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We develop a spectral theory for the equation (V + ieA) X v = £mu on Minkowski
3-space (one time variable and two space variables); here, A is a real vector potential
and the vector product is defined with respect to the Minkowski metric. This
equation was formulated by Elton and Vassiliev, who conjectured that it should have
properties similar to those of the two-dimensional Dirac equation. Our equation
contains a large parameter ¢ (speed of light), and this motivates the study of the
asymptotic behaviour of its spectrum as ¢ — +o0o. We show that the essential
spectrum of our equation is the same as that of Dirac (theorem 3.1), whereas the
discrete spectrum agrees with Dirac to a relative accuracy dA/me? ~ O(c™%)
(theorem 3.3). In other words, we show that our equation has the same accuracy as
the two-dimensional Pauli equation, its advantage over Pauli being relativistic
invariance.

1. Introduction

The purpose of this paper is to study the spectral properties of (the stationary form
of) the equation
(V+1ied) x u=£tmu (1.1)

in Minkowski 3-space. Here,! V,, = 9/dxz" is the (covariant) space time derivative,
A is a given electromagnetic potential (real vector valued function), u is an unknown
complex vector-valued function, and we are using the relativistic system of units,
ie. i =1, ¢ =1 and e~ —1/V137. The Minkowski metric is assumed to be
g = diag(+1, —1,—1) and the vector product is defined as (v x w)* := e**v,w,,
where e* is the totally antisymmetric tensor with €2 = +1. Equation (1.1)
was suggested in [3] as part of a general programme of finding possible tensor
alternatives to the Dirac equation.

Switching to atomic units, i.e. takinge=—1, A=1, m =1 and ¢ = 137> 1, we
can rewrite (1.1) explicitly as

0 —PQ Pl (%) ]
—Py 0 c P | w | = Lic| |, (1.2)
P —C_lp() 0 U9 U9

where P =1V — eA =iV + A is the electromagnetic energy momentum vector.

1In what follows Minkowski tensor indices will be denoted by Greek letters and take the values
0,1, 2.
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REMARK 1.1. We have included a factor of 1/c into the magnetic potential (A!, A%),
which is customary in mathematical literature on the Dirac equation (see, for exam-
ple, remark 2 in §6.1 of [9]). Physically, this convention means that the magnetic
field is assumed to be quite strong, so that in the first approximation the energy
levels are described by the Pauli equation and not by the Schrodinger equation.
This simplifies the asymptotic analysis by reducing the chain of successive approx-
imations (Schrodinger, Pauli, Dirac) to (Pauli, Dirac).

The stationary form of (1.2) is obtained by assuming A is independent of 2% and
u = u(xl,xQ)e_i“O, where X is a spectral parameter. Formally, this allows us to
replace Py with A + &, where we write ® = eAg = — Ay for the electric potential.
Furthermore, we can use the first row of (1.2) to eliminate ug from the remaining
two rows. Taking the equation with the upper sign (from now on the other equation

will be discussed only for the purpose of comparison), we get

(A—)\(? _Oi>>u:0, (1.3)

where u = (u1, u)T is some function from R? into C2 and

i ( Py —P22P1> +( c? id;) .

—P1P2 Pl —i® ¢
NOTATION. Having reduced the problem to one on R?, we will now need to work
with the 2-vector part of various 3-vectors. Following tradition, we shall use the
contravariant form of the 3-vector for these purposes, i.e. if v is a 3-vector with a
2-vector part u, then the components of u are given by u; = v* = —v; fori = 1,2. In
particular, denoting the magnetic potential and the momentum 2-vectors by A and
P, respectively, and relabelling the original electromagnetic potential and energy
momentum 3-vectors as A" and P’, respectively, we have

A= (AlaAQ) = (A/laA/Q) = _( /DA/Q)
and
P = (PlaPQ) = (P/laP/Q) = _(Pl/aPQ/)

For ¢ = 1,2, it follows that P; = —id; — eA; = —i0; + A;, where 9; = 9/0x; is the
partial derivative with respect to x;, the ith coordinate. From now on, we shall use
A; and P; to refer to the components of the 2-vectors A and P, respectively.

A computationally more convenient form of the spectral problem given by (1.3)
is obtained by applying the constant unitary transformation

-5

Setting x4 = 1 £ izs for any vector @ = (x1,x2), we have
. 1(P_P. —iP? - 0 HY B~ 9
* — — - = I
U Ay z(ipﬁ P+P_>+( 0 AE+d B Hp)Th
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where

H;F:%P$Pi$¢:%(Pf+P22)i%H$QS,} 10

H =014 —0,A1, B=3iiP}

and [ is the 2 x 2 identity matrix. Define another constant 2 X 2 matrix J by

(0 =1}, _(1 0
J_U(i 0>U_(0 —1)'

Therefore, equation (1.3) is equivalent to the spectral problem given by

(A= XJ)u =0, (1.5)
where N )
_(Hp +c B*
A= ( B H;+02> . (1.6)

REMARK 1.2. The operators H}F are just the Pauli operators for the electron and
positron, respectively, and ¢H is the magnetic field strength (see also remark 1.1).

The structure of the paper is as follows. In § 2 we give a rigorous mathematical
statement of our spectral problem and in §3 we state our main results regarding
the essential spectrum (theorem 3.1) and the behaviour of the discrete spectrum as
¢ — +00 (theorem 3.3). The former result is proved in §§4 and 5, while the latter
is proved in §§6 and 7.

The results stated in §3 are naturally motivated by the structure of our equa-
tion (1.5), but their proofs are quite technical. This is related to the fact that the
problem (1.5) is not elliptic. Indeed, a straightforward calculation of the principal
symbol of the operator A gives

1 ( &+ &3 —i<§1—152>2>
2 \i(& +i&)? 2462 ’

and it is easy to see that the determinant of this matrix is zero. Consequently,
equation (1.5) cannot be viewed as an analytic perturbation of the Pauli (or Dirac)
equation.

2. Mathematical statement of the problem

Equation (1.5) gives rise to a linear spectral pencil problem. Various parts of the
spectrum of such a problem can be defined by analogy with the definitions for
standard spectral problems.

DEFINITION 2.1. Suppose A is defined as a closed (unbounded) operator on some
dense domain Dom A C L?(R?,C?). We define the J-spectrum of A, which will be
denoted by o ;(A), to be the complement of the set of all z € C for which A — zJ
is boundedly invertible. The J-essential spectrum (denoted by o jgss(A)) is defined
to be the set of all z € C for which A — zJ is not Fredholm (where a closed densely
defined operator B on L? is said to be Fredholm if Ran B is closed and Ker B and
L?/RanB are both finite dimensional). If Ker(A — \J) # 0, then X € o ;(A) will
be called a J-eigenvalue of A.
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REMARK 2.2. The relationship
A—zJ=JJA—zI)=(AJ —=2I)J (2.1)

allows us to reformulate statements regarding the .J-spectrum of A in terms of the
(regular) spectrum of JA or AJ. In particular, o;(A) = 0(JA) = o(AJ) (with a
similar relationship holding for the essential spectra), while X is a J-eigenvalue of A
if and only if it is an eigenvalue of JA or AJ. The alternative points of view given
by (2.1) will be used repeatedly below, especially in §§6 and 7 to appropriately
modify standard properties of resolvents to the case of linear spectral pencils.

Suppose A € g;(A) is a J-eigenvalue of A. We define the geometric multiplicity
of A to be dimKer(A — z.J). Clearly, this is the same as dimKer(JA — zI) or
dimKer(AJ — zI), which are just the geometric multiplicities of A regarded as a
eigenvalue of JA or AJ, respectively. Following the general definition for spectral
pencils (see [4], for example), we can define the algebraic multiplicity of X to be
the sum of the lengths of a canonical set of Jordan chains corresponding to A. It
is straightforward to see that this is just the algebraic multiplicity of A regarded
as an eigenvalue of JA or AJ. We say that \ is semi-simple if its geometric and
algebraic multiplicities are equal.

