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Abstract

We reduce the upper bound for the bond percolation threshold of the cubic lattice from
0.447 792 to 0.347 297. The bound is obtained by a growth process approach which
views the open cluster of a bond percolation model as a dynamic process. A three-
dimensional dynamic process on the cubic lattice is constructed and then projected onto
a carefully chosen plane to obtain a two-dimensional dynamic process on a triangular lat-
tice. We compare the bond percolation models on the cubic lattice and their projections,
and demonstrate that the bond percolation threshold of the cubic lattice is no greater
than that of the triangular lattice. Applying the approach to the body-centered cubic
lattice yields an upper bound of 0.292 893 for its bond percolation threshold.
Keywords: Bond percolation; percolation threshold; cubic lattice; body-centered cubic
lattice; projection
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1. Introduction

Mathematical percolation theory studies the connected components of infinite random
graphs. One major concern in percolation theory is the derivation of bond percolation thresh-
olds. There are two families of two-dimensional lattices for which the bond percolation
thresholds can be exactly determined: Solution methods by [24, 36, 49, 53-55] apply to an
infinite class of lattices, including square, triangular, hexagonal, bow-tie, and martini lattices,
which may be constructed by embedding generator graphs in self-dual 3-uniform hypergraphs.
Exact solutions may also be derived for isoradial graphs [19].

Since the percolation thresholds of very few lattices are exactly known, there is widespread
interest in approximating the value of the percolation thresholds of various lattices. Numerous
simulation estimates of percolation thresholds are computed for the physical sciences literature
each year, involving applications to, for example, polymer nanocomposites [13], carbon nan-
otubes [11], hydrogen-bonded water clusters [22], diffusivity of porous media [25], epidemic
processes [2], and cementitious materials [31].

Various methodologies have been developed to bound percolation thresholds in cases
where they cannot be determined exactly (see [5, 18, 27, 28, 43-47]). Besides being a
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mathematically challenging problem, research on bounds potentially develops techniques
which may eventually lead to exact solutions, as it did for the square lattice bond percolation
model. Mathematically rigorous bounds have become increasingly accurate, recently provid-
ing three-digit accuracy for the (3, 122) lattice [48] and two-digit accuracy for the kagome
lattice [50], disproving long-standing conjectured exact values [37]. Percolation threshold
bounds are also applied in the study of related models. As examples, Cotar, Holroyd, and
Revelle [7] used an upper bound for the hexagonal lattice site percolation threshold [28] to
prove the existence of percolation in a Poisson hard sphere process, and Don [12] used a
lower bound for the square lattice site percolation threshold [38] to produce a bound for the
threshold of fractal percolation.

In this article we focus on the percolation thresholds of two three-dimensional lattices.
Currently, none of the bond percolation thresholds of three-dimensional lattices have been
exactly determined. Moreover, there are few rigorous upper and lower bounds, and those that
exist are not very accurate.

For a comprehensive discussion of percolation theory, see [4, 17, 21].

1.1. The cubic lattice

The cubic lattice bond model is the most well-studied three-dimensional bond percolation
model. Denote the canonical embedding of the cubic lattice by .3 = (Z>, E?), where Z> are
points in R3 with integer coordinates and E? are pairs of points in Z> whose Euclidean distance
is 1. Let pc(I.?) denote the bond percolation threshold of I3. Before 1990, there were extensive
Monte Carlo simulations [15, 20, 35, 40, 51], series expansion approximations [1, 14, 36], and
renormalization estimates [10, 30, 32] for pC(L3) ranging from 0.209 to 0.254. Since 1990, with
more advanced algorithms and increased computing power, simulation results are consistently
in the range 0.2488 & 0.0001 [8, 16, 26, 34, 39, 41], with the most recent estimates clustered
near 0.248 812 [8, 26, 41].

As for rigorous bounds for p.(IL?), in 1985 Campanino and Russo [6] proved that the site
percolation threshold of L2 is strictly less than 0.5, which implies that p.(LL*) < 0.5. The
smallest previous upper bound, 0.447 792, was proved using the containment principle and
substitution method [47], while the largest lower bound is 0.209 082, which follows from
self-avoiding walk enumeration [33].

Letting T denote the planar triangular lattice, our principal result is the following:

Theorem 1. For bond percolation models, pc(Z3 ) < pc(T).

