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Abstract It is well known in Kéahler geometry that the infinite-dimensional symmetric space H of
smooth Kahler metrics in a fixed Kéhler class on a polarized Kéhler manifold is well approximated by
finite-dimensional submanifolds B, C H of Bergman metrics of height k. Then it is natural to ask whether
geodesics in H can be approximated by Bergman geodesics in By. For any polarized K&hler manifold,
the approximation is in the C° topology. For some special varieties, one expects better convergence:
Song and Zelditch proved the C? convergence for the torus-invariant metrics over toric varieties. In this
article, we show that some C'°° approximation exists as well as a complete asymptotic expansion for
principally polarized abelian varieties.
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1. Introduction

Let (M,w) be an m-dimensional polarized K&hler manifold. Then the space H of smooth
Kahler metrics in a fixed Kéahler class will be an infinite-dimensional Riemannian mani-
fold under the natural L? metric. At the level of individual metrics w € H, there exists
a well-developed approximation theory [24, 25]: given w, one can define a canonical
sequence of Bergman metrics wy € By which approximates w in the C'° topology. The
approximation theory is based on microlocal analysis in the complex domain, specifi-
cally Bergman kernel asymptotics on and off the diagonal. Our principal aim is to study
the approximation from pointwise or infinitesimal objects to more global aspects of the
geometry, such as the approximation of the harmonic maps or geodesics in H by the
corresponding objects in By.

The geodesic equation for the Kéahler potentials ¢; of w; is a complex homogeneous
Monge-Ampeére equation [5,19]. About the solution of this Dirichlet problem, we have the
following regularity theorem: ¢, € C1:2([0,T] x M) for all @ < 1 if the endpoint metrics
are smooth [4]. It is therefore natural to study the approximation of Monge—Ampére
H geodesics ¢; by the much simpler By geodesics ¢g(t, z), which are defined by one
parameter subgroups of GL(dy + 1). The problem of approximating H geodesic segments
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between two smooth endpoints by By, geodesic segments was raised by Donaldson [5] and
Phong and Sturm [16]. Phong and Sturm proved that ¢y (t,2) — ¢; in a weak C? sense
on [0,1] x M; a C° result with a remainder estimate was later proved by Berndtsson [3].

To understand the approximation of H geodesics by Bj, geodesics better, e.g. the rate
of the approximation, we can test some special varieties and expect a better result. For
example, in the toric varieties case, when one restricts to the torus-invariant metrics,
the geodesic equation becomes the real homogeneous Monge—Ampere equation and thus
can be linearized by the Legendre transform [19]. Thus the geodesic will be smooth if
the endpoints are two smooth metrics. To such geodesics, Song and Zelditch proved the
profound C? convergence in space-time derivatives with the remainder estimates. In the
subsequent paper by Rubinstein and Zelditch [18], they proved that the harmonic map
equation can be linearized and thus can be solved. Moreover, harmonic maps into H is
also the C? limit of the corresponding ones into By.

Our motivation in this article is to test the convergence of geodesics over the principally
polarized abelian varieties by applying the method developed in [23]. Our main result
is that ¢ (t,2) = ¢+(z) in the C*° topology in this abelian case. Moreover, ¢ (¢, z) has
a complete asymptotic expansion in k with the leading term ¢;(z) and the second term
log(k™ R ), where Ro is the ratio of the norming constants (4.6). We also test the con-
vergence of the harmonic maps into H{ of (S1)™-invariant metrics by the corresponding
ones into By and the convergence is still in the C'*° topology.

1.1. Background

Let M be an m-dimensional compact Kéhler manifold, L — M an ample holomorphic
line bundle. Let A be a smooth hermitian metric on L, then h* will be the induced metric
on L*. The curvature of h is the (1, 1)-form on M defined locally by the formula R(h) =
—21001log |s(z)|2, where s(2) is a local, nowhere-vanishing holomorphic section [8]. If we
fix a hermitian metric ho and let wy = R(hg), then we define H as the space of Kéhler
metrics in the fixed class of [wo):

H={peC(M): wy =uwy+ 1i0d¢ > 0}, (1.1)

where ¢ is identified with h = hge™? so that R(h) = wg. If we define the metric gy on
H as

IR, = /M [P, where ¢ € H and 1 € TyH ~ C™(M), (1.2)

Then formally (H,gs) is an infinite-dimensional non-positively curved symmetric Rie-
mannian manifold [5,14,19]. Furthermore, the geodesics of H in this metric are the paths
¢; which satisfy the partial differential equation:

¢ —10¢]%, = 0. (1.3)

The space H contains a family of finite-dimensional non-positively curved symmetric
spaces Bj, which are defined as follows. Let H°(M, LF) be the space of holomorphic
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sections of L¥ — M and let dy+1 = dim H°(M, L¥). For large k and for s = (sq, ..., 54,)
an ordered basis of HO(M, L¥), let

Lg: M — CP% 2 — [s50(2),..., 54, (2)] (1.4)

be the Kodaira embedding. Then we have a canonical isomorphism L*F = 1:0(1). We
then define a Bergman metric of height k£ to be a metric of the form:

ho
(g Is;( )hk)l/k

FSy(s) := (¢thps)* = (1.5)

where hpg is the Fubini-Study Hermitian metric on O(1) — CP% . Note that the right-
hand side of (1.5) is independent of the choice of hg. We define the space of Bergman
metrics as

By, = {FSk(s): s a basis of H*(M, LF)}. (1.6)

Then By, = GL(dy + 1)/ U(dg, + 1) is a finite-dimensional negatively curved symmetric
space. It is proved in [24,25] that the union B = [J;-, By is dense in H in the C*°
topology. If h € H, then there exists h(k) € By such that h(k) — h in C* topology.

