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with heterogeneous agents. Public spending as a source of welfare generates more
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with wasteful public spending, limit cycles through Hopf bifurcation and
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enough to be compatible with capital income monotonicity. Moreover, unlike frameworks
with a representative agent, our results do not require externalities in production and are
compatible with a weakly elastic labor supply with respect to wage.
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1. INTRODUCTION

The Ramsey (1928) model is one of the most popular frameworks for analyzing
macroeconomic dynamics. As is well known, when there is one representative
agent and one sector and the usual assumptions hold (constant returns to scale,
concave utility function, constant discount factor), the economy converges mono-
tonically to the steady state.

With many agents, conclusions may differ. Introducing borrowing constraints,
Becker (1980) shows the so-called Ramsey conjecture, i.e., the most patient agent
holds the whole capital stock in the long run. Most importantly for our purpose,
dynamics can be nonmonotonic and endogenous cycles can occur around this
steady state. As shown by Becker and Foias (1987, 1994), this requires the non-
monotonicity of capital income: the capital income has to decrease with respect
to capital, i.e., the inputs are sufficiently low substitutes. When labor supply is
elastic, this conclusion can be slightly relaxed [Bosi and Seegmuller (2010a)],
but endogenous cycles still require a sufficiently weak elasticity of capital-labor
substitution. In these contributions, cycles have period two and expectation-driven
fluctuations cannot occur.

When public spending financed through a balanced-budget rule in the Ramsey
model with many agents is introduced, indeterminacy, and therefore sunspot fluc-
tuations, can arise. This has been investigated by Bosi and Seegmuller (2010b),
assuming wasteful government expenditures and progressive taxation on capital
and labor incomes.! Their paper emphasizes that the multiplicity of equilibria
is mainly explained by the intertemporal choice of the most patient agent when
affected by nonlinear capital taxation. However, endogenous fluctuations still
require a low elasticity of capital-labor substitution, meaning again the nonmono-
tonicity of capital income, which can be criticized from an empirical point of
view,> and they still occur through a flip bifurcation and period-two cycles. It
is worth pointing out that, under certain circumstances, this is likely to provide
unsatisfactory empirical properties, such as negative autocorrelations of the main
variables. This is typically the case, for instance, when the flip bifurcation is
subcritical and the model is evaluated while a 2-period cycle surrounds the steady
state.

In this paper we still focus on government intervention as a source of
expectation-driven fluctuations. But contrary to Bosi and Seegmuller (2010b),
we assume that public spending is useful, as it improves households’ utility of
consumption as an externality. In such a framework, we will show that even
with linear taxation, the intertemporal choices of the most patient household are
affected in such a way that sunspot fluctuations become compatible with capital
income monotonicity, giving plausible values of the elasticity of capital-labor
substitution. The public spending externality is the main ingredient explaining
endogenous business cycles.? Indeed, following an optimistic expectation, the
increase of investment generates two effects: on one hand, the implied increase of
the marginal rate of intertemporal substitution in consumption is mitigated by the
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presence of public spending externalities. On the other hand, these externalities
also generate a more than porportional increase of the labor supply with respect to
capital, implying a decrease of the capital-labor ratio and thus a higher interest rate.
These two effects are then compatible with the Euler equation and expectations
are self-fulfilling.

It is also worthwhile to note that endogenous deterministic fluctuations now
emerge not only through a flip bifurcation [Guo and Harrison (2008)] but also
through a Hopf bifurcation. As emphasized in Dufourt et al. (2011), the two-
dimensional dynamical system that describes the intertemporal equilibrium is then
much more likely to provide a satisfactory account of observed business cycles
(characterized by persistent fluctuations, positive autocorrelations, and, usually,
nonmonotonic dynamics of convergence to the steady state) because, close to a
Hopf bifurcation, the eigenvalues of the Jacobian matrix evaluated at the steady
state are complex conjugates with a modulus close to one.

In this framework, we also emphasize the crucial role played by the endogenous
labor supply, which has to be elastic with respect to public spending,* but can
be weakly elastic with respect to the wage rate. This last property appears to
be in accordance with the empirical evidence.’ We note that this is in contrast to
models with public spending externalities and a representative consumer, where an
infinitely elastic labor supply is often assumed [see for instance Guo and Harrison
(2008)]. Another important difference from the previous literature is that in our
framework with heterogeneous households, deterministic cycles occur without
requiring externalities and increasing returns in production [see for instance Zhang
(2000)].

This paper is organized as follows. The model is presented in the next section.
Section 3 is devoted to the steady state analysis. In Section 4, we study the
occurrence of endogenous business cycles. Section 5 provides some economic
intuitions, and concluding remarks appear in Section 6. Proofs and technical
details are provided in the Appendix.

2. THE MODEL

We consider a discrete-time economy (t = 0, 1, ..., 00), with three types of
agents: households, firms, and a government.

