cy, Cy, C, C,:

O?F° af°
= — > —
5.2 (z, 2) P (x,2) = —C,

If9(x,2)] < Cy(1+|2])  for allz € Qo and all z € R; (1.15)

Cl, < F}

PiPj (xap) < 0*127

|EL . (z,p)] < Ci(|p| + 1)V € Qo,Vp € R™ and for each i. (1.16)

PiZi
Then the following hold.

(i) Fore >0 small, system (1.12)—(1.13) has a uniformly convex solution u. €
W44(Q) for all q € (n,00).

(i) For e >0 small, let ue. € WH4(Q) (¢ >n) be a solution to (1.12)—(1.13).
Assume that C is large (depending only on Cy and Q). When € — 0, the
sequence {uc} converges uniformly on compact subsets of Q to the unique
minimizer u € S[p, Qo] of (1.1).

REMARK 1.9. As explained in detail in [6, §1.3], for a gradient-dependent
Lagrangian F, nothing is known in dimensions n > 3 about the solvability of
the singular Abreu equations (1.12)-(1.13) in suitable Sobolev spaces. This is the
main reason why we restrict ourselves in this paper to dimensions n = 2 when the
Lagrangians F' depend on the gradient variables p.

Key in the proof of the existence of a uniformly convex solution u. € W44(Q) to
system (1.12)—(1.13) is the derivation of a priori estimates. Crucial ingredients in
the convergence proof of u. are their uniform a priori estimates with respect to ¢
small. The uniform convexity of F' with respect to z in [3, 6] allows us to control
l|te | oo (o)~ Here, without the uniform convexity of F' with respect to z, our new
input is that we can control ||uc|| L (ay) by [|¢l| L) + 1/ fQ\QO |ue — ¢|? dz. This
follows from lemma 2.1 which is of independent interest.

The rest of the note is organized as follows. In § 2, we prove a simple but crucial
convexity result stated in lemma 2.1. In §3, we prove our main results stated in
theorems 1.4 and 1.8.

2. A convexity lemma

LEMMA 2.1. Let Qo CC Qq CC Qo be bounded, conver domains in R™ (n > 2).
Then there is a positive constant C' = C(n,Qo, Q1,Qs) with the following property.

If u is a continuous, convex function in Qo with u < 0 on 0Qy then

Julliwon <€ [ Julde
Q2\Q0
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Proof of lemma 2.1. Suppose by contradiction that there exists a sequence of
continuous, convex functions {ug} in Qo with u; < 0 on 95 such that

1
|ugllL= (@) =1 but / |ug| da < T
Q2\0

Thus

1
[ wdde= [ puldos [ fulde < g9,
o 02\ o k

Therefore, we have (see, e.g. inequality (3.2) in [6])

n+1
Jolmon) < T [ fuelde < o, 20, 2).
2

From wuy < 0 on 995 and the gradient bound for each x € Q5 (see, e.g. (3.1) in [6])

maxpq, Uk — Uk(x) _ [kl (a,)
dist (z,009) dist (z,08s)’

| Duy,(z)] <

we find that, after extracting a subsequence, {uy,} converges locally uniformly in 5
to a convex function u in €2y with v < 0 on 9Qj. Hence |[u||(o,) = 1. Moreover,

from
/ lug| dz <
Ql \QO

we find that « =0 in Q1 \ Qp. By the convexity of u, we have u =0 in ;. This
contradicts ||u||z(q,) = 1 and hence, the lemma is proved. O

Y

T =

COROLLARY 2.2. Let Q9 CCC Q be bounded, convexr domains in R"™ (n>2).
If w is a continuous, convex function in 2 then

lull Lo () < C1 (n, QO,Q,maxu) + C’g(n,QO,Q)/ |u| dex. (2.1)
o9 N\

Proof. Applying (3.2) in [6] to u — maxpq u, we get
lull Lo (o) < C(n,Q)/ lu|dz + C (n,Q,rg.gxu) . (2.2)
Q
Applying lemma 2.1 to u — maxgq u, we find

_|_
L5 (Q0)

< C(”a QCH Q) /
Q\Qo

maxu
o0

1l oo (o) < ||u— maxu

U — maxu
o0

dx + /maxu
o0

< C(n, %, Q) /

luldx + C ’maxu
Q\QO o0
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It follows that

[ tuldz < ollulmon + [ lulde
[¢) Q\Qo

< C(na QO) Q) /

lu| dz + C(n, Qo, 2) ‘maxu
Q\ Q0o [219)

and therefore (2.1) follows from (2.2). O

3. Proof of the main results

In this section, we prove theorems 1.4 and 1.8.