For comparison with the previous upper bound of 0.447792, note that p.(T)=
2sin (7r/18) =0.347296. . . (see [42]).

1.2. The growth process approach for the cubic lattice

For each configuration of a random graph, its open cluster is the set of all vertices connected
to a prespecified vertex through open edges. The core idea of the growth process approach is
that we no longer consider the open cluster to be a static collection of vertices, but a dynam-
ically growing process. This approach is inspired by a method introduced in [29] to analyze
site percolation models with multiple states. (The standard site percolation model is a random
designation of two states, open or closed, for each vertex of the lattice.) Their method was
modified by [38] to provide a rigorous lower bound for the percolation threshold of the square
lattice site model. The growth process approach refers to this idea and generalizes it to analyze
the bond percolation model on the cubic lattice.
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FIGURE 1. An illustration of the rotated cubic lattice L3-R and its projection onto R2, which is the
triangular lattice T.

Note that our growth process approach has similarities to that in [3, Theorem 1], which is
stated for site percolation models but is readily adapted to bond percolation models. However,
there are important differences between the two approaches in our context. We consider it more
natural and intuitive to explore in three dimensions and project to construct a two-dimensional
open cluster, while [3] explores in two dimensions and constructs a three-dimensional open
cluster. Since [3] associates a single edge in the three-dimensional lattice with an edge in
the two-dimensional lattice, their approach produces an upper bound equal to the percolation
threshold of the two-dimensional lattice. While both methods derive the same upper bound for
the simple cubic lattice, our approach provides a smaller upper bound for the body-centered
cubic lattice (see Section 3). Our approach also generalizes to the face-centered cubic lattice
and stacked lattices, obtaining smaller upper bounds than the approach in [3] would provide
(see [52] for details).

Note also that a different dynamic growth process approach has been used to study the
chemical distance in percolation models. The chemical distance between two vertices x and y
is the length of the shortest open path in the infinite open cluster between x and y. For details,
see [9].

We briefly sketch how the growth process approach provides an upper bound for p.(IL3).
Rotating I3 by a certain rotation matrix R results in another embedding of the cubic lattice
whose natural projection onto R? is a triangular lattice (see Figure 1). Denote the rotated cubic
lattice and its projection by L?-R and T, respectively. Let 0 denote the origin of L?-R and
0 denote the origin of T, which is the projection of 0.
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FIGURE 2. Upper left: A configuration ®® on I3-R, with its open edges illustrated by thick line seg-

ments. Upper right: The three-dimensional growth process with »® as the underlying configuration.

The arrows show how the edge cluster grows from the origin. Lower right: The projected growth process

obtained from projection, forming a growth process on the triangular lattice. Lower left: The induced con-

figuration on T obtained from the projected process. The open edges are marked by thick line segments.
The two-dimensional open cluster is a subset of the projection of C(w™).

Construct a three-dimensional growth process for each configuration »® on IL3-R as fol-
lows. Denote the open cluster containing 0©) by C(w®). We consider a growing edge cluster
that contains open edges connecting 0 to vertices in C(w®). The edge cluster is initialized as
the empty set. At step 1, we explore from the origin 02 by considering the states (w®)-values)
of its incident edges, and include its open incident edges in the edge cluster. Then, at each later
step, we explore from a different vertex that is an endpoint of some edge in the edge cluster
(see Figure 2) and expand the edge cluster by adding a subset of its open incident edges. Thus,
we obtain a nondecreasing sequence of edge sets on I.>-R describing the growth of C(w®) in
terms of edges, which is called the three-dimensional growth process.

Projecting the three-dimensional growth process onto R? yields a sequence of increasing
edge sets on T (see Figure 2), which is called the projected growth process. At each step of the
projected growth process, edges of T incident to a certain vertex are explored and a subset of
the explored edges are included if they are projections of edges in the three-dimensional edge
set. The included edges connect 0?) to vertices in the projection of C(w™).

The projected growth process can be related to a standard bond percolation process on T in
the following manner. For each edge of T explored by the projected growth process at some
step, we consider it to be open if and only if it is included by the process. The other edges of
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FIGURE 3. One cubic unit of the BCC lattice. Solid line segments represent edges of the BCC lattice,
while dashed line segments form the boundary of the cubic unit, but are not edges of the BCC lattice.