In fact, there is a canonical choice of the approximating sequence h(k) [24] which is
used throughout the article. The hermitian metric h on L induces a natural inner product
Hilbg(h) on HO(M, L*) defined by

m

(51, 82)pr = /M(sl(z),SQ(z))hk%7 where wy, = R(h), (1.7)

for any sy,s2 € H°(M, L*). In particular, the norm square of the holomorphic section is

wit
lslfe = f 1ol . (18)

Now choose s(k) as an orthonormal basis of H%(M, L*) with respect to the inner product
Hilbg (h), then we have the following C'*° asymptotics for the Bergman kernel as k — oo
[25] (see also [2]):

Z|sj 2 = E™ + ay (2)k™ " 4 (1.9)

where a;(z) is the scalar curvature of h. Now let §(k) = k~™/25(k). Then the Bergman
metric h(k) = FSy, o Hilbg(h) := FSi(5(k)) will be an approximating sequence of h; to
be more precise, (1.5) and (1.9) imply that for each r > 0,

Hh(hm‘leOGz)’ w(k>—wll=0(,:2), ||¢(k>—¢||=o(k12), (1.10)

where the norms are taken with respect to C"(wg). Here, as before, w = R(h), w(k) =
R(k), h = hoe™, h(k) = hoe %)
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Now we can compare geodesics in H and Bergman geodesics in By. Let hg,h; € H.
Then there will be a unique C*® Monge-Ampére geodesic hy = hge~?(*): [0,1] — H join-
ing ho to hy for all a € (0,1) [4]. Assume ho(k) = FS,(3(k)) and hy (k) = FSp (3 (k)
are two sequence in By obtained by the canonical construction approximating ho and hy.
Then the geodesic joining ho(k) and hq (k) in the space By = GL(dx + 1)/ U(dg + 1) is
constructed in [16] as follows. Let o), € GL(dy, + 1) be the change of basis matrix defined
by oy - 3@ (k) = S(l)(k). Without loss of generality, we may assume that o}, is diagonal
with entries e*, ... e’ for some A; € R. Let S(t)(k) =o} - S(O)(k), where o}, is diagonal
with entries e**. Define

hi(t, z) = FSi (39 (k)) = hge™?+(t2), (1.11)

Then hy(k, z) is the smooth geodesic in GL(dy, + 1)/ U(dy, + 1) joining ho(k) to hi(k).
Explicitly, use identity (1.5) again, we have

d,
1 -
or(t,z) = %log ( E e2’\ﬂt|s§-0)(k)|i§). (1.12)
=0

Then the main result of Phong and Sturm [16] is that the Monge—Ampere geodesic ¢;(z)
is approximated by Bergman geodesic ¢y (¢, z) in a weak CY sense on [0,1] x M; a C°
result with a remainder estimate was later proved by Berndtsson [3].

For special varieties, one expects better result. The first evidence is in [23]: Song and
Zelditch proved the convergence of ¢y (¢, z) — ¢:(2) is much stronger for toric hermitian
metrics on the torus-invariant line bundle over the smooth toric Kahler manifold. To be
more precise, they defined the space of toric Hermitian metrics:

H(T™) = {p € H: (e)*p = ¢ for all e € T™}. (1.13)

Then for the smooth geodesic in H(T™) with the endpoints hg and hy € H(T™), they
proved
lim br(t,2) = ¢(t,z) in C%([0,1] x M). (1.14)
—00

And they also obtained the rate of the convergence and the remainder estimates. In fact,
their method can be applied to the principally polarized abelian varieties. In our article,
we consider the abelian case and prove the existence of C*° convergence, moreover, we
can expand ¢ (t,z) in k completely with the leading term ¢,.

1.2. Main results

Throughout the article, we will use the following notation: denote I' = (S!)™ =
(R/Z)™, the isomorphism is given by e?" — § mod Z™; thus we can identify the
periodic function on R™ with period 1 in each variable with the function defined on I';
denote y? =y3 + -+ y2 and x -y = z1y1 + - + TpYm for z,y € R™.

By performing affine transformation, it suffices to consider the principally polarized
abelian variety M = C™ /A, where A = Z™ +iZ™. We will prove our main result for this
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model case first and in §7, we will sketch how to extend our argument to the general
lattice.

Now for M = C™ /A, where A = Z™ +iZ™, we can write each point in M as z = z+1y,
where x,y € R™ and they can be considered as the period coordinate in M. There is a
natural action on M: the group I' = (S!)™ acts on M via translations in the lagrangian
subspace R™ C C™, i.e. the translation of x in the universal covering space.

Let L — M be a principal polarization of M; then there is a classical hermitian metric
defined on L [8]:
h=e 2™

The curvature of h is given by R(h) =7y ., dzq A dZ, which is in the class [rei(L)].
Now fix wg = R(h) a flat metric on M with associated Kihler potential 2ry?, denote H{'
as the space of [-invariant K&hler metrics in the fixed class [wq], then

HE = {p € OF(M): wy = wy + Li0dy > 0}.

Note that a smooth function 1 (x,y) defined on M invariant under the I" actions should
be independent of x variable; thus in fact they are smooth functions on M /I, i.e. ¢ is a
smooth and periodic function on the universal covering space y € R™.

All hermitian metrics h on L such that R(h) = wy € H{ will be in the form

h = e~ 2y —AT(y), (1.15)

In § 2, we will see such h is a well-defined hermitian metric on L. And the corresponding
Kahler potential is

o(y) = 2my” + 4mih(y), (1.16)

where 1) (y) is smooth and periodic function with period 1 and we have to assume VZ¢ > 0
because of the positivity of Kéhler form.

The following fact about the space H{ is crucial [5,19]: given any g and ¢; € HE,
we can join them by a smooth geodesic ¢; € H{'. Thus throughout the article, we will
consider the geodesic in the form ¢;(y) = 27y + 47 (y).

In §7, we can extend all these settings to the case of general lattice immediately. Our
main result for any principally polarized abelian variety is the following.

Theorem 1.1. Let M be a principally polarized abelian variety and let L — M be a
principal polarization of M. Given hg and hy in HE' of the space of I'-invariant Kéhler
metrics, let hy € HE be the smooth geodesic between them. Let hy(t) be the Bergman
geodesic between ho(k) and hi(k) in By. Let hy(t) = e~ ho and hy = e=?(*) by, then

lim 6 (t,2) = ¢1(2)

in the C*°([0,1] x M) topology. Moreover, we have the following C*° complete asymp-
totics:
Pr(t,2) = ¢e(2) + mk™ logk + k™ ar(t, o) + b 2ag(t, ) + - - (1.17)

for k large enough, where p:(y) = Vi (y) where y is defined in (2.1) and each a, is a
smooth function of y; and t. In particular, a1 = log Ro, where R, is defined by (4.6).
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1.2.1. Outline of the proof

We now sketch the proof of our main result for the model case: define the inner product
on H°(M, L*) induced by kY in the sense of (1.7), then in Proposition 2.1 we first prove
that, for any fixed ¢, the following theta functions of level k

k)2
0i(z) = Z exp (—w(]—’—:) +27i(j + kn) - z>, je(zZ/kn)™

nezm™

form an orthogonal basis with respect to this inner product; in particular,
dim H°(M, L*) = k™.