2.1. Households

There are H heterogeneous infinitely lived households, indexed by i =1, ..., H,
which supply labor elastically and face borrowing constraints. They have hetero-
geneous capital endowments (k;o > 0) and preferences, i.e., different discount
factors and different instantaneous utilities in consumption and leisure. To fix
ideas, households are ranked according to their discount factors: 0 < By < ... <

Br<pr <1 B
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Consumer i has separable preferences over time, and between consumption
and leisure. Moreover, we assume that public spending G, affects welfare, as an
externality on utility for consumption.® Denoting as c;; his consumption and as [;,
his labor supply at period ¢, consumer i’s utility function is given by

+00
D B ui (i, Go) — v ()] 8)

t=0

Denote by r, the real interest rate, w, the real wage, § € (0, 1) the depreciation
rate of capital, and t € (0, 1) the constant tax rate on income. Each household
maximizes (1) facing the budget constraint

Cir Hkipr — (1 = 8O)kiy = (1 — ) (rikir + wiliy), 2)

the borrowing constraint on individual capital holding k;; > 0, and the constraint
on labor I;, € [0, £], with £ the endowment of labor. The utility function satisfies
the following assumption:

Assumption 1. u; (¢;, G) and wv; (I;) are continuous functions defined on
[0, +00) X [0, +00) and [0, £], and C? on (0, +00) x (0, +00) and (0, 1), re-
spectively. u; (c;, G) is strictly increasing (u;. (¢;, G) > 0) and strictly concave
(Ujce (ci, G) < 0) with respect to its first argument.” v; (;) is strictly increas-
ing (v; (/) > 0) and convex (v/ (/;) > 0). In addition, the Inada conditions
lim,, 0 #;1 (¢c;, G) = 400, lim;,_,; v} (I;) = 400 are satisfied.

Utility maximization gives
ujc (cir, Gr) (1 = D)w, < v} (l;;), with equality when [;; > 0, 3

uic (¢cir, G . .

M > BiR,+1, with equality when k;;; > 0, @
Uic (Cir+1, Gri1)

with R,yy = 1 — 6 + (I — ©)r;4; and the transversality condition

tliT Bluic (ciry Gr) kiry1 = 0. Foralli = 1,..., H, ¢;; and [;, are forward vari-

— 400

ables whereas k;; are predetermined variables. For further reference, we introduce

the following elasticities:®

— _ . /
€ice = _Miccci/uic > O, €icG = uiCGG/ui61 €N =EV; li/vi 2 0. (5)

2.2. Firms

A representative firm produces the final good y;, using a technology with constant
returns y, = F (k;, l;) = f (a;) [;, where k; denotes capital, /; labor,and a; = k;/ ;.
The intensive production function f (a) satisfies

https://doi.org/10.1017/51365100514000078 Published online by Cambridge University Press


https://doi.org/10.1017/S1365100514000078

508 KAZUO NISHIMURA ET AL.

Assumption 2. f (a) is a continuous function defined on [0, +00) and C? on
(0, +00), strictly increasing (f’ (a) > 0) and strictly concave (f” (a) < 0). In
addition, the conditions lim,_,¢ f' (@) = +o00 and lim,_, . ' (a) < 6/[B1(1 —
7)] are satisfied, where 8 = 1 — B,(1 — §).

Profit maximization gives
rn=f'(@)=r(a) and w = f(a)—af (a)=w(a) (6)
Because of constant returns to scale and perfect competition, profits are zero; i.e.,
flapl, = wl, + rik;. @)

In the following, we denote by s (a) = af’ (a) /f (a) € (0, 1) the capital share
in total income and by o (a) = [s (a) — 1] f' (a) / [af” (a)] > 0 the elasticity of
capital-labor substitution. We derive the following useful relationships:

r'(a)a/r(a) = —[1 — s(a)]/o(a) and w'(a)a/w(a) = s(a)/o(a). (8)

2.3. Government

Public spending G, is financed by income taxation, through a balanced-budget

rule,
H

G =t Z(rtkit + wilit), 9
i=1

where t € (0, 1) is the constant proportional tax rate on households’ income.

2.4. Intertemporal Equilibrium
An intertemporal equilibrium can be defined as follows:

DEFINITION 1. Under Assumptions 1 and 2, an equilibrium of the econony
E = (fs T, (ki01 ﬁiv Ui, vi)szl) isa sequence (rtv Wy, ki& lh Gts (kits lita cil)inl)j:O(?
satisfying the following conditions:

D1) k, >0,1, >0, ki, >0,0<1l;; <& c; >0,°

D2) r, = f'(a) =r(a)andw, = f (a) —a, f (@) = w (@), witha, =k, /1;

(D3) u;c (cir, Gy) (1 — D)w, < V! (), with equality when I;, > 0;

(D4) ujc (cir, Gi) = BiRinittic (Cirv1, Giyr), with equality when ki;yy > 0, and Ry =
R(a) =1-8+ (1 —t)r(a1);

D5) cir +kirgr — (1 = ki = (1 — ) (rikis + wiliy);

D6) ki = Y kir;

(D7) &, = 3L, b

D) G, =1 Z,-Hzl(rzkir + wili);

and the transversality condition limy_, o Biu;c (cir, G k1 = 0, for i =
1,...H.
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The existence of the intertemporal equilibrium is an issue that we do not address
in this paper. The interested reader can refer to Becker et al. (1991), Bosi and
Seegmuller (2010a), or Becker et al. (2012). In the next section, we show the
existence of a steady state. Because we focus on local dynamics around such an
equilibrium, we assume that, by continuity, an intertemporal equilibrium exists in
a neighborhood of the steady state.

3. STEADY STATE ANALYSIS

Because the tax rate on income is constant, the most patient household holds all
the capital stock in the steady state [Becker (1980)]. Moreover, two types of steady
state may exist, depending on whether the most patient household supplies labor
or not [Bosi and Seegmuller (2010a)].