T are designated to be open independently with probability g, where g is the parameter of the
(rotated) cubic lattice bond model. This provides us with a configuration on T (see Figure 2)
whose distribution coincides with the probability measure of the bond percolation model on T
with parameter g. We denote this configuration by o®).

Let C(»®) denote the open cluster containing 0’ given the underlying configuration ®
on T. If g > pc(T)=2sin (llg) the probability that C(«®) contains infinitely many vertices
is strictly positive [36]. We show that C(w?) is a subset of the endpoints of edges included
in the projected growth process. Thus, the probability that the projected growth process, and
furthermore the three-dimensional growth process, contain infinitely many edges is strictly
positive. Consequently, we have p.(IL*) = p.(IL3-R) < 2 sin (118) < 0.347297. For comparison,
recall that recent simulation results suggest pc(IL3) &~ 0.2488.

1.3. Application to the BCC lattice

We also consider another classic crystal structure known as the body-centered cubic (BCC)
lattice, which we denote by B. It is a vertex-transitive lattice with vertex degree eight. We
embed B in R? with vertices (x,y,z) in Z> for which x = y = z (mod 2). Edges of BB are between
pairs of nearest-neighbor vertices, which are a Euclidean distance +/3 apart. One may envision
each vertex being located at the center of a cube with side length 2, with edges connected to
each of the eight corners of the cube (see Figure 3). Denote the vertex and edge sets by V? and
E® | respectively.

As we did for the cubic lattice, we may construct a three-dimensional growth process on B
and project it vertically onto R? to form a projected growth process on a square lattice (which
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has edges of length +/2). By doing so, the three-dimensional growth process on B is related
to a standard bond percolation process on the square lattice in such a way that one edge of
the square lattice is open if and only if either of the two corresponding edges in B is open.
Applying Kesten’s [23] result that the percolation threshold of the square lattice is %, we
obtain an upper bound.

Theorem 2. For the bond percolation model, p.(B) < 1 — \/g

The numerical upper bound obtained is 0.292 893, which may be compared to simulation
results [26, 39] which suggest p.(B) &~ 0.1802.

1.4. Outline

The article is organized as follows. A coupling construction of the growth process approach
for the cubic lattice is provided in Section 2. Related notation and definitions are listed in
Section 2.1. Formal definitions of the three-dimensional growth process and its projection are
provided in Section 2.2. Properties of the two processes are listed and proved in Section 2.3.
The configuration »® is constructed in Section 2.4. The projected growth process is related to
Clw@)to provide an upper bound for pc(L3) in Section 2.5. Finally, we describe a direct appli-
cation of the approach to the BCC lattice in Section 3, and comment on further generalizations
and extensions of the approach in Section 4.

2. The growth process approach for the cubic lattice

2.1. Preliminaries and definitions
Consider the following rotation matrix on R3:

5 sk
_ Sl

S
S §|
S 5 5l

The rotated cubic lattice, denoted by L3R= (Z3oR, E3 ‘R), is an alternative embedding of the
cubic lattice with Z>-R = {x-R | x € Z?} and E3-R = {{x-R, y-R} | {x, y} € E3}.

First, we introduce the following definitions for an infinite connected graph G = (V, E) with
vertex set V and edge set E.

Let Q := {0, 1}£ denote the configuration space of G, and F denote the o-field generated by
the finite cylinder sets of Q2. Each w = {w(e) | e € E} € Q is a configuration in which w(e) =1
indicates that edge e is open. Let u.(p) denote the Bernoulli measure on {0, 1} with parameter
p. Then P, :=[],cp ie(p) is the probability measure for the bond percolation model on G
under which each edge is open independently with probability p. In particular, by taking G as
L3R, the probability space is denoted by (23, F&), P{Y); by taking G as T, the probability
space is denoted by (Q®), F@®), P;z)).

Given a fixed vertex in V called the origin and a configuration w € Q, let C(w) :={u eV |u
is connected to the origin by w-open edges in E} be the open cluster containing the origin and
|C(w)| denote the number of vertices in C(w). The percolation probability GG(p) is defined
as 09(p) = Py(|C(w)| = 00), and is nondecreasing with respect to p. The bond percolation
threshold of G is defined as p¢(G) := sup{p:0%(p) = 0}.
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Given E; C E, the endpoint set of Es, denoted by [ J £ is the set of vertices in V that are
endpoints of at least one edge in Ej.

