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We introduce what are called regular materials for which, by definition, the
corresponding solution of the classical periodic homogenization problem remains

bounded in HEOC. We give examples of two types of such materials depending on

whether the coefficients representing them belong to W1 or not. A complete
characterization is obtained in the former case.

1. Introduction

We consider the operator

det O 0 ) N
g Z), yerY,
oYk (akz(y) Oye Y

where the matrix a(y) = [age(y)] is symmetric and positive definite a(y) > ol
with o > 0. Its entries belong to L (Y') (Y is the cube ]0, 27 [N and subscript ‘#’
means that the space consists of Y-periodic functions). In the sequel, we will make
various further length-scale regularity assumptions on the coefficients agy which
play a central role throughout the paper. Some of them are as follows:

are € Wy™(Y) Vk,L=1,...,N, (1.1)
Oae

LY (Y V¢=1,...,N. 1.2
o © #(Y) t=1,..., (1.2)

In (1.2) above, and throughout this paper, usual summation convention with respect
to repeated indices is followed, unless stated otherwise explicitly. For each € > 0,
we introduce the operator A¢, where

cdef O [ . 9 Sh e il
A® = —a—xk(au(x)%> with aj,(x) = akl(;>a zeRN.
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Let £2 C RY be an arbitrary domain and let f € H~1(£2). We consider a sequence
uf in H'(£2) such that

Auf = f in 2, } 13)

u® —u* in H'(2)-weak.

Our aim in this work is to seek necessary and sufficient conditions on a(y) for u®
to be bounded in HZ (£2) under the hypothesis that
feLi.(2) (1.4)

loc

(see theorem 4.3 below). Even when the hypothesis (1.1) holds good, classical results
(see the book by Gilberg and Trudinger [6, p. 175]) when applied to (1.3) yield the
estimate

) < ce I fllpe

loc

w2

loc (£2)
which is clearly not uniform in e. On the other hand, in the classical book by
Bensoussan et al. [1], the authors obtain an asymptotic expansion (with y = z/¢)

of the form

) = ' (@) + e ) G (o) + )
+ 22 om0 g () + X G ) 4 () | e (1)

Here, x¢ is the unique solution of the cell problem

8akz

Axe = 3 inY,
Yk . (1.6)
def
e, 0™ o [ vay=o
Y1 Jy
The function xg¢,, is characterized as the unique solution of
OXm 0 OXm .
AXm = Qom + agpa — —(akexm) — My (agm) — MY(GEkL> inY,
Oyr. Oy Oyx
Xem € Hy(Y), My (xem) = 0.

The first term in (1.5) satisfies the homogenized equation

def O ou*

" Oz, (ka 3332) fom&,
where the homogenized coefficients ¢, are given by
0
Qre = My(ake + akmﬂ> Vk,{=1,...,N.
OYm

The above method also proves that @ (), @2 (), . .. are independent of € and satisfy
equations of the type A*%; = g; in {2, where, for instance,

. O3u*

gi(x)=b

1 eyl O
J O0x;0x0x¢
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where b1, are constants,

OXke :
bjkg:My(ajma——Fa]de V],k‘,gz 1,...,N.
Ym

Some comments on the expansion (1.5) are now in order. Because it contains
infinitely many terms, it is not very useful to establish HZ -estimates on u¢, even
though the effects of f and the medium are separated at various powers of e.
However, it offers important insight into the difficulties in the offing. For instance,
it shows that the second-order derivatives of the e-term involve

L 0% ou* Oxe O%u* O3>

— (.I‘), a. (.I‘), EXf(y)

().

0y 0y v oxy Oyy, 0z 0z, 0z ;071,07

Because of the presence of the negative power of ¢ in the first of these terms, an easy
way out of the difficulty is to annihilate it by requiring that x, =0%/ =1,... N.
At one stroke, this eliminates other terms as well. However, it is not at all clear
whether this condition is going to be sufficient to overcome the difficulties coming
from higher powers of €. This is due to the following reasons.

(i) The second-order derivatives of the terms containing 2 involve derivatives
of u* of higher order on which we have no control with our hypothesis (1.4).
More and more higher-order derivatives of u* appear, and thus this difficulty
is amplified when we go up in powers of €.

(ii) The second-order derivatives of u* are multiplied by the second-order deriva-
tives of xx¢ and so it is natural to require that yxs € W;&’OO(Y). It is classically
known that such a regularity result involving L°°(Y')-space is hard to come
by if it is not impossible.

