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1. Introduction

Consider the Cauchy problem

up = Agnvu+ eHulPlu,  (z,t) € HY x (O,TA),} (L1)

u(z,0) = uo(z) = Ap(x), e Y,

where Ag~y is the Laplace-Beltrami operator on the N-dimensional hyperbolic
space, « > 0, p > 1, X is a positive parameter, ¢ is a non-negative bounded
and continuous function in HY that is not identically equal to zero, and Ty is the
lifespan of the solution w.

Bandle et al. [3] recently established the global existence and blow-up profile for
problem (1.1) with A = 1 via the Fujita exponent

2
py =14+ with = DD (1.2)
Ao 4
which is quite different to the case in Euclidean space RY. Indeed, they showed
that if 1 < p < pj;, then every non-trivial positive solution blows up in finite time,
while if p > p%;, then the problem (1.1) possesses global solutions for small initial
data. As for the critical exponent p = pj;, they proved that there exist non-trivial
global positive solutions if a > %)\0. To our knowledge, this is the first work on the
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blow-up problem of heat equations on a manifold with negative sectional curvature.
In a recent paper [16] we proved that there exist non-trivial global positive solutions
for p = pj and 0 < a < %)\0. It is worth mentioning that, from the conclusions
in [3,16], the problem on the hyperbolic space and the corresponding problem on
bounded domains of RY (see [13]) have a similar Fujita exponent, whereas the
critical exponent in HY is not a blow-up exponent but in RY it is a blow-up one.
Similar results on blow-up and global existence of solutions for parabolic equations
or inequalities on more general Riemannian manifolds are established; see [12,15,18]
and references therein.

Our interest lies in the asymptotic behaviour of the lifespan T), i.e. the blow-up
time of the solutions as A — oo and as A — 0, which is also different from the case
in Euclidean space, namely,

=A oty [Pt z,t) € RY x (0,7),
Uy u+e*|ulP" u, (1) ( )} (1.3)

U(LU,O) = )‘(b(x)a S RN

In fact, for (1.3), as a direct consequence of the general discussion in [9] for o = 0,
the growth order of T as A — 0 can be estimated as

1 1
pVY < Ty <CQW,

where C}, Cy are positive constants, whereas Gui and Wang [6] showed that if
lim| g0 #(2) = A > 0, then limy_,o \WP~'T = A'?/(p —1). For A — 0o, Gui and
Wang also proved that

Gy

1
) p—1 _ 1-p
AILII;OA T)\ - p_1||¢||Loo(RN)7

provided that ¢=0. Concerning equation (1.1) for o > 0, we prefer to mention the
corresponding problem in bounded domain for Euclidean space RY,

up = Au+ e |uPtu, (z,t) € 2 x (0,T),
u(z,t) =0, (x,t) € 002 x (0,T), (1.4)
u(z,0) = Ao(x), x € {2,

due to the similarity of the Fujita exponents in HY and a bounded domain of RV,
Payne and Phlippin [14, theorem 1] showed that

Ty < CA7P

for some constant C' > 0.

The purpose of this paper is to study the asymptotic behaviour of the lifespan of
solutions of (1.1) in the hyperbolic space as A — 0 and A — oo (for the definition of
solutions see definition 2.1). We first consider the asymptotic behaviour as A — 0.
Due to the presence of the Fujita exponent p};, we should certainly distinguish the
case in which 1 < p < p}; from the case in which p > p},;. However, we prefer first to
give a general discussion that is valid for all p. We denote by d(z,0) the hyperbolic
distance between x and 0 (see §2.1). Let B(00,¢) be the £ neighbourhood of oo,
namely, B(oco,¢) = {z € HY | d(z,0) > 1/e}.
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THEOREM 1.1. Let p > 1, let a > 0 and let ¢ € C(HN) N L= (HY) with ¢(z) = 0.
Suppose that there exists an € > 0 such that

inf > 0.
xEé?oo,s) (b(l‘)
Then
T)\ p— 1

.
Aoln(1/N) | a

Here we have found an essential difference, namely, that the growth order is
In(1/X), rather that AL =7 in the case for the Euclidean space. Remember that for p
in (1, p3;) non-trivial solutions must blow up unconditionally, and so the following
result is quite natural.

THEOREM 1.2. Let p > 1, let a > 0 and let ¢ € C(HN) N L (HY) with ¢(x) = 0.
If 1 < p < p}y, then there exist C1,Cy > 0 such that

1 1
CllnX <Ty < OQIHX as A — 0.

Just as is known for the critical and supercritical cases, p > p}; say, the solution
will only blow up for large initial datum in a certain sense. However, the positive
assumption of uy in B(oco,¢) can be weakened to a decay one. Indeed, we have the
following delicate result.

THEOREM 1.3. Let p > 1, let a > 0 and let ¢ € C(HN) N L (HY) with ¢(x) = 0.

Let p > py and let
k*:N—1<1_ /P—Z’H)
2 p—1

If for some e >0 and 0 < k < k*,

inf kd(z,0) >0
xeér(loo,s) ¢(.’£)€ ’
then the solution u(x,t; \) blows up in finite time, and the lifespan of u(x,t;\)
satisfies
1 1
Cllnx <Ty < CQIHX as A — 0

for some constants Cy,Cy > 0.