Proof of theorem 1.4. We divide the proof into several steps.

Step 1: A priori estimates. In this step, we establish the a priori L>°(2) estimates
for uniformly convex solutions u. € W44(Q) (¢ > n) to system (1.12)—(1.13). Recall
that ¢ € W44(Q) is convex. We only consider

0<e<l.

For t > 0, let
tf—1

if 0 € (0,1/n),
logt if 6 =0.

G(t) =

Then G'(t) =t~ for all t > 0 and w. = G’ (det D?u.) in €.

In what follows, we use C,Cy,C1,Cs,. .., etc., to denote positive constants
depending only on n, q, Q0,Q, 0, C., infaq ), and [|¢|w4.4). They are called
universal constants and their values may change from line to line. However, they
do not depend on € > 0. When such constants depend on €, they will be indicated
explicitly, as for Cyq(p,e) below.

Recall from (1.10) that p is a strictly convex defining function of 2. Then, there
is v > 0 depending only on {2 such that

D?p>~I, and p>=-—y"'in Q.
Recall that the constant C, is defined in (1.11). For simplicity, let us denote
i =+ Cpe'/3 (e — 1). (3.1)
From the convexity of ¢ and
D?*(e” —1) =e”(D*p+ Dp® Dp) > e A1,

we find that the function @ is uniformly convex, belongs to W44(£2) and satisfies:

(a) 4= ¢ on 09,

(b) ||ﬂ||cg(§) + ||@]|wa.a(o) < C, and det D*a > C~'Cy(p,€) > 0,
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(c) letting @ = G’(det D), and denoting by (U%) the cofactor matrix of (i;;),
then

l@l @) < ClCalpse)] ™ ||Ta5| | < ClCup,2)] ™

LY(©)

Here, from the definition of @ in (3.1), we have the following estimate for the
magnitude of det D@ in terms of e:

ming det D*p  if ¢ is uniformly convex in Q,

Ca(p,e) = {51/% (3.2)

otherwise.
Note that (c) follows from (b) and the following formula (see also [5, lemma 2.1]):
wi; = G (det D2@) UM U™ tnitiys; + G (det D*a) U iy + G (det D*a) U gy

We use v = (v1,...,v,) to denote the unit outer normal vector field on 992 and
vy on 0. First, from (4.5) in [6], we have

/ (WUZ —wU7)((ue); — ti)vi dS + / U (w2)ij(ue — @) da
o Q

+/ Uy (0 — ue) dz < 0. (3.3)
Q

For readers’ convenience, we include the derivation of (3.3) which relies on some
concavity arguments. Indeed, from the definition of G and 6 € [0,1/n), we find that
the function G(t) := G(t") is strictly concave on (0,00). Using this together with
G’ > 0, and the concavity of the map M +— (det M)/™ in the space of symmetric
matrices M > 0, we obtain

G((det D*@)*™) — G((det D?u.)'/™)
< G ((det D?u)Y™)((det D*@)Y™ — (det D?u.)'/™)
"y 1 y
< G ((det DQuE)l/")E(det D2u )Y U (1 — g ).
Since G'((det D?u.)'/™) = nG'(det D?u.)(det D?u. )"~ D/" = naw, (det D2u.)=1/,
we rewrite the above inequalities as
G(det D*@) — G(det D*u.) < wUY (@ — u.)ij.

Similarly, we have

G(det D*u.) — G(det D) < WU (u. — )sj.

https://doi.org/10.1017/prm.2020.18 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2020.18

Convex functionals without uniform convezity 367

Adding these two last inequalities, integrating by parts twice and using the fact
that (UX) is divergence free, we obtain

0> / [wsU;'j(uE —@)g; + U (4 — us)ij] dz
Q

:/ wEU;j((uE)j—ﬂj)vidS—l—/Ugj(wg)ij(ug—d)dx
o0 Q

+ / ’LI}UU(’[]]‘ — (u5>j)Vi ds +/ ﬁij’lz)ij<’l] - UE) dJJ,
o0 Q

from which (3.3) follows. Here we recall that w. = ¢ on €.
In what follows, we will use f. to denote f.(-, u., Du., D*uc;@). Then, by (1.12),

Usij (ws}ij = 671]“6'

Let K(y) be the Gauss curvature of 90 at y € 9. We have the following assertion.
Assertion. For all € > 0, we have

(n-1)/n
Kp(us)? dS < ClCa(p, )] + ClCalp. )] ( [ sy ds)

o0 Q

+/Q—s*1f5(us —u)dx.