These fundamental issues and difficulties may be the reason why H?2-regularity
questions have not been tackled in the literature. Thus the results obtained in this
work seem to be new and are not easily obtainable using other classical methods.
Given the above picture of difficulties, our results may be interpreted as follows:
individually considered, the above troublesome terms are not in HZ_ under the
hypothesis (1.4); however, taken together, they seem to behave nicely.

The plan of this short paper is as follows. Bloch waves (which are our tool to
understand the issues involved) are introduced in §2. In § 3, we rapidly introduce
a condition on the coefficients which seems necessary to eliminate the effects of
the boundary. Main results are stated in the next section in the form of several
theorems. Their proofs are presented in §§5 and 6. Notion of regular materials is
introduced in § 7, wherein examples of such materials are also furnished.

Finally, a word about the notation adopted in this work. The constants appearing
in various estimates independent of ¢ are generically denoted by ¢, ¢1, co, etc. Apart
from the usual norms in Sobolev spaces H(Y'), H2(Y'), we will also use the following
semi-norms,

N

0l (yy = {Z

Jj=1

2 1/2

1/2 N
} ; [v] 2 (v) :{ Z ||Dl%,lfv||%2(Y)} ;

L2(Y) k=1

o
y;

where D} jv = 9%v/yr0yq.
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2. Bloch waves

To overcome the difficulties mentioned in §1, we will adapt a different strategy,
which involves the use of the Bloch waves associated with A. We have used them in
the homogenization of eigenvalue problems and boundary-value problems associated
with elliptic operators (see [3,4]). For an application of Bloch waves in the case of
Schrodinger equation with periodic potential, we refer to [5].

The basic idea of the method consists in representing the solution in terms of
Bloch waves. We will thereby be able to transfer the questions of estimates on u® or
its derivatives in an equivalent way to that of Bloch waves via Parseval’s identity.
Thus the method yields optimal results. Bloch waves are defined as eigenvectors of
the problem
Amo(5m) = Ame(n) in RY, 1)

¢(-;m) is Y-periodic, .

where A(n) is the following operator,

Aln) = _(3%16 + i77k> [ake(y)(aiwZ + 17712)},

and 7 is the Bloch parameter confined to Y’ = [—4, 1[V. This operator is referred

to as the shifted operator in the literature. As is well known, for each 7, these
eigenvectors form a countable orthonormal basis in LQ#(Y), and they are denoted

by {dm (5m) }oo=1:
/ G (Y3 1) e (Y3 1) AY = S
Y
The corresponding eigenvalues form a countable sequence with the following prop-

erties:

0< M(n) < < Ap(n) <00 — 0, (2.2)
Vm > 1, An(n) defines a Lipschitz continuous function of 5 in Y. '

With the help of the above parametrized eigenvalues and eigenfunctions, one
can describe the spectral resolution of A as an unbounded self-adjoint operator in
L?(RY). Roughly, the results are as follows,

{e¥¢,. (y;m) | m =1, n € Y'} forms a basis of L(RY) in a generalized sense,

and L?(RY) can be identified with L?(Y”; ¢?(N)) via Parseval’s identity. The oper-
ator A corresponds to an operator with multipliers A, (1),

A€V d (Y3 1)) = A (1)€Y "y (43 7).

What we need below are Bloch waves {¢¢, (z;£)} in the e-scale and the correspond-
ing eigenvalues {)\¢ (£)}. By homothecy, the following relations hold,

X =eAmm), G5 (2:6) = dm(y;m),
where (z,€) and (y,n) are related by
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It is clear that & varies in e~ 'Y’. The spectral decomposition of A°¢ is described
in terms of these waves in the following result, a proof of which can be found, for
example, in [1] or [4].

THEOREM 2.1. Let g € L>(RY). The mth Bloch coefficient of g is defined as follows:

Boo©) = [ a5 (Lice)ar vee W, maL @)

Then the following inverse formula holds:

:/ oy 2 Bfng(£)ei”5¢m(§;s§> d¢ Vo e RV, (2.4)
2 ! m=1

Further, we have Parseval’s identity,

/R )] do = /_ly/ Z |BS,9(6)[? de. (2.5)

The above result, which has been exploited by us in homogenization (see [3]),
does not seem to be fully adequate for the purposes of the present paper. As will be
pointed out later, some intermediate steps leading to the above-mentioned result
are necessary.

We present these now. For full details, the reader is referred to the literature
already cited (see, for example, [4, paragraph II1.2]).