It is worth mentioning that the decay rate k is optimal, since we may show
that for p > pj; and k > k* there exists a positive global solution of (1.1) with
initial datum decaying more slowly than de=*¥#:0) in B(oo,¢) for some § > 0 (see
appendix A).

Finally, we consider the asymptotic behaviour of the lifespan as A — co. We have
a similar result to Gui and Wang’s estimate of (1.3).

THEOREM 1.4. Let a > 0 and let p > 1. Let ¢ € C(HN) N L (HY) with ¢(z) = 0.
Then there exists A = A(p, ¢, a, N) = 0 such that Ty < co for X > A, and

1 C(p—
; p—1 _ (p—1)
Jim VT = ol O, (1.5)
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The paper is organized as follows. In § 2 we present basic properties of the hyper-
bolic space. Afterwards we introduce the heat kernel in HY and give an a priori
estimate for the lifespan, which will be used for the upper bound estimate on the
lifespan as A — 0. In § 3 we consider asymptotic behaviour of the lifespan as A\ — 0,
and show the proofs of theorems 1.1-1.3. In § 4 we present the proof of theorem 1.4.
Finally, we give a remark on the sharpness of the blow-up criterion in theorem 1.3
in the appendix.

2. Preliminaries
In this section we summarize the mathematical background of our problem and

give some basic estimates to be used in our proofs.

2.1. Basic properties of the hyperbolic space

There are several models for the hyperbolic space: the Klein model, the hyper-
boloid model, the Poincaré model, etc. (see [4]). We shall use the Poincaré model
here, namely, the N-dimensional hyperbolic space HY that is the unit ball in RY,

I={zeRY||z| <1},
equipped with the Riemannian metric

Ao+ -+ (da)?)
CEEOE

2 _
ds7 =

where | - | is the standard Euclidean norm. We denote the hyperbolic distance
between the points z and y by d(x,y), and denote the ball in HY with centre x and
radius € by

Byn (z,¢) := {y e HY | d(x,y) < €}.

We call a bijective map T: HY — HY an isometry if d(T(x), T (y)) = d(x,y) for
x,y € HY. Let 0 denote (0,0,...,0) € I. From [1] we know that there exists an
isometric translation

- lyP)z—y) — |z —yl*y
T,(x) = (2.1)
! [z, y]?
that maps y € HY to 0. Here [z,y]?> = 1 + |z|?|y|? — 225\[:1 Y.

In the geodesic coordinates (r,0) the Laplace-Beltrami operator Ay~ can be

written as

1 8 . N—1 au) 1
Apgyu = —————|( sinh r— | + ——Apu.
o sinhV =1 r Or ( or sinh? r o

Hence, for a radial function wu(r),

coshr ,

— —
Agru(r) =u"(r)+ (N —1) sinhru (r). (2.2)
The volume element of HY can be written as
dp = (sinh )N =1 dr dé. (2.3)
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2.2. The heat kernel in the hyperbolic space

The solution of the linear heat equation

U = AHN’LL, (I]C,t) S ]H[N X (0, OO),
u(z,0) = ¢(x), x e HY,
can be written as

u(z,t) = /HN gn(z,y, )0 (y) dpiy.

Here gy is the heat kernel in H”Y, which is a function of the distance of z,y € HY
and the time ¢, that is,

In this paper we deal with the so-called mild solutions.

DEFINITION 2.1. A function v € C(HY x [0, 7])NL>®(HY x (0, 7)) for any 7 € [0, T)
is called a mild solution of problem (1.1) if

u(m, t;\) = A - gn (z,y,t)p(y) dpy

t
+f ( / gN<x7y,t—s)ea8|u|f7-1u<y7s;x>duy)ds (2.5)
0 HN

with (z,t) € HY x [0, 7).

For the local well-posedness and regularity for mild solutions to problem (1.1)
with initial datum ug € C(H™) N L>(HY) we refer the reader to [3].

We summarize some elementary properties of the heat kernel in the following
lemma.

LeEMMA 2.2 (Davies [5, ch. 5]). Let z,y,z € HY and let s,t > 0. Then
(1) gn(z,y,t) = gn(y, 2, t);
(ii) gn(Tz,Ty,t) = gn(z,y,t), where T is an isometry in HY ;
(iii) the semigroup property
/HN gn (2, y,1)gn (Y, 2, 8) dpy = g (2, 2,8 + 1) (2.6)
1s satisfied;
(iv) we have conservation of probability, namely,

/ gy (2, y,t)dpy, =1 forz € HY and t > 0. (2.7)
HN

Finally, we recall the following heat kernel estimate.
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LEMMA 2.3 (Davies [5, theorem 5.7.2]). Let N > 2 and let Ao = (N —1)2/4. Then
there exists cy > 0 such that

c&th(d(z:,y),t) <gn(z,y,t) < enhn(d(z,y),t) (2.8)

fort >0 and x,y € HY, where

N-1 2
h(d,t) = (4nt) N 21+ d) (1 4+ d+ ) V=32 exp {—)\ot - —5d- i}. (2.9)

REMARK 2.4. Let hy(d,t) = (47t)~N/2¢=4*/4t denote the heat kernel in RY. By
(2.8) and (2.9) we see that if d(z,y) and ¢ are small, then hy and hy are similar;
if d or t are large, then hy decays more quickly than Ay .