Therefore, in the canonical construction, we can choose the orthonormal basis s (k) as
0; normalized by [|6]|,+. Hence, if o), € GL(K™) such that oy - 3O k) = sV (k), then oy,
can be chosen to be diagonal with entries

116511

)\j — .
165115

Hence, the equation (1.12) of the Bergman geodesic becomes

1 1615 \* 163154
on(t,2) = Tlog ) TR (1.18)
Je(z/ kD)™ Il hk JWn
Our main theorem is to prove this term converges to ¢:(z) in the C*°([0, 1] x M) topology.
o 10112 \ 10,127
1 0 & t 9 L Pt
Ou(t,2) = gu(x) = Zlog Y ( - ZO) T,
e BT, ) 0T,
denote pi(j,t) = ||0;]|?, as the norming constant and denote

) . pk(jﬂt)
Ri(4,t) = (pe(5,0) "t (pr (5, 1))t

and as usual hy = e~ ? hg, then we can rewrite
1 . ‘aj if
Ou(t2) — dn(z) = ~log S Ry(j,t) . (1.19)
k= 116511
je(Z/kz)™ hs

Thus our goal is equivalent to prove this term goes to 0 in the C*° topology as k — oo.
In fact we can prove the following result which implies Theorem 1.1 immediately.

Lemma 1.2. With all assumptions and notation as above, we have

1 12
EIOg Z R (7, )H;” =mk " logk 4 10g Roo (11, t) + k™ 2cq (g, t) + -+,
JE(@/kT)™
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where p(y) = Ve, cn(pe,t) € C°(M x [0,1]) and periodic in y variables for any fixed
t and Ry is defined by (4.6). Furthermore, this expansion can be differentiated any
number of times on both sides with respect to t and y (or z). In particular, the left-hand
side goes to 0 in the C™ topology as k — oo, i.e. the Bergman geodesics converge to the
geodesic in the Kéhler space in the C* topology.

The proof of Lemma 1.2 is the consequence of the following two lemmas.

e The Regularity Lemma (see Lemma 4.1 below): Ry(j,t) admits the complete
asymptotics with the leading term given by R (z,t) evaluated at the point
xo = —4mj/k.

e The generalized Bernstein Polynomial Lemma (see Lemma 1.3 below):

J |9j‘;2lk-
E: N s 2
k) 110515

je@z/kz)™

admits complete asymptotics for any periodic function f defined on R™ with
period 1.

In §5, we will give the proof of the following generalized Bernstein Polynomial Lemma
using the basic properties of theta functions and Weyl quantization.

Lemma 1.3. Let f(x) € C*(R™) and periodic in each variable with period 1, let
h € H}', then we have the complete asymptotics

k:im > f<£> Ol _ i)+ k() (1.20)

12
2 U T
where u(y) = y + V¢ and all b, (n) € C(R™).

The generalized Bernstein Polynomial Lemma (Lemma 1.3) has an application to
Dedekind-Riemann sums for the periodic functions. Many results about the complete
asymptotics of Dedekind-Riemann sums for the smooth functions with compact sup-
port over the polytope P were obtained by Brion and Vergne [1], Guillemin and Stern-
berg [10] and many others. For purposes of comparison, Theorem 4.2 in [10] states that
for f € C§°(R™),

b T (ST () fon) oo

a€ZmNkP F ert

where « is the lattice point in the kth dilate of the polytope kP and P is a parallel
dilate of P. We refer to [10] for more details.

Afterward, Zelditch related the Bernstein polynomials to the Bergman kernel for the
Fubini-Study metric on CP', and generalized this relation to any compact Kéhler toric
manifold, then he got many interesting results [26]. To be more precise, let (L,h) —
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(M,w) be a toric Hermitian invariant line bundle over a Kéhler toric manifold with
associated moment polytope P, he proved the following complete asymptotics:

>, ! ( )ls% = (@) + kLo f () + B Lof (@) + o (1.21)

a€ZmNkP ”80‘”

where f € Cg°(R™), each L; is a differential operator of order 2j, s, is the orthogonal
basis of H°(M, L¥) which in fact are monomials z*. Then the simple integration yields

> ( ) /f ydo+ o apf(x)dx—k%/ljﬁgf(:r)dz—k---. (1.22)

aEZmﬁkP

In [6], this method is then generalized to the non-compact polyhedral set.
In §5, we will first generalize the method in [6,26] to the abelian varieties to get the
Lemma 1.3. If we take the integral over M on both sides of (1.20) and note

AR J
26 % o)
Je(z/kT)™ Jje(@/kT)™

then we have the following Dedekind-Riemann sums for periodic functions.

Corollary 1.4. Let f(z) € C*°(R™) and periodic in each variable with period 1, then

1 J\ _ 2 da 4 k! 2 de 4 - -
> f<k) /[Oﬁl]mf()d +k /[Oﬁl]mbl()d+ , (1.23)

Jje(z/kz)™

where each b, (x) € C*°(R™) and can be computed explicitly.

1.3. Final remarks and further results

The C? convergence of Song and Zelditch for the toric varieties can be improved to
the C*° convergence for the abelian varieties mainly because of the Regularity Lemma
(Lemma 4.1): Rk (j,t) admits complete asymptotics. But for the toric case, they do not
know the existence of the complete asymptotics of Ry (a,t), where « is a lattice point in
P which is the image of the moment map of toric varieties V,p: M — P. In fact, they
have the following lemma:

oY o . (a s
— — <n <2
(2) o= (L) e () o), 0<nes

They cannot prove the existence of complete asymptotics because they cannot get the
joint asymptotics of k and « of the norming constant py(c) = |[sa||7,, Where s, is the
holomorphic section of the invariant line bundle. Recall that the boundary of P is the
image of the points with isotropy group of T”, 1 < n < m, under the moment map V¢
and the boundary causes serious complications. To be more precise, they can rewrite

pr() as
pela) = /Pexp (—k(uw(x) + <Z - x,Vuw(x)>)> dz,
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where u,, is the symplectic potential defined on P, i.e. the Legendre transform of Kahler
potential . Note that the critical point of the phase is given by «a/k; thus they can get
complete asymptotics by the stationary phase method when the point a/k is far away
from the boundary of P. But they cannot get joint asymptotics by this method when
the point goes to the boundary 9P as k — oo [23].

But in our abelian case, we do not have such disadvantage. There is a real torus
I = (S')™ action on the abelian varieties. This action is free, i.e. there is no point with
the isotropy group of (S1)", 1 < n < m. In § 3, we will see that the gradient of the Kéhler
potential induces a map Vi, = 4w (y + Viy): M — M/I", which is in fact a Lie group
valued moment map for any fixed ¢. The image of Vi, is M/I" which has no boundary.
There is another way to look at this, in §4, we rewrite py(j) = [|6;[|3+ as an integral over
the universal covering space R™ (4.9):

o) = exp (—27#:) /m exp (—k:7r (—u(m) + <a: + T,Vu(w)>>) dz,

where u(z) is defined by Legendre transform of ¢, thus we can apply the stationary phase
method to this integral everywhere.

