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Abstract  This paper establishes the mapping properties of pseudo-differential operators and the Fourier
integral operators on the weighted Morrey spaces with variable exponents and the weighted Triebel—
Lizorkin—Morrey spaces with variable exponents. We obtain these results by extending the extrapolation
theory to the weighted Morrey spaces with variable exponents. This extension also gives the mapping
properties of Calderén—Zygmund operators on the weighted Hardy—Morrey spaces with variable expo-
nents and the wavelet characterizations of the weighted Hardy—Morrey spaces with variable exponents.
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1. Introduction

The main theme of this paper is the mapping properties of pseudo-differential operators
and Fourier integral operators on the weighted Morrey spaces with variable exponents.

The Morrey spaces were introduced by Morrey in [43] to study the solutions of some
quasi-linear elliptic partial differential equations. The Morrey spaces are important gen-
eralizations of Lebesgue spaces. The studies of Morrey spaces had been extended to the
generalized Morrey spaces [44], the weighted Morrey spaces [21, 35, 48] and the Morrey
spaces with variable exponents [1, 18, 19, 25].

The weighted Morrey spaces with variable exponents were introduced and studied in
[20, 42]. Moreover, the mapping properties of singular integral operators and the Riesz
potentials were obtained in [19] and [42], respectively.

In this paper, we further extend the studies in [20, 42] to establish the mapping prop-
erties of pseudo-differential operators and Fourier integral operators on weighted Morrey
spaces with variable exponents. We obtain our main results by extending the well-known
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Eztrapolation to weighted Morrey spaces with variable exponents and applications 1003

extrapolation theory introduced by Rubio de Francia [51-52] to the weighted Morrey
spaces with variable exponents.

Our studies also cover the weighted Triebel-Lizorkin—Morrey spaces with variable
exponents and the weighted Hardy—Morrey spaces with variable exponents. They are
generalizations of the Triebel-Lizorkin—-Morrey spaces [57, 62] and the Hardy—Morrey
spaces [24, 32]. We establish the mapping properties of pseudo-differential operators and
Fourier integral operators on the weighted Triebel-Lizorkin—-Morrey spaces with variable
exponents. We also obtain the mapping properties of the Calderén—Zygmund opera-
tors on the weighted Morrey spaces with variable exponents and establish the wavelet
characterizations of the weighted Morrey spaces with variable exponents.

This paper is organized as follows. The definition of weighted Lebesgue spaces with
variable exponents and the boundedness of the maximal function on these spaces are
recalled in § 2. The main results for the weighted Morrey spaces with variable expo-
nents, the weighted Triebel-Lizorkin—-Morrey spaces with variable exponents and the
weighted Hardy—Morrey spaces with variable exponents are established in § 3, § 4 and §
5, respectively.

2. Definitions and preliminaries

Let M denote the class of Lebesgue measurable functions. Let S and 8’ be the class of
Schwartz functions and tempered distributions, respectively. For any x € R™ and r > 0,
write B(z,r) ={y: |y — 2| < r}. Define B = {B(z,r) : x € R",r > 0}.

Let p € (0,00) and w : R™ — (0, 00), the weighted Lebesgue space LP(w) consists of all
f € M satisfying

1
Il = ([ 1r@Petaran)” < .
For any Lebesgue measurable function p(-) : R” — (0, co], define

py = esssupyepnp(z) and p_ = essinfyernp(z)

and
RO = {z € R™ : p(x) = oo}
When p(+) : R™ — [1, 00|, define the conjugate function p'(-) by ﬁ + p%(_) =1
We recall the definitions of the Lebesgue spaces with variable exponents and the
weighted Lebesgue spaces with variable exponents from [11, Definitions 3.1.2, 3.2.1 and
(5.8.1)].

Definition 2.1. Let p(-) : R™ — (0,00] and w: R™ — (0,00) be Lebesgue measurable
functions. The Lebesgue space with variable exponent consists of all Lebesgue measurable
functions f satisfying

Ilfllzec) = inf {)\ >0: /

p(x)

f(z)

A

FXgre)
A

d:v—i—‘

§1}<oo.
L(x)
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The weighted Lebesgue space with variable exponent consists of all Lebesgue measurable
functions f satisfying

11l per = lfwll Loy < oo

In particular, when p(-) = p, p € (0,00), is a constant function, we have LP = LP(w?).
Notice that for any unbounded Lebesgue measurable set E with |E| < oo, [, w(z)Pdz is
not necessarily bounded. Therefore, LP is not a Banach function space with respect to
the Lebesgue measure. For the definition of Banach function space, the reader is referred
to [2, Chapter 1, Definitions 1.1 and 1.3] and [11, Definition 2.7.7].

Theorem 2.1. Let p(-) : R™ — [1,00] be a Lebesgue measurable function. Then, LPC) is
a Banach function space and

1l = sup{] [ s@ateris] g € 20, gl < 1}.

That is, the associate space of LPC) is e,

The reader is referred to [11, Theorem 3.2.13] for the proof of the above result. Notice

that L") is not necessarily a Banach function space, see [11, p.192-193].
In view of the above theorem, we have the following Holder inequality for the weighted
Lebesgue spaces with variable exponents

/ | (@)g(e)|dz = / Fw@)g(@)o@) e < 2l yolal . (21)
Additionally, Theorem 2.1 gives
1Flr = 170 e

f@)w(@)  g(@)w(@)ds

Rn

f(x)g(x)dx
R

SCsup{

tgw € PV |gwl| poey < 1}

< CSUP{ tg€ LB, gl a0 < 1}

for some C' > 0. That is, the associate space of Lﬁ(') with respect to the Lebesgue measure

dx is LZ /,('1) .

We recall the class of weight functions associated with L2 from [8, Definition 1.4].

Definition 2.2. Let p(-) : R” — [1,00) and w: R™ — (0,00) be Lebesgue measurable
functions. We write w € A, if there exists a constant C' > 0 such that for any B € B,

IxBwll Lo IXBw ™ | Loy < C|B.