2.3. An a priori estimate on the lifespan

In this section we shall prove an a priori linear estimate that will be used for
proving the upper bound estimates on the lifespan as A — 0 in § 3.
First we show the following version of Jensen’s inequality in the hyperbolic space.

LEMMA 2.5. Let p>1 and let f € C(HY) N L (HY) with f > 0. Then

[ ostuor@an> ([ avenosma) @0
for x € HY and t > 0.
Proof. Fix x € HY and t > 0, and define the measure
dity = gn(z,y,t) dpy
on HY. Since the conservation of probability (2.7) implies that

/ dﬂy = / gN(xvyvt) duy = ]-7
HN HN

by Jensen’s inequality [10, theorem 2.2] we obtain (2.10). O

We now prove the a priori estimate on the lifespan of the solution of (1.1). The
proof is similar to that of the blow up of the non-trivial positive solutions (1.1) in
1 < p < p¥ (see [3]). This kind of estimate was introduced by Weissler [17] for
proving the blow up of the non-trivial positive solutions of (1.3) with « = 0 in the
critical case; see also [7, ch. 5]. For the convenience of the reader, we present it here.

LEMMA 2.6. Suppose that u is a solution of the problem (1.1) with non-negative
initial datum ug(z) € L°(HY)NC(HY) in [0,T). Then

1-p
—1
(/ an (0,9, t)uo(y) duy> > pT(eo‘t —1) forO<t<T. (2.11)
HN

In particular,
T* <sup{T > 0| (2.11) holds},

where T is denoted by the lifespan of the solution wu.
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Proof. Fix 0 <t < T. Taking ¢ € [0, ], we have
u(e?) = [ gw(e.y.Eualy) di,
HN

t
+// gn (2,9, — 8)e™ |ulP~ u(y, ) duy ds. (2.12)
0 JHN

Multiplying (2.12) by gn(z,0,t —#) and integrating with respect to x over HY, we
obtain

/ gn(x,0,t — E)u(x, ) dp,
HN

= [ ov@0t=0) [ onenuots) du, di

HN
t
Jr/ gN(x,O,tff)/ / gn (@, y, T — 8)e™ |[ulP~ u(y, s) dpy ds dp,.
HN o Ju~

By (2.6), lemma 2.5 and Fubini’s theorem,

/ g (.0, — F)u(z, ) djig
HN
t
_ / ax (5,0, )uo(y) dysy + / / gx (0, — 8)e® [ulP~ u(y, 5) dpr, s
HN 07 HN

f P
2/ g (Y, 0, t)uo(y) dpy +/ e‘“(/ gn(0,y,t — s)u(y, s) duy> ds.
HN 0 HN
(2.13)
Denoting the right-hand side of (2.13) by

¢ P
G(t)= / gn (Y, 0,t)uo(y) dpy +/ eo‘s(/ gn(0,y,t — s)u(y, s) duy) ds,
HN 0 HN
we have
G(0) = /Ngzv(y,O,t)UO(y) dpuy. (2.14)
H
Differentiating G(t) with respect to ¢, by (2.13) we obtain

P
G'(t) :eat(/ gN(y,O,t—t_)u(y,f)duy> > eGP (t),
]H[N

that is, )
GP(0)G'(t) = e™".

Integrating with respect ¢ over [0, ], we obtain

1 1-p 1— 1 t
- t — p > — at 1
@ -G = D )
Thus,
1— p—1 at
G 7P(0) > T(e -1) (2.15)
since p > 1. The lemma follows from (2.14) and (2.15) immediately. O
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2.4. Notation

We conclude this section by introducing some notation. Let F' and G be two non-
negative functions defined on X. If there exists C' > 0 such that F(z) < CG(x) for
x € X, we write F'(z) S G(x) or G(z) 2 F(x). If F(z) < G(z) and G(x) < F(z),

we write F'(z) ~ G(z). If C depends on some variables or functions as,as, ..., a
and F' < CG, we write F' Sg; 4s.....0x, G- We define the notation 24, 4,,...¢, and

~a1,az,...,a;, Similarly.

3. Lifespan estimates as A — 0

In this section we consider the lifespan as A — 0. The initial data will be small
as A — 0, and the long time behaviour of the heat kernel and the time-weighted
term will effect the blow-up time, so the results in this section will be significantly
different from the results in the Euclidean space.

It is easy to get the following lower bound estimate on the lifespan as A — 0,
which shows that T\ — oo as A — 0 or that u(-; A) becomes a global solution.

PROPOSITION 3.1. Ifp > 1, then

.. T p—1
1 f—— 2> —. 3.1
RN 7 oy

Proof. Consider the following ordinary differential equation (ODE) for v(¢; \), where
A > 0 is a parameter:

v(0; A) = M|@] oo vy

By a direct calculation we obtain

1/(1-p)
v | t=P e @ 1-p
ol = | 222 (e = 1 ol .

Thus, v(t; A) blows up at
_ 1 o 1-
T = aln {1+10_1()‘||¢||L°°(HN)) p]'

Noticing that v is an upper solution of u(x,t; \), by the comparison principle in [3]
we obtain u(z,t; \) < v(t; A). Thus,

_ 1 «
Tn>Ty=—In|l+—— )17P 2
V2T = i1+ S el ) (3.2)

which implies (3.1) by L’Hospital’s rule. O

To obtain the upper bound estimates on the lifespan as A — 0, we use the
following general strategy.