For example, in §2, we can get identity (2.12) which is the exact formula for pg(j) =
10517 If we assume 1) = 0, i.e. we choose the flat metric over the abelian variety, then
||0j\|ik will be a constant independent of j, i.e. the joint complete asymptotics of pg(j)
(which is in fact a constant) exist for any j as k — oo. This is totally different from the
toric case. For example, consider (CIP’17wFS) with Fubini-Study metric, then

]f —1
a2 _
=1, = (£)

but as proved in [22], for any a € [k‘3/4, 1-— k_3/4], by stationary phase method, they
have
( k ) N 1 olalog at(1-a) log(1-a))
ka 2rka(l — )

Then it is easy to see that the asymptotics are highly non-uniform as a — 0 or  — 1,
where 0 and 1 are two boundary points of the moment polytope [0, 1] of CP*.

1.3.1. Harmonic maps into HY%.

A harmonic map between two Riemannian manifolds (N1, g1) and (Na, g2) is a critical
point of the energy functional

E(f) = /N [dfI2, & e gy dVOlg,
1

on the space of smooth maps f: N; — N>. Note that this notion may also be defined
when the target manifold (Na, go) is an infinite-dimensional weakly Riemannian manifold,
e.g. (H,gxn). By a smooth map f from N to H we mean a function f € C°(N x M)
such that f(q,-) € H for each ¢ € N (see Definition 1.1 in [18]).

https://doi.org/10.1017/51474748011000119 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748011000119

10 R. Feng

In [18], Rubinstein and Zelditch proved that, in the toric case, the Dirichlet problem
for a harmonic map ¢: N — H(T™) of any compact Riemannian manifold N with
smooth boundary into H(T™) of toric invariant metrics admits a smooth solution that
may be approximated in C?(N x M) by a special sequence of harmonic maps ¢z: N —
Bi.(T™) c H(T™) into the subspaces By (T™) of Bergman metrics [18, Theorem 1.1]. This
generalized the work of Song and Zelditch in the case of geodesics, i.e. where N = [0, 1].

In the spirit of [18], we consider the harmonic maps into the space of H{" of I'-invariant
abelian metrics. Then we can prove that the approximation of the harmonic into H{ by
the corresponding ones into By is still C*°.

Theorem 1.5. Let M be a principally polarized abelian variety and let L — M be a
principal polarization. Let (N, g) be a compact oriented smooth Riemannian manifold
with smooth boundary ON. Let 1: ON — H}" denote a fixed smooth map. There exists
a harmonic map ¢: N — H} with p|sn = ¢ and harmonic maps ¢r: N — By, with
vrlon = FSy o Hilbg (), then we have the following C*° complete asymptotics,

or =@ +mk tlogk+ktay + k 2as + -,

where each a,, is smooth and a1 = log K, where K, is defined by (8.3).

The proof of Theorem 1.5 is similar to the one in [18]. In §8, we will sketch the main
steps of the proof for the model case.

2. Abelian varieties and theta functions

In this section, we will review some basic properties of principally polarized abelian
varieties and theta functions. We mainly follow [7] and readers should refer to [8,15] for
more details.

Let V be a m-dimensional complex vector space and A = Z?™ a maximal lattice in V
such that the quotient M = V/A is an abelian variety, i.e. a complex torus which can
be holomorphically embedded in projective space. We assume that M is endowed with
a principal polarization, then we can always find a basis A1,..., Aoy for A, such that
Aly. ..y Am 18 a basis of V' and

m

/\m—i-a:ZZﬁa)\ﬁ, a=1,...,m,
B=1

where Z = (Zap) 35—, is an m x m matrix that satisfies Z*T = Z and Tm Z > 0. Con-
versely, principally polarized abelian varieties are parametrized by such matrixes.

Let x1,...,Zm, y1,-..,Ymn be the coordinates on V which are dual to the generators
A1,y Ao Of the lattice A. Then x, and y, can also be considered as periodic coordin-
ates in M, and are related to the complex ones by

m m
Zo = To + Z ZagYs, Zo = To + Z Zaﬂyg. (2.1)
B=1 B=1
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Let L — M be the holomorphic line bundle, if we further assume L is a principal
polarization of M, then the first Chern class ¢ (L) is given by

m

wy = Z dz, A dye
a=1
i

o |

> (Im 2)*% dzq A dzg. (2.2)
o,

The space H°(M, L*) is naturally isomorphic with the space of holomorphic functions 6
on V satisfying

0(z+Xa) =0(2),  0(2+ Anya) = e 2Kmza=hTiZaag () (2.3)

In fact, these theta functions are in form [7]

0(z)= > abi(z 1),

1e(Z/kT)™

where
0,(z,02) = g exp | 7i(l + l{:n)g
’ k

nezm™

(I+ kn)T)eQ’Ti(”k”)'z, I € (Z/KZ)™. (2.4)

In particular, dim H(M, L*) = k™.
Now consider the hermitian metric h defined on L, h should be a positive C*° function
of z satisfying
h(2)[0(2)]* = h(z + X)|0(z + N)|? (2.5)

for any A\ € A; thus
h(z + Aa) = h(2), h(z + Amia) = €27 2™ 200 2R (2). (2.6)

Conversely, any such function h defines a metric on L.

For simplicity, we first consider the abelian variety M = C™ /A, where A = Z™ +iZ™,
write z = x + iy, where z and y € R™ and can be viewed as the periodic coordinate
of M. Let L — M be a principal polarization of M, then by formula (2.4), the global
holomorphic section of H°(M, L) is given by the following Riemann theta functions:

O(z)= 3 enimng (2.7)

nezm

where n? = n% + -+ nfn and n-z =n121 + - + Nym2m. And the global holomorphic
section of HO(M, L*) is given by

0(z) = Z exp (—ﬂ(j—i_kw + 27i(j + kn) - z) (2.8)

nezm™
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with dim H°(M, L*) = k™. Furthermore, 6;(z) are holomorphic functions over C™ and
satisfy the following quasi-periodicity relations:

0;(za +1) = 0i(24), 0;(za +1) = e_2”1k2“+k”9j (2a)- (2.9)
Now define the hermitian metric on L as

hy = e~ 2™ —4mvu(y)

where 9;(y) is a smooth and periodic function of y € R™ with period 1. It is easy to
check that h, satisfies conditions (2.6):

he(Za +1) = hi(za),  he(za +1) = [0 22 hy(24),

thus h; is a well-defined hermitian metric on L.
Now in our case, the natural Hermitian inner product (1.7) defined on the space
HO(M, L¥) reads

(01, 6;) Z/ 91(Z)ej(z)e_%wyz_%w‘(y)% (2.10)
M

m!’
where the volume form

m
A
m/!