PROPOSITION 1. Under Assumptions 1 and 2, there exists a steady state
defined by the following properties:

S1) r = f'(a), w= f(a) —af’(a),and R =1 — § + (1 — ©)r are constant;
(S2) R=1/pi<1/Bp=... = 1/Bu;

(S3) k=k; >0andk; =0 fori > 2;

S4) uic(c1,G) (1 —vyw < vy (), and, fori = 2, u;c (¢;, G) (1 — Hw = v; (;);
S5 eci=R-1Dki+A —1v)wlyand c; = (1 — t)wl; fori > 2;

(S6) 1 =1 1;

(ST) G =t(rky + X1 wih) = tf (ki /DL

Proof. See the Appendix. [ ]

This proposition shows that because of the borrowing constraints, there exists
a steady state. In accordance with the Ramsey (1928) conjecture and the seminal
contribution of Becker (1980), the most patient household holds the whole capital
stock. In contrast, in the absence of a borrowing constraint, no steady state would
exist [Le Van and Vailakis (2003); Le Van et al. (2007)]. In this case, indeed, the
impatient agents reduce their consumption and increase their labor through time
to reimburse their debt.

It is important to note that Proposition 1 suggests the existence of two types
of steady state, one where the most patient household supplies no labor (/; = 0)
and one where all households are working (0 < /; < £). Indeed, because the most
patient household, namely the capitalist, holds all the capital, it may choose not
to work, and share its after-tax capital income between consumption and capital
accumulation.

As already noticed by Bosi and Seegmuller (2010a), the steady state where the
patient agent supplies no labor is undoubtedly of interest. In this case, two social
classes emerge: the capitalist who smooths consumption on his infinite horizon
and invests in productive capital, and H — 1 workers who consume in each period
their after-tax labor income. This property then provides foundations for models
with population segmentation, such as Woodford (1986), Michel and Pestieau
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(1999), and Mankiw (2000). In the following we focus exclusively on this type of
steady state.

As preliminaries, let us define some useful elasticities. Households make their
labor choices taking the prices w and r as given. Recall that the labor supply of
impatient agents, i = 2, ..., H, is defined by

ui.[(1 —twl;, Gl — Hw = vf(l,-). 10)
Using Assumption 1, this implicitly defines /; = [;(w, G), where

dl;/1; €icG dli/l; I — €ec
= - ) €l.w =
dG/G — en+ee T dw/w €+ €iee

€16 € (—1,400). (1)

Using A; =1[;/1 € (0, 1), we denote €, = ZIH=2 Ai€,c and €, = Z,Iiz A€y €
(—1, 400). We then derive the following existence result:

COROLLARY 1. Let Assumptions 1 and 2 hold, let 0 = 1 — (1 — §), let a
be the solution of r(a) = 0/[B1(1 — 1)], and let ¢, (1) and (1) be the capitalist’s
consumption and aggregate labor supply as functions of 1,.'° There exists a steady
state where the capitalist supplies no labor (I; = 0) if and only if

vy (0) = uic [e1(0), Tf (@O (1 — Dw. 12)

Proof. See the Appendix. [ ]

If the capitalist’s marginal disutility of labor is sufficiently high with respect
to the marginal utility of consumption, he chooses not to work. The larger the
capital stock at the steady state, the larger the capitalist’s consumption, the lower
his marginal utility of consumption, and thus the more likely this case is. However,
this effect can be mitigated by the public spending externality, if it positively affects
the marginal utility of consumption. Indeed, a larger capital stock is associated
with a higher total labor supply and may thus generate a larger capitalist’s marginal
utility of consumption. In the next section, we focus on analysis of the equilibrium
dynamics in the neighborhood of such a steady state.

4. ENDOGENOUS BUSINESS CYCLES UNDER PUBLIC SPENDING
EXTERNALITIES

Our aim is to show that, because public spending externalities affect the utility
of consumption, endogenous business cycles and expectation-driven fluctuations
occur in the Ramsey model with heterogeneous agents when the capital-labor
substitution is large enough. This conclusion is at odds with previous contri-
butions studying this type of model [Becker and Foias (1987, 1994); Bosi and
Seegmuller (2010a, 2010b)]. Moreover, it is worth pointing out that our results
are obtained without introducing productive externalities and are compatible with
a small elasticity of labor with respect to the wage rate.
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As we focus in the following on dynamics around the steady state without
the capitalist’s labor supply (/; = 0), we assume that inequality (12) holds (see
Corollary 1). To analyze the stability properties and the occurrence of endogenous
cycles, we start by defining some additional useful elasticities, all evaluated at the
steady state.

Taking into account that w, = w(k,/l;) and G, = tf(k;/l;)l,, the aggregate
labor supply is given by

H
=Y LiTw ke /1), Tf (ke /1] (13)

i=2
This expression implicitly defines I, = [ (k;), where I’ (k)k/1(k) = € is given by

€ws/o + €16S

= - - , (14)
1+ €ys/o—€c(l—s)

€lk

aslongas 1 +¢€,s5/0 —€,6(1 —s) #0.

Using this result, in the neighborhood of the steady state exhibited in Corollary 1,
the intertemporal equilibrium can be summarized by a two-dimensional dynamical
system given by the patient household’s trade-off between present and future
consumption and its budget constraint.!! Indeed, using (10), (D6), (D7), (DS),
and (13), an intertemporal equilibrium can be redefined as a sequence (ci;, k;) 7y,
satisfying

uie {1, Tf ki / 1k (ko) }
uic {1, Tf ket /L (ke D (key1) }
kiv1 = Rki/ (k)] ki — cis, (16)

= BiR [kt+1/l(kz+1)] , 15)

where [ (k;) is defined by (13), ¢y, is a forward variable, and k; is the only prede-
termined variable.