STEP 1. Prove linear estimates on the initial data.

STEP 2. Use the results in step 1 and lemma 2.6 to derive the upper bound esti-
mates.
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3.1. A sharp lifespan estimate for the non-decaying initial datum

To prove theorem 1.1, by proposition 3.1, it is sufficient to show that

T -1
lim sup P

oo In(1/A) T«

We shall prove (3.3) by the strategy stated at the beginning of this section.
We claim the following lemma, which will be proved later.

(3.3)

LEMMA 3.2. Fiz 7 > 0. Suppose that ¢ satisfies the assumptions in theorem 1.1.
Then

inf /]HIN gn (z,y,7)9(y) dpy, > 0.

zeHN
To prove (3.3), we need only supplement lemma 3.2 with the following lemma.

LEMMA 3.3. Fiz 7 > 0. Suppose that ¢ satisfies the assumptions in theorem 1.1.
Then there exists € > 0 such that

[ ovten o, > < fort> (34)

Proof. We fix 7 in lemma 3.2 and

€= inf / gn (z,y, 7)o(y) dpy > 0.
HN

z€eHN

Then, by (i), (iii) and (iv) in lemma 2.2, we have
/ gn (z,y,1)d(y) duy =/ (/ gn (2, 2,t — T)gn (Y, 2, 7) duz>¢(y) dyiy
HN HN HN
:/ gn (@, 2,1 — T)(/ gn (2,9, 7)B(y) duy> dy
HN HN

25/ gy (z, 2,6 —7)dp.
HN
=c¢ fort>r.
The proof is complete. O
We now give the proof of theorem 1.1.

Proof of theorem 1.1. Fix 7 and ¢ in lemma 3.3. By proposition 3.1 there exists
A > 0 such that T\ > 7 for A < A. Then, by lemma 2.6 and (3.4),

(Ae)' 7P > (/HN gn (.Y, t)Ab(y) duy>1_p > 1(6“ -1

for A < A and ¢ € [1,T)). Thus,

-1
(Ae)' P > ”T(eaﬂ —1) for A< A (3.5)
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Since A — 0 implies that Ty — oo, by (3.5) and L’Hospital’s rule we obtain

lim su o < p—1
,\aopln(l/A) T oa

that is, (3.3) holds. The theorem follows from (3.1) and (3.3). O

)

To prove lemma 3.2 we first give some lemmas.
LEMMA 3.4. Denote by d = d(x,y) the distance between x and y in HY. Then

N-1 d>
/ (1+d) (1 +d+t) N Zexpd ————d — — s duy, ~ tV/2er!
v 2 4t

for x € HN and t > 0.

Proof. Tt is equivalent to prove that for € HY and t > 0,

N-1 2
/ N2+ d) (14 d+ )N 2 exp {—/\Ot - ——d- d} dp, ~ 1. (3.6)
HN 2 4t

By the kernel estimate in lemma 2.3, (3.6) is equivalent to

/ gN(xayvt) d:uy ~ ]-7
HN

which follows from the conservation of probability (2.7). This completes the proof.

O
LEMMA 3.5.
(i) If there exist m, M > 0 such that
O<m<a,pB<M,
then
1+d~pma+pd ford>0.
(ii) If there exist m, M > 0 such that
O<m<a,fB,v< M,
then
l+d+t~ppma+pd+yt ford>0,t>0.
(iii) Let t > 0 and let z,y € HY. If there exist m, M > 0 such that
- 37
O<m< a,ﬁ,a,ﬁ,; < M,
then
~ A ~\(N—=3)/2 N -1 d? N/2 Xo(~t/4)
(a+Bd)(a+ pd+71) exp _Td_% dppy ~mar (7)™ 70,
HN

where we write d = d(x,y).
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Proof. By

a+B8d< M(1l+d) and 1+d< —(a+ (d),

g~

we obtain (i).
Since the proof of (ii) is similar to that of (i), we omit it.
By (i) and (ii), it follows that

/H ot pd)(a+ Bd + At)N=3)/2e=(N=Dd/2=d* /7t 4,

~mM o 1+d)(1+d+ i’yt)(N_3)/Qe_(N_1)d/2e_d2/4(””/4) dpsy,

which together with lemma 3.4 implies (iii). O
LEMMA 3.6. If d(y,0) < 1, then for every x € HY and t > 0,

1+ d(z,y) ~ 1+d(z,0),
1+d(z,y) +t~1+d(z,0) +t.

Proof. The proof follows immediately from the triangle inequalities. O

LEMMA 3.7. Fiz 7 > 0. Let N > 2 and let ¢ € C(HN) N L>®(HY) with ¢(x) = 0.
If there exist € > 0 and § > 0 such that ¢(x) > § > 0 for every x € Byn (0,¢), then

/ gN (l’, Y, t)¢(y) dﬂy 2676,7‘ eit)\O/2gN (Iv Oa t/2) fOT’ t 2 T.
HN
REMARK 3.8. A similar estimate was obtained in [3, lemma 5.1]. The advantage of

our form is that it is related to the lower bound and the hyperbolic heat kernel,
which will be convenient when handling some integral estimates in our proofs.