= (4m)™ det(I + V*ty) da dy.

Proposition 2.1. {0;, j € (Z/kZ)™} forms an orthogonal basis of H°(M,L*) with
respect to the Hermitian inner product defined by (2.10).

Proof. By definition,

(61,05) s = (4m)™ /[0,1]"1 /Mm { > exp (—WW +2wi(l+kn)-z>]

nezm™

X { > exp (—w(jJrkW — 27i(j + kp) 2)]

peEZ™
% e—2kmy’ —akmi (y) det(I + V?1,) dz dy

Z / eQﬂ'i(lJrknfjfkp)'(E d$:|
[0,1]™

nezm™

[+ kn)? | + kp)?
[Z/ exp (- L+ G 4 1)
pGZm [071]m k

- (47r)m[

—2n(l + kn +j + kp) - y — 2kmy* — 4k7r1pt)

x det(I 4+ V?1y) dy} )
(2.11)
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Bergman metrics and geodesics 13

For the first integral, if I, 4+ kng = jo + kDo, i-€. lo — jo =0 mod k, then

2mi(la+kna —ja—kpa)Za —
/ o2rillathn —jo—kpa)ea gy 1
[0,1]

otherwise, it is 0. Since 1 < ln, jo < k, hence [, + kng = jo + kpeo if and only if I, = j,
and p, = ny; thus the first integral is non-zero if and only if [ = j and n = p. Then
(2.11) becomes

. 2
(00,0;) e = (4m)™01; Z/[ | exp (—ka(‘;—i-n—i-y) )e—‘*mt(y) det(I + Vi) dy.
0,1

nezm™
Hence, we can see that {0;, j € (Z/kZ)™} forms an orthogonal basis of H*(M, L¥). O

Furthermore, we have:

. 2
16,1176 = (4m)™ > /[O . exp (ka(‘; +n+y> )e‘*’”wf(y) det(I + V%) dy

nezm
\2
= (47r)m/ exp (—ka (y + i) )e—4km(y) det (I + V24,) dy. (2.12)

In the last step, we change variable y — y+n and use the fact that 1;(y) is a smooth and
periodic function with period 1. In fact, this integral is taken over the universal covering
space R™.

3. I'-invariant metrics and geodesics

In this section, we recall some basic properties of the space H{ of I-invariant Kihler
metric over the abelian varieties proved in [5].

Now consider M = C™ /A where A = Z™+iZ™, we write each point in M as z = x+iy,
where x and y € R™ and can be considered as periodic coordinate in M. Fix

. m
wo = %Zdza/\dia
a=1
a flat metric with associated local Kihler potential 2ry?. The group I' = (S1)™ acts on
M via translations in the lagrangian subspace R™ C C™, and this induces an isometric
action of I" on the space H of Kihler metrics on M; so H{' of I'-invariant metrics is
totally geodesic in H. Furthermore, HJ can be viewed as the set of functions:

HE = {¢ € CF(M): wy = wo + 1100y > 0}. (3.1)

In fact, functions invariant under the action of I' should be independent of x; thus they
are smooth function on M/I’; i.e. they are smooth and periodic function with period 1
defined on y € R™.
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The crucial point about H{' is that given any two points g and ¢, in H{', there exists
a smooth geodesics ¢;(y) in HY joining them. To be more precise, in the local coordinate,
the geodesic is given by the path ¢, (z) = 27y? + 47y (y) satisfying the condition

¢ —3IV¢l2, =0. (3.2)

Moreover, V2p; = I + V?1); > 0 because of the positivity of Kihler form; thus ¢y is a
convex function on R™. Then the Legendre transform of ¢;(y)

u(p) = p-y — e(y) (3.3)

is well defined where
p= Vi =4n(y + Vi (y)). (3.4)

For any fixed ¢, the map u(y,t) = Vi : R™ — R™ and also induces amap p: M — M/T,
which is a simple example of a Lie group valued moment map. Then we have the following
proposition and readers should refer to [5,9] for the proof.

Proposition 3.1. u(t, 1) is linearized along the geodesic (3.2).

According to this proposition, we can solve (3.2) in H{ as follows: given any two Kihler
potential g and ¢, make the Legendre transform ug = L¢g and uy = Ly, then

up = (1 —t)ug + tuy (3.5)
solves equation i = 0; thus the inverse of the Legendre transform
or =Ly (3.6)

will solve (3.2), which is C°.

4. Regularity Lemma

We first restate some results in §3: given any two Kihler potential ¢y = 27y? + 4w
and 1 = 27my? + 4mpy with g,9; € HE', we can join them by a smooth geodesic
or = 2my? + dmiy, by € HY'. Now denote u(t, n) = Lo4(y) as the Legendre transform of
©t(y) for any fixed t. By Proposition 3.1, u(¢, 1) is linearized along the geodesics:

)

u(t 1) = (1= Huo(s) + tus (). (4.1)

By properties of the Legendre transform (see also §3), we have

y = Vu, (4.2)
dy 2 -1 1 2, \—1
o (Vi)™ = E(l + V)7 > 0. (4.3)
Now denote p(j,t) = [|6;]|3, as norming constant, then (2.12) reads

\2
pr (4, ) = (4m)™ /m exp (—2k7r (y + i) )e‘““””f(y) det(I + V3¢,) dy. (4.4)
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Bergman metrics and geodesics 15

Now denote

. o Pk(j7 t)
B0t = GG o (oG ) (45)

det V2u 1/2
(det V2ug)t—t(det V2uq)t )

Rt =

then we have following regularity lemma.

Lemma 4.1. The ratio Ro(u1,t) € C*°(R™ x [0, 1]) is periodic with period 47 to each
i variable for any fixed t, hence it is uniformly bounded. Furthermore, we have the
complete asymptotics

Rk(]v t) = Roo(luvt)(l + k_la/l + k_2a2 + -+ k_ual/)|u:74ﬂ'j/k + O(k_u_l)v

where v is any positive integer and O symbol is uniform in t. Moreover, each a, is a
smooth function of (u,t) and periodic in p with period 47 for any fixed t.