NOTATION. For any p € [1,00] and k € Z, we shall use L}, with norm ||| .» to denote
the usual Sobolev space on RZ; here, k is the ‘number’ of p-integrable derivatives.
Depending on the context, elements of L} will take values in either R, C, R? or
C2. The omission of k will imply its value is 0. We shall also use LZ_ to denote the
space (,ezLh (without any topology).

In order to define A as a closed (unbounded) operator, we impose some conditions
on the potentials & and A.

(Al) @ = Py + P, for some $g € L= and 91 € L' which has compact support and
satisfies (1 + |€]2)%/2d, (¢) € L for some p € [1,00] and k > 2(1 — 1/p).

(A2) A€ L NL?

loc 1loc*

Henceforth we shall assume these conditions are always satisfied. It follows that
for any u € C§° the formal operator given by (1.6) defines some Au € L2, i.e. (1.6)
defines an operator on L? with domain C§°, which we shall denote by A’. Now

H) B*\ 1(pP_-P. -iP.? -
(B H;>_§(1P+2 pop ) P =TT 2,

where T is the operator given by T = (1/v/2) (iP, P_). It follows easily that A’
is symmetric. Furthermore, the quadratic form associated to A’, K 4/, is given by

K (u) = (A'u,u) = || Tul? + |ul? - Ko (w),

where
Ko(u) = (DJu,u) = (ur, Pus) — (ug, Pus)

for all u € C§°. In §4 we shall prove the following.
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PROPOSITION 2.3. Let k > 0. Then there exists a constant C' such that the estimate
| Ko (u)| < k[|Tul|? + Cllul|? holds for all u € C§°.

Therefore, K 4+ and hence A’ are semi-bounded. From standard results (see §10.3
in [1], for example), it follows that A’ has a self-adjoint extension (the Friedrichs
extension), which we shall denote by A. Furthermore, C° C Dom.A C L? and
the quadratic form associated to A, K4, is the closure of K 4. More precisely,
C§° C DomA C Dom K4 C L?,

Dom K 4 is the closure of C§° with respect to the norm (|| 7wl + [Jul?)Y? (2.2)
and, for all uw € Dom K 4,
Ka(u) = [ITul? + Ellull® - Ko(u),  Ko(u) = (u1, Pur) = (uz, Puz).  (2.3)

Conditions A1 and A2 thus allow us to define A as a self-adjoint operator. Since
(AJ)* = J*A* = JA and 0;(A) = 0(JA) = 0(AJ) (see remark 2.2), we imme-
diately have that o;(A) is symmetric about the real axis. However, the operators
JA and AJ are not self-adjoint (or even normal) so, in general, o ;(.A) will contain
non-real points and non-semi-simple eigenvalues. There are several extra conditions
we can impose on ¢ and/or A that allow us to proceed further. The next result
gives one such approach (essentially the approach used in [3]).

THEOREM 2.4. Suppose there exists § > 0 such that
Ko (u)] < [[Tul? + (¢* = 0)[u]? (2.4)

for all u € C§° (note that, in particular, this is satisfied if |®| L~ < ¢ — ). Then
gj(A) C (=00, =48] U [§,00) and contains no non-semi-simple J-eigenvalues.

Proof. Using (2.2), it immediately follows that (2.4) holds for all u € Dom K 4 D
Dom A. Thus, for all u € Dom A,

(Au,u) = [Tull? + ¢||lul* — Ko (uw) > ol|ul?,

and so A > 01. Therefore, A has a boundedly invertible positive self-adjoint square
root A2 which allows us to rewrite the spectral problem given by (1.5) as

(I—2A"Y2JA Y2y = 0.

It follows that o;(A) = {z | 1/2 € o(A"Y/2JA"1/2)}. However, A~1/2JA1/?
is a self-adjoint operator bounded by 1/4, so o(A~/2JA"1/2) C [~1/6,1/6] and
contains no non-semi-simple eigenvalues. The result then follows. O

Some other conditions that allow us to obtain useful results about o ;(A) are as
follows.

(B1) In addition to the requirements imposed by condition Al, we assume that
Py € L®NL3, ., Po(x) — 0 as |z| — oo and, if p = oo, then [£[2P1(£) — 0
as [¢| — oo,

(B2) In addition to the requirements imposed by condition A2, we assume there
exists a disc B,, C R? of radius r,, for each n € N such that r,, — oo and
19128,y 1 HI L2 (B,,) = 0(Tn) as n — oo (where H is defined in (1.4)).
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(C) @ and A are smooth with values and derivatives of all orders bounded (in the
L* norm). Furthermore, & and H decay at infinity.

REMARK 2.5. Condition Al forces &; € LP for all p € [1,00); however, &; ¢ L=
in general (unless p = 1, in which case $; must be continuous). The same is true
for condition B1.

Examples of functions @, satisfying condition Al but not the last part of condi-
tion B1 include @1 (z) = ¢(x) log(|z|) and &1 (z) = ¢(x)H (x1)H (z2), where ¢ € CF°
is some cut-off function with ¢(0) # 0 and H : R — R is the Heaviside function.

Since || fll2(B,) < VArallfllL=(p,) for any function f, it is enough to have that
1| oo (Bo)» 1 H ]| Lo (B,,) — 0 in condition B2 (see remark 5.10 for further technical
details regarding this condition).

Clearly, condition C implies conditions B1 and B2, while all of the above condi-
tions are satisfied if @ and A are Schwartz class functions.

3. Main results
Our main result concerning the J-essential spectrum of A is the following.

THEOREM 3.1. If & satisfies condition B1, then o jps(A) C (—o0, —c?] U [c?, 00).
Furthermore, 0;(A)\ 0 Ess(A) consists of isolated J-eigenvalues of finite algebraic

(and hence geometric) multiplicity.
If @ and A satisfy condition B2, then 0 jgss(A) 2 (—oo, —c?] U [c?,00).

This result was proved in [3] under the assumptions that ¢ and A are smooth,
their values and derivatives of all orders vanish at infinity and ||®|| -~ < c2.

It is natural to compare the spectral properties of our equation (1.1) with those
of the Dirac equation. Using atomic units, the stationary form of Dirac’s equation
in R? can be written as

(D~ ALy =0,
where )
—-d+c cP_
D = .
( CP+ _QS_CQ> ’ (3 1)

A is the spectral parameter and ¢ is a spinor (i.e. a function from R? into C2).
Assuming @ and A satisfy conditions Bl and B2, it is possible to define D as a
self-adjoint operator on a dense domain in L? and show that

ogss(D) = (—o0, —02] U [02, 00)

(see [9], for example). Thus the essential spectra of the operators A and D coincide.

If we assume that ¢ and A satisfy condition C, we can also compare the discrete
spectra of these operators in the gap (—c?,¢c?). To do this, it is easiest to compare
both operators to the Pauli operator H; (after we have shifted the former spectra
by —c? to allow for the rest mass of the electron). For the Dirac operator, we have
the following result (see [6] or [9]).

THEOREM 3.2. Let A < 0 be an eigenvalue of Pauli’s operator H; with multiplicity
k and let {v1,...,vr} be an orthonormal basis for the corresponding eigenspace.
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Then, for all sufficiently large ¢, there exist k (not necessarily distinct) isolated
eigenvalues A1(c), ..., \g(c) in o(D) which admit the asymptotic expansion

N(e) =+ A= pic 2+ 0™, i=1,...,k,

where py,...,u, are the (repeated) eigenvalues of the k X k matriz with entries
(vy, iP_(dS + N Pyvj) fori,j=1,..., k. Furthermore, there exists a c-independent
neighbourhood U of 0 such that these are the only points of (D) N (¢ + U).