Proof. By lemma 2.3 we have
[ ox@utowdn,
HN
> 6/ gn(@,y,t) duy
Byn (0,¢)
26 e**ott*N”/ (1+d(z,9)(1 + d(z,y) + 1) N /2
By~ (0,e)

X exp {—Ngld(x,y) — d(ﬂzty) }duy. (3.7)

We need to estimate the integral
T [ G deg) U day) + 500
B]Z-HN (O,E)

N-—-1 d(z,y)?
X exp {—Qd(:my) - (4t>}d,uy.
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Without loss of generality we assume that € < 1, otherwise we could perform the
proof for € = min{e, 1}. By lemma 3.6 and the inequalities

—d(df, y)
—d(.%‘, 9)2

—d(,0) — d(y,0),

=
> ~2d(x,0)* - 2d(y,0)?,

we have

12 (1+d(2,0))(1+d(x,0) + )N~/ exp {—N;ld(x,()) _ %ﬂ;m}

N-1 2d(y, 0)?
X / exp {—d(y, 0) — (y,O)} dpy.  (3.8)
BHN (0,5) 2 4t

Since t > 7, the last integral in (3.8) can be estimated by

N-1 2d(y, 0)?
[ et - 20,
BH—I[N (O,E)

N -1 2d(y, 0)2
= eXp {—d(y,()) - — —dp
/BHN (0,¢) 2 4r Y

>

~E,T L.

Thus,

2., (1+d(@,0))(1+d(z,0)+ ) V32 exp {—N2_1d(x,0) _ M(‘LW} (3.9)

By (3.7) and (3.9), we obtain

/ gn (@, . )b (y) Ay Zser e N2 (1 4+ d(2,0)) (1 + d(x,0) + ) N =372
HN

_ z.0)2
X exp {—N21d(m, 0) — %“;O)} (3.10)

From lemma 3.5 and lemma 2.3 we get

N-—-1 2 2
e N2 (1 4 d(w,0)(1+ d(x,0) + ) NP/ exp {—2 d(z,0) — d(Z;O)}

> e Mot/ 2e= A0t/ 24=N/2(1 1 (2, 0))(1 + d(z,0) + t/2)N=3)/2

N-1 d(x,0)?
ST _
X exp{ 5 (z,0) 10t/2) }
> e Mot 2g0(2,0,t/2). (3.11)
Lemma 3.7 follows from (3.10) and (3.11). O

We have the following corollary, which is the key ingredient for proving lemma 3.2.
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COROLLARY 3.9. Fiz 7> 0. Let N > 2 and let ¢ € C(HN) N L>®(HY) with ¢(x) >
0. If there exist ¢ > 0 and § > 0 such that ¢(x) > & > 0 for every v € By~ (x9,¢),
then

/N gn (@, y, ) 0(y) Ay 250 e 2gn (2, 20,1/2)  fort =T (3.12)
H

Proof. Let Ty, : HY — HY be the isometry that maps zo to 0 (see (2.1)). Denote
the inverse of Ty, by T,.'. Let

d(x) = (T, 'x) for z € HV.
Then ¢ satisfies lemma 3.7. Hence,
/ 9N (oo, y, )d(Ty,'y) dpy, = / IN (T, y, 1) (y) dpy
HN HN
Zs.er € M0 2g0 (T x,0,8/2) fort>7. (3.13)

From the change of variables T}, 'y = z in (3.13) we obtain

/N gN (ng‘ra Tx()Z? t)é(z) d:LLZ Z(S,E,T ei)\Ot/QgN (TZUI7 07 t/2)
H
= e_’\ot/ng(T$0x, Tso (TI_UIO)7t/2) fort >,

which together with lemma 2.2(ii) implies that

/ gnN (.’IJ, 2 t)(b(z) d/"LZ 25,5,7 e_kot/%g]\’ (xa Tz_()107 t/2)
HN
= e M2 (x, m0,t/2) fort > T.
The proof is complete. O
We now turn to the proof of lemma 3.2.

Proof of lemma 3.2. Without loss of generality we assume that

_fo, d(z,0)<R,
9(x) = {1, d(z,0) > R+ 1,

where R is a large positive number. Since ¢ € L (H") and ¢(x) Z 0, the function
P(x) :=/ g (2,y, T)p(y) dpy
HN

is positive and continuous on HY. Thus,

inf  &(x) > 0. (3.14)
z€Byn (0,R+2)

For # € HY \ By~ (0, R+ 2), taking t = 7 in corollary 3.9 and by (2.4), we have

/ gn (2,9, 7)(y) dpy 2 e /DN (x,2,7/2) = e~ T/D gy (0,0,7/2) 2 1.
HN

(3.15)
The lemma follows from (3.14) and (3.15) immediately. O
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3.2. The lifespan estimates without non-decaying assumption

In this section we present lifespan estimates for general initial data as A — 0.
To prove theorem 1.2 and theorem 1.3, by proposition 3.1 we need only show
that

T
lim sup —2— < oo. 3.16
e (/) S (3.16)

3.2.1. The lifespan estimates in the subcritical case

In the subcritical case we have 1 < p < p; = 1+ /A, that is,
o
A+ ——<0. 3.17
0t 7T » (3.17)

By lemma 2.6 we can give the proof of theorem 1.2.