THEOREM 2.2. Any g € L?(RN) can be decomposed as

o)== [ ggmeae (2:6)
E—IY/
where g3 is (€€, €Y )-periodic with respect to x (see [4, p. 187]), i.e.
95 (@ + 2meq; §) = 0895 (1;€) Vg e ZV.

Further, we have Parseval’s relation,

/ lg(z)]? dz = // |g#x§|2d§dx (2.7)

REMARK 2.3. The element g; associated to g in theorem 2.2 is, in fact, explicitly
given by
g3 (@ &) = D gla+ 2mep)e 2P e, (2.8)

pELN
For fixed &, expanding this in terms of the basis functions {e!*¢¢¢ (z,¢) | m > 1},
we arrive at theorem 2.1.
3. Localization

Since we are dealing with estimates in HZ_({2), the first step in the method is to
reduce to the case 2 = RN by means of a cut-off function # € D(£2). Indeed, a
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simple calculation shows that

AS(Ouf) = 0f + g+ h° inRY, (3.1)
where
Cogf ou® 060 . %6 -
2 Ut Dy O0xy 83: Tt aa:kaa:g”
and
hE = _aaié ﬁ €
axk 832@

It is easily seen that the right-hand side of (3.1) is bounded in L?(R"), provided

Oae
Yk

=0 inRY W/=1,...,N. (3.2)

This hypothesis is obviously equivalent to saying that y, = 0 for all £ (see (1.6)).
It is somewhat surprising that the above condition, which we came across in § 1 for
obtaining H{ .-estimates, appears in the localization process, too.

The above reduction procedure leads us to the following question. Consider
u® — u* in HY(RY) weak such that A°u® = f in R". Under what conditions on
a(-) does there exist a constant ¢ > 0 independent of € such that

[u®| 2@y < cll fllz@ny? (3.3)

We give an answer to this question in theorem 4.3 below.

4. Main results

The aim of this section is to state the principal results of this paper. Proof of
some of these results are indicated, while others are deferred to later sections. We
start with a consequence of theorem 2.1, which established that the operator A®
corresponds, under Bloch transform, to an operator on L2?(¢~'Y”; /2(N)) given by
multipliers {\, (&) | m > 1, £ € e~ 1Y’}. This can be considered as a diagonal
integral operator on (?(N) parametrized by ¢ € e~1Y’. The following result shows
that the operator 9?/0xy0z,, for fixed k,/ = 1,..., N, corresponds to a more
general integral operator on ¢%(N).

THEOREM 4.1. For k,¢=1,...,N, we have

82 —2 ix-& e
et 2| mrst@amtoer<omo e
—IY/

axkaxp o

for some coefficients {mn(e€) | m =1, n > 1, £ € e 1Y'}. Therefore, by Parse-

val’s relation, we get
2 o]
LZ(]RN) /—IY/ X::

o] 2

d¢.

&) tmn(€€)

|72
axkaxg
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Proof. Differentiating (2.4) with respect to x and xy, we get

&g ) e lrf (_ )
3xkaa:g(x)_5 /_WZB € ) de,

where we have set

9’ pm
Oyr0ye

v oy il 0bm Obm .
pm (Y5 1) = —MeNePm (y51) +1{771z ur (y;m) + nk o (y,n)} +

(y;m).

Since pm(;m) is Y-periodic, we can expand it in terms of the Bloch basis

{on(m) [n > 1},

with the coefficients «,,,, defined by

(1) =/Ypm(y;77)¢n(y;77)dy-

The proof in now complete. O

Though we will need the above result in the sequel for other purposes, it does
not seem to be useful in estimating the second-order derivatives D,%,Zus in L2(RY)
because it has the drawback of mixing the indices m, n. In other words, the operator
D3 , is not diagonal in the decomposition of theorem 2.1. We prefer a decomposition
invariant under the above operator. The decomposition provided by theorem 2.2
seems to be more suitable for the above purpose, since it is invariant under D,%Jg
and A°. Indeed, it follows directly that

Dj 19%(2:€) = (D 19)3 (w3 €)

and, as a consequence, it follows that
Dheg) =< [ (DR (4.1
/ Dipg()? da = e /Y/ (D7 9)% (x; €)|* dé da. (4.2)

€

Applying the above general decomposition results, we see that our equation
A%uf = f in RY is equivalent to the following parametrized problems:

Afuy(3:6) = [3(;6) forw e RN,}

: . (4.3)
u% (5 §) is (e€,€Y)-periodic.