Proof. First, by (4.2) and (4.3), we have

0 1
Vu(p,t) = A

= in (I +V2%)~ ' > 0. (4.7)

Then each entry of VZu will be smooth on R™ x [0, 1] since 1, is smooth and so is
det V2u. Moreover, by (3.4) if we change yo — Yo + 1, then o — o + 4w, but Vu
does not change by (4.7), this means V2u(u, + 47) = V2u(u,), thus V2u is a periodic
matrix defined on R™ with period 4 for any fixed ¢, which implies that det V2w is also
a periodic function. Hence, by the definition of R (u,t), Reo(u,t) will be a positive
smooth periodic function with period 4m; hence it is uniformly bounded. Furthermore,
there exist a constant C' > 0 such that Reo(u,t) > C > 0 uniformly.

Now we turn to prove the existence of the complete asymptotic of Ry(j,t). First from
(4.3), we have the following relation of the volume form:

dp = (4m)™ det (I + V34;) dy. (4.8)

Now plug (3.3), (4.2) and (4.8) into (4.4), then we can rewrite the norming constant
Pk (.77 t) as

, 2 0 dmj O
pk(j,t) = exp (—2%‘2) / exp <—k (u- a—z —u+ % . 32)) dp. (4.9)

Hence, by definition, in order to get the complete asymptotics of Ry(t,7) it is sufficient
to get the complete asymptotics of py(t, j) for all t € [0, 1], i.e. we try to get the complete
asymptotics of
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by applying the stationary phase method. The formula of the stationary phase method
is as follows [11, Theorem 7.7.5]:

lk‘I/(
k#(2) Qg = kL 4.10
u(x)e T = Ulg=g’, .
/ (@) /et (RV2U (z) /271) £ Z wu (4.10)

where 2’ is the critical point of ¥, Im¥ > 0 and L, is a differential operator of order 2\
defined by
Du= 3 Y gengmilbledue)]l (4.11)
a—B=X2a>30
where g,/ (z) = ¥ (x) — ¥(z") — (V2 (2')(z — 2'),x — 2’) /2. Furthermore, the coefficients
Lyu are rational homogeneous functions of degree —\ in V2¥(z'), ... w2 (z') with
the denominator (det V2% (z'))3*. Note that in [11], u(z) is assumed to has compact
support, but in fact this formula is true for any u(zx) € C°°(R™). The strategy is to
choose a cut-off function x in a neighbourhood of z’ and rewrite the amplitude u to be
xu + (1 — x)u, then we will separate the integration into two parts correspondingly. To
the integration with the amplitude yu, we use the formula of stationary phase method
directly; to the second part, by Theorem 1.1.4 in [21], it is O(k™°).
To our case, note that the hypotheses of [11] are satisfied since we can add some
constant to ensure our phase function has positive imaginary part. Now the critical point

of the phase

ou 4j  Ou

47
(,LL +kjj>'v2u—0

As proved above, the matrix V2u > 0 and each entry is smooth and periodic on R™, then
there will be a constant ¢ > 0, such that V2u > ¢I which is always non-degenerated; thus
the critical point of the phase is given by u’ = —4mj/k. And the Hessian of the phase at
the critical point is V2¥/|,—,, = V?u(2’,t) > c¢I. Thus by the formula of the stationary
phase method, we have

ou 475 Ou
foow (e g-ur 2 5))

_ km/z(exp (k@ du - Anj %»m)

satisfies

ou k Ou
X (L4+ k™ "Ly(t,2) + k72 Lo(t, p) + )| ——amj/n

= k™2 (e Vdet V2u)(1 + k™ Ly (t, 1) + k2 Lo(t, p) + -+ )= —amjyn- (4.12)

Now we can show that each Ly is a smooth function of (u,t) and periodic of u for any
fixed ¢. In our case, by simple computations, all derivatives of the phase function ¥(u)
at the point p/ = —4mj/k is W™ (u/) = (n — Du™ (i), e.g. easy to check V20 (y/) =
V2u(p'), T3 (u') = 2u® (i); thus by formula (4.11), each coefficient Ly evaluated at
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' is equal to a functional Fy(V2u(p), ..., u* 1) evaluated at p/, hence let Ly(u) =
Fr(V2u,. .., uP 1) then Ly(u) will be smooth and periodic since V?u and u(?*+1) are
smooth and periodic matrix.

Now we can get the following expression of Ry (j,t) by expanding each term in denom-
inator and numerator:

det V2u 1/2
(det V2ug)1—*(det Vzul)t)

L4+ k= Ly(t,p) +- -
(T4 k=100, )+ - )P+ k= Ly (1, p) + -+ )t

Ruti) = -ttt

X

pu=—4rj/k
=Roo(u,t)(1+krar +k%as + -+ k7)) | e —anjm + O(K™771). (4.13)
In the last step, we plug in the identity (4.1):

w(t ) = (1= D)o () + tus (1),

which implies that ef7(v=(1=t)uo—tu1) — 1 Then we apply the Taylor expansion (14x)7 =
1+~x+--- to the term

(L4 kLot )+ )L+ kL0, ) 4+ ) A+ k™ Ly (1) +---) 7,

just choose v as t — 1 and —t. If we expand these three terms completely, we will get
the complete asymptotics, and we can compute each term step by step. For example,
the first term is just 1 and the second term is k=1 (Ly(t, p) — (1 — ) L1 (0, ) — tL1(1, ).
Moreover, a, is a polynomial of ¢t and Ly (¢, u) for some A, hence each a, is smooth and
uniformly bounded on [0, 1] x M, and periodic for any fixed ¢. Furthermore, if we combine
this with the fact that R (u,t) is uniformly bounded, then the error term Roo (4, ¢)ax+1
is uniformly bounded, i.e. the symbol O is uniformly bounded. O

5. The generalized Bernstein Polynomial Lemma

In this section, we will prove the Lemma 1.3. We first introduce the definition and some
basic properties of the Bergman kernel (refer to [20,25,26] for more details).

Let (L,h) — (M,w) be a positive holomorphic line bundle over a compact Kéhler
manifold of complex dimension m. We assume

w = —3i001og |s(2)3,

where s(z) is a local holomorphic frame. We now define the Bergman kernel as the
orthogonal projection from the L? integral sections to the holomorphic sections:

I L*(M, L*) — H°(M, LF). (5.1)

Furthermore, if {s?}?’;o is an orthonormal basis of H°(M, L*) with respect to the inner
product defined by (1.7), then

(2, w) = Zsf(z) ® sk(w), (5.2)
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where dy, +1 = dim H°(M, L*). Then we have the following proposition for the Bergman
kernel off the diagonal to any m-dimensional K&hler manifold [2, 20].