We establish a similar result for the operator A (note that if ¢ > ||®|| ., then
theorem 2.4 shows that all J-eigenvalues of A are real and semi-simple).

THEOREM 3.3. Let A < 0 be an eigenvalue of Pauli’s operator H; with multiplicity
k and let {v1,...,vr} be an orthonormal basis for the corresponding eigenspace.
Then, for all sufficiently large c, there exist k (not necessarily distinct) isolated
J-eigenvalues \1(c), ..., \p(c) in o7(A) which admit the asymptotic expansion

N(e) =+ A= pic 2+ 0™, i=1,...,k,

where p1,...,ur are the (repeated) eigenvalues of the k X k matriz with entries
(vy, %B*Bvﬁ fori,j = 1,... k. Furthermore, there exists a c-independent neigh-
bourhood U of 0 such that these are the only points of o;(A) N (c? + U).

Therefore, the discrete spectrum of A agrees with that of the Dirac operator to
a relative accuracy of O(c™?), although we cannot expect to better than this in
general.

REMARK 3.4. The operator (3.1) is the Dirac operator corresponding to ‘spin-up
electrons’ in R?; it is also possible to consider the Dirac operator corresponding to

‘spin-down electrons’,
p— ("2t b , ).
cP_ —®—c

In this case, comparison should be made with the operator similar to A obtained
by taking the lower sign in (1.2) (and an appropriately modified Pauli operator).

Making the appropriate basic changes, it is also possible to compare points of
the discrete spectra of A and D just above —c? (i.e. when dealing with positrons);
the spectra have to be shifted by ¢? and comparison made to positive eigenvalues
of the Pauli operator —Hp.

4. Some technical results

In this section we deal with some technical results that are needed for the proofs
of proposition 2.3 and the first part of theorem 3.1; the former is given at the end
of this section and the later in the next section.

Define a function A on R? by A(€) = (1 + |£]>)'/2 and let Ty be the operator
defined in the same way as T except with A = 0, i.e. Tp = (1/v2) (04 —18_).
Also, throughout this section, let @1, p and k be as given by condition Al.

Let u € Cg°. Thus the Fourier transform @ is Schwartz class. Now define maps
F and G on C§° by setting

(§Z> - % (i£+1/£_ o £+> (2) |
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It is easy to see that F'u and Gu are bounded rapidly decreasing functions. Fur-
thermore,
the Fourier transform of Tou is {_Gu, (4.1)

while Parseval’s identity gives

[Ful?, [|Gul® < [[Full® + | Gull? = [ul]®. (4.2)
Setting f = Fu and g = Gu, Parseval’s identity also gives
Ko, (u)

= [[ d1te = m@rtmin(©) — da(ia(e) ande
=[] dute- n)[(l - Zf;)f(n)f(ﬁ) - (1 - Zj)g(n)g(f)} dndé

3 [ bae—m] (B +22) swpate - (55 + 2= ) g o) | ama

Now |®1] is symmetric about 0 (since @1 is real valued) and 1€x/&5| = Inx/nx] = 1.
It follows that

|K<p1 (u)| < Lpl (Fu) + Lpl (GU) + 2J<p1 (Fu, Gu), (43)

where I, (-) and Jg, (-, ) are defined by

to,(1) = § [ [oste = (1~ 25 ) o )| ama

and

Jo,(f.9) /Ifflﬁ n) f(n)g(§) dndE.

Now, for any &,n # 0, it can be checked that
|
il
2

N4+

< min{1, A(€ =)A€} (4.4)
n-&+

We shall use a(§,n) to denote the expression on the left-hand side of (4.4) in the
proof of the following result.

LEMMA 4.1. There exists a constant C' and a non-negative function o € C'*° with
llollne < 1 such that Is, (f) < Cllof||? < C||f||? for any bounded rapidly decreasing
function f. Furthermore, if p # oo or if p = 0o and |£[2®1(£) — 0 as |¢] — oo, then
we can choose o so that o(£) — 0 as |§] — oo.

Proof. We have |81 (6 —n)|a(€,n) = |B1(n — &)|a(n, €) (note that &y is real valued,
so |®1| is symmetric about 0). Together with Holder’s inequality, we then get

I0,(7) = [ [ Vst = mate s f©)ldnd < [ w@)ls )
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where

€)= [ kbl = mlate.mdn

and o = £(1 — 1/p). Defining ¢ € [1,00] by 1/p + 1/q = 1 and using Hélder’s
inequality once again, we then have pu(§) < M ()N (), where

1/p
M(©) = | [0 At~ wysc — mlan (45)

and

A é— a1/2 5’77 q 1/q
N = [/(% dnj
(m) AR (§ —n)
If p=1,then g = oo and a = k = 0 so N(£) = [|a*/?(¢,")||L~ < 1 by (4.4). On the
other hand, if p > 1, then ag = % and kq > 2, while (4.4) gives

a??(&,m) < AV2(E = m)ATH2().

Therefore,

%0 < (49 [ Fmgrmey)

A scaling argument shows that this expression is bounded. Recombining the two
cases, it follows that we can find a constant C; such that N(£) < Cy for all £ and p.
However, equation (4.4) also gives M (€) < ||A*®1||». Hence pu(&) < Cy||A¥1 || Lo
and the first part of the result follows with o = 1.

Now suppose p # oo or p = oo and |£[2d;(¢) — 0 as |¢| — oco. Choose ¢ > 0
and set 6 = £/2C7 > 0. Our assumptions on @, then allow us to find some r > 0
such that ||(1 — X)Aki51||Lp < 0, where y is the characteristic function of the disc

of radius 7 and centre 0 in R%. Now (4.4) gives

(1=x(&—m))a'?(&n) <1=x(§—n) and x(E—n)a'/?(&n) < (1+r7)/4A712(€)

(where the last estimate follows from the fact that x(§ —n) = 0 for € —n| >7r). If
we now assume that [£] > 62| A*®, |2, (1 + 72)!/2, equation (4.5) gives us

M(€) < [I(1 = x) A5 Dullze + (1 + 1)V AAT2 ()| A1 | e < 26

Since p(§) < M(§)N(€) and N(§) < C; from above, we then have p(¢) < e. Thus
1(€) — 0 as |¢] — 0. The second part of the result now follows if we choose o to
be any suitably scaled smooth majoritant of x that decays at infinity. O

LEMMA 4.2. There exists a constant C such that for any bounded rapidly decreasing
functions f and g we have Jo, (f,g) < 20| fII14%/*gll < C(IfI* + [ 4>/g]?).

Proof. Using Holder’s inequality, we get

Ta,(1,9) = [ [181€ = £0)g(€)| ans < 1] gl
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and ||g||pass < ||A73/4| ]| A3/ 4g|| = C||A3/*g||, where C' is a positive constant. It
remains to show that ||®1]|;4/s is bounded; this can be done by considering two
cases.

Case 1 (p > ) Holder’s inequality gives ||@1]| a5 < ||[A¥®q]||Lr|| A% e, where
q is defined by 1 = 1/p+1/q. Therefore, kg > (8p—8)/(3p—4) > 2, which implies
[A=F|| e < +00. Hence |1 1a/s < +00.

CASE 2 (1 p < ) We have &, € L', so &, € L™®. Also, A*®; € LP for some
k>0,so0d, € LP. However L*3 C LP N L™, giving ||451||L4/3 < 400. O

Proof of proposition 2.3. Write & = &y + @1, where &y and @, are as given by
condition A1, and choose ¢ € C§° to be a cut-off function with Ran¢ C [0, 1] and
which is equal to 1 on supp(®1). Thus &1 = ¢?®;. It follows that for any u € C§°
we have Kg, (u) = (#1Ju,u) = Ko, (pu) and so

K ()] < |[Kay (w)] + [Ka, ()| < [|@o] < |ul® + [Kg, (pu)]. (4.6)
On the other hand,

= —ii U U L up —1 U
To(¢u) = ¢Tu \/5(14+ 1+ A ug) + \/5((5#%5) 1 —i(0-¢)uz).