We also recall the definition of the Muckenhoupt weight functions 4, because they are
important ingredient in the extrapolation theory. A positive locally integrable function
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w belongs to A, if it satisfies

P

(o) (i o )

where p’ = p%l. A locally integrable function w : R™ — [0, 00) is said to be an A; weight
if there is a constant C' > 0 such that for any B € B,

1
] /Bw(y)dy <Cuw(x), a.e.x€ B.

The infimum of all such C' is denoted by [w]4,. We define Ay = Up>1.A4,.

When p(-) =p, p € [1,00), we have w € A, < WP € Ap.

The following is an important class of exponent functions used in the function spaces
with variable exponents.

Definition 2.3. A continuous function g on R” is locally log-Holder continuous if there
exists cjog > 0 such that

l9(z) — gly)| < ——12

1
<—— Va,yeR" |z —y| < <. 2.2
“Toalz — 9)) vl 22)

We denote the class of locally log-Holder continuous function by C}SE(R”).
Furthermore, a continuous function g is globally log-H6lder continuous if g € Cloe (R™)

loc
and there exist goo € R and co, > 0 so that

C

_ ‘> vreR™ 2.3
ogle o)’ " (23)

|9(z) = goo| <

The class of globally log-Hélder continuous function is denoted by C'°8(R™).

According to [8, Theorem 1.5], we have the following boundedness result of the Hardy—
Littlewood maximal operator on the weighted Lebesgue spaces with variable exponents.

Theorem 2.2. Let p(-) € C'°5(R™) with 1 < p_ < p, < oo. Ifw € Ay, then the Hardy-
Littlewood mazimal operator M is bounded on Lf,('). Moreover, the Hardy—Littlewood
mazimal operator M is also bounded on LZ/,('R.

The results given in [8, Theorem 1.5] are presented for the weighted Lebesgue space with
variable exponent P Tt is easy to see that w € A,y & wle Ay (- Moreover, for any
p(-) € C°8(R™) with 1 < p_ < p; < oo, we have p/(-) € C'°8(R") with 1 < p/_ < p/, < 0.
Consequently, [8, Theorem 1.5] also yields the boundedness for the Hardy-Littlewood

()

maximal operator on Li 2.

3. Weighted Morrey spaces with variable exponents

The main results for the weighted Morrey spaces with variable exponents are obtained
in this section. We establish the extrapolation theory for the weighted Morrey spaces
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with variable exponents. This extrapolation theory yields the boundedness of pseudo-
differential operators and Fourier integral operators on the weighted Morrey spaces with
variable exponents.

We start with the definitions of weighted Morrey spaces with variable exponents.

Definition 3.1. Let p(-) € C°8(R") with 0 < p_ < py < 00, w : R — (0,00) and u(-) :
(0,00) — (0,00) be Lebesgue measurable functions. The weighted Morrey space with

variable exponent M;*(A) ., consists of all f € M satisfying

I1f | a

= sup ——— xSl 0 <o (3.1)
POW T cRn 0 U(||XB(y,7~)||L5<->)H (yr) HLi

To simplify the presentation, for the rest of this paper, we write u(y,r)=
u(HXB(y,T)”Lg('))’ Yy e R™, r > 0.

When p(-)=p, 1<p<oo, is a constant function, wu(y,r)= |B(y,r)|%7%,
1<g¢g<p<ooandw=1, M;j(, w becomes the classical Morrey space M.

When w = 1, the weighted Morrey space with variable exponent becomes the Morrey
spaces with variable exponents [1, 18, 19, 25]. When p(-) = p, p € (0, c0), Mp(.)_’w reduces
to the weighted Morrey spaces M/, [21, 35, 48].

For the mapping properties of the singular integral operators and the Riesz potentials
on the weighted Morrey spaces with variable exponents, the reader is referred to [20, 42].

We now introduce the weighted block spaces with variable exponents. We need to
use the boundedness of the Hardy—Littlewood maximal operator on the weighted block
spaces with variable exponents to establish the extrapolation theory on the weighted
Morrey spaces with variable exponents.

Definition 3.2. Let p(-) € C°¢(R") with 1 <p_ <py <oo, w€ Ay, and u():
(0,00) — (0,00) be a Lebesgue measurable function. For any Lebesgue measurable
function b, we write b € b;(,) . if suppb C B(xg,7) for some xo € R™ and r > 0 and

bl oy < ———.
[1Bll pc) < (@0 )
The block space %Z(.)M is defined as
Bo()w = {Z)\kbk : Z |Ak| < oo and by € b;j(_)’u}. (3.2)
k=1 k=1

The block space ‘,Bg(.) is endowed with the norm

W

£l = int { > [Aklsuch that f =Y " Apby ae} (3.3)

k=1 k=1

We now present some supporting results for M;(_) and ‘B;,(_) w—1- The reader is

W

referred to [38] for the corresponding results on the Morrey type spaces. We have the

Holder inequalities for Mp(_)’w and %z,(.),w,l.
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Lemma 3.1. Let p(-) € C'°8(R") with 1 < p_ < p; < o0, w € Ap(y and u(-) : (0,00) —
(0,00) be a Lebesgue measurable function. We have a constant C > 0 such that

1gl]os

p(+),w p'(),w

| 1f@g(@lds < €17l

Proof. Let f € Mj,  andgec B, )w*l’ For any € > 0, we have g = Y 7 | Apby with
supp by C B(zk,7k) = B, [|bell o) < 7

———— and
fﬁk %)

Z Akl < (14 €)llgllss

k=1

P’ ()w

The Holder inequality gives

[ 1r@hta)ide < Cllfxa ol

C

= m”fka||L£(')u(mk>?rk)||bk7”LP o SOl -

Consequently, we have

R |dx<§j/ |dx<0||f||Mu()wZ|Ak|

<O\ fllare

p(-),w

Il O

The following proposition gives criteria for the membership f € M p( Yo

Proposition 3.2. Let p(-) € C'8(R") with 1 <p_ <py < oo, we Ayy and u(-):
(0,00) — (0,00) be a Lebesgue measurable function. If f € M satisfies

sup / |f(z)b(z)|dx < oo,

b b'll
€ e

then f € M;(%w

Proof. For any g € Lplf'l) with lg|| V) <1 and B = B(xo,r), v90 € R" and r >0,

define by p = u(xo 7 IXB- We find that bg B E€by ()
Since the associate space of L¥ fl) with respect to the Lebesgue measure is Lﬂ('), we

have

sup [ f(@byn(o)ldo =

gELPI(l
w

ol () gl pU
—1

sup / F@g(xn(@)ld

u(zo, ) ger?’)