We characterize the stability properties of the steady state and the occurrence of
local bifurcations by linearizing the dynamic system (15)—(16) around the steady
state (c1, k) and computing the Jacobian matrix J, evaluated at this steady state.
Following Grandmont et al. (1998), we compute the trace T and the determinant D
of the associated Jacobian matrix J and study the stability properties by locating
them in the (7, D)-plane (see Figures 1 and 2).

LEMMA 1. Under Assumptions I and 2, the characteristic polynomial is given
by P (x) = x> — Tx + D =0, where
1l —¢5c L —B1— €1
o[l — (1 —s)€cl+s€w  Bi€iee
_1=Biew o+ €
Bi €icc oll — (1 —s)€cGl+ s€n

1
T=14—4+0(1-y)
B

= T(0), a7
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y
D
F
€1cc > 610
H F
€lee < €lee < €ec
B C
H
6106 < Elcc
o= —+00
0 T
A

FIGURE 1. Local indeterminacy when €;,, = 0.

1 —€qc 1— B
D=T-1-6(1— =D . 18
( S)U[l - (1 - S)EZG] + sglw ﬁlelcc (G) ( )

Proof. See the Appendix. [ ]

To apply the geometrical method developped by Grandmont et al. (1998), we
choose o > 0 as the bifurcation parameter. This choice is especially relevant to
previous contributions showing that endogenous fluctuations can occur in Ramsey
models with heterogeneous consumers [Becker and Foias (1987, 1994); Bosi and
Seegmuller (2010a)]. A key result of this literature is that endogenous cycles
require a low enough elasticity of capital-labor substitution to allow the capital
income to decrease with respect to capital (¢ < (1 — s)[1 — B;(1 — §)]). Such a
condition appears to be extremely restrictive and not compatible with empirically
realistic values for o (see note 2).

Considering the (T, D)-plane, following a variation of the elasticity of capital—
labor substitution o, the locus ¥ = {(T (o), D (o)) : 0 > 0} describes an

https://doi.org/10.1017/51365100514000078 Published online by Cambridge University Press


https://doi.org/10.1017/S1365100514000078

PUBLIC SPENDING AND ENDOGENOUS BUSINESS CYCLES 513

D
€ > €
C
o= +4+00
\
\

FIGURE 2. Local indeterminacy when €;,, > €;,,.

(unconnected) half-line, with endpoint

1 1-pe€c s
T (+00) =14+ — — — —, 19)
(thoe) B B €ree 1 = (1 —5)€G
D (+00) = T (+00) — 1, (20)
and a slope S = D’ (o) /T’ (o) given by
O[1 — (1 = s)eglerce + (1 — Br)eicgS€rw 1)

T 00 — (1 — 9)eral(€ree — 1+ B1) + (1 — B)€rcaser

To present our results using the geometrical method introduced by Grandmont
et al. (1998), we start by considering the case where the labor supply is inelastic
with respect to the wage, but still depends on public spending, i.e., €;,, = 0. Note
that this implicitly means that €;.. = 1 [see equation (11)]. In a second step, we
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will generalize this analysis to the case where the labor supply depends on the real
wage.

By direct inspection of equations (17) and (18), we see that 7(0) = 4o0 and
D(0) = £o0, depending on the slope S, which becomes

€lce

S=———. 22
6lcc_(l_,Bl) ( )

It follows that S is decreasing in €., with S > 1 foralle., > 1—f;, S € (—00, 0)
for €j,c < 1 — By and S — 0 when €;.,, — 0. As depicted in Figure 1, when
€1.c decreases, ¥ makes a counterclockwise rotation around (7 (+00), D(+00)),
which is located on the (AC) line, becoming flat when €., — 0. Therefore,
D(+00) < 1 and D'(0) < 0 are two necessary conditions to get indeterminacy
and Hopf bifurcation.

We have that D(+00) < 1if € < 1/(1 —s) and €j.6 > €M1, with:

min €lce _
€1eG = T[l — (1 =5)€i] (23)

Taking into account that §; is usually assumed to be close to 1, we have D (+00) >

—1 for reasonable levels of public spending externalities, i.e. €1.¢ < €]i;, With

Emax — 1+131 €lCL‘
leG — l_ﬂl s

[ - (1 —-s)Eg] (24)

Using equation (18), we also get that when €, = 0 and €;6 < 1/(1 — s),
D’(0) < 0if and only if €, > 1. Let us then assume

Assumption 3. €. € (eﬁié‘;, end)and €6 € (1, 1/(1 —s)).

This means that public spending positively affects the marginal utility of con-
sumption for the patient agent and the impatient ones [see equation (11)], but this
effect should not be too large.

Let us define oy such that one crosses the segment [BC], o such that one
crosses the line (AB), el such that S = —1, and {7 such that = goes through
the point B.'? Using our geometrical arguments and as drawn in Figure 1, we
conclude that when €., > elFCC, (T, D) is above (AB), (AC), and [BC] for
o < oy, crosses [BC] for 0 = oy, and is inside ABC for 0 > oy. When
€fl. < €1ec < €1, (T, D) is on the left side of (AB) for o < o, crosses (AB)
for o = of, is above (AB), (AC), and [BC] for o < 0 < oy, crosses [BC] for
o = oy, and is inside ABC for o > op. Finally, when €., < eﬁc, (T, D) is on
the left side of (AB) for 0 < o, crosses (AB) for 0 = o, and is inside ABC
foro > of.