Since ¢ has compact support, ||¢]lr~ =1 and A € L, we then obtain

loc

lpull < llul and [[To(¢u)l* < Cillull® + 2[Tu|? (4.7)

for some constant C1.
By combining (4.3) with lemmas 4.1 and 4.2, we get

Ko, (¢u)] < Col F(gw)||2 + Csl|G(¢u) | + Co| 434G (gu)|* (4.8

for some constants Co, C3 and Cy. Now CyA%/2(€) < Cs + kl€_|?/2 for some con-
stant C5. With the help of (4.1) and Parseval’s identity, it follows that

Cal 411G (0w |* < G5l Glow) | + §r] To(ow)|
Using this estimate and (4.2), equation (4.8) now gives
|Ko, (¢u)| < (C2 + Cs + Cs)|lpul]® + 15[ To(ou)|>.

Equations (4.6) and (4.7) now complete the proof. O

5. The essential spectrum

In order to prove the first part of theorem 3.1, we will first show that the form
Kg(u) is ‘relatively compact’ with respect to the form | Tu|? + ||u/?. We begin by
establishing this for K¢, (u).

LEMMA 5.1. Let &1 be as given by condition B1. Then, for any ¢ > 0, there exists
a finite-dimensional vector space L C C§° such that |Kg, (u)| < e(||Tul]? + |Jul|?)
for allu € L+ NCg.
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Proof. Let ¢ and C; be as defined in the proof of proposition 2.3. Also choose
P € C§°, with ¢ equal to 1 on supp(¢). Now let u € C§°. By combining the
identity K¢, (u) = K¢, (¢u) with (4.3) and lemmas 4.1 and 4.2, we get

Ko, (w)| < Ca(|oF(gu)|? + [|0G (¢pw)[|?) + C3l|F (¢pw) ||| 424G (¢u)|  (5.1)

for some constants Cs and C3 and a bounded non-negative function o € C*° that
satisfies o(§) — 0 as |£] — oo (the existence of which comes from lemma 4.1 now
that the extra conditions are satisfied). By Parseval’s identity,

loF(¢w)[” + loG(¢u)[* = [lo(~i9)(¢u)]|?, (5.2)
while, with some help from (4.1) and the fact that Ty(¢u) = YTy(ou),

| A3/4G (pu)|)2 = /(|A‘1/4(§)G(¢U)(€)|2 + ATV G(gu) ()]7) dE

< [|ATVA(=10) (du) |2 + AT A(=10) (W To (du)) || (5.3)

Set § = ¢/(Cq +2C3+ C1C3) > 0. Now the functions o and A~'/4 decay at infinity
while ¢ € Cg°. Tt follows that the operators o(—id)(¢ -) and A~Y/4(—i9)(¢ -) are
compact on L? (see Appendix 2 to § XI1.3 of [8] for example). Thus we can find a

finite collection of functions vy, ..., v, € C§° such that

lo(=i0)(¢u)|| < Vllul| and [|A7*(=i0)(¢u)|| < d|u] (5.4)
if (w,v;) = 0 for i = 1,...,n. Similarly, the operator A~%/4(—id)(z) -) is compact
on L2 so we can find another finite collection of functions ¢1, ..., ¢, € C§° such
that

1474 (=10) (¥ To(du)) || < 26| To(¢u) | (5.5)

if (Ty(gpu),¢;) = 0 for i = 1,..., m. Now define a finite-dimensional vector space
by

L =spanf{vy,...,v,, 0T 1, ..., 0T  dm} C CF°
and suppose u € L+ N C§°. It follows that the conditions for (5.4) and (5.5) are
satisfied. We also have ||F(¢u)|| < ||u|| by (4.2) and (4.7). Combining these obser-
vations with (5.1)—(5.5), we then get

[Ka, (w)| < C28]|ull? + Csllull (3]lull + 20 To(du)]])
< (C2 +2C3)8]|ull® + C38 ]| To (o) 1.
Estimate (4.7), together with the definition of 4, then completes the result. O
We now extend the previous result to deal with @ (rather than just @;).

LEMMA 5.2. Suppose @ satisfies condition B1. Then, for any € > 0, there exists a
finite-dimensional vector space L C C§° such that |Kg(u)| < e(||Tul|? + ||ul?) for
allu € LY NDom A.

Proof. It ¥ € L?, _ and supp(¥) is compact, then A% € L2. It follows that we

1loc
can write $g = P( + P, where &), and &| satisfy condition Bl (with p = 2) and
[@h]lL~ < $&. Hence

| Koy (w)| < gellul? < ge(l|Tull® + [|u)?)
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for all u € C§°. On the other hand, lemma 5.1 gives us a finite-dimensional vector
space L C C§° such that

|Ka, (w)],[Kay, (w)] < ge(|Tul? + [|lu]?)

for all w € L+ N Cg°. However, Kg¢(u) = Kg;(u) + Ko, (u) + Kg; (u), which,
combined with (2.2), now completes the result. O

PROPOSITION 5.3. Let z € C\ ((—o00, —c?] U [c?,0)) and suppose @ satisfies con-
dition B1. Then Ker(A — zJ) is finite dimensional and Ran(A — zJ) is closed.

Proof. Write z = x+iy, where z,y € R. Firstly, suppose y = 0 (so z = z € (—c?, c?))
and set ¢ = dist(x, {—c?,c?}) > 0. It follows that, for all w € Dom A,
Ka(u) = (zJu,u) = [Tul? + |u]® — 2(Ju,u) — Ko (u)
> Tul? + dlull? ~ Kop(u).

Hence we can choose € > 0 so that
|Ka(u) = (zJu,u)| > | Tul]® + 2] ull? - [Ke(u)].

Now suppose y # 0 and set w = x(x? + y?)~ /2. Therefore, |w| < 1, which implies
§=(1—-w?)"?>0.Let u € Dom A and set d = ||Tu|> + ¢||u||?>. Then

I Tul® + [lul® = (zJu, u)[?
= 62d? + w?d® — 2w(2® + y*) V2 d(Ju, u) + (2% + y?) (Ju,u)? > §%d%
It follows that, for all w € Dom A,

[Ka(u) = (2Ju,u)| = 6(|Tull® + *ul®) — |Ko(u)l

>
> e Tull? + 2el|ul* — [ Ko (u)]

for some suitably chosen € > 0. By recombining the two cases (i.e. when y = 0
and y # 0) and applying lemma 5.2, we can now find a finite-dimensional subspace
L C C§° such that, for all w € L+ N Dom A, we have

(A= 2D u, u)| = [Ka(u) = (zJu,u)| Zclul?> = [(A=z])ul > elul.
(5.6)
Now suppose we have a sequence satisfying

{u;}ien C Dom A, |l = 1, (A—2J)u; — 0. (5.7)

Write u; = uf + u}l, where u? € L and u} € L*. Thus u{ € C§° C Dom A
;

dimensional space L, so it contains a convergent subsequence {u?(j)} jen However,
A — zJ is bounded on L (as L C Dom A is finite dimensional), so (5.7) implies
that {(A—z.])u%(j)}jeNis convergent and hence Cauchy. Since “%(j) € Lt NDom A,

equation (5.6) then implies that {ull(j)} jen is also Cauchy and hence convergent.

and so u; € DomA as well. Now {u!};en is a bounded sequence in the finite-

By adding {U?(j)}jeN and {U%(j)}jeN, it follows that we can find a convergent subse-
quence of any sequence satisfying (5.7). A standard argument (see theorems IV.5.10
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and IV.5.11 in [7], for example) shows that this implies that A — zJ has a finite-
dimensional kernel and a closed range. |

The next two results are needed to help control the behaviour of the non-real
part of o;(A). To do this, we will need to consider the standard spectral problem
associated to the (self-adjoint) operator A.