The proof of the assertion is similar to that of (4.10) in [6], and we include it here
for readers’ convenience.

We start by analysing the boundary terms in (3.3). Since u. — @ = 0 on 0%, we
have (u. — @); = (u. — @),v;, and hence

Ul (ue — 1) jv; = U vjvi(ue — @), = UL (ue — ),
where
U = det D2, u,

with 2’ L v denoting the tangential directions along 9€2. Therefore,

(WUZ —wU7)((ue); — tij)vi = (YUY — @0")((ue)y — i)

Now, using UY" and U™, we can rewrite (3.3) as

/ (YUY — w0 )((us)y — @y,) dS + / U4, (@t — ue) da
o Q

g/{zfsflfs(us—ﬁ)da:
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which gives
/ YUY (ue)y, dS < IIWLuIILw(Q)/ U278 + |0 iy || o ) 0] 2w )
o0 oQ

+||U””||Lw<ﬂ>\|wllm(ﬂ>/ |(ue)y|dS
o0
+ | U7 @il L1 ) (1]l oo ) + lluell L))

—‘y—/Q—E_ fe(ue — @) de. (3.4)

Observe that:

(A) By (a)-(b), the quantities @, @, and U"” = U v,v; are universally bounded.
By (c

~

10| o< () < ClCale, )]~ 10 @i 110y < ClCalw,€)] 2

(B) For the convex function u. € C?(Q2) with u. = ¢ on 9, we have (see, e.g.
[5, inequality (2.7)])

1/n
el < Clny 9. 2) + C(n. Q) ( / <<ug>t>"d5) |

Q

(C) The Gauss curvature K of 9Q and UY" are related by (see, e.g. (4.9) in [6])
U = K((ue)y)" ' + E. where |E.| < C(1+ ((ue)f)"?).

Now, the Assertion follows from (3.4) together with the above observations.
Let us continue with the proof of Step 1. Since u. is convex with boundary value
@ on Jf), we have

(ue)y = [ Dl () = —Co.

It follows that, for u;} = max(0,u,), we have ((u:)})™ < (us)? + Cf' and therefore
from the Assertion, we obtain

(n—1)/n

K((ue)F)" dS < CCalp, )] + ClCulp,e)] ( [ wy ds)

o0 Q

+/Q—6*1fs(u€ —u)dax. (3.5)

By the uniform convexity of 92, we have K > C(Q) > 0 on 9f2. Using this, together
with infgg 1) > 0 and Young’s inequality for the second term on the right-hand side
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of (3.5), we find that

(n=1)/n
cleapel® ([ (wapras)  <ciueal g [ Kulnras

and hence
/ (ue)F)™ dS < C[Calp,2)] 2" + / eV fo(ue — @) de
oQ Q

Therefore, multiplying both sides of the above inequality by ¢ >0 and using
e[Ca(p,e)] 72" < C from (3.2), we get, as in inequality (4.31) in [6] (which was
stated for n = 2 there)

/ e((ue)})" dS < Ce[Calp, )] > + / ~folue — @) da
o0 Q

<C+ /Q —fe(ue — a) dz. (3.6)

We will estimate the right-hand side of (3.6).
From the convexity of FO (see (1.8)), we can estimate

A = — Oz, ue () (ue — @) dz
Qo
< [~ i@) . — @) da
Qo
< C + Clluc| no(0)- (3.7)

In what follows, we will frequently use the following inequality (see, (3.1) in [6])

maxgq Ue — Ue ()

dist (z, 09)

|Due(x)] < Vo € Q. (3.8)

By the convexity of u. and F!(z,p) in p, we have Fplipj (ue)ij = 0. Moreover,
Ue < supgg ¢ < C and |a] < C. Thus, recalling (1.9), we find that

Fl p; (ua)ij(us — 11) < C’Fplipj (us)ij < CC*AUE.