We then get the following lemma:

LEMMA 2. Under Assumptions 1-3 and €, = 0, indeterminacy occurs if
either €. > €f' and o > oy, or €1c < €' and o > of. Moreover, a Hopf
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bifurcation generically occurs when o crosses oy, whereas a flip bifurcation
generically occurs when o crosses oF.

Using these preliminary results, we now generalize our analysis to an elastic
labor supply with respect to the real wage, i.e., €;,, # 0. We consider the case
€1, = 0 as a benchmark and analyze what changes when €;,, deviates from 0. We
observe that the endpoint (7 (+00), D(+00)) does not depend on €, i.e., stays
on the (AC) line. Moreover, using (21), we derive

— <QOand lim S=1. 25)
8€[w €1y—>+00
Let €}, be defined by S = 0:
O[1 — (1 — s)egleice
e = 0 —d-séclece _ 26)
(1 = Boeicgs

Taking into account that €;,, € (—1, +00) and €}, can be larger than —1, we
assume in the following that

: = —%
Assumption 4. €, > €j,,.

First, this is satisfied if public spending externalities are not too large, i.e.,
€1c6 < 0[1 — (1 — s)églere/Is(1 — B1)].1% Indeed, in this case, €, < —1
Second, if this last inequality is not fulfilled, €;,, > €, is ensured by assuming
that the elasticity of intertemporal substitution in consumption of the impatient
agents is not too low, which is in accordance with recent empirical evidence.'*
Assume that all impatient agents are identical to household i = 2. Using (11),
we have €, = (1 — €x)/ (€1 + €2cc). Therefore, €, > €, is equivalent to
€ < (1 — €/ eq)/(1 +€},). Taking into account that the right-hand side of
this inequality is sufficiently high, in any case larger than 1, this requires that the
elasticity of intertemporal substitution in consumption, 1/€;.., should not be too
weak.

Our strategy is to see what happens when €;,, deviates from 0, keeping the
other parameters as given. Using (25), we immediately conclude that ¥ makes a
counterclockwise rotation around (7 (+o00), D(+0¢0)) when €;,, decreases from
+oo to €;,. More precisely, S increases from 1 to 400 and then from —oo
to 0. This means that we have either S > 1 or S < 0. Therefore, the ge-

ometrical configurations are similar to the preliminary case where €, = 0,
except that we will now classify them according to the value of €, (see also
Figure 2).

As adirect implication, two necessary conditions to get indeterminacy and Hopf
bifurcation are D(+00) < 1 and D’(0) < 0. The first is ensured by Assumption
3, whereas the second is satisfied under Assumptions 3 and 4.

Let us define €/, such that S = —1 and €/ such that ¥ goes through the point
B. We can use the same geometrical arguments as in the case €;,, = 0 to get the
results of the following proposition (see also Figure 2). Note, however, that when
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€y # 0, T(0) and D(0) take finite values. Using (17) and (18), we can easily
show that (7' (0), D(0)) is on the right side of (AC) when €;,, < 0, whereas it is
located above (AC) when €;,, > 0. In this latter case, the critical values oy and
o can be positive or negative, depending on parameter configurations.'”

We then get the following proposition:

PROPOSITION 2. Under Assumptions 1—4, the following results generically
hold:

(i) When e, > Ef;j, the steady state is unstable for o < oy, undergoes a Hopf bifurca-
tion for ¢ = oy, and becomes locally indeterminate (stable) for o > oy;

(i) When EZ < € < Eﬁﬂ, the steady state is a saddle for 0 < of, undergoes a flip
bifurcation for o = o, is unstable for o < 0 < oy, undergoes a Hopf bifurcation
for o = oy, and becomes locally indeterminate (stable) for 0 > oy,

(iii) When €}, < €, < E,’ZJ, the steady state is a saddle for o < op, undergoes a flip
bifurcation for o = o, and becomes locally indeterminate (stable) for 0 > op.

This proposition shows that endogenous business cycles emerge through Hopf or
flip bifurcations, leading to expectation-driven fluctuations for o > max{oy, or}.
In contrast to previous contributions focusing on Ramsey models with heteroge-
neous households, endogenous fluctuations occur for a wide range of elasticities
of capital-labor substitution, including high values. This is at odds with the non-
monotonicity of capital income required to get period-two cycles in the model
with neither endogenous labor nor public spending externalities [Becker and
Foias (1987, 1994)]. Note that this last condition can be slightly relaxed when
elastic labor is introduced [Bosi and Seegmuller (2010a)]. However, in all these
papers, local indeterminacy and Hopf bifurcations are ruled out. Expectation-
driven fluctuations can be obtained if nonlinear tax rates are introduced, but this
still requires weak input substitutability [Bosi and Seegmuller (2010b)].

Let us emphasize that limit cycles occur for the more relevant parameter config-
urations. If one considers as usual a discount factor 8; close to 1 and reasonable or
not-too-large values of the elasticity of intertemporal substitution in consumption
1/€1.c and of the wage elasticity of labor supply €;,,, configuration (i) of Propo-
sition 2 is the most relevant one.'® In this case, local indeterminacy occurs for
o > oy and endogenous cycles appear through a Hopf bifurcation.

Let us consider a simple numerical example to show that our conditions for
indeterminacy are compatible with plausible parameterizations of the underlying
economy. We consider the following fundamentals:

1-6;

ui(ci. G) = $=5 G, v () = —BS2" and f(a) = A (na~ +1—n)""".