Given Vi C V, the incident edge set of Vi, denoted by I[ V], is the set of edges in E incident
to at least one vertex in V.

Now we specialize to the lattices L3.R and T. For each x= (x1,x2, x3) € Z3-R, the
projection of x is proj(x):=(x1, x2). Naturally, for each {x,y}e E3-R, its projection is
proj({x, y}) := {proj(x), proj(y)}. More generally, given V; C Z3-R and E; CE3.R, the cor-
responding projections are proj(Vy) := {proj(v) | v € Vi} and proj(Ey) := {proj(e) | e € E},

respectively.
Let T = (VT, ET) be an embedding of the triangular lattice in R%, where
yT =pr0j(Z3.R)={k1< )+k2< 2 0) k1,kzeZ}
NIIRNG V6
and

E" = proj(E*-R) = {{x, yix yevl |Ix—yl=

7l

Nk
For each x € VT, we define its associated column as col(x) := {y € Z3-R | proj(y) = x}. More
generally, for each V; C T, its associated columns are col(Vs) := Uxevs col(x). Accordingly,

for each x € Z3-R or V; C Z3-R, its associated column is defined as the associated column of
its projection.

Fix a deterministic ordering of VT by assigning each vertex v a distinct positive integer /(v).
Extend the domain of [ to Z3-R by defining I(v) = l(proj(v)) for all v € 73-R. For any vertex,
[(v) is called the label of v.

2.2. The growth process and its projection

We now provide a formal recursive definition of the growth process, introduce notation, and
briefly interpret aspects of the definition.
Definition 1. (The growth process G®.) Initialize (A}, €5, DS as (@, (09}, #). Given
a labeling function /, define a stochastic process (vf?), AS), BS), 513), DS)):Q(” — 73R x
LR o PR DIPR y 9EPR o (9(3), FO, ]P’?)) for all n > 1 recursively as follows. For
each 0® € Q®), assume that the process has been defined up to step n. At step n+ 1, if
CIO\AY 0, define

(3)1 := arg min {l(v) ve C(3) \A(3)}

Vit
A(3421 =AY U 521}
B =1\ 1eol( P\ (W )],

DO . D(3) Ulee B(” (3)(8) =1},

n+l -7
C(3)1 = C(3) U (UD(3) )

B 40 O B B

(3) 43 (3) 3
Va1 Ant1 Bug1r St n+1) ( »An’s 0, Co, Dy )

Otherwise, we define (v

The growth process associated with »® is the stochastic process fo) = (Ag), DS,B))
defined on the probability space (9(3), FO, IP’E;)).
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To aid in interpreting the definition, we provide the following terminology and explanation.
Consider a fixed configuration @ € Q3. To explore from a vertex means to determine which
edges incident to the vertex are open. At step n of the growth process, we call Cff) the vertex
cluster, DS,B) the edge cluster, and AS,B) the antecedent set. The antecedent set AS,B) is the set
of vertices from which the process has already explored, and from which future exploration is
prohibited. From the vertices in the vertex cluster which are not in the antecedent set, choose
vﬁl to be the vertex with the smallest label. (As we shall see in Lemma 1, there is a unique
such vertex.) From vﬂl s

the same projection as a vertex in Cf) \ {v

identify its incident edges which are not incident to any vertex sharing

(3)
n+1

step (n + 1). After exploring the edges in B;:)_ | fromv "y,

edge cluster Dﬁ | and their endpoints are included in the vertex cluster Cﬁ |- By induction,

the construction of the exploration regions insures that at most one vertex in any column of

73, and that at most one edge in any column, is explored. Thus, vf) is unique for each n, being

from the column with the smallest label. Finally, the vertex vﬁl is added to the antecedent set

AS,B) to produce Ag] to insure the exploration from it does not occur again.

}. We call this set the exploration region Bﬁ | for

) the open edges are included in the

Projecting G™ onto R? results in the projected growth process, which is denoted by G?.
Definition 2. (The projected growth process G(z)) Let (vilz), Af), Bf), 22), Dgz)) evl x
2V % 2E" % 2V % 2E" be a stochastic process on (Q©), F®), Pﬁf)), where 1> :=pr0j(v513)),
Aff) = proj(Af)), ...,and DSE) = proj(Dg)). Define the projected growth process associated
with 3 as G := (Af), fo)).