1
WHXB(JUO,T)JC”LP()
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By taking the supremum over B(zg,r) € B, we obtain

fllpe = sup XB(zo.r) [l p() < sup / f(z)b(x)|dx < 0.
H || p()w B(zo,r)EB ’LL($077“)|| Blzon) HLf, beEbx/ 'n.‘ ( ) ( )‘

Therefore, f € M™ O

p( . ) W'
Next, we have the norm conjugate formula for the weighted Morrey spaces with variable

exponents.

Proposition 3.3. Let p(-) € C°8(R™) with 1 <p_ <p, <o, wE€ Apy and u(-) :
(0,00) — (0,00) be a Lebesgue measurable function. There exist constants Cy, Cy > 0 such

that for any f € My o

Collflagy,. <, sw [ 1@h@lds < Crlflagy - (3.4

p/()wl

Proof. In view of the definition of M;f(.) .+ we have a B(xg,r) € B such that

1
I fllaze ., < QU(%J) 1 X B(wo,m |l r- (3.5)
As the associate space of Lﬁ(') with respect to the Lebesgue measure is Lf} /E'l), we have a
g€ Lg&) with |[g[| ) <1 such that
w—1
I xseonlizo <2 [ @@ (3.6)
Zo,T

Define b(z) = mXB(IOJ)(x)g(x). We have suppb C B(xg,r) and ||b||Lp/£.1) < m
Therefore, b € by, .. Consequently, (3.5) and (3.6) yield

Collflngg,,. < [ Wa@p@laz < sw [ 1@y @

e TEb (w1

for some Cy, Cy > 0. The above inequality gives the first inequality in (3.4). The second

inequality in (3.4) follows from Lemma 3.1 and the fact that ||b||<,3u,() _, <1 for any
p/(),w

b€ by w- =

We now introduce a class of weight function for the study of the boundedness of
the Hardy-Littlewood maximal operator on the weighted block spaces with variable
exponents.

Definition 3.3. Let p(-) € C'°8(R") with 1 < p_ < p; < 0o and w € A,(.y. We say that
a Lebesgue measurable function, u(-) : (0,00) — (0,00), belongs to u € W,y , if there

https://doi.org/10.1017/50013091521000742 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091521000742

Exztrapolation to weighted Morrey spaces with variable exponents and applications 1009

exists a constant C' > 0 such that for any z € R™ and r > 0, u fulfils

C<wu(r), r>1, (3.7

r < Cu(r), r<l1, (3.8)
2 Ixs@mn o

Z T —u(lXB (@241 | 1r)) < CulllXBmll Lpo))- (3.9)

XB(z,2i+1r) ||ij,(')

The reader may consult [47, Proposition 2.7] and [46, Definition 1.1] for some sim-
ilar classes of weight functions used to study the generalized Morrey spaces and the
generalized weighted Morrey spaces, respectively.

When p(-) =p, p € (1,00) is a constant function, we write Wy , = W, ..

For instance, when €€ (0,1), wup(r)=r? fulfils (3.7) and (3.8). Notice that
Definition 2.2 assures that for any B € B, |[x5/»() = [[XBwl|Ls) < 0c. Therefore, the

inequality in (3.9) is well defined.
Furthermore, (3.7) assures that

1< IxB@mllp0 = C<u(z,r), zeR" r>0. (3.10)
Similarly, (3.8) guarantees that
IXB@n 20 1= lIXB@mllpo <ulz,r), zeR™ r>0. (3.11)

Let w € Ao, p(-) = p, p € (1,00) and w = w'/P. Recall that for any w € A, there exist
constants g, C' > 0 such that for any B € B and measurable subset A of B, we have

w(A) AN
w(B SC(|B|> ’ (8.12)

see [17, Theorem 9.3.3 (d)]. We find that (3.12) gives

= IxB@mle  ue(z, 2”1 - IXB(m L =
Z oy (e
[ 2

XB(z 21+1r)||Lp ||XB($ 2i+17) ||LF

o0
<CZQ G+Dneo < o,

Jj=

Thus, ug € Wy, .

The condition (3.9) is used to obtain the boundedness of the Hardy-Littlewood
maximal operator on %" ()
Proposition 3.4. Let p(-) € C'8(R") with 1 <p_ <py < oo, we Ayy and u(-):
(0,00) — (0,00) be a Lebesgue measurable function. If u satisfies (3.7) and (3.8), then
for any B € B, xp € M;‘()
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Proof. Let B € B, z € R" and r > 0. Whenever |[xp(,» |l ») > 1, (3.10) gives

Ly o € ——lxsll0 < Clixsl (3.13)
u(z, 7) XBXB(z,r)llppt) = w(@, ) XBllppe)r = UIIXBI p6) .

for some C' > 0. When [|x (s, »() <1, (3.11) assures that

.l Iz < =l 200 <C (3.14)
u(z,r) XBXB(enllozt = u(z,r) XB(@n)llpze =& :
Consequently, (3.13) and (3.14) yield

x5l A IxBX B2 | per < C+ Cllxsllpo-

p(+),w

sup
B(z,r)eB W (Jf T)

Therefore, xp € MY ()" (]

The preceding theorem shows that for any w satisfies (3.7) and (3.8), M ) , is non-
trivial. Furthermore, Definition 3.2 and Lemma 3.1 guarantee that for any f € MY ()0 and
B e B, we have [, |f(x)|dz < C||f||Mu ..~ Therefore, this inequality and Proposition 3.4
assure that M;j(_)’w is a ball Banach functlon space. For the definition of ball Banach
function space, see [59, Definition 2.2].