Proof of theorem 1.2. By proposition 3.1, we note that there exists A > 0 such that
Ty > 1 for A < A. Since ¢(x) = 0, there exist g € HY, e > 0 and § > 0 such that

o(x) > 6 for x € Byn(xo,¢).

Taking x = 0 and 7 = 1 in corollary 3.9, we have

/N gn (0,9, )(y) dpy Zs.c e 2gn(0,20,/2) for t > 1. (3.18)
H

By (3.18) and lemma 2.6, it follows that
1

(e 229N (0,20,8/2)) 7P 22 5 p; (€ = 1) Zesp0 (3.19)

for 1 <t < T\ and A < A. Since T) > 1, the kernel estimate (2.8) implies that

_NJ2 (N=3)/2
T T T
)\e—(Tx/2)AogN (0, Zo, ’\> > Ae—(Tr/2)Ao <2)‘> (1 + d) (1 +d+ >‘>

2 2
7. N-1 a2
B W d—
s exp{ 272 4<TA/2>}
—N/2 (N=3)/2
> de” (Txa/2)%0 (b 0N o~ (Tx/2)Xo
~ 2 2
>4 Ae Ao 82 (3.20)

where we write d = d(0, x¢). Equations (3.19) and (3.20) imply that

(Ae™ ATy ) T32)1P > spia €27

that is,

T3 exp ()\0 + &))T,\ >icspa A for A< A. (3.21)
Since 1 < p < pj; implies that Ao + /(1 — p) < 0, by (3.21) we obtain

exp {; ()\0 + 1fp)n} >icspa A for A> A (3.22)
Equation (3.16) follows from (3.17) and (3.22). O
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3.2.2. The lifespan problem in the supercritical and critical cases

First we recall an elementary lemma that will be used to derive the linear estimate
on the initial datum.

LEMMA 3.10. If r > 0 and t > 0, then
(r 4+ t) V=372 > min{p(N=3)/2 {(N=3)/2y N > 9,
Proof. For N > 3 we have (N — 3)/2 > 0, which implies that
2r + t)N=3/2 5 ¢ (N=8)/2 4 .(N=3)/2, (3.23)

For N = 2 we have (N — 3)/2 < 0. Without loss of generality we assume that
0 < r <t. Then

min{r(N=3)/2 {(N=3)/21 — 1(N=3)/2 (TH>(N3)/2 (3.24)
) < 5 . .
The lemma follows from (3.23) and (3.24). O
The key ingredient of our argument is the following linear estimate.

LEMMA 3.11. Suppose that p, k, o and ¢ satisfy the assumptions of theorem 1.3.
Then

/ o (,0,0)0(y) dpry = T fort > 2 (3.25)
HN 2y

where v = /Ao — k.

Proof. Let r = d(y,0). By the heat kernel estimate and (2.3), the volume element
in hyperbolic space, we have

/ gn (y,0,1)6(y) dpy = / NP4 ) A4+ )N
HN R

N-1 2
X exp {—)\Ot -5 Zt}e_’”(sinh ryNtdr,

Since (r + 1) ~ r and sinhr ~ e" for r > R, we have

/ an (4,0,)6(y) diy
HN

—N/2_—Xot > (N=3)/2 r’ N-1
>t e "o r(r+t) eXpy + — = kE|redr. (3.26)
R

> 2 /N-1
I:/R rr(N_?’)/QeXp{—Zt—i— (2 —k)r}dr,
o 2 N -1
I = $(N=3)/2 AT (S ) PO e 1
/R r exp 4t+ B r r

Let
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By lemma 3.10 and (3.26) we obtain

/ gn (y,0,0)0(y) dpy 2 t=N/2e= 20t min{1, 11}, (3.27)
HN
Next we shall estimate I and II. By the assumptions of this lemma we have

v > 0.

From the change of variables r/ 2/t — ~y Vi = s we have
- / [(5 +4VE)2VE N D/ 2654 (2y/7) ds
R/2Vt—Vt

commn [T o g,
R/2vt—yVt

By v > 0, we obtain

R R
— Wt 0 fort> —.
i 2y
Thus,
o 2 2 R
/ e (s +yVHN D24 > / e (s VN Y/2ds fort > —.
R/2VI-V1 0 2y
Hence,
oo
R
1> e72tt(N+1)/4/ e (s + V)V =D/2ds  for t > 3y (3.28)
0 v

Now we estimate fooo e s (s +vv/t)N=1/2 ds. Noting that N — 1 > 0, we have

/ e_s2(s+7\/i)(N_1)/2dsZ/ e_s2(s)(N_1)/2ds+/ e_sz(W\/Z)(N_l)/zds.
0

0 0
(3.29)
Since
/ e (5N V205> 1 and / o= (WD N=D/2 g > ¢(N-1)/4
0 0
by (3.28) and (3.29) we get
1> V27 for t > L (3.30)
2y
In a similar way we have
3> 2™ fort> 2%, (3.31)
2y
The lemma follows from (3.27), (3.30) and (3.31). O

We now give the proof of theorem 1.3.
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Proof of theorem 1.3. Let v = +/Ag — [. First we prove the blow-up criterion. Since
p > 1, by lemma 2.6 and lemma 3.11 we obtain

(ef)\gtjuft)lfp > p— 1

R
ot _ 1) for — <t <Ty. 32
(e ) or o <t<Th (3.32)

If u is a global solution, then (3.32) implies that

(1=p)(~Ao+77) >

<y o =
p—1

which together with v = /A9 — k implies that

k> Vo - Ao—p%lzk*,

Thus,

which contradicts the assumption that k& < k*. Thus, the solution u(x,t) must blow
up in finite time.