PROPOSITION 5.4. Suppose @ satisfies condition B1 and let § > 0. Then the spectral
subspace of A corresponding to (—oo,c? — 6] N o (A) is finite dimensional.

Proof. Let x = ¢ — § and & = min{1, %6} > 0. Therefore, for all u € Dom A,

Ka(uw) —z|ull® = |Tull® + Alul® — z|lull* — Ko(u)
> e||Tul|® + 2¢||ul|® — Ko(u).

By applying lemma 5.2, it follows that we can find a finite-dimensional subspace
L C C§° such that

(A—alu,u) = Ka(u) — zllu]? > el|ul?

for all w € L+ N Dom A. Therefore, the spectral subspace of A corresponding to
(=00, 2] N o(A) has dimension at most dim L. O

PROPOSITION 5.5. There can be at most finitely many non-real J-eigenvalues in

O’J(.A).

Proof. Let Q_ and Q4 be the (self-adjoint) spectral projections of A corresponding
to (—00,0)No(A) and [0, +00) N (A), respectively. Therefore, +Q AQ, > 0, and
so we can define non-negative self-adjoint operators by By = (£Q4+.49,)'/2. Define
further operatorsby @ = Q. —Q_ and B = By —B_. A straightforward calculation
gives

BOB = A. (5.8)

Suppose {z; | ¢ € I} is a finite set of non-real J-eigenvalues of A such that
{zi, z; | © € I'} is a set of 2|I| distinct points. Choose 0 # u; € Ker(A— z;J) for each
i € I and set v; = Bu;. Define L and L’ to be the linear spans of {u; |7 € I} and
{v; | i € I}, respectively. Since the u; are eigenvectors of the operator JA corre-
sponding to distinct eigenvalues, the set {u; | i € I} must be linearly independent.
Therefore, dim L = |I].

Cram. dim L/ < dim Q. Suppose v € Ker Q_ for some v = }_,;

Xi € C for each i € I. Since Qy + Q_ =1 and (v,Q_v) =0, we have
[v]* = (v, (Q+ + Q-)v)

(v,(Q4 — Qo)

> i (Bui, QBuy)

ijel

i€l

\;v;, where
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by (5.8) and the self-adjointness of B. Now A is self-adjoint and Au; = z;Ju; for
each i € I. Therefore,

2’1<J’U,1,’U,J> = <A’U,1',’U,j> = <’U,1',.A’U,j> = 2j<U¢,JUj>.

However, J is also self-adjoint while z; # Z; for any i,j € I. Thus (u;, Auj) = 0,
and so |v]| = 0 by (5.9). It follows that the projection Q_ restricted to L' has a
trivial kernel. Hence dim L' < dimRanQ_ =dim Q_.

Now suppose that Bu = 0 for some u € L. Since A = BOB (by (5.8)), we have
u € Ker A; that is, the kernel of the restriction B|r : L — L’ is contained in Ker A.
Since L and L’ are finite dimensional and B|r : L — L’ is surjective, we thus get

1] = dim L
= dim L' + dim Ker B|,
< dim Q_ + dim Ker A,

where the inequality follows with the help of the claim. However, dim Q_ and
dim Ker A are both finite by proposition 5.4. The result now follows. O

REMARK 5.6. We can define an indefinite inner product on L? by the expression
(u,v)g = (u, Qu).

The pair (L?,(-,-)g) is then a Pontrjagin space (i.e. a Krein space with a finite rank
of indefiniteness (see [2], for example)). In this setting, the operator

Ao = (By +B_)J(By — B_)

is self-adjoint (note that (By + B_)Q = (B4 — B_) = Q(B4 + B_)). Furthermore,
the (standard) spectrum of Ag and the J-spectrum of A agree, modulo special
consideration of the point 0. Proposition 5.5 now follows from a simplified form
of a general result (see theorems IX.4.3 and IX.4.6 in [2]; the relevant part of the
proofs of these results forms the basis for the proof of proposition 5.5). Using the
full generality of this result, we can show that sum of the algebraic multiplicities
of all the non-real and non-semi-simple J-eigenvalues of A is at most 2m + 1, m
being the dimension of the spectral subspace of A corresponding to (—oo,0]No(A)
(which is finite by proposition 5.4).

Proof of the first part of theorem 3.1. Let X = C\ ((—o0, —c?]U[c?, 00)) and choose
z € X. By proposition 5.3, we immediately have that Ker(A — 2J) is finite dimen-
sional and Ran(A—z.J) is closed. It follows (see theorem IV.5.13 of [7], for example)
that

Ran(A — zJ) = (Ker(A — zJ)*)*.

However, (A—2J)* = A—ZzJ and z € X, so Ker(A — zJ)* must also be finite
dimensional by proposition 5.3. Thus A — zJ is Fredholm, and so z ¢ o jge(A) by
definition. Furthermore,

Index(A — 2J) = dim Ker(A — 2J) — dim Ker(A — zJ).
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Now let X' = C\ 0ygs(A) 2 Y. Therefore, X’ is connected. Using standard
stability theorems for Fredholm operators (in particular, see theorem IV.5.31 of [7]),
it follows that Index(A — z.J) is constant on X’ while dim Ker(A — z.J) is constant
on X'\ M where M is a (possibly empty) set of isolated points in X’. On the
other hand, proposition 5.5 implies dim Ker(.A —2zJ) = 0 for all but a finite number
of z € X'\ R. It follows that Index(A — 2J) = 0 = dimKer(A — zJ) for all
2 €X'\ M, and so 0;(A)\ 0 7Ess(A) C M. Finally, let z € 0;(A)\ 0 gss(A). Thus
JA — 21 = J(A — 2J) is Fredholm and so z must be an eigenvalue of JA of finite
algebraic multiplicity by theorem IV.5.28 in [7]. From remark 2.2, it follows that z
is a J-eigenvalue of A of finite algebraic multiplicity. O

For the remainder of this section, we will use A to denote the operator defined as
for A except with @ = 0 and A = 0. Thus Ay = T&‘TO—FCQI, where Tj is the operator
defined at the beginning of §4. We will prove the second part of theorem 3.1 by
using Weyl’s criterion (i.e. by constructing a sequence of approximate eigenvectors);
the next result essentially does this for Ajg.

PROPOSITION 5.7. Suppose A € (—o0, —c*|U[c?,00) and we have a disc B C R? of
radius r > % Then we can find 0 # v € C§° with supp(v) C B such that

[(Ao = AN)v|| < Cil|vll/r  and |Jv|rse < Collv]l/r
for some constants C1 and Cy that are independent of B and r.

Proof. Since the operator Ay and all the norms appearing in the statement of the
proposition are translation invariant, it suffices to prove the result assuming that
B is centred at 0.

Let ¢ € R?, define £ - = 21£; + 228 for all x € R? and define a function w by
w(x) = ae'*® for some constant vector a. Thus (Ag — \J)w(z) = Mae'*®, where
M is the constant matrix

1 (e —152_> (02—)\ 0 )
M‘E(igi )T\ 0 2

Now det(M) = c¢* — A2 + 2|¢]2. Since A2 > ¢* by assumption, we can choose &
so that det(M) = 0. Choosing a to be a non-zero null-vector of M, we thus have
(./40 - )\J)'w = 0.