We are now ready to show that the Hardy-Littlewood maximal operator is bounded
on B ()01

Theorem 3.5. Let p(-) € C'°8(R") with1 < p_ < py < 00, w € Ay and u(-) : (0,00) —
(0,00) be a Lebesgue measurable function. If u € W, then the Hardy-Littlewood
maximal operator M is bounded on %g'(-),w—l

Proof. Let b € bz/(-)w*l with suppb C B(xg, ), xg € R™, r > 0. For any k£ € NU {0},
write By = B(xo,2"r), dy = x, M(b) and di, = xp,,,\5, M(b), k € N. Thus, suppdj, C
Bk+1\Bk and M(b) = 220:0 dk

Theorem 2.2 assures that

1
u(xo, )

for some C > 0. Thus, dy = Ceg for some C' > 0 with eg € bz,(_) ol
Next, (2.1) gives

ldoll ) < M) o) < ClBI ey < €

1 /
P |b(x)|dx
2k r B(xo,r)

1
< CXBHl\BkwﬂbHLp'gf ||XBo||L5<->~

dk - XBk+1\Bk M(b) S XBk:+1\Bk
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Consequently, as w € Ay, Definition 2.2 guarantees that

1
||dk||Lp'£-1> < C||XBk+1\Bk||Lp/£'1)W||bI|LPL<'1)||XBO||L1‘:)(')

1
< C||XBk+1 HLf,/fi) W”bHLZ,ff ||XBo||L5<»)
IXBoll Lro) (o, 26+1r) 1

< C
= HXBk+1||L5('> U(Cll‘o,?“) U($0,2k+17“)

for some Cy > 0.
Define ¢, = %dk where
IXBoll o) u(ao, 26+ 1r)

e = Co (
||XBk:+1||L€)(') u xOvr)

(3.15)

We see that ej, € bp ()t with suppdy C Bgi1. Since (3.9) asserts that

IxBoll Lp» ok+1
zwk coz R
HXBk:+1||LE](-) u(‘TOvT)

Therefore,

Z%ek € Byt with [MO)llsy, , <C (3.16)
k=1

for some C' > 0 independent of b.
For any g € B, , _1,Wehavegfz 1A;b; with b; € by, ) andzj 1A <
2||g||s3u,() . Let {e;x} and {v; %} be deﬁned by (3.15) and (3 16) with b replaced by

bj. We have M( i) = > peq Vj.k€jk- The sub-linearity of M yields

ZIA M) = 30 Wy hacin

j=1 k=1
Since
S5 Wl < CZlA = Clgllsy, -
j=1 k=1
we find that B = Y220, 577 [\ \%keake%p()w -
Write
o_ [ Mo)/B. B#0,
0, B =0.
Obviously,

9= Nilingix

j=1k=1
where g, = Ge;jp. Since |G| <1, g, € by (w1 with supp g, C suppejr. Thus,

Mg, < 30520 22k Ak < Clgllse O

P/ () P/ ().w
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A similar result of Theorem 3.5 is obtained in [58]. We use the preceding theorem
to establish the extrapolation theory for M, . Let po € (0,00), p(-) € C'°8(R™) with
1 <p_ <py <oo,we Ay and u(-) : (0,00) — (0,00) be a Lebesgue measurable func-
tion. The operator R is defined by

> MF*(h
T p— (h) , hell,
=5 28| M [ g uro g uPo

(p(-)/pg)’,w™PO (p()/po) 0™ PO

where M is the k iterations of the operator M. Notice that the operator R is depending
on pg, p(+),w and u.

Proposition 3.6. Let py € (0,00), p(-) € C'8(R™) with po < p— < p4 < 00, w € Ay,
and u(-) : (0,00) — (0,00) be a Lebesgue measurable function. If wP° € Ay /p, and uP° €

w—ro 0nd satisfies

Wy /poswro s then R is well defined on %( )/po),

Ih(@)| < Rh(z), (3.17)

RA|| gy < 2||h|| g ur . he Bo0)/po) w0 3.18

| ”%@f)/m)’,wﬂ’o | ”%@(0)/:00)' - (p()/po)" w0 (3.18)

Rh) 4, < 2|| M [|pgur ur , hes’ - 3.19
(Rhla, Ml B /50) 0?0~ Bl /00 0P (p()/po)" w0 (3.19)

Proof. According to Theorem 3.5, the Hardnyittlewood maximal operator is
bounded on B%"7 Therefore, R is well defined on B*"”

(p(-)/po)sw—Po" (p(-)/po)’wPo"
In view of the definition of R, (3.17) and (3.18) are valid. Since M is a sublinear

operator, for any h € %“po (-)/po)’ v W€ get

i MkJrl(h)

ok || M* [| g uro wPO
gBu
= (#(:)/P0) s ™PO " (p(-)/pg) PO
< 2[| M || guro L gguP0 Rh.
(1(-)/p0) PO (p(-)/p0) PO
Consequently, Rh € A; and (3.19) is valid. O

We now establish the extrapolation theory for the weighted Morrey spaces with variable
exponents.

Theorem 3.7. Let py € (0,00), p(-) € C°8(R™) with py < p— < py < 00, WP € Ap()/po
and uP° € W,y /p0 wro - Suppose that F be a family of pairs of non-negative Lebesgue
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measurable functions such that for every

uP0

v E AR D€ b /gy o}

we have
f@)Pov(z)de <C | g(x)Pv(z)dr < oo, (f,9) €F (3.20)
Rn R
where C' is independent of f and g. For any (f,g) € F with g € M;j( Yo WE have
1Flagz, < Cligllars - (3:21)

Proof. Let f € M with (f,g) € F for some g € My, - For any h e b(p(
(3.20) with v = Rh and (3.17) assure that

)/po) ,wTPO?

[ f@P ki < [ | RA@)d
R R™
< [ lo@P"Rh(z)da

< Clllglllaguro, ~, IRRllguro
(

»(-)/Po (p(-)/pg)! ,w™PO

Thus, (3.18) gives

/ylf(w)l”(’lh(ﬂf)ldafé Cliglhzs, | Pllguro

(p(-)/po)’ 0w~ PO

for some C > 0.
Furthermore, we have

sup{ [ @PIn@)de, b e 60 }
< Pou .
< Clgliy,

Proposition 3.3 guarantees that f € Mz?(-) ., and

T [V
—sup{ [ 1F@ @ b e B |
< Cllglly; MY,
for some C > 0. (]

The above theorem is a refined version of the general extrapolation theory [51-52]
by using the idea from [28]. The general extrapolation theory requires the validity of
(3.20) for all we€ A; while Theorem 3.7 only requires the validity of (3.20) for
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we{Rh:he b?;(o_ )/po)! w—-ro - This relaxation gives us extra flexibility to obtain the
boundedness of operators without using the density argument.
Theorem 3.7 yields the boundedness of pseudo-differential operators and Fourier

integral operators on M;}‘(A)

’w.