Pi
By the divergence theorem and (3.8), we have

/ Fl}ipj (Us)ij (Ug - @NL) de < CC, Audz = CC, (ua)l’o ds
%% Q0 00

< C + Colluc| 1o (- (3.9)

On the other hand, for any i = 1,...,n, using (1.9) and (3.8), we can estimate
in Qq:

| Fp,z, (2, Due (2)) (ue (@) — @(2))| < Ci(| Due ()] + 1) (Jue(2) + C)
< Cs(lue (@) +1). (3.10)
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Note that (2.1) together with ||| (o) < C gives
lue | Lo () < C + C/ |ue| de < C' + C4/ lue — u|* d. (3.11)
Q\Qo Q\QO
From (3.7), (3.9), (3.10) and (3.11), we find that
Fl
83‘1- (aﬁpl (a:,Dus(:c))ﬂ (ue —u)dx

~folue — o= |

Qo

{f%x,us(x)) "

Qo
A /Q (B, (2. Ducte)) + FL,, (2, Duc(2))(u2);
X (ue — ) dx

<A+ 03/ (Juel* + 1) dz + C + Coluc| < (o)
Qo

< Csllull3m o) + € < C+ Co /Q e 312
0

It follows from (3.6) and (3.11), and f. = 1/e(u. — @) on Q\ Qg that

/ e((ua))"dsS < C +/ —fo(ue — @) da
o9 Q

=C+ _fs(ue_ﬂ)dx+/ —fe(ue — @) dz

Qo 2\ Qo
1
<C+CG/ \ug—ﬂ|2da:+/ T
2\ Q0 o\ €
1
<C— —|u. — af* dz (3.13)
Q\Qo 2¢e
if £ is small, say
e L
20"

From now on, we assume that € is small. Then, we get

/ 2((u) )" dS +/ (e — @)2 dz < Ce. (3.14)

o9 2\

This together with (2.1) and ||@|| ) < C gives the uniform bound for u. on
[uellzoe (@) < Cr. (3.15)

Step 2: FEwistence and convergence properties of uniformly conver solutions to
(1.12)-(1.13).

(i) We consider two separate cases.

Case 1: F(x,z,p) = FO(z,2). In this case, from the a priori L°°({2) estimates
(3.15) for uniformly convex solutions u. € W44(Q) (¢ > n) to system (1.12)—(1.13),
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we can use a Leray—Schauder degree argument as in [3, theorem 4.2] to show the
existence of a unique uniformly convex solution u. € W44(2) (for all ¢ < 00) to
system (1.12)—(1.13).

Case 2: F(x,z,p) = FO(z,2) + F'(x,p) and n = 2. In this case, from the a priori
L>(Q) estimates (3.15) for uniformly convex solutions u. € W*4(Q) (¢ > n) to
system (1.12)—(1.13), we can establish the a priori W%4({2) estimates for u. as in
[6, theorem 4.1]. With these a priori estimates, we can use a Leray—Schauder degree
argument as in [6, theorem 2.1] to show the existence of a uniformly convex solution
ue. € WH4(Q) (for all ¢ < o) to system (1.12)—(1.13).

Hence (i) is proved.

(ii) For € > 0 small, let u. € W*4(Q) (¢ > n) be a solution to (1.12)-(1.13). By
(3.15), the sequence {u.} is uniformly bounded with respect to . By (3.8), |Du,| is
uniformly bounded on compact subsets of 2. Thus, by the Arzela—Ascoli theorem,
up to extraction of a subsequence, u. converges uniformly on compact subsets of
Q, and also in W12(Qp), to a convex function u on €. From (3.14) and the fact
that lim. ¢ % = ¢, we find u € S[p, Q). Let

e = e/ ( | ey ds) ) (3.16)

Then, from (3.14), we have as in [3, inequality (5.5)] and [6, inequality (4.27)]
ne < C. (3.17)

Consider the functional J defined over S|y, Qo] by

J(v) = F(z,v(z), Dv(x)) dx. (3.18)

Qo
Since u. converges uniformly to u on g, by Fatou’s lemma, we have
lim inf/ FO(z,u.(x))dx > / FO(z,u(z)) d.
€ Qo Q0

From the convexity of F''(z,p) in p and the fact that u. converges to u on W2(y),
we have

lim inf/ F(z, Du.(z))dz > / F'(z, Du(z)) dz,
€ Qo QO
which is due to lower semicontinuity. Therefore

limsinf J(us) = J(u). (3.19)

Our main estimate is the following. B
Claim. If 0 < 6 < 1/n, then for any v € S[p, Q], we have

J(v) = liminf J(u.) — limsup |/ 4 gt/mgn=t) (3.20)
€ €

Assuming the above claim, we show that u is a minimizer of (1.1). Indeed, this
follows from (3.20), (3.19) and (3.17) which imply the estimate J(v) > J(u) for all
v E S[(p, Q()].
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It remains to prove the claim. The proof is similar to that of [6, theorem 2.3
where the case n =2 was treated. In our context of theorem 1.4(ii), we would
like to treat also the case of general dimensions n when F' = 0, that is, when the
Lagrangian is independent of the gradient variables. For reader’s convenience, we
repeat the arguments there. Recall from (3.1) that

=@+ C¢51/3”2 (ef —1).