Other than agent 1, we assume that all the other agentsi = 2, ..., H are identical.
To fit quarterly data, we set the depreciation rate of capital to § = 0.025, the
subjective discount factors to 8; = 0.99, B; = 0.98, and the capital share of
national income to = 0.3. Based on our reading of the recent empirical literature

https://doi.org/10.1017/51365100514000078 Published online by Cambridge University Press


https://doi.org/10.1017/S1365100514000078

PUBLIC SPENDING AND ENDOGENOUS BUSINESS CYCLES 517

(see notes 5 and 14), we assume the following parameter values: y; = 0.4,
xi = 0.35, 6, = 0.52, 6; = 0.34. Concerning the size of the public spending
externality,17 we set y; = 0.55, and y; = 0.6905. All the assumptions are satisfied
because y; > 01, xi +6; < yi < (xi +6;)/(1 —n),and 6y, 6; < 1, and condition
(12) of Corollary 1 holds. We derive that local indeterminacy arises with complex
roots for any elasticity of capital-labor substitution o = 1/(1 4+ p) within the
interval [0.4, 3.24] of plausible values (see note 2).18

Previous contributions have already stressed the role of public spending in
the occurrence of local indeterminacy, especially in models with representative
agents. But, in contrast to our result, deterministic cycles do not appear in the ab-
sence of productive externalities. Actually, expectation-driven fluctuations occur if
households’ utility displays increasing returns to scale in private consumption and
public spending [Cazzavillan (1996); Zhang (2000); Guo and Harrison (2008)].
We can show that in our framework, such a property is not necessary for all the
agents.

If u; (c;, G) is homogeneous of degree u, increasing returns mean that © > 1, or
equivalently €, > €;... A first necessary condition for endogenous fluctuations
when capital and labor are substitutes is €, > 1. To simplify, if all impatient
workers are similar to household i = 2, this can be rewritten as €. > €2.¢ + €21,
which precisely ensures increasing returns in utility for these agents. A second

necessary condition is €.¢ > €. Because €, > 1, we derive from (23) that

eﬂig < €1cc- Therefore, if €. belongs to (e?}ig, €1cc), indeterminacy is compatible
with decreasing returns in the capitalist’s utility.

It is important to note that endogenous labor plays a crucial role in the existence
of expectation-driven fluctuations, through the link between labor supply and
public spending. Indeed, without endogenous labor, we have €, = €;,, = 0, which
implies that the steady state cannot be indeterminate and Hopf bifurcations never
occur.!® However, if public spending externalities are large enough for workers
(€;6 > 1), expectation-driven fluctuations and endogenous business cycles occur
under a weakly elastic or even inelastic labor supply with respect to wage. This
is in contrast to models with public spending externalities and a representative
consumer, where an infinitely elastic labor supply is often assumed [see for instance
Guo and Harrison (2008)].

Let us finally examine how the two critical values oy and of evolve according
to the elasticity of labor supply with respect to wage. Using the expressions
found in the Appendix, we observe that oy is increasing in €, if and only if
€1c6 < 1, whereas o is increasing in €;,, if and only if €;.¢ > €1..(1 + B1)/(1 —
B1). As seen previously, for reasonable parameter values, oy seems to be the
relevant bifurcation value above which indeterminacy occurs. Therefore, if the
public spending externality on the capitalist’s utility is not too large (€;.¢ < 1),
larger wage elasticities of workers’ labor supplies stabilize, reducing the range
of elasticities of input substitution for indeterminacy. In contrast, if the public
spending externality on the capitalist’s utility is sufficiently large (¢j.¢ > 1), we
get the opposite conclusion.
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5. ECONOMIC INTUITION

In Ramsey models with heterogeneous households, the interpretation of cycles is
usually linked to the capitalist’s budget constraint. Indeed, fluctuations occur if the
capital income monotonicity fails, i.e., for sufficiently low degrees of capital-labor
substitution (¢ < (1 —s)[1 — B;(1 —8)]) [see Becker and Foias (1987, 1994)]. As
mentioned previously, this condition appears to be extremely restrictive and thus
not compatible with empirically realistic values for o.

In our framework, endogenous cycles also occur under a high elasticity of
capital-labor substitution, in particular such that ¢ > (1 — s)[1 — g1 (1 — §)].
Obviously, this means that the standard mechanism based on the capitalist’s
budget constraint does not make it possible to generate fluctuations. But this
also suggests that the explanation of expectation-driven fluctuations actually
relies on an alternative mechanism that is rather mainly based on the Euler

equation,
(e, G
el G _ g, 27)
uic(Ci+1, Gig1)
with
G, =1f(k/I)I. (28)

To simplify, let us focus on the case where the labor supply is inelastic with respect
to the wage rate (€;,, = 0). We derive from equation (11) that this case is obtained
if €jcc = 1 foranyi > 2.

Let households be optimistic and let the capitalist deviate from the steady state
by investing more, i.e., k;+ increases. This means that both current consumption
c1; and the return on capital R, decrease, but because capital and labor are high
substitutes (o > (1 —s)[1— B (1 —§)]), the capitalist’s income R, k,; increases
in the next period. This implies a rise of future consumption cy;. Therefore, for
a constant level of public spending, the right-hand side of equation (27) decreases,
whereas the left-hand side increases because of both the rise of ¢;+ and the lower
c1;- This excludes self-fulfilling fluctuations.

However, considering the impact of public spending on the marginal util-
ity of consumption can yield an additional effect that mitigates the in-
crease of the left-hand side. It will also induce an increase of the return on
capital.