Definition 3.4. Let m € R. A smooth function a(z,§) € C*°(R"™ x R"™) is a symbol of
order m if for any multi-indices «, (3, we have a constant C' > 0 such that

0207 alz,€)| < C(L+ g™,

Let a be a symbol of order m. The pseudo-differential operator with symbol a is defined
as

11w = [ a@of©e i, fes

where f is the Fourier transform of f.
In view of [41, Theorem 2.12], we have the following weighted norm inequality for the
pseudo-differential operators of order 0.

Theorem 3.8. Let p € (1,00), we A, and a be a symbol of order 0. The pseudo-
differential operator T, is bounded on LP(w).

We are now ready to present the boundedness of pseudo-differential operators on the
weighted Morrey spaces with variable exponents. Notice that in view of [60], T, is bounded
on &'. Thus, T, is well defined on M;f(.) o
Theorem 3.9. Letpy € (0,00), a € C®°(R™ x R™) be a symbol of order 0, p(-) € C°2(R™)
with po < p— <py < oo. If wP* € Ay /p, and uP® € Wy /pg weo, then T, is bounded on
Mu

p()w”
Proof. For any f € Mj,  and he bT(L;(O.)/pO)I,wwo Lemma 3.1 and (3.18) guarantee
that
[ f@P R < 170 e Rl
n r()/po,w (p(-)/pg)’ @~ PO
< ClAISe [IPllguro < oo
p()w (»(-)/p0)’ w0~ P0
That is,
MY, = N LP°(Rh). (3.22)
bup()

(p(-)/pg)’ 0™ PO
Define Fo = {(|Taf[,|f]) : f € My} For any

p(-)/po)’ ,w=Po

ve{Rh:hebE“ﬂ0 },

(3.22) ensures that M, , < LP°(v). Theorem 3.8 guarantees that (3.20) is valid for Fp.

Theorem 3.7 asserts that HTaf||M:(_) U< C’||f||M;L(_) L Ve My, ,, for some C'>0. [
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Corollary 3.10. Letp € (1,00), w? € A, u e W, ,, and a € C°(R"™ x R™) be a symbol
of order 0. The pseudo-differential operator T, is bounded on the weighted Morrey space
Proof. In view of the left openness property of Muckenhoupt weight functions [17,
Corollary 9.2.6], we have a pg € (1,p) such that w? € A, .. Whenever p(-) = p, p € (1,00)
is a constant function, we have wP* € A if and only if w? € A,,/,,. Thus, we have
WP € Ap()/po-
Since u € Wy, ,, (3.9) gives

P(-)/Po

o0

Z y IXB@.nllLy (@, 217) < Culx, ).

XB(z,2i+1r) HLP

As pg > 1, we find that

S HXB(Z’T)”LZ,’(’)O 27+1 o0 ”XB(f T’)”Lp 9i+1,yP0
2 Tawamm] = 2 gl 52T
=0 B(x,27+1r) Lz/plao B(z,29t1r) |l pp

Po

o0
Z —”XB(LT)HL& u(x, 2j+1r) < Cu(x,r)Po.
||XB(3:,21'+17“)||L£

Therefore, uP* € W, /., w»o. Theorem 3.9 yields the boundedness of T, on the weighted
Morrey space My/,. O

One of the essential components in the proof of [41, Theorem 2.12] is the density of
S in LP(w). As S is not necessary dense in M* | . the argument in [41, Theorem 2.12]
cannot directly apply to obtain the boundedness of T, on M* () . We can overcome this
obstacle because we have the embedding (3.22) and Theorem 3.7 requires the validity of
3.20 forallw € {Rh:heby! . .} only.

There are a number of extensions on the study of the boundedness of pseudo-differential
operators on weighted Lebesgue spaces [40, 49, 53, 54, 68]. By using Theorem 3.7, we
can extend the results in [40, 49, 53, 68] to the weighted Morrey spaces with variable
exponents. For brevity, we omit the details and leave them to the readers.

We turn to the study of Fourier integral operators. We recall some definitions and
notions from [12].

Definition 3.5. Let m € Rand 0 < p < 1. A Lebesgue measurable function a(z, ) which
is smooth in the frequency variable ¢ and bounded in the spatial variable x, is said to
belong to L>S7" if for all multi-indices a, a satisfies

—m +p\ |

sup (1+[¢])

o co(Rn) < OO.
s 0¢a a(-, &)l Lo mn)

Comparing to the classical symbol class S’;’fé for the pseudo-differential operators [60,
Chapter VII, Section 1.1 (3)], Definition 3.5 gives a class of symbols where smoothness
of the x variable is not required.
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Let ¢(x, £) be a smooth function and homogeneous of degree 1 in the frequency variable
and the amplitude a(z,§) € L>S]" where m € R and 0 < p < 1. The Fourier integral
operator associated with a and ¢ is defined as

T, o f(x) = (2m) " / @ a(z, €) f(£)de.

n

We now state some conditions for the study of Fourier integral operators.

Definition 3.6. Let k € NU{0}. A real-valued function ¢(x,&) belongs to the class
L ®k if it is homogeneous of degree 1 and smooth on R™\{0} in the frequency variable
¢, bounded measurable in the spatial variable z and for all multi-indices || > k, it satisfies

sup &7 |02 (-, &)l < o0
£ER™\{0}
Definition 3.7. A real-valued function ¢ satisfies the rough non-degeneracy condition
if it is C* on R™\{0} in the frequency variable ¢, bounded measurable in the spatial
variable x and there exists a constant ¢ > 0 such that for all z,y € R™ and £ € R"\{0},
it satisfies
|0co(,€) — Ocp(y, §)| = clw —yl.

We have the following boundedness result for T, , on weighted Lebesgue spaces [12,
Theorem 3.11].