Consider the following functional J. over the set of convex functions v on Q:

v) = x,v(x), Dv(x)) dx L v—u)de — et D20) dx
J:(v) /QOF(,(),D())dJrgmﬂo( )*d 5/QG(dtD )da.
(3.21)

From the Alexandrov theorem [4, theorem 1, p. 242], v is twice differentiable a.e.
At those points of twice differentiability of v, we use D?v to denote its Hessian
matrix. Thus, in addition to setting log 0 = —oo, the functional J; is well defined
with this convention for all 8 > 0; it can take value co.

Let U = U¥v;v;. Let K be the Gauss curvature of 9. Then, we have (see,
e.g. (4.9) in [6])

U2 = K((u:),)"™ + B where |B| < C(1+ ((u)) ). (3.22)

First, by [6, estimate (5.6)], if v is a convex function in Q with v =14 in a
neighbourhood of 92, then

L) — J(u) > e | U0, (ue — @) dS + / (v = u.)V, F (2, Due(2)) - o dS.
X9) 990 (3.23)
Now, we are ready to prove (3.20) for all v € S[p, Qo]. Indeed, applying (3.23) to
ve i=v+ C¢51/3"2 (e” = 1),

which clearly satisfies v. = @ on Q\ Qp, and using the fact that the subsequential
uniform limit u € S{p, Q] of u. satisfies u = v = ¢ on Iy, we conclude that the
corresponding rightmost term in (3.23)

/ (ve — ue )V F (2, Duc(x)) - v9dS — 0 ase — 0,
0Qo
and hence,

e | YU, (ue — 1) dS — 0:(1) < Je(ve) — Je(ue)

o0

—J(UE)J(ug)l/ﬂ\Q (ue — @)% dz

2e
- / [G(det D?v.) — G(det D?u.)]da. (3.24)
Q

Here we use o-(1) to denote a quantity that tends to 0 when € — 0.
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Since det D?v, > 051/3", we have
lim infe/ G(det D*v.)dz >0 for all v € S[p, Qo). (3.25)
€ Q

From the definition of v. and the dominated convergence theorem, we have
lirr%) J(v:) = J(v).
Combining this with (3.24) and (3.25), we get

J(v) = liminf J(u:) + liminfs/ [G(det D*v.) — G(det D?*u.)] dx
€ Q

€

+ liminfe YUY 0, (ue — ) dS
N o0

> liminf J(u.) — lim sups/ G(det D*u.) dx
€ c Q

+liminfe YUY 0, (ue — ) dS. (3.26)
o0

g

From (3.22), ||ty || o 90) < C and (uc), > (uc);7 — Co by the estimate preceding
(3.5), we have

U0y (ue — 1) = —C((ue)f)" " = C.
From the definition of 7. in (3.16), one has

/ (us)f dS < Ce™Y™y.  and ((ue)F)""tds < Ce=(=D/nyn—t
o0 o0

and hence,

€ YU Oy (ue — ) dS > —Cg/ [+ ((ue)H)"1]ds
o0 0

> —Cel/mpnt, (3.27)

From 0 < 0 < 1/n and the convexity of u., we can find C' > 0 depending only on 6
and n such that

G(det D?*u.) < C[1 + (det D?u.)Y/™ < C(1 + Auy).

Therefore, from the divergence theorem, we obtain

/G(detDQua)dxg C/(l—l—AuE)dw
Q Q

=CI+C [ (u),dS <CA+eYmy,). (3.28)
o0

Combining (3.26)—(3.28), we get

J(v) > liminf J(u.) — limsup [5(7171)/71775 Jr€l/nnnfl

5
€ €
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which implies (3.20). The Claim is proved and the proof of the theorem is
complete. 0

Sketch of proof of theorem 1.8. The proof is parallel to that of theorem 1.4 with
some minor modifications. We briefly indicate these. Recall that n = 2.