Now we estimate the upper bound of the lifespan. By lemma 2.6 and the decay
estimate (3.25), we obtain

-1 R
(e ot+ryi—p > P - (e** —1) for 7 < t < T, (3.33)

where v = /Ao — k. For A — 0, by the lower estimate on the lifespan (see proposi-
tion 3.1), we have
T\ — oo.

Thus, taking ¢t = T in (3.33), by 7 > /Ao — a/(p — 1) we get

Now (3.16) follows, and this completes the proof. O

4. The lifespan estimates as A — oo

The purpose of this section is devoted to the lifespan estimate as A — co. We shall
use Kaplan’s eigenfunction method (see [8]) to prove theorem 1.4, which was used
by Gui and Wang [6] to study the lifespan problem of (1.3).

First we prove a comparison lemma for ODEs, which will be used for the upper
bound estimate on the lifespan.

LEMMA 4.1. Let v1,v2 € C(R). Assume that v1(§) > va(§) = 0 for every £ €
[€0,00). If z,y € C"([a,b]) satisfy
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then
x(t) > y(t) fora<t<b.

Proof. The proof is similar to that of a comparison lemma in [2, §2.7]. We define
t =sup{t € (a,b) | z(s) > y(s), a < s < t}.
We claim that £ = b. Indeed, by the definition of a derivative and
2(@) =yla),  @/() > vi(2(@) > va(a(a) = va(y(a)) = ¥'(a),
it follows that there exists 7 > 0 such that
xz(t) > y(t) fora<t<a+r.

Hence, the set {t > a | 2(s) > y(s), a < s < t} is not empty. Then ¢ > a. By the
assumptions v2(£) = 0 for £ > & and y(a) = &, we see that y(t) is non-decreasing
n [a,t]. Thus, by the definition of ¢,

z(t) > y(t) 2 y(0) =& fora<t<i. (4.1)

If £ < b, then by the continuity of z and y, and by (4.1), we obtain

z(t) =y(t) = & (4.2)
and
a'(t) 2 vi(x(t)) > va(@(t)) = va(y(t)) = y/'(2). (4.3)
Therefore, by the definition of a derivative, (4.2) and (4.3), there exists o > 0 such
that
z(t) <yt) fort—o<t<it,
which contradicts the definition of £. Thus, £ = b and the lemma is proved. O

Now we are in a position to prove theorem 1.4.

Proof of theorem 1.4. We shall estimate the lower bound and the upper bound of
the lifespan.
First, we prove that

Ty
lim inf > 1. 4.4
L Y EY Py 4

Recalling (3.2) in the proof of proposition 3.1, we see that

T\ =

1 le'
—In|l1+——(\ )P,
Sl |1+ o] )

Then (4.4) follows by L'Hospital’s rule.
Next, we show that

<1 (4.5)

lim sup O\
Aoe (Al pee@ma))t=7/(p — 1)
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by Kaplan’s eigenfunction method, introduced in [8]. Take zo € HY such that
¢(zg) = 0. Denote k. as the first eigenvalue of —Apn~ in the ball Byw (z9,€) and
let p. > 0 be the corresponding eigenfunction, normalized so that

/ pe(y) dpy = 1.
Byn (z0,¢)

Let T be the lifespan of the solution u(z,t; A) and define
wea(t) = / u(y, t; A)pe(y) duy,  for t € (0,Th).
Byn (0,€)

By (1.1) and the proof of lemma 2.5,

d
’lz)l?)\ > —ksw&)\ + eatwg)\ > _kswe,)\ + wS)\u
since a > 0. Take 6 € (0,1) as a parameter. Consider the system of w, »(t) and
v(t;0):
dws)\ D
T > —kewe \ + We >
dv
5= (1—4)?, (4.6)
v(0;8) = we A (0) = )\/ (y)pe(y) dpy.
Byn (z0,€)

By a direct calculation, we see that if

o Y/ D)
A> A= (5) // (y)p=(y) dpiy,
B]I{N (I[),E)

then (4.6) satisfies the assumptions of lemma 4.1. Thus,
we () = v(t;0) for 0 <t <Ty.

Since the blow-up time of v(t; ) is

1
L=0"D0a -9

= m (A /B e d(y)pe(y) duy>1_p»

we obtain that the solution of (1.1) blows up in finite time and

(we,7(0))' 77

1 P
TN<Ty= ——— A/ (y)d ) for A > A.
W <L= o pha g ( (oo o(y)pe(y) dpy

Thus,

Ty 1 1P
lim su < / <(y)d ) .
mSUp 5 (p—1><1—5>< o (o) P ) ity
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Since 0 < § < 1 is arbitrary, it follows that
T\ 1 1=p
limsupg(/ o(y)p yd,u) . 4.7
Asoo AP T p—1 By (z0,€) W)oe(w) dusy .7

By the continuity of ¢, p. > 0 and [, x (w0.c) Pe = 1, we have
H

Zo,

/ o)< () dpy = Blz2) / pe(y) dpry = 6(2)
Byn (z0,¢)