Theorem 3.11. Let 1 <p < oo, p€[0,1] and a € L2 S~ (" 3)p+n(=1)  Suppose that a
and @ satisfy either

(1) a is compactly supported in the spatial variable x and the phase function ¢ €
C>®(R™ x R™"\{0}) is positively homogeneous of degree 1 in the frequency variable
& and satisfies det@ifga(x,f) #0 and ranké)gggo(x,f) =n-—1or

(2) o(z,&) — (x,&) € L®®, ¢ satisfies the rough non-degeneracy condition and
|detn_18§§<p(§,§)| >c¢>0.

Then for any w € A, the Fourier integral operator T, . is bounded on LP(w).

We now present the boundedness of the Fourier integral operator 75, , on M;;‘(_) o
Theorem 3.12. Let p € [0,1] and a € Lo §—(*3)p+n(p=1) | Suppose that a and © satisfy
either (1) or (2) in Theorem 3.11.

Let po € (1,00), p(-) € C'8(R") with py < p— < py < 00. If wP? € Ay p, and uPo €

Wo () /poswros then Ty, is bounded on M;j(_)’w.

By using Theorem 3.11 instead of Theorem 3.8, the proof of the preceding theorem
follows from the proof of Theorem 3.9. Thus, for brevity, we omit the details.

Corollary 3.13. Let p € [0,1] and a € L0 8= (53 ptnle=1) | Supnose that a and ¢ satisfy
either (1) or (2) in Theorem 3.11. Let p € (1,00) and w? € A, w e W, . The Fourier
integral operator T, , is bounded on the weighted Morrey space My ,.
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4. Weighted Triebel-Lizorkin—Morrey spaces with variable exponents

In this section, we extend the study in the previous section to the weighted Triebel-
Lizorkin-Morrey spaces with variable exponents. For any f € S', let us denote the Fourier
transform of f by f.

Definition 4.1. Let a € R, 1 < ¢ < oo, p(-) € C°8(R") with 0 < p_ <py < o0, w:
R™ — (0,00) and u(-) : (0,00) — (0, 00) be Lebesgue measurable functions. The weighted
Triebel-Lizorkin-Morrey space with variable exponent F O‘(‘;w consists of those f € &’
satisfying

o0
Flegse = | (S@ersenr] | <o (1)
j=0 My w

where ¢g € S satisfies
supp @o C {z € R™ : |z| <2} and |@o(€)| > C, |z| < 3/2 (4.2)
and @;(z) = 2/"¢(27x), j > 1 where ¢ € S satisfying

suppp C {x e R": 1/2 < |z] < 2} (4.3)

(&) = C, 3/5 <[z <5/3 (4.4)
for some C' > 0.

The above definition is a special case of the Triebel-Lizorkin type spaces defined in
[37]. In particular, when w = 1, the weighted Triebel-Lizorkin-Morrey space with variable
exponent becomes the inhomogeneous version of the Triebel-Lizorkin—Morrey space with
variable exponent [23, Definition 6.6] with ¢(-) being a constant function. When w =1

and p(-) is a constant function, then F (")1’ reduces to the inhomogeneous version of the

Triebel-Lizorkin—Morrey spaces studied in [61, 62]. Moreover, when w =1 and u =1,
F:‘(gﬁ is the inhomogeneous version of the variable Triebel-Lizorkin spaces introduced
in [67, Definition 2].

Let p,q € (0,0), « €R and w:R"™ — (0,00), the weighted Triebel-Lizorkin space
F4(w) consists if all f € S’ satisfying

< 00
Lr(w)

1 llmsage) = H (@0 f 5 )0
)

where o and ¢ satisfy (4.2) and (4.3), see [5, 6] and [13, p.124]. We see that whenever
p(-) =p, p € (0,00) is a constant function, FO‘(()I = F(wP).

We first show that the definition of the weighted Triebel-Lizorkin—-Morrey space with
variable exponent is independent of the choice of functions ¢y, ¢ satisfying (4.2)—(4.4).

Theorem 4.1. Leta € R, 1 < ¢ < 00, py € (0,00), p(-) € C'°8(R™) withpy < p— < py <
0o. If wPo € Apy/p, and uP® € Wy 0 wro. Let @o,100 € S satisfy (4.2) and ¢, € S
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satisfy (4.3) and (4.4). There exist constants Cy,Cy > 0 such that for any f € S, we

have
oo a oo %
Col| [ S @1+ 0y H sH S @ 5 )0
=0 MY j=0 MJy
1
<o [ @ H (45)
j=0 MZy e

Proof. In view of [13, Remark 2.6 and Proposition 10.14], for any w € A;, we have

aol| [ S @1+ oy <H S @ 5 )0
Jj=0 Lr(w) =0 LP(w)
<o [ S @ (4.6)
=0 Lr(w)

Notice that the results given in [13, Remark 2.6 and Proposition 10.14] are for the homo-
geneous Triebel-Lizorkin spaces, as stated at [13, Section 12], the results also apply to
the inhomogeneous Triebel-Lizorkin spaces.

We denote the weighted Triebel-Lizorkin-Morrey space with variable exponent gener-

ated by (o, ) and (vo,1) by F 07 () and F5 (1)), respectively.

The embedding (3.22) guarantees that for any f € F;(’_‘)Z’Z(z/})

oo a

ST@f )| € N LP*(Rh).
j=0 hepuPo _
(p(-)/pg) ,w PO

1

f:{( QI B DO ):feF&’.?:Z(w)}

J=0 Jj=0

The first inequality in (4.6) shows that (3.20) is valid for F. Theorem 3.7 yields a constant

Cy > 0 such that for any f € F;‘(’g’z ()

oo

D (@ oy

J=0 HM;(‘)WU

Co

< H S (@00 x gy ) H
j=0 MZy o

We establish the first inequality in (4.9). The second inequality in (4.9) follows similarly.
(|
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We study the boundedness of pseudo-differential operators on Fo‘( ()IZ Let L be a non-
negative integer, r € (0,00)\N and 6 € [0, 1]. Suppose that a satisfies

1

|353§‘a(x,§)| < Wv la] < L, (4.7)
O0ga(e +0.6) ~ 020ale O < Tl < L= B G

where [r] is the integral part of r.
According to [54, Theorem 1 and Remaek 3], we have the boundedness result for the
pseudo-differential operators on the weighted Triebel-Lizorkin spaces.