Our main result is the following estimate on the above problem. There exists a
constant ¢, > 0 independent of e > 0 and £ € e 'Y”, but depending on ||al|y1.=(y),
such that

D% cu% ()2 vy < 2l f2(5 O 2 (evy, (4.4)
provided (3.2) is satisfied.
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Our strategy of proving (4.4) consists of transforming the problem (4.3) into a
Y -periodic problem by means of the change of variables

uG(2;:€) = U (yim),  fo(33€) = R (ysm). (4.5)
This idea is standard in Bloch analysis. It is well known that U® and F© satisfy

A(n)(e2U(yim)) = Fe(y;m) fory € RN,}

: L (4.6)
U¢(-;m) is Y-periodic.

Our following theorem is concerned with establishing estimates on problems of
the type (4.6).

THEOREM 4.2. Consider the problem where a € W1 (Y),

AU =F in RN,} ()

U is Y -periodic.

Then there exists a constant ca > 0 depending on ||la||wr.« vy, but independent of
n €Y', such that

mPIU 2y + 00U vy + U2 vy < e2llFll2 vy
If, in addition, we suppose (3.2), then
Ulm2vy < 2l Fllrzey)-

A proof of this result will be presented in the next section. For the moment, we
observe the singular behaviour of the second-order derivatives of U as n — 0. The
assertion is that it disappears if we suppose (3.2). A simple application of the above
theorem to problem (4.6) yields the desired estimate (4.4). Indeed,

IIDi,eu;(-;£)||%2<sy> < CEN{|§|4HU€(';77)H%2(Y)
+e 2 EPIUS ) i vy + UG ey
< || FE( 77)”%2()/) (by theorem 4.2)
=l f2CONZ2 oy

Thanks to (2.7), it is an easy matter to deduce the required estimate from (4.4).
More precisely, we have the following result.

THEOREM 4.3. We assume that the coefficients satisfy (1.1) and (3.2). Then there
exists a constant ¢ > 0 independent of € > 0, but depending on ||al[w1.(y), such
that, for all f € L?>(RY), we have

[u®| g2 mvy < el fll L2y

Our next result presents estimates on the Bloch eigenvectors ¢, (-;7). We high-
light the singular behaviour of the first Bloch mode ¢;(-;7) as n — 0. Though the
Bloch eigenvector problem (2.1) is of the form (4.7), the following estimate does not
immediately follow from the one stated in theorem 4.2. This is one of the reasons
why we prefer to state this result separately.
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THEOREM 4.4.

(i) There is a constant c1 depending on |all vy, and independent of m and n,
such that

[ () yy < cadm(MY? VneEY', m>1

(ii) There is a constant cy depending on ||lallw1.«(yy, but independent of m and
n, such that

coh(n)'/? Vpey’,
coAm(n)  VneyY', m>=2.

|1 (5 2 (v

<
|Gm (51 2 (v) <

(iii) With the additional hypotheses (3.2), we have

lp1(5m) |2 (vy < c2Ai(n) VnpeY' (4.8)

Theorem 4.3 above establishes the sufficiency of the condition (3.2) to have H?-
estimates uniform with respect to €. We now proceed to show the necessity of
the condition. It is worthwhile to recall that the heuristic arguments advanced
in §1 already indicate this fact. Our aim here is to show how this property can
be rigorously deduced using Bloch analysis. The first result in this direction is the
following converse of theorem 4.4.

THEOREM 4.5. Assume that the coefficients are have the regularity (1.1). If the
first Bloch mode satisfies the estimate (4.8), then condition (3.2) is true.

Our next result gives an equivalent formulation of the uniform H?2-estimates. In
doing so, we find theorem 4.1 very useful.

THEOREM 4.6. We assume (1.1). Then the following statements are equivalent.
(A) The estimate (3.3) holds for all f € L2(RY).

(B) There ezists a constant ¢ > 0 independent of n € Y’ such that

>

n=1

Zﬂm“m” ] ZW VB = (B) € (N,

m=1

where the coefficients aumn(n) are the ones introduced in theorem 4.1.
As a corollary of the previous two results, we will deduce our final conclusion.
THEOREM 4.7. We assume (1.1). Then the following statements are equivalent.

(i) The condition (3.2) holds.

(ii) There exists a constant cz > 0 depending on |lal|y1.0 (v, but independent of
e, such that, for all f € L>(RN), we have

|u® |H2(]RN) C2||f||L2(RN)
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Classically, it is well known that under the hypothesis (3.2), one can pass to the
limit in the product o = af,(0u®/dx,) in L?(RY)-weak by using the compensated-
compactness theory of Murat [8] and Tartar [9]. The new aspect of the above
theorem is the H?-estimate, which allows the use of Rellich’s lemma to pass to the
limit and obtain

. Ou® ou*
ke 832[ - MY(GM) 832[

in L?(RY)-weak.