(i) Ewmistence result. The key is still the a priori estimate (3.15) for a uniformly
convex solution u. € W49(Q) (¢ > n) to (1.12)—(1.13). Assume that there
holds the linear growth condition of f°(z,z) with respect to z in (1.15). In
this case, the quantity A, defined in (3.7) can be estimated from above by

A <C+ CIHUEH%OO(QO)'

Thus, the final estimate in (3.12) holds. Therefore (3.15) holds if € is small;
the constant C7 now depends also on Cj. As a consequence, the existence
result of theorem 1.8(i) follows as that of theorem 1.4(i).

(ii) Convergence result. The new input here is the following well-known trace
inequality. There is a constant Cy = C;(Qg) > 0 depending only on € such
that

/ |v—u|2dx<0t/ |Dv — Dul* dx
Qo

Qo

+ Ct/ lv —ul*dS for all u,v € WH?(Qp).  (3.29)
%%

Assume that (1.15) and (1.16) hold. With (1.15), we have

Fz,2) — Fxz,2) > Oz, 2)(2 — 2) — %|Z —z* forall z € Qpand all 2,2 € R.
(3.30)
With (1.16), we have
F @,5) ~ (@) > VP (2,0) - (5 p) + 51— ol
for all z € Qy and all p,p € R (3.31)

For € > 0 small, let u. € W%4(Q) (¢ > n) be a solution to (1.12)—(1.13).

Step 1: Convergence of a subsequence of {u.} to a minimizer of (1.1). As in the
proof of theorem 1.4(ii), up to extraction of a subsequence, u. converges uniformly
on compact subsets of €2, and also in W2(€), to a convex function u € S[g, Q).

We show that u is a minimizer of (1.1). The proof is similar to that of theorem
1.4(ii) except that (3.23) is replaced by

T(0) = Jo(u) > e | U0, (ue — i) dS + / (v — u.)V,F (2, D (2)) - v dS
o0 9%

_& v — u.|?dS (3.32)
2 2191
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for all convex functions v in  with v = @ in a neighbourhood of 9 and provided
that

C>CCy+1. (3.33)

In (3.32), the function @ is defined as in (3.1). Clearly, when v € S[p, Q], the extra
boundary term in (3.32) disappears in the limit ¢ — 0.

Now, we explain how to obtain (3.32) from (1.15), (1.16) and (3.33). Again, let v
be a convex function in Q with v = % in a neighbourhood of 9. In the derivation
of (3.23) in [6, estimate (5.6)], we used (3.30) with C;, = 0 (and Z a mollification vy,
of v and z the function u.) and (3.31) with C =0 (and p the gradient Dvy, and p
the gradient Du.); see [6, estimate (5.10)]. With Cj, > 0,C > 0, instead of (3.23),
we have the following:

J(0) = Jo(u) > e | U, (ue — 1) dS + / (v — u )V, F (2, Du () - vo S
0 Q0

C C
- v —uc?de + = |Dv — Du,|* dz. (3.34)
2 Ja, 2 Ja,

Thus, provided (3.33) holds, (3.32) follows from (3.34) and (3.29).

Step 2: The whole sequence {u.} converges to the unique minimizer in S[p, Q]
of (1.1) when (3.33) holds. To show this, in view of Step 1, it suffices to show that
(1.1) has unique minimizer in S[p, Qo).

Suppose that u,v € S[p, Q] are two minimizers of the functional .J defined by

J(u) ::/Q F(z,u(x), Du(x)) dx

where we recall F(z,z,p) = FO(x,2) + F(z,p).
Note that (u + v)/2 € S[p, Qo]. From (3.30) and (3.31), we find

(af)“(x))_cb

FO(z,u(x)) + FO(z,v(z)) > 2F° (x, 4 5 1 lu(z) — v(x)|* Vo € Qo

and

FY(x, Du(z)) + F*(z, Dv(z)) > 2F* (x, Du(x)—i—Dv(a:))

2
C 2
+ Z|Du(m) — Du(z)|* VY € Q.

Adding these inequalities and integrating over €2y, we find that

T(u) + J(v) > 27 (“ ; “) + % /Q \Du(x) — Do) dz

C
— 7 ), @) @)
>2J (” ; “) + i /Q \Du(z) — Do(z)|? da. (3.35)
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In the last inequality of (3.35), we used (3.29) while recalling (3.33) and u = v on
0%. By the minimality of u and v, we deduce from (3.35) that u = v. Therefore,
(1.1) has unique minimizer in S|y, Q] as asserted. O
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