Let ¢ € C§° be a non-zero function with supp(¢) C {|z| < 1} C R? and define
¢p € C§° by ¢p(x) = ¢(x/r). Set v = ppw. Clearly, supp(v) C B, while

0%l = r~1 0% ] L (5.10)
for any multi-index «. Since a is non-zero, we also have that
lwllrzp) = Cillvll and  [wllpe 5y = Callvll/r (5.11)

for some positive constants C; and C3. Now

—0_0,6p  10%¢p )w
—i03¢p —0+0_¢p

+ %((ii;) (—0465 10-¢p) — (1?91(27;) (igs f—))“’-
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However, (Ag — AJ)w = 0, so

(Ao — AJ)v|| < Cs Z (10ipBllL> + 10:0;0B =) |wllL2(5) < Callv|/r

1,j=1,2

for some constants C3 and Cy using (5.10) and (5.11). Applying these equations
again, we also have

vl < Cslléslloellwl =By < Csllvll/r
for some more constants Cs and Cg. [

Before generalizing the previous result to the operator A, we must consider a
technical complication that arises in dealing with A (essentially relating to the fact
that condition B2 places some decay requirements on H but not on A). The next
lemma addresses this issue but before stating it we make the following observation.

REMARK 5.8. Suppose B C R? is a disc of radius r > 1 and g € L% .. By taking

a suitable periodic extension of g and using Fourier series, it is possible to find
f € L%, such that Af = g on B. Furthermore, by using a scaling argument, it
is possible to ensure that || f|l.2(p) < C17?|lgllL2(s) for some constant Cy that is
independent of B.

LEMMA 5.9. Suppose A € L?, ., let By C R? be a disc of radius > 1 and define

By to be the disc with the same centre and a radius of %7“. Then, for any € > 0,
there exists ¢ € CF° such that || A; — 9;¢||12(p,) < Cir2|H||p2(pyy + &, fori=1,2.

Proof. We have 01 A1+02A2, H € L120ca S0, using remark 5.8, we can find f, h € L%loc
that satisfy the identities Af = 01 A1 + 0242 and Ah = H on B; and the norm
estimate

7l L2,y < Crir? | HI| L2 () (5.12)

Now set A’ = A — (01f,02f) — (—2h,01h) € L3, .. Straightforward calculations
give 01 A} + 02AL = 0 = 01 AL — 02 A} on By, from which it follows that AA} =0
for 4 = 1,2. Standard regularity results then imply A’|p, € C*°(B;). Now fix the
centre of By as the origin and define a function g on By by

g(x) = /0 (z1 A% (tz) + z2 A5 (tx)) dt.

Clearly, g € C*°(By), while a simple calculation gives A’ = (01g, d2g) on B;. Now
let 0 € C§° be a cut-off function equal to 1 on By and with supp(c) C Bj. Set
Y = o(f+g). Clearly, v € L3, while A— (911, 021)) = (—2h,d1h) on By. The norm
estimate (5.12) immediately gives [|4; — 0;9)| 125,y < Crr?||H |12,y for i = 1,2.
Since C§° is dense in L3, we can find ¢ € C§° with ||¢ — Y|z < e, completing the
proof. O

REMARK 5.10. Referring to condition B2, we may assume that the B,, are mutually
disjoint (by choosing subsets of a subsequence of {B,, }, ¢ if necessary). Now take
a fixed R > 0. Thus, for all sufficiently large n, the disc B,, contains O(r2) disjoint
discs of radius R. Since an|H|2 =o(r?), it follows that, for all sufficiently large
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n, we can find a disc B, g € B, of radius R such that an R |H|? < R™%. Since a
similar argument clearly applies to @, we can thus replace condition B2 with the
following condition.

(B2') In addition to the requirements imposed by condition A2, we assume there
exists a sequence {B,}nen of disjoint discs such that, for each n € N, the
radius of B,, is n and ||®|p2(p,., |H| L2(5,) < n 2

Proof of the second part of theorem 3.1. Choose A € (—oo,—c?] U [¢?,00) and let
{Bn}nen be the sequence of balls given by condition B2'. For each n € N, let B/,
denote the disc with the same centre as B,,, but with a radius of %n Let v,, be the
function given by proposition 5.7 for the disc B], and, using lemma 5.9, choose a
¢n € C§° that satisfies

[Ai = 0idnllzz () < Cin®l|H L2, + 1,
for ¢ =1, 2. Finally, define a function u,, € C§° € Dom A by
U () = e 9@y, (1),

Clearly, supp(u,) € B!, C B,, so the set {u,, | n € N} is linearly independent
(since the B,, are mutually disjoint). The result will therefore follow if we can show
[(A = A)un|l/unl — 0 as n — occ.

Let n € N. Thus

[@Junll = [@Jvnll < Col| @ L2(B,)llVnllLe < C3llPl L2, llunll/n
for some constants Cy and C3. On the other hand,
Piuy, = e ") (<i0s + (Ax — 0x6n))vn,
SO

| T* Ty, — e @ Ty Tyw, || < Cy Z [ A; = 0ipnllL2(my)llvnllLse

i=1,2
< Cs(n?|H| 12 (my + 1)llunll/n
for some constants C4 and C5. Therefore,
[(A = XDl < [[(Ag = A )vn| + I T* Ty, — O T Tywp || + [T w, |
< Co(L+n?[|H| r2p,y + 19l 2(8,) lwnll/n

for some constant Cg. Condition B2’ now completes the proof. O

6. Stability of isolated eigenvalues

The proof of theorem 3.3 will employ the method of asymptotic perturbation theory,
as developed in chapter VIII of [7].

Before beginning with results, we introduce some new notation that will be used
throughout the next two sections. For ¢ > 0, we define A, to be the shifted operator
A.=A—cJ. Thus o;(A.) = 0;(A) — c%, and so direct comparison can now be
made with the eigenvalues of the Pauli operator H;.

https://doi.org/10.1017/5030821050000127X Published online by Cambridge University Press


https://doi.org/10.1017/S030821050000127X

1082 D. M. Elton

For z € C\ 0(A,), let R.(2) = (A, — 2J)~! be the ‘resolvent’ of A,. Also, for
2z € C\ o(HY), set

R(z)z(RéZ) 8) and ﬁc(z)z(Rgz) 02>, (6.1)

1 —
2(2

where R(z) = (H} — z)7! is the resolvent of Pauli’s operator. We will use NV, to
denote the constant matrix operator given by

1 0
().

Operators denoted by some form of the letter @ will be (essentially) projections.
For such operators, we will use dim @) to denote the dimension of the range.

The first lemma allows us to assume extra regularity conditions in the statement
and proofs of some subsequent results.

LEMMA 6.1. The set C§° is a core of A..

Proof. 1t is sufficient to prove that T*T is essentially self-adjoint on C§° (note that
A, =T*T + ®J + (I — J) and &J + (I — J) is bounded by condition C). This
is equivalent to showing that if v € L2 then

T"Tv = *iv (6.2)

implies v = 0. Here, we initially define Tw and T*Tw as elements of L? | and L2,
respectively. Setting w = Tw € L? |, equation (6.2) implies

T e S ET

However, we have (—iA4_ A+)T w € L? | by condition C, so (6.3) implies 0w €
L?,. Tt follows that d;w € L?, for i = 1,2, which, coupled with the fact that
w € L2, givesw € L2. Applying the same argument again now gives w = Tv € L2.
Therefore, (T*Twv,v) = (w,w) € R. It follows from (6.2) that +i(v,v) € R and so
v =0. O

The operators Py are first-order elliptic partial-differential operators on R?
whose coefficients, together with their derivatives of all orders, are bounded in
the L>° norm (this follows from condition C). Using standard theory (see §18.1
of [5], for example), we can hence find pseudo-differential operators Fy, F, G; and
G2 of orders 0, 0, —1 and —1, respectively, such that

P, =FP_ +G and P_ = P,Fy+ Gs. (64)

Furthermore, we can insist that F, Fs, G1 P+ and PLG5 are bounded operators on
L2 for any k; this fact will be used in the proof of the next result.