Since (3.2) implies x; = 0 for all £, we have My (ar¢) = qre, and the classical
homogenization result is therefore recovered from the above convergence result.
Of course, it should be mentioned that compensated-compactness method is very
general and goes beyond the case of periodically oscillating coefficients.

As an immediate application of our theorem and the Hardy space regularity result
of Coifman et al. [2, paragraph IIL.2, p. 258], we can deduce that

0% is bounded in 3}, _(RY),

loc

where 3. (RV) is the localized Hardy space. The above bound on of is better
than the classical L%-estimate on 0§, especially at points where 0§ vanishes.

5. Estimates on cell problems

This section in devoted to the proof of theorems 4.2, 4.4, 4.5. We introduce the
bilinear form associated with the operator A(n)

0 ) oY .
b(n; &, ¢) = / au(y)(—¢ + 177e¢> (— + mW) dy
Y ye oYk
for all ¢,y € H#(Y) The basic estimate on this bilinear form is as follows (cf. [4,
p. 190]. For all ¢ € H}(Y) and 7 € Y, we have
di(101F vy + NP1 o172 v)) <003 0, 0) < da(0F vy + NPl 72(vy)s (5.1

where d; and dy depend only on a and ||al| = (y). As a consequence, we have the
Poincaré inequality

Gl vy + Mol L2 vy < Vo +indllr2(yy Vo€ Hy(Y). (5.2)
Here, c is a constant depending only on « and [|al/ e (v)-.

Proof of theorem 4.2. Multiplying (4.7) by U and using the above estimates, we
deduce

. 1
IVU +inU||Z2yy < EHFHLZ(Y)HUHLZ(Y)
&

<
aln|

IE L2 IVU +inU|[ L2 (v

Thus c
VU + inUl|12(v) < WHFHLZ(Y)-
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The above inequality immediately implies
PIU L2y + 10 vy < el Fllzzery- (5.3)

So far, we have not used our hypothesis that a € W°°(Y). We will use it now to
estimate |U|g2(yy. To this end, we rewrite (4.7) as

AU = F,
. L (5.4)
U is Y-periodic,
where
= . ou . 0
F =F +ingare— ~+ ing=— (areU) — apenineU.
8ye 8yk
Thanks to (5.3), we see that
~ 5%2
IF(lz2¢vy < ey I1Fll 2 vy + [0l 1U L2 vy { - (5.5)
Le=(Y)
Multiplying the above inequality by |n| and using again (5.3), we deduce
~ Daye
I FllL2vy < (1 + || ||L°<>(Y)> I1F|2(vy- (5.6)

On the other hand, regarding the problem (5.4), it is well known (see, for
instance, [6, p. 173]) that under the hypothesis (1.1) there exists a constant
ca2 = ca(llallw1.(vy) such that

Ul m2(v) < eall Fllz2v)- (5.7)
Combination of the estimates (5.5)—(5.7) completes the proof of theorem 4.2. O

Proof of theorem 4.4. The technique of the proof is the same as the one followed for
the proof of theorem 4.2. The only difference is that we need to use the additional
information on the behaviour of Bloch eigenvalues,

d1|77|2\ Am(n) Vm =1, UEY/, (5.8)
0< A< A\n(n) Ym=2 ney’

While (5.8) is a direct consequence of (5.1), the inequality (5.9) is a consequence of
min-max principle of eigenvalues. It is proved in [3, p. 1653] that (5.9) holds, where
A is the second eigenvalue for A in the cell Y with Neumann boundary condition
on 9Y. It is also proved in [3] that

)\1(0) = )‘/1 O) = v}

5.10
M (n) < elnl*. (510

The above inequalities clearly illustrate the singular behaviour of the first eigenvalue
which is distinct from the rest of the eigenvalues. This accounts for the singular
behaviour of the first Bloch mode ¢1(-;7) as 7 — 0 stated in theorem 4.4.
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The estimate on |q§m(-;77)|H1(y) is a direct consequence of (5.1) and the fact
that b(n; m, dm) = Am(n). To estimate |om (s m) |2 (vy, We rewrite the eigenrela-
tion (2.1) in the form A¢n,(-;n) = F),, where

) 0y . O
Fi = X (1) o + 177kak£aLye + lnea—yk(akmm) — QAN Prn -

It is immediate that ~
||Fm||L2(Y) <cAm(n) ifm =2

and, for m = 1, we have

cA1(n)'/?  in general,

chi(n) provided (3.2) holds.