Indeed, the rise of k,,; now implies a variation of public spending G4, which
generates an increase of the marginal utility of consumption at r 4+ 1. As labor
supply depends on public spending, G, can be rewritten as a function of capital.
Using (28), we get

dG/G )
€Gk = =

- — (29)
dk/k ~ 1—(1—9)es
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Based on this expression, and considering that €;,, = 0, we have dk,1,/k =
dcyi41/c1. It follows that the marginal utility of consumption at ¢ 4 1 increases if

dk 41 deyyr dkig s
€1cGE€Gk = 1cG

e | >0, @30
lee ™ k - —9e0 61}> (30)

Using equation (23) we derive that this condition is equivalent to €;.g > €2
Recall then from Proposition 2 that this is a necessary condition to have endoge-
nous business cycles when o is large enough. This ensures that the increase of the
left-hand side of equation (27), due to a lower cy,, is mitigated.

The second important point is to notice that under 1 < € < 1/(1 — ),
we have ¢, > 1 [see equation (14)].%° This means that the capital-labor ratio
decreases with respect to k. Therefore, following an increase of k, |, the return on
capital R,y raises, slightly when capital and labor are sufficiently substitutable.
Therefore, the rise of k,1; now implies an increase of both the left- and right-hand
sides of equation (27), so that the expectations are self-fulfilling.

Note that this intuition stresses the important role played by the labor market,
because it allows the return on capital to increase with capital. The role of the labor
market in the occurrence of indeterminacy is, however, different from that in most
one-sector models with a representative household. Indeed, in our framework with
many agents, impatient workers make a static trade-off between consumption and
leisure, because of their binding borrowing constraints. Therefore, labor supply
does not depend on expectations on future prices.

6. CONCLUSION

Public spending is introduced in the Ramsey model with heterogeneous house-
holds developed by Becker (1980) and recently extended to endogenous labor by
Bosi and Seegmuller (2010a). It is financed through linear taxation on income and
positively affects households’ welfare. The existence of such an externality is a
source of endogenous business cycles. Indeed, in contrast to previous contributions
focusing on Ramsey models with heterogeneous agents, endogenous fluctuations
emerge for high enough degrees of capital-labor substitution. Another new con-
tribution to this literature is that endogenous cycles occur around the steady state
through a Hopf bifurcation, underlying the persistence of fluctuations. Finally, in
contrast to models with a representative agent, when heterogeneous households are
considered, endogenous business cycles do not require productive externalities and
are in accordance with a weakly elastic labor supply with respect to the wage rate.

NOTES

1. A similar result is obtained by Sorger (2002) in a model with progressive taxation, but without
endogenous labor.

2. To fix ideas, nonmonotonicity of capital income is obtained when the elasticity of capital-labor
substitution o is lower than the expression (1 — s)[1 — B1(1 — §)], with s the share of capital in
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total income, B; the discount factor of the most patient agent, and § the depreciation rate of capital.
Assuming that at quarterly frequencies s = 0.3, f; = 0.99, and § = 0.025, we get o < 0.0243. This
restriction is not compatible with all the recent estimates of the elasticity of substitution. For instance,
Duffy and Papageorgiou (2000) report robust estimates that are contained in [1.24, 3.24]. In contrast,
Ledn-Ledesma et al. (2010) provide robust estimates in the range [0.4, 0.6].

3. Lloyd-Braga et al. (2008) also show that public spending can be a source of endogenous
fluctuations when there are heterogeneous households. The Woodford (1986) framework considered
is, however, different, because the results apply to a monetary equilibrium with an infinitely elastic
labor supply with respect to the wage.

4. Note that in our framework, public spending externalities can be seen as a distortion of the labor
market. See also Dufourt et al. (2008) and Grandmont (2008), where distortions in the labor market,
such as unemployment benefits, unions, or efficiency wages, also generate local indeterminacy under
plausible values of parameters.

5. At the microeconomic level, most econometric analyses available in the literature conclude
that the wage elasticity of labor is in (0, 0.5) for men and in (0.5, 1) for women [see Blundell
and MaCurdy (1999)]. In contrast, Rogerson and Wallenius (2009) have shown that, because of the
role of the participation decision of women and the extent of early retirement, the elasticities at the
macroeconomic level are virtually unrelated to the micro elasticities. The macroeconomic elasticity
of the labor supply with respect to the wage appears to be in the range (2.25, 3.0). In both cases, the
elasticity is not too large.

6. One could also introduce a public spending externality in the disutility of labor. Because we
will focus on equilibria where the most patient household supplies no labor, this would not alter its
behavior. It would only affect the relationship between labor supply and public spending coming from
impatient households’ behavior (i = 2, ..., H). This link would be reinforced if the marginal disutility
of labor decreased with the public spending externality, and dampened otherwise.

7. We define M,‘x/. ()Cl, .)C2) = 8ui(x1, xz)/BXj and uiX/Xh ()Cl, xz) = Bzui(xl, xz)/axj'axh.

8. For simplicity, we omit the arguments of the functions.

9. Assumption 1 rules out any equilibrium with ¢;; = 0 or [;; = £.

10. See the Appendix for formal definitions.

11. The dynamic path requires u;c (wlir, Gt) > Bi Ri+1uic (Wis1lir+1, G41), for all i > 2, which
can be ensured by a sufficiently low discount factor g;.