Theorem 4.2. Let g € (1,2] and a satisfies (4.7) and (4.8) with L = [n/q)+ 1. If a €
(0 =1)r7r), g <p<ocoandw € Ayq, then T, is bounded on F(w).

We now extend the boundedness of T, to F;( ()IZ

Theorem 4.3. Let g€ (1,2], a € ((6 —1)r,r) and a satisfies (4.7) and (4.8) with
=[n/ql + 1, po € [g,00), p(-) € C'°8(R™) with py < p— < py < 00. IfwP* € Ap()/p, and
uP® € Wy /pg.wro, then T, is bounded on F;‘(‘)ZZ
Proof. In view of Theorem 4.2, for any w € A; C A, /,, the pseudo-differential oper-
ator T, is bounded on Fj»Y(w). In view of (3.19) and the embedding (3.22) guarantees
that
Fres < N FU(Rh), (4.9)

bup()
(p()/po)’ ,w PO

we are allowed to apply Theorem 3.7 with

1
q

7 {< PRCRLTATTE BN DI FATTE ) rems)
j=0 =0
and obtain the boundedness of T, on F<% 0

p(-),w’

As a special case of Theorem 4.3, we have the boundedness of the pseudo-differential
operator T, on the weighted Triebel-Lizorkin—-Morrey spaces.

Corollary 4.4. Let q € (1,2] and a satisfies (4.7) and (4.8) with L =[n/q) +1. If a €
((0=1)rr), g<p<oo,wPeA,, anduec Wy, then T, is bounded on Fg3".

Proof. As w? € A,/,, the left openness property of the Muckenhoupt weighted func-
tions yields a pg € (g, 00) such that w? € A, /. Therefore, w?® € A, p, where p(-) = p.
The proof of the membership u?° € W, . ,»o is the same as the proof in Corollary 3.10.
Thus, Theorem 4.3 yields the boundedness of Tj,. O
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There are some other results on the boundedness of pseudo-differential operators on
the weighted Triebel-Lizorkin spaces such as [4, Section 3.4 (c¢)]. We can use the method
in Theorem 4.2 to extend the result in [4, Section 3.4 (c)] to My, - For brevity, we leave
the details to the readers.

At the end of this section, we consider the boundedness of Fourier integral operators
on FOo,

p(+),w

Theorem 4.5. Let a€R, 1<g<oo, pe(l,00), we A, al§) is a symbol of

order =™ and ¢ € C>°(R"\{0}) is a positive homogeneous function of degree 1. If

|detn_18§£<p(§)| > ¢ >0 and for any |a| > 1, there is a constant C' > 0 such that

08p(&) < Clgllol, ¢ e R™\{0}, (4.10)

then the Fourier integral operator

Tf(e) = g [ e HOTa(e) f €t

is bounded on F*4(w).

The reader is referred to [12, Theorem 4.1.4] for the proof of the above theorem. In
view of the embedding (4.9) and the preceding theorem, T is well defined on F;('iz
The above theorem and Theorem 3.7 yield the boundedness of the Fourier integral
operator T' on F%%",
p(+)w
Theorem 4.6. Let a« € R, 1 <g< oo, a() is a symbol of order —% and ¢ €
C>(R™\{0}) is a positive homogeneous function of degree 1. satisfying |det, 19Z,¢(€)| >
¢ >0 and (4.10). Suppose that p(-) € C'°&(R™). If the exists a py € (1,00) such that py <
p- <pyp <00, WP € Apy/p, and uP® € Wy p0 wro, then the Fourier integral operator
T is bounded on F<T".
p(+)w
As the proof of the preceding theorem is similar to the proof of Theorem 4.3, for
simplicity, we omit the details.

Corollary 4.7. Let a €R, 1< g < oo, a(-) is a symboOl of order —“FL and ¢ €
C>®(R™\{0}) is a positive homogeneous function of degree 1. satisfying \detn_lagéga(fﬂ >
c¢>0 and (4.10). Let p € (1,00) and wP € A, uw € W, ,. The Fourier integral operator T
is bounded on the weighted Triebel-Lizorkin—Morrey space Fg: 1.

5. Weighted Hardy—Morrey spaces with variable exponents

In this section, we study the weighted Hardy—Morrey spaces with variable exponents
by using the extrapolation theory. This approach had been used in [27, 30, 31] for the
weighted Hardy spaces with variable exponents, the Orlicz-slice Hardy spaces and the
Hardy local Morrey spaces with variable exponents.
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We begin with the definition of the weighted Hardy—Morrey spaces with variable
exponents. Let F = {|| - ||a,,3,} be any finite collection of semi-norms on S and

Sr={yeS: ||

For any f € &', write

ai,Bi <1, for all ” : ||O‘uﬂi € ‘7:}

Mz f(x) = sup sup |(f * 1) ()]

YESF t>0

where for any ¢ > 0, write ¢, (z) =t~ (x/t).

Definition 5.1. Let p(:) : R" — (0,00), w:R™ — (0,00) and u: (0,00) — (0,00) be
Lebesgue measurable functions. The weighted Hardy—Morrey space with variable expo-
nent Hy . , consists of all f € &’ satisfying

1 [l

p(),w

= [Mzfllag < oo

When w =1, the weighted Hard—-Morrey spaces with variable exponents become the
Hardy—Morrey spaces with variable exponents [25, 29]. When u = 1, the weighted Hardy
Morrey spaces with variable exponents reduce to the Hardy spaces with variable expo-
nents [26, 27]. When p(-) = p, p € (0,1], is a constant function, Hp (. becomes the
weighted Hardy-Morrey space H,; . For p € (0,1] and w:R" — (0,00), the weighted
Hardy space HP(w) consists of all f € &’ satisfies

£l zr () = IMEfllLr(w) < oo

We recall the definition of regular Calderén—Zygmund operators from [15, Definitions 2.1,
2.2 and 2.6].

Definition 5.2. We say that T is a singular integral operator with kernel K (z,y) if for
every bounded function f with compact support

Tf(x) = - K(z,y)f(y)dy, x € R"\suppf.