712 vy <
||F1||L2(Y) <
The proof is complete if we apply the estimate (5.7) to the equation A¢,, = F,. O
Proof of theorem 4.5. We begin by rewriting A(n)¢1 = A1 (n)¢1 as follows:

_ Oage ( !
Iyr \ ye

2

= WGy a

. 0 . 0
+A1(n)91 4-17714%2ﬂ +177£aklﬂ — AReNENeP1-

+ 77i¢1> Due Dun

Thanks to (4.8) and previously stated inequalities, we see that the right-hand side
of the above relation can be estimated in L?(Y’), and hence we obtain

H Oare (% + ine¢1>

We now confine 7 to a small neighbourhood V' of the origin where, by results of [3],
we know that ¢, (-;7) is analytical, and can be developed as follows:

< CQ)\1(77) V?] S Y’
L3(Y)

br(om) = (14 in () + ().

8akz (5 T 8)@)
Oy Oy

Using (5.10) and letting 7 — 0, we obtain

Thus we get

< egAi(n) fornpeV.
L2(Y)

I3

daye ( 3Xj> :
0; — ) =0 Vj=1,...,N. 5.11
ay 54 + ay[ J ) ) ( )
Thanks to the definition of x; (cf. (1.6)), the above condition is equivalent to
2
@)L 0 Yy Wi—1,... N
8yk8y1;

This is an elliptic equation in non-divergence form for which the uniqueness result
of [6, p. 170] applies, and gives x; = 0. Now (3.2) follows simply from (5.11). It
is worthwhile to remark that the above uniqueness result requires only (1.2) and
not (1.1). |
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6. Proof of the main result

This section is devoted to the proof of theorem 4.7. The implication (i) = (ii) was
already established in theorem 4.3. For the reverse implication, we need theorem 4.6
and thus we start by proving it.

Proof of theorem 4.6. The proof is based on theorem 4.1. Since we have

N OBLE ) = Bof(©) VEeY, m> 1 ©.1)
we have 9
PRl = [ | Xm0 e 62

"n=1'm=1

We show first (B) = (A), which is easy. Since {BZ, f(€¢) | m > 1} € £2(N) for almost
all &, we get, by applying the inequality in (B),

amn 55 ’ Z |B€

for almost all £&. Integrating this inequality with respect to ¢ over e~ 'Y’ and applying
Parseval’s identity (2.5), we deduce (A).

The other implication (A) = (B) in theorem 4.6 involves a localization in £ in
the following inequality which results from (A):

/_IY, ) Z B, am";g))’ de < C/—lY’ Z BS,f(6)2de. (6.3)

n=1"m=1

More precisely, for arbitrary 8 = (8,,) € ¢?(N) and test function § € D(e~1Y"),
we can choose f € L?(RY) such that BZ, f(€) = Bn0(&) V€ € 1Y/, m > 1. This
is possible because Bloch transform establishes a unitary isomorphism between
L2(RYN) and L?(s~1Y”; £2(N)). A simple application of (6.3) to f yields

00 o] 2
amn 55
[ Sl a<e (3 1 )mcorac
Since 6 is arbitrary, the inequality given in (B) follows. O

Completion of the proof of theorem 4.7. As pointed out earlier, it remains to show
(ii) = (i). According to theorem 4.6, part (ii) implies that there is a constant ¢ > 0
such that

n=1

2 [e’e)
Zﬂm“’”" ] <c )y B> VB e A(N).
m m=1

m=1

To extract information from the above inequality, we make the choice of
6=1{0,0,...,1™" 0,0,...}.
This yields

Z | mn (M < Am(n)? YneY', m>=1 (6.4)
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At this point, let us make the observation that {a,, (1) }52; are nothing but Fourier
coefficients of p,,,(+;n) in the orthonormal basis {®,,(*; n)}n 1 (cf. theorem 4.1), and
hence by Parseval’s relation we get

o0

lpm G320y = D lotmn () ¥Vm > 1. (6.5)

n=1
From the definition of p,,, it then follows that ¢,, € H2(Y). To estimate its norm,
we introduce
Obm

By = G Fiom Vm 21, (=1, N.
Ye

It is then easy to express

0"
m(ysn) = =2 4 inp DY,
pm (Y5 M) o + ik Py,

Combining all this information, we arrive at
IV, +in®,, 1 72(vy < Am(n)? ¥m =1, £=1,...,N. (6.6)