In G® and G, the edge clusters Df,z) and Df) are both nondecreasing in n. For simplicity,
denote |2, D' and U, DY by D) and DY), respectively.

2.3. Properties of G® and G?®

We observe the following properties regarding the growth process G®.

Lemma 1. For each pair of distinct edges ey, e> € Dg), proj(e1) # proj(ez).
3)
n+
1), thus does not contain edges having the same projec-

Lemma 1 follows from the construction of exploration regions: B

incident to vertices in col(C,(f) \ {vf?_il

tion with edges in Df?). That is, proj(Bﬁ]) N proj(Df)) = () for each n € N. By induction on n,

| excludes all edges

we have that any two edges in D(o30) have distinct projections.

Lemma 1 implies that the natural projection defines a bijection from Dg)) to D(o%). Moreover,
it defines a bijection from fo) \Dfi)1 to Df,z) \foll for each n € N. This property makes it
easier to analyze the distribution of G?.

Lemma 2. For each ® € Q® and n € N, we have
CH(0?) C C(). (1
Lemma 2 states that at step n of the growth process G(3)(a)(3)), its vertex cluster is a

subset of the open cluster of the underlying configuration ®, which can be proved easily by
induction on .
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.. e 3\ N3 3) .
Lemma 3. The conditional joint distribution of D;;” \ D, given By is
3 (B3 H3 3 p\pY BY|-1D\D
P(q)(Dgz)\anl IB;)):CI\ \ \( —61)‘ [=1Dy "\ \

where | - | represents the cardinality of the underlying set.

From Definition 1, each edge e 35,3) is added to D§,3) \ Df_) , if and only if o3(e)=1,
where {a)(3)(e):e € BS)} follow independent Bernoulli distributions with parameter g given

35,3). Thus, Lemma 3 follows.
Naturally, the process G, which is the projection of G®, also has these properties.

Lemma 4. For each ®® € Q3 andn e N, C(z)(w(3)) C proj(C(w®)).
Lemma 4 is a direct consequence of Lemma 2, where we simply perform projection on both

sides of (1).

Lemma 5. The conditional joint distribution of D( ) \ D(z) given 3512) is

) @ _p@\ p@
PODE\ DY, 1BY) =g/ \Prl(1 — g) B 11D @)

Intuitively, Lemma 5 is a direct result of Lemmas 1 and 3: For each edge ¢ € Bf,2), eis
added to Dg,z) \foll if and only if the unique edge in Bf?) whose projection is e is open.
Mathematically, we may condition on Bf,3) and utilize the law of total probability: Given
B(z) there are countably infinitely many possibilities for BS) such that proj(Bf)) =Bflz).
Meanwhile, each edge e € B( ) is added to D(z) \D(z)1 if and only if the unique edge in BS)

whose projection is e is added to D(3) \D(3) Thus, by Lemmas 1 and 3, we have

POOP\D 1BE) =3 BO(DP\ DY, 1BY) - PO (B BY)

)
_ Z |D \DO) )|B<3)| \D(3)\D(3)]| P(3) (B(3) IB(Z))
)
PE\D2 | B21—DE\D2 | () (rG) | g2
_Z [Dyp\ q) =Dy \D, 1 ]P)EI)(Bgl)lBgl))
e
= gPP\D (1 = gy B-IDED,

where the summations are taken over all 35,3) C [E3-R such that proj (Bf?)) = 35,2).
We end this subsection with another observation regarding the projected growth process
G(z).

Lemma 6. For each o® € QO the sets {B(2) (a)(3)) }n are pairwise disjoint.

Lemma 6 follows from the construction of {Bf)} in Definition 1, and we shall use it to
prove Lemma 7 in the following subsection.
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2.4. The induced configuration

Using the projected growth process, we construct a configuration on T as follows.

Definition 3. For each (a)(3), d)(z)) € Q3 x Q@ 1et G? be the projected growth process asso-
ciated with »®. The induced configuration is a configuration in Q® such that, for each

ee VT,
1 ifee D,
wPe):=10 ifee(Un, B;Z)) \ DY 3

®P(e) otherwise.