If T is bounded on LP for some p € (1,00), T is called as a Calderén—Zygmund operator.
Let v > 0. We say that K is «-regular with respect to y if for every multi-index o with
lal <7,

0 K (,9)| < Cla —y| 71

and for those multi-index satisfying o = [v]

|y — 27"l

whenever |y — z| < 1|z — y|.

The following theorem gives the mapping properties of the Calderén—-Zygmund operator
on the weighted Hardy spaces.
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Theorem 5.1. Let r € (0,1], vy >n(: —1), >0 and w € Ay. If T is a Calderén-
Zygmund operator with kernel ~v-reqular with respect to y and e-reqular with respect to
x, then T : H"(w) — L"(w) is bounded.

The reader is referred to [15, Theorem 2.8] for the proof of Theorem 5.1.

Theorem 5.2. Let pg € (0,1), p(-) € C°2(R™) with py < p— < py < 00, WP € Apy/po
and uP° € Wp(.)/po,wﬂo
Let v > n(i —1) and € > 0. If T is a Calderén—Zygmund operator with kernel ~-

regular with respect to y and e-reqular with respect to x, then T : Hp( e Mp( Yow 18

bounded.

Proof. Whenever f € Hg(_)’w, according to (3.22), we have
Mgfe My, — N LP(Rh). (5.1)
h «PO
(p(-)/pg)’,w PO

That is,

He o = N HP (Rh). (5.2)

h +PO
(p()/pg)’ & PO

Consequently, (3.19) and Theorem 5.1 show that for any

up0

we have a constant C' > 0 such that for any f € H;f(,) w

/ [T f(x)Pov(x)de < C’/ Mgf(x))Pov(x)de.
n RTL
Applying Theorem 3.7 with

‘7::{(|Tf|7Mff) fEHp()w}a

we obtain a constant C' > 0 such that for any f € H" we have

p(+),w’

ITfllazz < ClIMFSfllagz = Clifllre o

p()w’

In particular, we have the mapping properties of the Calderén-Zygmund operators on the
weighted Hardy—Morrey spaces. 0

Corollary 5.3. Let p € (0,1] and w? € A;. If there exists a pg € (0,p) such that uP® €
W powro and T is a Calderdn—Zygmund operator with kernel y-reqular with respect to y
and e-regular with respect to x, where v > n(pio —1) and e >0, then T : H , — M}, is
bounded.
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Proof. For any po € (0,p) w? € Ay C A, /p,. Consequently, we have wP® € A,y p,
where p(-) = p. Therefore, the conditions in Theorem 5.2 are fulfilled and, hence, the
Calderén-Zygmund operator T': 'Hy , — M}, is bounded. O

W

The mapping properties of Calderén-Zygmund operators on the weighted Morrey
spaces with variable exponents were established in [20, Theorem 4.3].

In [15], the boundedness of the Calderén—Zygmund operators is used to establish the
wavelet characterization of weighted Hardy spaces. We also have the wavelet character-
ization for the weighted Hardy—Morrey spaces with variable exponents. We obtain this
characterization by solely using Theorem 3.7. For the wavelet characterizations of the
Besov—-Morrey spaces and the Triebel-Lizorkin—Morrey spaces, the reader is referred to
[56].

We recall some definitions from wavelet theory. A function ¢ € L?(R) is an orthonormal
wavelet if the system

Vie(z) =222 — k), j kel

is an orthonormal basis for L?(R).
For any wavelet ¢, write

1/2

Wof = Y 21(f, 6P x1,

J,kEZ

where I, = [277k, 277 (k + 1)].
We have the following wavelet characterization of the weighted Hardy spaces [16,

Theorem 4.2].
Theorem 5.4. Let a > 1, i <p, we A and 1 € Clol. If there exist C,r,e >0 such
that
/ 2Fp(x)de =0, k=0,1---,[a] -1, (5.3)
R
[Y(@)] < CL+ |z~ Vo eR, (5.4)
WP (@) < CA+[a)~*, VeeR, and k=0,1---]a, (5.5)

then there exist Coy > Cy > 0 such that

Collfllzr ) < Wy fllrw) < Cillfllarw)

For any w € A;, Theorem 5.4 guarantees that the linear functional Iy, (f) = (f, wj’k>
is bounded on the weighted Hardy space HP(w). In view of the embedding (5.2), w
see that the functional I, , is also bounded on H ., . Thus, (fs k) and Wy, f are Well
deﬁned on H" . For the dual spaces of the welghted Hardy spaces, the reader is referred

o [14, Theorem II 4.4].
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We give the wavelet characterizations of the weighted Hardy—Morrey spaces with
variable exponents in the following theorem.

Theorem 5.5. Let o > 1 and ¢ € Cl°l. Suppose that ¢ satisfies (5.3)-(5.5). Let po €
(a1 1), p(-) € C'°8(R) withpy < p— < py < 00. IfwPo € Ap(y/po and uP® € Wy /n0 o,
then there exist Cy > C1 > 0 such that for any f € H;j(,)w

Collfllrez, ., < IWefliny < Cill fllwe - (5.6)

Proof. For any f € H;(,)’w with Wy f € M;‘( (3.22) assures that

Y

Wy f € N LP°(RA).
b“PO

(p(-)/po)’,w ™ PO

Therefore, for any

ve{Rh:th“po },

(p(-)/po)’ ,\w~PO

Theorem 5.4 shows that
/ (M f(2))Pu(z)dz < C / (W f(2))Po0()d.
R R

By applying Theorem 3.7 with

F={(Mzf, Wpf): [ € Hpyults

we obtain a constant Cy > 0 such that for any f € H;(J W

Coll fll

p(),w

< AWy flinz -

We establish the first inequality in (5.6). The proof of the second inequality in (5.6)
follows similarly. O

The following wavelet characterization of the weighted Hardy—Morrey space is a special
case of Theorem 5.5.

Corollary 5.6. Let o > 1, ¢ € Cl*l, p e (a=',1] and wP € Ay. Suppose that 1 satisfies
(5.3) and (5.5). If there exists a pg € (™', p) such that uP> € W, ), vo, then there exist
constants Co, Cy > 0 such that for any f € H,,

Collfllrg, < IWyfllag,, < Crll i,
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