Thanks to (5.2), we can write the following chain of inequalities where k is fixed,

2 2
ea C”v(aasm) 20
ayk HY(Y) ayk ayk L2(Y)
N
Z 2¢m . ne ¢m 2
= aykayi ) ayk L2(Y)
oL ||?
- Oyk Nl 2(v)

N

N
e NIV, 132 v
=1

N
¢ IV, +in®h, |72 vy
=1

< C)‘m(U)QQ

N

the last inequality being a consequence of (6.6). The above inequality with m = 1
implies the estimate [¢1(-;7)|m2(y) < cA1(n), which, according to theorem 4.5,
implies (3.2). The proof is finished. O

7. Regular materials

We call the material represented by the matrix a(y) = [age(y)] regular if it admits
H? -estimates uniform in ¢, i.e. statement (ii) of theorem 4.7 is true. Results of the
previous sections establish that materials satisfying (1.1), (3.2) are regular materi-

als. More precisely, among the materials with regularity (1.1), the regular materials
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are precisely those which satisfy (3.2). Thus it seems natural to keep (3.2) in seek-
ing other examples of regular materials. Another motivation for working with (3.2)
is that it was already shown to be necessary in the localization process (cf. (3.1)).
From the classical results of Murat and Tartar in homogenization theory, it is well
known that L°°-weak® limit provides an upper bound for all homogenized coef-
ficients. As remarked at the end of §4, the homogenized coefficients associated
with regular materials are arithmetic averages of aps, which are nothing but the
L*°-weak* limit of aj,. Viewed in this manner, regular materials possess an opti-
mal property, namely that their homogenization limit coincides with the upper
bound.

Examples of regular materials satisfying (3.2) (but not (1.1)) are presented in
this section. The proof of theorems 4.2, 4.3 show that we will have uniform HZ -
estimates if the following regularity property holds: the solution u of

Au=f inY, uwe HyY) (7.1)

(note that u is determined uniquely up to an additive constant) admits a bound

al 9%u
Z 55 <ol fllzzevy (7.2)
k=1 CYROYE N L2y

for all f € L3(Y) with My (f) = 0.

We will now exhibit situations where the above property holds without the coef-
ficients are(Y') being Lipschitz. More precisely, apart form (3.2), let us make the
following hypothesis on the coefficients:

there exists ¢ € [N, 0o] such that age € W;’Q(Y) NLE(Y) forallk,£=1,...,N.
(7.3)
This index ¢, which depends on Meyer’s exponent pg (see theorem 7.2 below), can
be quite large and will be suitably restricted (cf. (7.6) below). Nevertheless, it is
somewhat surprising to know that uniform H?2 _-estimates hold without coefficients
are(y) being Lipschitz. In this direction, let us state and prove our first result.

LEMMA 7.1. Under the assumptions (3.2) and (7.3), we have the following identity
for allw in HZ(Y):

/ 9%u 9%u 4 /a 9%u " 9%u 4
O A A~ = mn
v T 9y 0y Dyeym Y v Coyrdye " 0ymOyn Y
Oakn 8au> 9%u  Ou
+/ (am‘——amn— ——dy.
v\ Oy, O ) OynOys Oyr "

(7.4)
Proof. We have

9%u 9%u
Aul?. :/ a Amn dy.
l HL (Y) v ke Durdye ymum Y
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Integrating by parts several times and using (3.2) repeatedly, we arrive at

da ou O ou
Al i ( ) d
W0 = |, 5 B By \ By ) ¥

+/ 9%u 9%u 4 +/ " aau ou  0%u
AktOmn 7 mn
Y M OYrOYn OYeOYm Y aym 8yp OYn Oy

One more integration by parts and application of (3.2) in the first term of the
right-hand side of the above relation obviously leads us to the required identity.
Thanks to (7.3) and the Sobolev inclusion, we note that the last integral in the
above identity is well defined and this completes the proof. O

Taking into account the structure of the left-hand side of (7.4), we now proceed
to prove that there exists v > 0 such that

e (Y) @ (Y) MenNem = V||77||2 (7.5)

for all symmetric matrices n = [nre] and for y € Y almost everywhere. We will
see that the above inequality is a consequence of our assumptions that the matrix
a(y) = lare(y)] is symmetric and uniformly positive definite. First of all, a simple
computation shows that

Akt Qmn MinMem = Trace(anan).