In Definition 3 the configuration ®® is introduced to determine the states of the edges of
T that are not explored by the projected process G®. For the induced configuration 0, we
have the following result.

Lemma 7. If (a)(3), 67)(2)) e Q® x Q@ s P, distributed, where P, :=PS]3) X PSIZ), then the
induced configuration »® is P(qz) distributed.

Lemma 7 is intuitively straightforward. For each e € |52, 35,2), by Lemma 6 there exists
a unique i € N such that e € Bgz). Thus, ®(e)=1 if and only if eeDEz), which implies
that w®(e) is Bernoulli distributed with parameter ¢ by Lemma 5. Meanwhile, for each
e, 35,2), we have w®(e) = @@ (e) also being Bernoulli distributed with parameter g.
Consequently, ®®(e) is Bernoulli distributed with parameter g, regardless of whether e is in
Usil B;z) or not. Notice that w®(e) depends on the @3- or @@ -values of distinct edges
in either E3 - R or ET for each e € ET, and {a)(3)(e)}eeE3,R and {d)(z)(e)}eeEqr are mutually
independent. Consequently, {w®(e)} «cg"T are independent.

Although it may seem intuitive, a comprehensive proof of Lemma 7 is somewhat long and
is provided in the Appendix.

Another property of the induced configuration »® is that C(w®) is a subset of the projected
vertex cluster.

Lemma 8. For each (a)(3), 5)(2)) € QO x QO let 0@ be the induced configuration and G
be the projected growth process associated with . Then C(w®) C U p@-

Proof. For each v € C(w®), by the definition of an open cluster there exists an open path
{wo =02, wi, wa, ..., w=v}of some length k that connects v to 09, ie. 0@ ({w;, Wit1}) =
1 foralie{0,1,...,k—1}. We prove that w; € UD@) forall ie {0, 1, ..., k} by applying
induction on i. -

For i =1 we have {wg, w1} € B(12). Since @@ ({wo, w1}) = 1, according to (3) we obtain
1 =@ {wy, w1}) = 1{{wo,w1}eD(£}' Consequently, wi € UD(;).

Assume that wg, wy, ..., w; € UD?Q' We need to show that w;y| € UD(;) as well. By the

induction hypothesis, w; € | D2 Thus, there exists j € N such that vj(.z) = w;. Consider the
o0

following two cases.
Case 1: If {wi, wiy1} e B, then 1

o {{wiwis11eDR}
wit1 € Upo-
Case 2: If {w;, wiy1} ¢B/(.2), then w;y; has been included in the vertex cluster c®

before step j of G®). More specifically, since B](.z) = proj(Bj@) =1 [{v](.z)}] \VI[U p® \{ vj(,z)}],
J=

=@ {w;, wit1}) = 1. Consequently,

https://doi.org/10.1017/jpr.2020.111 Published online by Cambridge University Press


https://doi.org/10.1017/jpr.2020.111

An upper bound for the bond percolation threshold of the cubic lattice 687

we have {wi,wi+1}:{v(.2),wi+1}¢B](-2) if and only if wiy1elJ Consequently,

D,
e
witt € Up@-
In summary, wiy| € UD(2>. Using induction, we conclude that v € UD<2>. Since v is an
oo o0

arbitrary vertex in C(w®), we have C(w®) C Q-

2.5. An upper bound for p.(L3)

Now we are ready to prove Theorem 1.
Proof. Since, under P, measure, the marginal distribution of @ is Pff),

PO (1C(0P)] = 00) =Py (IC(0)] = 00). 4)
By Lemma 2,
Py(IC(@™)] = 00) > Pq( U ™| = oo). (5)
n=1

From Definitions 1 and 2,

00
Pq< L c®®)| = oo) =P, (|Upoum| =)
n=1
=P, (|Upzm| =) ©)
Using Lemma 8,
Py (|Up@iem| =) = Po1C@®) = o0). (7)
Also, in Lemma 7 we proved that 0@ is ]P’gz) distributed. Thus,
Py (IC(0®)] = 00) = PP(|C(0?)] = 00) > 0 ®)

for all ¢ > pe(T). This proves that PS(|C(@®)| =00) >0 for all g> pc(T) by (4)~(8).
Consequently, pc(L?) = pe(L*-R) < pe(T).