Proposition 5.1. For any C* positive hermitian line bundle (L, h), we have

_ 1 L
(2, w) = exp(k(d(z, w) = 5(6(2) + $(w)))) Ak(z,w) + O(k™), (5.3)
where ¢ is the smooth local Kéhler potential for h, ¢(z,w) is the almost analytic extension
of ¢(z) and Ay (z,w) = k™(1+ k~ta;(z,w) +--+) a semi-classical symbol of order m.
Now we turn to the proof of Lemma 1.3.
Proof. Assume M = C™/A where A = Z™ +iZ™ and L — M is a principal polarization
of M. Choose Kihler potential ¢(y) = 2my? + 4mi)(y) as before. From Proposition 2.1,

{0;, j € (Z/kZ)™} forms an orthogonal basis of H°(M, L¥) with respect to the Hermitian
inner product defined by (1.7); thus by formula (5.2), the Bergman kernel is given by

0,;(2)0,(w) exp(—Skeo(Im 2) — Lkp(Imw))
Hk(Z,w) = Z J J 2”9“2 2 . (54)
JE(Z/KT)™ Jlnk

For any function f(z) € C*°(T™), we can define the following translation operator
Ty: f(z) — f(x — (1/k)) on the universal covering space. If we consider this opera-
tor acting on the vector space H°(M, L¥) of holomorphic theta functions, then we have
the following Weyl quantization [12,13]:

Opi(f) = Y Fm)T}, (5.5)
nezm™
where f (n) is the Fourier coefficients of f. Now apply T} to theta functions
G+kn)? o
0;(z) = 42 kn) -
)= 3 exp (e o k) <),

then for any = € R™, it is easy to see that

Ti(0;(z + x)) = e 2™0/0g, (2 4 ), (5.6)
where e=2m0/k) = ¢=2mi(1/k) ... o=27i(m/k) Next apply Op,(f) to theta functions, we
have

—27i ]
Opy(f)8;(z + ) ( D fm)em2miG/k)n >9j(z+x) Zf(—k>9j(z+x). (5.7)
nezm™

Now apply this operator to the Bergman kernel off the diagonal (5.4), we have
Opy, (SMIk(z + 2, w)|2=0

_op(y) Y Batet@iw)exp(shollnz) - phe(lnw)

‘93:0

o 16,17,
7\ 0;(2)0;(w) exp(—3ke(Im z) — Fkp(Imw))
= 2 f<> : 16,]2 - 68
JE(Z/KT)™ TRk
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Here we use the fact that p(Im(z + z)) = ¢(Im z) = ¢(y). Now choose z = w, we have

" e N F T2

DS f( )'9 "”“—kimOpk<f>nk<z+x,z>|z:o. (5.9)
)

Now we get the complete asymptotics of ITx(z + x, z) as follows: in our abelian case, by
assumption, our Kéhler potential only depends on y = Im z, i.e.

p(2) = ply) = s0<22_12>,

thus the almost analytic extension of ¢ is given by

_ Z— W
o(z,w) = go( 5 > (5.10)
i
Hence, formula (5.3) reads

(2 + 3, 2) = exp(k(p(z + 2, 2) — 3(0(2 + @) + 0(2)))) Ar(z + 2, 2)
=exp(k(o(z+z,2) — 9(2))Ax(z + z, 2), (5.11)
where Ay (z+x,2) = k™(1+ k™ 'ay (2 +x,2) +- ) since M is m dimensional. In the last

step, we use the fact that p(z + z) = ¢(z) = p(Im 2) again.
Now apply the operator (1/k™)Op,(f) on both sides of (5.11), then

Opk(f)Hk(Z +2,2)]a=0

. = Z F()TP (2 + @, 2) | a—0
nezm
_ k}”gz:m Fn)II, (z - Zz)
i (1) )al )
= Z F(n exp( ( (y—2k) @(y)))Ak(z—Z,z). (5.12)

nezm

In the last step, by identity (5.10), the almost analytic extension

i) = () ol )

To the last equation in (5.12), if we apply the Taylor expansion to
n
k _
exp ( <<p (y M) w(@))
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and use the complete asymptotic of

n _ n
Ak(z—k,z> :km(l—i—k‘ 1a1(z—k,z) +--~>,

we will get the complete asymptotic of Op,(f)II(z + , z)|,—0. For example, we can
compute the leading term as follows: first,

exp (k <<p (y - 2:2) - w(y))) = exp (—Vw - % + O(k_1)>
= exp (—ch .
second,
kimAk (z -7 z) — 1+ 0%k,
Hence the leading term is given by

> fm)exp (—w ;) = f(Zf) = f(w), (5.13)

nezm™

where p = y+ V1. Hence, we can get the complete asymptotics step by step if we expand

er (4o 25) o)

and A; more terms. O

As a remark, if we replace f and h to be a path of smooth periodic function f; and
any path h; in H{', then the lemma still holds with the leading term f; (). Furthermore,
we can differentiate the complete asymptotics with respect to ¢ on both sides.

6. C*° convergence of Bergman geodesics

In this section, we will apply the Regularity Lemma and the generalized Bernstein Poly-
nomial Lemma to prove Lemma 1.2.

Proof. We first apply Lemma 4.1, and denote A, (p,t) ~ Roo(i,t)a, (1), then A, (u,t)
is periodic in p since Ro(p,t) and a,(p) are periodic, then

10515
Z Rk(j’t)W
JE(@/kT)™ Jint
-1 -2 |9j|ii“
~ Y Rec(wt)A+Etar +kaa+ ) e —mg oo
4 165117
JE@/kZ)™ hy
2 2
arj N\ Ol 1 amj N\ 10l
- Y (R S A
je@/kzym Iy je@z/kzym JWng
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Since Roo(,t) is periodic with period 4, then R, (47p) will be periodic with period 1,
thus if we apply Lemma 1.3 to function R (4mwu), we have

4 1013
2 ROO( T t) 16 Hhk ~ k" (Roo () + k™01 (p,t) + ),

JE@Z/RZ)™

where p = 4n(y + V). In fact, we can apply Lemma 1.3 to each coefficient, e.g.

1 471'] |J|ik —
DI t>||e| KT Ao t) )

Jjez/kz)™

and so on, then we have the complete asymptotics:

10517

Z R (7, )”0 H ~ k™(Roo(p,t) + k7 (A +b11) + ).
JEZ/kT)™

We can divide R, since in Lemma 4.1, we prove this term is strictly positive, uniformly
bounded and smooth. Hence,

1 N i;c
- log Z Rk(]vt)eiz
k 16,12,

JE€(Z/kZ)™
_ 1A +b11
~ k™ log |k Reo I -+
og [ (1, )( + K R +
1A +0
~mk~ logk + k7 'log Roe + k! log <1 + 2 1R+ 1 +)
A1 +b
~mk'logk + k' log Roo + lfz% +
In the last step, we use the Taylor expansion log(1+z) ~ x— 2%+ ... Moreover, in each
step, according to Lemmas 4.1 and 1.3, we do not change the regularity of smoothness,
hence,
2
1log Z R(j)‘]| -0
- k\J>»
k 165117

je@/kz)™

in C'*° topology as k — oo. This implies that the Bergman geodesics converge to the
geodesic in the Kéhler space in C*° topology. O

7. General lattice

In this section, we will sketch the proof of our main theorem for any principally polarized
abelian variety.