Next, the matrix a can be diagonalized in an orthonormal basis consisting of eigen-
vectors of a. There exists an orthogonal matrix ¢ such that

Q7aQ = A,
where A = diag(A1, A2, ..., AN), Ak being eigenvalues of A. Exploiting the fact that
Trace is invariant under change of variables, we see that
Trace(anan) = Trace(An' An'),

where 7 = Q*n@Q. Note that n’ is symmetric. Thus we are reduced to the case
where the matrix a is diagonal. Another simple computation shows that

Trace(An'An') = M Xe(n},)%.

From this expression, we see that (7.5) holds with v = o2, provided we use A\, > «
for all k and the fact that ||n’|| = |5

One consequence of (7.5) is that the left-hand side of (7.4) is bounded below by
the semi-norm |u|%12(y). We will now exploit this to prove the regularity result (7.2).
To this end, let us denote by

D(A)={v e L*(Y)/R | Av € L*(Y)}.

The Lax-Milgram lemma implies that [|Av[/z2(yy is a norm on D(A)N H#(Y)
equivalent to [v|g1(y) + [ Av| L2 (v). (Here we have used * to mean the space modulo

R.) Under additional assumptions on a, we are going to prove that this norm is
equivalent to ||’U||H2( y)- Before this, let us recall the following important result of
Meyers [7], whose proof can be found, for example, in [1, p. 38].
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THEOREM 7.2. There is a pg > 2 (which depends on llall Lo (vy) such that, for all
2 < p < po, the solution u of (7.1) belongs to W P(Y) whenever f € W_lp( ).
Further, we have the estimate

P < —1,p 5
|| CUHL (Y) CH] HW (Y)
where ¢ depends on ||a|| L>(Y)-

THEOREM 7.3. We assume (3.2). We suppose further that (7.3) holds with

2
q}max{poli)z,N}, (7.6)

where pg is the exponent occurring in theorem 7.2. Then the solution w of (7.1) is
in Hi(Y) whenever f € L2(Y), and we have the estimate

lul g2 vy + |ulmr vy < ellfll2 vy
Proof. First of all, we will prove the estimate

Indeed, this follows from (7.4) because we can estimate the second integral on the
right-hand side of (7.4) by

cllall Lo I Vyall Laoyylul gz vy | Vul e (v)

with 1/¢g 4+ 1/r = 1. Because of (7.6), we have r < py and so by theorem 7.2, it
follows that
1Vl < llduly 1y

Finally, we use the inclusion L?(Y) < W~127(Y) to deduce
||Au||W;1”‘(y) < CHAUHLZ(Y)-

Combination of all these estimates easily leads to (7.7).

Next, we assert that the inequality (7.7) is valid for u € D(A)N H;&(Y) For this,
it is sufficient to verify that Hi(Y) is dense in D(A) N H #(Y) with respect to the
norm || Av||p2(yy, which is stronger than [v]g1(y). Indeed an element u is in the
orthogonal complement of H2 (Y 2(Y) if and only if u satisfies

/ Au-Avdy=0 W e H;&(Y)
Y

This is equivalent to saying that
u€ D(A?) and A%u=0.

Taking the scalar product with u, we deduce that Au = 0, and hence u = const.
This completes the proof. O

We now conclude this section by giving two types of examples of materials for
which the results established in this paper would apply and show that they are
regular.
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EXAMPLE 7.4. Here we seek ay, of the form
are(y) = ax(y)oke VE,£=1,...N, (7.8)
where the vector (ag) is required to satisfy
ar € LF(Y)NWy(Y) and ar(y)>a>0 yeY ae, (7.9)

where ¢ is chosen according to (7.6). Furthermore, in order to satisfy (3.2), we chose
aj. such that

ar(y) is independent of yy, for each k =1,..., N.

ExaAMPLE 7.5. We take N = 2. In this case, it is well known that any symmetric
matrix o’ = [a},,] satisfying (3.2) is of the form

?y
r_ 8y% Oy10y2
ro#e |

- Oy10y2 i
where 1 is the so-called Airy potential. We assume
b e WER(Y)NWE(Y),

where ¢ satisfies (7.6). What remains to be imposed is the positive definiteness
condition. Obviously, this cannot be done directly on a’ defined above. However, it
is a simple matter to check that this can be achieved by adding a suitable constant
matrix to a’,

Y 0%
ay: ! Y102
a =
924 924

- + b2 — + b3

Y10y i
There are constants by, bo, b3 such that a is positive definite. Thus the above matrix
defines a regular material in two dimensions, and conversely all regular materials
in two dimensions are obtained in this way.
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