3. Application to the BCC lattice

Given the embedding of B described in Section 1.3, performing the natural projection of B
results in a square lattice with edges of length V2. Denote this lattice by V212, with vertex set
V and edge set E.

The definitions of natural projection and associated column for L3-R and T can be gen-
eralized to lattices B and +/2IL? in a straightforward manner. Meanwhile, a labeling function
is defined for vertices in +/2I.? and extended to vertices in B. For simplicity, we shall abuse
notation by using the same notation as introduced in the previous section.

3.1. The BCC growth process and its projection

The growth process for B can be defined following a similar procedure to defining the
growth process for IL3-R. For simplicity we denote the growth process for B by G® as well,
and all the other notation carries over analogously. For each configuration »® of B, the growth
process associated with »®) is defined recursively as follows.
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Initialize Ag) =0, C83) = {0(3)}, and DE)3) =3, where 0 denotes the origin of B through-
out this section. Let [ be a labeling function on V and extend its domain to V2 in the same way
as before. Assume that the processes are defined up to step n. At step n + 1, if C£L3) \Ag) # 0,

3 . 3 3 3 3 3 3 3
then V;le := argmin {I(v):v € cP\ A§ )}, A;le =AYy {V;le }, and B;le 121[{V51J31 HA

I[col(C,(,B)\{vgl})], all of which are defined in the same manner as in Definition 1.
Meanwhile, the edge cluster is updated in a slightly different manner: a subset of open edges

is included in Dﬁl such that no two edges in Dg] share the same projection. That is,

Dgl =DP U {{x. vﬁl} erJ:1 | 0¥ ({x, vf,?il }) =1, there does not exist {x/, vﬂl} € Bg]

such that proj(x') = proj(x), w®({x/, vﬁl}) =1, and x3’ <x3}. Subsequently, the vertex

Following Definition 2, the projected growth process can be defined analogously for the
BCC lattice. Denote the process by G?; its associated notation is defined in terms of the
projection of the corresponding three-dimensional notation as in Definition 2. Notice that at
step n of G@, each edge ¢ in Bff) is added to Df,z) if and only if either of the two edges in
35,3) whose projections are e is open. (If both edges are open, the ‘lower’ edge is included
in the three-dimensional edge cluster, as specified in the definition of DS,B) above.) Thus, the
conditional probability, given e € BEP, of e being added to 1)5,2) is 2 — ¢*. This gives us the
following fact.

Fact 1. Let ]P’?) be the probability measure for the bond percolation model on B with
parameter g, and G be its projected growth process. The conditional joint distribution of
Dﬁlz) \D;z_)l given 3512) is

(2)\ 12 ) _1p@\ n
P(q3)(D£z2) \D;{)l |B§l2)) =(2q— q2)|Dn \D,,,1|(1 —2g+ q2)|Bn [=I1Dp\D,Z 4 |

3.2. The induced configuration »®

We construct an induced configuration @® on +/2IL? using the projected growth process
G?): for each edge e € UsZ, Bﬁlz), let w®(e)=1 if and only if e € D(o%); for each edge e ¢
U2, BY, let 0@(e) = 1 with probability 2¢ — ¢, independent of the »®)- and &®-values of
all the other edges in E.

The induced configuration »® inherits the two properties of the induced configuration
defined for the square lattice.

Fact 2. Each edge of E is w®-open with probability 2q — q2, independently of all the other
edges.

Fact 3. The open cluster C(w®) is a subset of the projected vertex cluster, i.e. C(w®) C

Upe-

3.3. An upper bound for p.(B)

Follow the reasoning in the proof of Theorem 1. When ¢ is chosen such that 2g — ¢* >
pe(Ll?) = %, the probability that |C(w®)| is infinite is strictly positive by Fact 2, which further
implies that | o | is infinite with strictly positive probability. Therefore, the probability that

|C(0™)] = o0 is strictly positive as well, making ¢ an upper bound for p.(B). Solving for the
infimum of ¢ satisfying 2g — ¢ > 3, we obtain Theorem 2.
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4. Further discussion