Let M = C™/A where A = Spang{A1,...,A2m} is a lattice in C™ with its nor-
malized period matrix given by 2 := [I,Z], where ZT = Z and ImZ > 0. Choose
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{z1,. . Tm,Y1,--.,Ym} as the coordinates of the basis dual to {1, ..., Aoy, } such that [8]

m

Zo = %o + Z Zozﬁyﬂ
p=1

and
m
Za = To + Z Zaﬁy@.
B=1

Assume L — M is a principal polarization of M, then the holomorphic sections of
H°(M, L*) are given by the following theta functions:

A .
01(z,2) = Z exp (ﬂ'i(l + kn) - E(l + k:n)T> ?millHkn)z | e (7 /KZ)™,

nezm

where n-z=mni1z1 + -+ Nmzm-
Now consider the Kéhler potential in the form

o(t,y) = 2myXy" +dmp(t, Xyh), (7.1)

where y = (y1,.-.,Ym), X = Im Z. We assume ¢ is convex in y and ¢ is smooth on R™
and periodic with period 1 in each variable y; for any fixed ¢. Then it is easy to check
that such Kéhler potential satisfies conditions (2.6).

By choosing such Kéhler potential, Proposition 2.1 still holds depending on the fol-
lowing computations (see also [7]):

<91/(Z, 9)7 0[(27 Q)>hi‘

Z ) ,
B / ( > e (—iw(l +kn') - 21+ sz>T>e—2m<l+kn »z)
[0,1]™x[0,1]™ N regm k
X Z exp | —im(l + kn) - Z(l + kn) e—2ni(l+kn)T<2
nezm k

% o 2kmyXyT—4knp(tXY) | ot VQ(pt(y> da dy

I+ kn I+ kn\
=01 Z /[Ol]mexp<2k7r<y+ 3 )'X(er 3 >)

x e T EXY) L det V23, (y) dy.

Thus {0;(z,$2), | € (Z/kZ)™} forms an orthogonal basis of H°(M, L¥). Furthermore,

l A%
||0;(z,9)||i? :/ exp (—2k;7r<y+k)X(y+k> )e_‘““”p(t"xy)det V2. (y) dy. (7.2)
R"’YL

Then all main steps in the model case can be extended to the general case immediately.
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e Define u(t, y) as the Legendre transform of ¢(¢, y) with respect to y variables for any
fixed ¢, then we can still linearize u(t, y) along the geodesics since the Proposition 3.1
is only the property of convex functions [17, p. 106].

e By substituting ¢ by the Legendre transform u(t,y), we rewrite (7.2) as

o () ((]) (s (1 - 5o

where u = V.
By applying the stationary phase method, we can get the complete asymptotics of
this integration evaluated at
AT
47j
/ — _X . ~J ,
a k

which is the critical point of the phase function. Thus Ry (j,t) which is the ratio of
the norming constants will be asymptotic to Rs(u,t) as

Rk(ja t) ~ Roo(/uat)(l + kilal(/‘vt) +oee )|,u:fX<(47rj/k)T~

If we change variable to - (47 X) ™! = v, then Ry (v, t) and each a; (v, t) are smooth
functions over R™ and periodic with period 1 in variables v for any fixed ¢.

e In the general case, we define the operator Tj: f(z) — f(z — (1/k)). Then for
general theta functions 6;(z, £2), we still have

Ti(01(2, 2)) = e 2™/Rg, (2, 2),

where e =27(/k) denotes e 2mi(l/k) ... e=2mi(lm/k) Then by applying the Weyl quan-
tization to the Bergman kernel and using Fourier transform and Taylor expansion,
for any f(4rX -2T) € C°°(R™) which is also periodic with period 1 in x variables,

following the proof in §5, we can prove
1 i\ 105 (2, 2)|ns 1
LS (o () Ve g
2 E) ) a) S R
JE(Z/kT)

where p = V. Our main result with the same formula as the model case holds if
we apply this formula to R (u,t) and each a;(p,t) and follow the steps in § 6.

Thus our main result holds for any principally polarized abelian variety.

8. Proof of Theorem 1.5

The proof of Theorem 1.5 is similar to the one in [18]. For simplicity, we just sketch the
main steps for the model case M = C™ /A, where A = Z™ +iZ™.
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The crucial formula in the toric case is the identity (4.1) in [18], while in our abelian
case, we modify it to be

or(q,2) — (g, 2)
1
:Elog Z GXP(/ ay(p)G(p,Q)logH@j(Z)ii(p)dVaN(p)>|9j(Z)|ig(q), (8.1)
je(z/kz)™ oN

where G(g,p) denotes the positive Dirichlet-Green kernel for the Laplacian Ay 4, dVan
is the induced measure on N by restricting the Riemannian volume form dVy from N to
ON and v(q) is an outward unit normal to ON. Then proving Theorem 1.5 is equivalent
to proving that (8.1) admits complete asymptotics. Denote

16;(2) 17
Ki(q, ) —eXp< / Ovp)G(p,q) ogng(z)deaN(p))-

||h’°(p)

Then we can rewrite (8.1) as

10;(2) 7
ei(q, 2) — plg,2) = %log Y Kilg ])7’1()

- (8.2)
JEZ/KZ)™ ||0](Z)||hk(q)

Put ug := uy(q) = u(g, ) is the Legendre transform of ¢4 (y) € H{ for ¢ € N. Denote

Ko(g, ) —exp< / Dty mde(p)), (8.3)

where x = V.

From the proof of the Regularity Lemma (Lemma 4.1), if we plug in the complete
asymptotic expansion of the norming constants |/6;(z )”hk (o and 16;(2)
the following complete asymptotic expansion:

Ki(q,§) = Keo(q,2) + k™ b1 (q,2) + -+ lo=—dmj/k- (8.4)

If we plug (8.4) into the right-hand side of (8.2), we obtain the following expansion:
2 2

1 —4mj |9j(z)|hk (q) 1 —4rj |9j(2)|hk (q)

log( Koo(‘l» ) +k bl q, - +- ).

plos( 2 I ETRLEDS P G0R,

Hence, Theorem 1.5 yields if we apply the generalized Bernstein Lemma (Lemma 1.3)
to each summation above and follow the steps in §6.

we have

2
||h§,(p)’
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