PROPOSITION 6.2. Let z € C and € > 0. Then there exists a constant C(e, z),

depending continuously on € and z, such that, for any 6 € [0,1], ¢ > C(e, 2) and
u € L2 with [N (A, — zJ)ul|| < el|lull, we have ||[(H} — 2)w|| < 5el|wl|, where w
is defined by w = uy — iFsus. Furthermore, w = 0 only if u = 0.

https://doi.org/10.1017/5030821050000127X Published online by Cambridge University Press


https://doi.org/10.1017/S030821050000127X

Spectral properties of the equation (V +ieA) x u = £mu 1083
With the help of lemma 6.1, proposition 6.2 (with § = 0) gives the following.

COROLLARY 6.3. Suppose z € C\o(H}). Thenz ¢ 0 ;(A.) and || R.(2)|] < 5||R(2)|
for allc > C(:|R(2)[71, 2).

REMARK 6.4. The spectrum of A, thus converges to that of H}, in the following
sense: given a compact set K C C\ o(H}), we have K No;(A.) =0 for all ¢ > C,
where C' is the maximum value of C($||R(z)[|7%, z) for z € K.

Proof of proposition 6.2. Let w € L% and set w = uy — iFous. Thus
lull < flwll + Cilluzll (6.5)

for some constant C1. On the other hand, equation (6.4) allows us to write

(A, — 2J)u = ((H;B;Z)w> + ( 0 ) + M., (6.6)

2
2¢ Uy

where M, is the operator

1 (-iP_ —iF,

We can also write B = iFy(H} —z)+ N., with N, = 2iG1 P, +iFy(®+z). Now the
operators Fi, M, and N, are all bounded on L?. Let C5(z) denote the maximum
of the corresponding operator norms and 1. Setting Cs(e, 2) = min{1,e}/2C5(z),
it follows that Cs(e, z) € (0, 3]. However, on any inner product space we have the
inequality [|a + b|| = p(||b]| — |la||) for all u € [—1,1]. Tt follows that

[Bw + 2¢*uz|| > Cs(e, 2)(2¢° Juz|| — (| Bwl).

Choosing any § € [0,1] and ¢ > 1, we then get

¢ Bw + 2c%us|| = Ca(e, 2)(2c|lua| — |iFL(HE — 2)w + Nowl))

> 2Cs5(e, 2)clluz|l = 3lI(HE — 2)w|| = gelwll.
Combining this with (6.6), it follows that
2| N2 (A = 2D)ull = SI(HE = 2)w| = ellwll + 2(Ca(e, 2)e — Ca(2))|ual-
If we now assume [|N?(A. — zJ)ul| < el|lu| and use (6.5), we get
sellwll = I(HE — 2)wll +4(Cs(e, 2)e — Ca(2) — €C1)lJuz]|.

Therefore, the result follows if we take C'(e,z) = (Ca(z) +eC1)/Cs(e,2) 2 2. O

Let z € C\ o(H}), so R(z), R(z) and R.(z) are all bounded operators on L.
From corollary 6.3, it follows that R.(z) is also a bounded operator on L? for
all sufficiently large c¢. The next result deals with the relationship between these
operators as ¢ — +00.

THEOREM 6.5. For any z € C\ o(H}), we have R.(z) 7@6(2') (where <=7 is
used to denote strong operator convergence as ¢ — +00). Since R.(z) — R(z) in
operator norm, it follows that R.(z) = R(z).
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Proof. For u € C§°, we have

(Rul2) = Rl = ~ReIN (Nt === (1772 0) IV R

N R = (M) - 1 (1),

R(2)u; € L%, by condition C (see proposition 7.2 for more details) and
o0

H; -z 0} _ 0 ¢ I'B* )
Ne(Ae = 2J)Ne = ( ) o (c‘lB c2(Hp +2))°

Now

It follows that

+_ -
(./\/C(Ac — 2J)N, — (HPO ¥ g))NC_ch(z)u —0

as ¢ — +00. On the other hand, R.(2)N. ! = (N.(A.—zJ))~L. By proposition 6.2
(with § = 1), this is uniformly bounded in operator norm for ¢ > C(3[|R(2)[| 7%, 2).
Thus we have (R.(z) — R¢(z))u — 0 as ¢ — +oo for any u € C5°. However, C§° is
dense in L?, while corollary 6.3 shows that R.(z) — R.(z) is uniformly bounded in
operator norm for ¢ > C(£||R(2)[| 7!, 2). It follows that R.(z) — Re(z) = 0. O

Let A < 0 be an isolated eigenvalue of H; and let I' be a simple closed contour
in C\ o(H}) enclosing A but no other part of o(H3). Set

Qz—i R(z)dz and Q:(Q 0>=—L R(z)dz.

2 Jp 0 0 2mi J p

Thus @ is just the projection onto the eigenspace of H; associated with A. Now, by
remark 6.4, we know that the contour I" does not intersect o j(A,) for all sufficiently
large c. Hence we can define an operator Q. by
1
Q.=—— [ Re(z)dz. (6.7)
2mi Jp

REMARK 6.6. Owing to the fact that we are dealing with a slightly non-standard
spectral problem, the operator Q. is not a projection. However, both of the opera-
tors JQ. and Q.J are projections (see remark 2.2 for more details).

The next result plays a key role in making the asymptotic perturbation theory
‘work’. The proof is somewhat technical but essentially centres on showing that
[(Ac. — AJ)Q.|| — 0 as ¢ — +o0.

PROPOSITION 6.7. For all sufficiently large ¢, we have dim Q. < dim Q.

Proof. Let dy = dist(\,0(HE)\{\}) > 0 denote the separation of A from the rest of
o(H}). Set e = 1—10d>\, T = %5 and define I, to be the circular contour centred at A
of radius 7. Since H}; is self-adjoint and ) is the closest point of o (Hz}) to any point

on I, we immediately get ||R(z)|| = 1/r for all z € I',.. Now let K be the closure

https://doi.org/10.1017/5030821050000127X Published online by Cambridge University Press


https://doi.org/10.1017/S030821050000127X

Spectral properties of the equation (V +ieA) x u = £mu 1085

of the region between I" and I'.. Therefore, K is compact and K No(H}) = 0, so
we can define a bounded constant Cy by

C1 =sup{C(e,\)} U{CIIR(2)II7",2) | z € K}

(where C(-,-) is given by proposition 6.2). Now suppose ¢ > C;. Corollary 6.3 then
gives | R¢(2)|| < 5/r for any z € I,.. Corollary 6.3 also implies KNo ;(A.) = 0. Using
standard properties of resolvents and Cauchy’s theorem to deform the contour, we
then get

1
(A = AN)Q. = ~ 5 FT(Z —AN)JR.(2)dz.

Since ||J|| = 1, it follows that

1 5 5 €
A.—A\J cé—/ —AN-dz < —|I}]| ==
A= 2@l < = [ 1= n2as < i =
Therefore, ||(Ac; — AJ)ul| < i¢/|ul for all uw € Ran Q.. By lemma 6.1, we can thus
choose a dim Q. subspace L of C§° such that [|(A. — AJ)u|| < e||lul for all w € L.
Now let

L' ={u; —iFyus |u € L} C L2 C Dom H}p.

Since ¢ > C(e, \), proposition 6.2 (with § = 0) gives us ||(Hj — Mw|| < 5eljw]| for
all w € L'. Since 5¢ < d, the minimax principle (see theorem 10.2.3 in [1], for
example) applied to the non-negative self-adjoint operator (H; — A)? immediately
gives us dim L’ < dim Q. However, the last part of proposition 6.2 also implies
dim L' = dim L = dim Q,, completing the result. O

Theorem 6.5, combined with the definitions of Q. and Q and the fact that
IRe(2) — R(2)|| depends continuously on z € I' for all sufficiently large c, gives
us Q. > Q. On the other hand, the fact that A, is self-adjoint can be used to show
Q. = QF. Since JQ = Q = QJ, it follows that the projections JQ. and (JQ.)*
both converge strongly to Q. By combining this observation with proposition 6.7
and lemmas VII1.1.23 and VIII.1.24 from [7], we get the following result.