12. The critical values oy, of, e]FC o and e]["g . are given in the Appendix.

13. Note that the right-hand side of this inequality is larger than €](;.

14. The elasticity of intertemporal substitution in consumption is usually assumed to be less than
one. However, the recent contributions provide divergent views. Mulligan (2002), Vissing-Jorgensen
(2002), and Vissing-Jorgensen and Attanasio (2003) repeatedly obtained estimates of this elasticity that
are significantly larger than one. More recently, Gruber (2006) and Kapoor and Ravi (2010) provide
robust estimates in the range (2, 3).

15. The critical values ?,Fw, ?ﬁu, op, and of are given in the Appendix.

16. Indeed, we have €;.. > (1 — B1)/2 and Eﬁv < 0.

17. Ni (1995) provides estimates of a similar Cobb—Douglas utility function and shows that the
parameter y lies in the interval (0.5, 0.8).

18. Details of the numerical simulations are available upon request.

19. Indeed, using our geometrical arguments, D’(6) > O with § > 1 or § < 0 and D(0) = —oo0,
meaning that X never enters ABC.

20. We thank a referee for underlining this point.
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APPENDIX

A.1. PROOF OF PROPOSITION 1

The proof of this proposition consists of three steps.

Step 1. For i = 1, (S2)—(S5) satisfy the optimality conditions in Definition 1. Moreover,
because c;, k;, and G are constant and 0 < B; < 1, the transversality condition
lim1_>+oo ,8{1416 (C], G) k] = 0 holds.

Step 2. For i > 2, given G, consider the feasible sequence (IE,«,, Ly, E,«,), starting from
ko = 0. We now compare this path with the stationary solution (c;, ;) such that k; = 0,
1 >1[; > 0,and ¢; = (1 — t)wl;, and show that the stationary solution is optimal:

+00
> B {ui (¢ G) — v (1) = [wi @ G) — i ()]}
=0

+00

Zﬁif {uic [A —-Dwl, G1[(1 - D)wl; — &) — U; ) (li - [n)}

t=0

v

T
ujc (1 = wl;, G) TETOC |:,3,~TE1'T+1 + (/8 = 1/B1) Zﬁ[t];it - iéiO/ﬁli|

=1

v

—u; [(1 = D)wl;, Glkio/B1 = 0.

Step 3. Under Assumption 2, there is a unique finite and strictly positive value of a such
that R(a) =1 -6 + (1 — 7) f' (a) = 1/B;. We further note that

1. If R > 1/B,, then it is optimal for the most patient household to increase capital.
This cannot be a stationary solution because of decreasing returns to capital.

2. IfR < 1/B; < 1/B, < ... < 1/By, each household decumulates to zero. Because
I >0, a, tends to 0 and f’ (a,) to +00, violating stationarity. |
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A.2. PROOF OF COROLLARY 1

Using G = tf(a)l, the aggregate labor supply is given by [ = [; + ZZZ Li(w, tf(a)l).
This implicitly defines / = I(/,), with

dl 1
i, ~ 1 — €6 D
Consider now household i = 1. At a steady state, its consumption is given by
a=0/—Dki+0A-1wh =0-1wh + {1/ — Dallly) = c1(lD).
Thus /; = 0 is a stationary solution iff lim;, .o ¥ (/;) > 0, with
v (1) = vy () = uie[er (), Tf @IAD] (1 = Dw.
|

A.3. PROOF OF LEMMA 1
Linearizing the dynamic system (15)—(16) around the steady state, we obtain
dkH.] _ 1 |:1 91—5 dk, l—ﬂl dC],

X —E (l_elk):|7_ B 61’

d €1c 1 1-—
St (— “C s+ (1= el + o [1 ——2q —elk)]
Cl lee ﬁl g lee
1—5 dk
x {elcc[s + (1 —s)ey] —0——(1 — m)}) =
o k
1-p8 1—s dey,
+{1- €rcls + (1 —s)ep] —0——(1 — €) .
Bi€ice o 13

Because T and D represent respectively the trace and the determinant of the associated
Jacobian matrix, we get

T = 1+ﬂi+91;5(1—ak>(1_ﬂ1 —i)— L2 Pieis (o4 (1= gy,
1

:31611‘0 ﬁl 131 €lce
1 — -
D=T—1-6 2501 e =P
o :Blelz‘c

From substituting €;; given by equation (14) in these two expressions, the result follows. l

A.4. CRITICAL VALUES

Critical values ¥ and ™. The critical value o solves D(oy) = 1:

_ 9(1 - S)(g[(; - 1)611‘4: + S(l - ﬁl)(ela‘ - EIL‘G)E[U)

g A2
(1= BDs(eng — a2

OH
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The critical value o solves 1 + T'(oF) + D(oF) = 0:
9(1 - S)(E](; - 1)(1 - /31 - 261cc) + 2sglw[(l - .81)61(‘G - (1 + ,Bl)elz‘c]

oF = - (A.3)
" 2(1 = B)s (el — €1ca)
Critical values €/, and €['. The critical value €/, solves § = —1:
O[1 — (1 — $)€c1(1 — Bi — 2€1e
e = [1 = —=s5)€cld =B —2¢ ). (Ad)
2s5(1 = Bi)eic
The critical value Eﬁ) solves oy = oy or, equivalently, § = %:
e _ 61 — $)(Ec — D2€1cc (€15 — elit) — (1 — Bi)(€1ec — €a0)] .
" 25{(€1e6 — €M1 — B — (14 Bi)erec] + (€16 — D(1 — B (€M% — elin)}
(A.5)
Note that when &, = 0, S = —1 for e/, = =2 and oy = op for efl, =
a=p? _ l6cigsh
861 [\/1 T Thra-0-9a0) 1]'
|
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