BH.N (220,5)

for some x. € Byn (xo,¢). Letting ¢ — 0, we obtain

lim o(y)pe(y) dpy = ¢(x0),

e—0 BHN (CD(),E)

since ¢(x) is continuous. Thus, by (4.7) and p > 1,

. T 1 1—
1 L — P
msup 172 < (0(x0))
Hence,
T\ 1 1
li A < inf —— l-p _ _ = . 1—p
l){ILSOI;p N-p xg;ﬂj\,, D l(d)(f)) p— 1(||¢||L (HN)) ,
#(x)#0
and (4.5) follows.
The proof is complete by (4.4) and (4.5). O

Appendix A. Remark on the blow-up criterion in the supercritical case

The following proposition reveals that there exist global solutions with initial datum
with a slower decay rate than that satisfying the blow-up conditions in theorem 1.3.

ProposITION A.1. Ifp > p} and

N -1 D — Py
k>k" = — 1=y /——=
> 2 ( p—1 )’

then there exists ug € C(HY) N L= (HY) with ug > 0 and

liminf w(x)ek?®0) > 0
d(z,0)—o00

such that the solution u(z,t) of (1.1) with the initial datum ug is global.

REMARK A.2. In the p > p* case we do not know whether there exists a global
solution with initial datum having the decay rate e * (=0 In the critical case
the existence of the global solution with the decay rate e * (=9 follows from [11,
theorem 1.4 and lemma 3.4] for 1 <p <2n/(n—2)—1ifn >3 andp > 1 if n = 2.

We will use the comparison principle to prove proposition A.1. A similar argument
was used in [3] to prove the existence of global solutions in the supercritical case,
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while the decay rate of the upper solutions in their proof is e=*04(#:0)  which does
not satisfy the condition in proposition A.1.

The key ingredient of our proof is a transformation, which translates prob-
lem (1.1) to a parabolic equation that does not explicitly contain the time ¢. To be
more precise, suppose that u(z,t) is a solution of (1.1). Let

v(x,t) = e’lu(z,t),
where 8 = a/(p — 1). Then v(z,t) satisfies

Ut = A]HINU + ﬂU + |U|p71v7 (.’E,t) € HN X (OaT)7} (A 1)

v(x,0) = vo(x) = up(x), z e HV.

By (2.2) it is easily seen that @(z,t) = e A*5(z) is an upper solution of problem (1.1)
if and only if v(x) satisfies

Agn + B0+ [0|P71o <0 for x € HY.

We use the linear ground state, which was introduced in [3], to construct upper
solutions.

DEFINITION A.3. We say that w is a ground state if w is a positive classical solution
of

Agvw +kw =0 in HY (k € R).
It is easily seen that a radial ground state satisfies

w” + (N = 1)cothpw’ + kw =0, p € [0,00),
w(0) >0, w'(0)=0.

The next lemma gives the condition on the existence and asymptotic behaviour
of the ground state.

LEMMA A4 (Bandle et al. [3, proposition A.1 and lemma A.1]).
(i) There exists a ground state if and only if

Iig)\o.

(ii) For any £ < Ao and ¢ > 0 there exists a unique radial ground state w such
that w(0) = ¢. There holds

lim w(p)e™” =k
pP—00

for some k > 0, where
v:i=+vX— Kk —V o

In particular, if K > 0, then

lim w(p) = 0.

p—00
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REMARK A.5. We remark that for £ > 0 the ground state w(p) is strictly decreasing
for p > 0. In fact, it is easily seen that, by (2.2),

Wt pw! (p))' = —kw(p) < 0.

Thus, sinh™ ! puw’(p) < sinh™ ~*(0)w’(0) = 0, which implies that w’(p) < 0 for
p>0.

(sin

We are now in a position to give the proof of proposition A.1.

Proof of proposition A.1. Since p > pj; and

oo N oL PP
2 p—1

by the comparison principle of (1.1) it is sufficient to show that the proposition
holds for k* < k < (N —1)/2 = v/Ag. We use two steps to construct an upper
solution of (A 1).

STEP 1. There exists a radial ground state with decay rate e #4(#:0) TLet w satisfy
w” + (N — 1) coth pw’ + kw =0, p € [0,00),

where
k=X — (VAo = k)* < X,

which together with lemma A.4 implies that there exists a ground state with the

decay rate e Fd(=.0),
STEP 2. We can construct an upper solution with decay rate e #4(*:9) by scaling
w. Since
/ @
k'>k*:\/AO_ )\0_ )
p—1
we have

k=X — (VA —k:)2>]%.

We shall use the linear term to control the increase of the nonlinear term. More
precisely, letting
w(0)P~ 1/(p—1)
" (m—a/oo—l)) ’
by remark A.5 we have
?17</<; - pal)w(p) > <w§7p)>p for p > 0. (A2)
Then (A 2) holds. Let

1
o(p,t) = ;w(p) for p > 0.
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By (A2), we have

0=19"+ (N — 1) coth pv’ + kv

=" 4+ (N — 1) coth pv’ + a1@+<na>1‘;
p—
> 0" + (N — 1) coth pv’ + a

5 P
1v+v .

Thus, ¥ is an upper solution of (A1) (take 8 =a/(p—1) in (A1)).

Let @(p,t) = e P*5(p, t). Then @ is a global upper solution of (1.1). This completes

the proof. O
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