This article shows two simple applications of the growth process approach. In the projected
growth process defined for either of the two applications, edges of the two-dimensional lattice
are added to the cluster following independent Bernoulli measures (see (2)). Subsequently, the
induced configuration can be constructed in a straightforward manner. However, to describe
the expansion of the open cluster on some other three-dimensional lattices, a more compli-
cated three-dimensional growth process has to be defined. Thus, the probability measure of the
corresponding projected growth process is not characterizable by independent Bernoulli mea-
sures, and the induced configuration has to be constructed in a different way. In [52] there is an
extension of the growth process approach to stacked lattices by dealing with the complication
of defining the induced configuration by means of replication and coupling. This generalized
approach can be further applied to the BCC lattice, which provides an even smaller upper
bound for p.(B). Also, see [52] for another extension of the growth process approach, applied
to the third common crystal lattice structure, the face-centered cubic lattice. The growth process
definition is considerably more complicated, the projected process is compared to a multi-
parameter model, and graph-welding and network flow techniques must be used to determine
the upper bound.

Appendix A. Formal proof of Lemma 7

Proof. Foreach E C ET, |E| < 00, define C(E) :={w € QP | w(e) = 1 foralle € E} c Q?
to be its corresponding positive cylinder set. Notice that C(E1) N Cr(Ey) = CL(E1 NEL)
for all Ey, E; CET, i.e. the positive cylinder sets form a z-system. Notice also that F? =
O’({C+(E)|ECET, |E| < oo}). By the m—A theorem, in order to show that ®? is ]P’EIZ)
distributed, we only need to show that

Py(0® € C(E) =PP(C(E) = g'*! ©)

for each E C ET and |E| < co. We prove (9) by induction on |E].
For the base case where |E| = 1, let E = {e} be the set of edges of interest. Furthermore, let
1(e) be the (random) indicator that there exists n € N such that e € BEP. By (2) and (3),

Py (0P (e)=1|1(e)=1)

o0
= Z Py(0@()=1leeBP 1(e)=1) -Py(ec BY | 1(e) = 1)
n=1

‘Py(ee BY, BY =B |1(e)=1)

o
=q-y Py(e € BY, B =B |1(e)=1)
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Thus,
Py(0® € CL(E))
=Py(0@(e)=1]1(e) = 1) - Py(L(e) = 1) + Py (0@ (e) = 1 | 1(e) = 0) - Py(1(e) = 0)
=q-Pyl(e)=1)+Py(@P(e) = 1) - Py(1(e) = 0)
—q,

showing that (9) holds for the base case where |E| = 1.

Assume that (9) holds for any E with |E| = k. Consider the situation where the cylinder set
corresponds to k + 1 edges. For simplicity, we write the cylinder set as C+(E U {e}), where
E C ET contains exactly k edges, and e € ET \ E. By the induction hypothesis,

Py(0® € CLEU{e)) =Py (0 € CLEU(e)) | 0® € Co(E)) - Py(0® e C4(E))
=Py (0'? e CLEU{e}) | 0® € C(B)) - ¢'".

Using the law of total probability by conditioning on Bf) and Bff),
Py(0@(e)=1] 0@ e CL(E), 1(e) = 1)

o
= Z Z Py(0P(e)=1]0@ e C4(E), e BY, BY =B, 1(e)=1)
B

n=1

Py(eeBP,BY) =B|w® € CL(E), 1(e)=1),

where the last summation is over all B C E3-R such that e € proj(B) and B C I[{v}] for some
v € Z3-R. Notice that, givene € Bff) and Bf) = B, we have ¥ (¢) = 1 if and only if the unique
edge in B whose projection is e is open under configuration »®. This event occurs with
probability ¢ and is independent of {w® € C(E)}. Thus,

P (0@ =1]w? e CL(E), 1(e)=1)
o0
=q-Y_ Y PyleeB? BY =B|w? e CL(E), 1(e)=1)
n=1 B

—q.
Consequently,
Py(0® € CLEU(e}) | 0 € CL(E))
=Py (0P (e)=1]0% € CL(E), 1(e)=1) - Py(1(e) =1 | 0@ € C1(E))
+Py(0P(e)=1]0® € CL(E), 1(e)=0) - Py(1(e) =0 | 0¥ € CL(E))
=q-Py(l(e)=1]0? € CL(E)) + ¢ Py(1(e) = 0] ? € C1(E))
—q.

In summary, we have Py(0® € C(E U {e})) = ¢/F! - g = ¢/FI*!. Using induction, (9) holds for
any E C ET, |E| < 0o, and the proof is complete.
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