PROPOSITION 6.8. We have dim Q, = dim @ = dim @ for all sufficiently large c.
Furthermore, Q. — Q in operator norm as ¢ — +00.

7. Asymptotic expansions of isolated eigenvalues

The next theorem is based on theorems VIII.2.1 and VII1.2.2 in [7]. It gives an
asymptotic expansion for the resolvent R.(z).

THEOREM 7.1. For w € L2, we have
_o (R(2)B*BR(z) —R(z)B* -
_ 1.-2 4
Re(z)u = R(2)u + 5¢ ( “BR(2) I u+ O(c™ %),

where O(c™*) denotes an element of L? with norm of order O(c™*) as ¢ — +o0.
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Proof. We have

demr=lre () (5 )| (07 ).

50 Re(2) = Re(2)(I +G)~ ', where

G = (g H§+ Z) R (2). (7.1)

Now let N > 0 and suppose u € L2_. Therefore, u € DomG* for k =0,...,N and

2

w=(I+9) Y (-9 u+ (-9 Vu,

k=0

Hence

N
Z eu+ (Re(2) — Re(2))(=G) V.

Now GV is a polynomial in ¢~? whose (operator-valued) coefficients are non-
zero only for powers between [$N] and N (where [3N] is the greatest integer
not exceeding $+N). On the other hand, R.(z) 2 Re(z) by theorem 6.5. Thus

(Re(2) — Re(2))(—=G)Nu = o(¢—2V/?]) and so
Z G)ru 4 o(c2N/2), (7.2)

The result now follows from a direct computation using (6.1), (7.1) and (7.2) with
N =4. O

The operator H; is a first-order perturbation of the Laplacian A on R2. Further-
more, the coefficients of this perturbation have bounded derivatives of all orders
(by condition C on @ and A). Induction and the fact that w € L3, Au € L? |
implies v € L7, for any k € Z now leads to the following result.

PROPOSITION 7.2. Letu € L?, 2 € C and suppose (Hj; —z)u € L. Thenu € L.

Since elements of Ran @ are eigenvectors of H}; it follows that RanQ C L% . In
turn, this means that we can apply the asymptotic expansion given by theorem 7.1
to elements of Ran Q. This fact underlies the next result (which is based on part of
theorem VIIL.2.6 in [7]).

THEOREM 7.3. For all sufficiently large c, we have
Q.Q=0+c?TQ+0(c™),

where O(c™%) denotes an operator with norm of order O(c™*) as ¢ — +oo and T
is the operator defined by

SB*B 0 1 [ R(2)
T = __1 .
2(—B 0)’ S=mom) =¥
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Proof. The operator H; is self-adjoint and so can only have semi-simple eigenval-
ues. Therefore,

R2)Q=QR(z)=N—-27"'Q = RA=N-2)"'0. (7.3)
Now let u € L2. Thus Qu € L2, and so theorem 7.1 gives
Re(z)Qu
=R(2)Qu + 272 (

R(2)B*BR(z) —R(z)B*) (Q 0

“BR(2) I 0 0) ut 0(e)u

R(z)B*B 0

= ()\—z)_lQu—F%c_Q()\—z)_l( 5 0

) Qu +O0(c™) u (7.4)
for any z € I' (note that because Q contains a non-zero entry only in its upper-left
corner, the second column of any matrix operator appearing immediately to its
left can be chosen arbitrarily). In (7.4), O(c™*).., denotes an element of L? such
that ¢*O(c™?),4, is bounded as ¢ — +00; this bound depends continuously on z
and u. Now, Q has finite rank and I" is compact so the strong convergence given
by (7.4) implies convergence in operator norm, while the error term can be bounded
uniformly on I'; that is,

Z)B*B 0

7 0)Q+0(c—4), (7.5)

Re(2)Q=(A—2)"'Q+ 4 2(A—2)7! (R(

where O(c™%) denotes an operator with norm of order O(c™*) as ¢ — +o00. Now

1 dz

=1
2mi [’)\_Z

3

so the proof can be completed by integrating (7.5) around I" and using the defini-
tions of Q. (see (6.7)) and 7. O

Using theorem 7.3, the proof of theorem 3.3 now follows from an argument quite
similar to that used in the second part of the proof of theorem VIIL.2.6 in [7]. It
will be included here for completeness.

Proof of theorem 3.3. Define (finite-dimensional) subspaces of L? by
L=Ran@ and L.=RanQ.= RanQ.J,

and define an operator V. by
V.=1-Q+Q.9=1+c2TQ+0(c?),

where the second equality follows from theorem 7.3. Since Q is a projection, we
have V.Q = Q.9 and V.(I — Q) = (I — Q). Combining these observations with
proposition 6.8, it follows that V. maps L onto L. and leaves every element of the
complementary space Ran(l — Q) unchanged (for all sufficiently large ¢). We also
have dim L = dim L., so V. is invertible,

Vi=T—-c¢2TQ+0(c?

https://doi.org/10.1017/5030821050000127X Published online by Cambridge University Press


https://doi.org/10.1017/S030821050000127X

1088 D. M. Elton

and V.~! maps L. onto L and leaves every element of Ran(I — Q) unchanged.
Now set R.L(z) = V.7 1R.(2)JV.Q. By standard properties of resolvents, R.(z).J
commutes with Q..J, from which it follows that RanR.(z) C L. Therefore,

Re(z) = QRL(2)
- ch_ch(Z)JVcQ
= (Q+O0(cT))R(2)(Q+c2ITQ+ 0(c™Y), (7.6)
where we have used the facts that JQ = Q and Q7 = 0 (the later being a con-
sequence of the identity QS = 0). Now B, B* and S all map L2 into itself (this
follows from condition C for B and B*, and from proposition 7.2 and the identity
(Hf —X\)S = I—Q for S). Coupled with the fact that Ran Q is a finite-dimensional
subspace of L2 and the definition of 7, it follows that Ran(J7 Q) is also a finite-
dimensional subspace of L2 . Since QR(2)J7 = R(2)Q7 = 0, theorem 7.1 now
gives
OQR(2)JTQ = QR(2)JTQ + O(c™?) = O(c™?), (7.7)
where O(c™?) denotes an operator with norm of order O(c™2) as ¢ — +o00. On the
other hand, equations (7.3) and (7.5) give

OR(2)Q =N —2)"'Q+ c2(\—2)72QBA + O(c™?), (7.8)

1(B*B 0
B=-
(707 0)
(note that because Q contains a non-zero entry only in its upper-left corner, the
second row of any matrix operator appearing immediately to its right can be chosen

arbitrarily). Combining the definition of R.(z) with (7.6), (7.7) and (7.8), we now
obtain

where

Vo IRA(2)IV.Q = (A= 2)71Q + ¢ 2(A — 2)"2QBQ + O(c™4)..  (7.9)

The remainder term O(c™%), can be estimated uniformly for z € I'. Furthermore,
by standard properties of resolvents,

1
JAQJ = —— | 2R (2)J dz.
2mi Jp
Integration of (7.9) along I" after multiplication by —z/27i thus gives
V4 JAQ.IV.Q = AQ — ¢ 2QBQ + O(c™4). (7.10)

The earlier remarks about ranges, etc., of V., etc., means that the left-hand side
of (7.10) maps L into L. Furthermore, the eigenvalues of this restricted map can
be seen to be Ay, ..., \g. Standard results about the perturbation of eigenvalues of
finite-dimensional matrices (see, for example, theorem I1.5.4 in [7]) now complete
the proof of the theorem. O
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