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Abstract

Bollobas and Nikiforov (J. Combin. Theory Ser. B. 97 (2007) 859-865) conjectured the following. If G is
a K, ,,-free graph on at least r + 1 vertices and m edges, then 23(G) 4+ A3(G) < (r — 1)/r - 2m, where X,(G)
and A,(G) are the largest and the second largest eigenvalues of the adjacency matrix A(G), respectively. In
this paper we confirm the conjecture in the case r = 2, by using tools from doubly stochastic matrix theory,
and also characterize all families of extremal graphs. Motivated by classic theorems due to Erdds and Nosal
respectively, we prove that every non-bipartite graph G of order n and size m contains a triangle if one of
the following is true: (i) A,(G) > +/m — 1 and G # C, U (n — 5)K,, and (ii) 1,(G) = A, (S(K 121, 1t-11/21))
and G # S(K|(,—1y/21,1ta—1y21)> Where S(K .12, 1ta—1y/21) 1S obtained from K, 15, ;s—1)/21 by subdividing an edge.
Both conditions are best possible. We conclude this paper with some open problems.

2020 MSC Codes: 05C50

1. Introduction

It is well known that spectra of graphs can be used to describe structural properties and parameters
of graphs, including cycle structures [17], maximum cuts [2], matchings and factors [8], regularity
[24], diameter [10] and expander properties [1]. Recently there has been extensive research in
the literature (see [12], [11], [26], [23], [36], [16] and [25]). Referring to spectral extremal graph
theory, the bulk of the related work was included in the detailed survey [32]; see references therein.

In this paper we focus on spectral extremal graph theory and mainly investigate the relationship
between triangles and eigenvalues of the adjacency matrix of a graph. Throughout this paper, let
G be a graph with order v(G) = n, size e(G) := m and clique number »(G) := w. Let A(G) be its
adjacency matrix. The eigenvalues A1 (G) = A1 = A2(G) =X = - - - = 1,(G) of A(G) are called the
eigenvalues of G. For all integers n > 1, we set [n] ={1,2,...,n}.

The study of bounding the spectral radius of a graph in terms of some parameters has a rich
history. Starting from 1985, Brualdi and Hoffman [9] proved that 1} <k —1if m < (];) for some
integer k > 1. This result was extended by Stanley [35], who showed that

1
A< E(«/8m+ 1—-1).
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The bound is best possible for complete graphs (possibly with isolated vertices) but can be further
improved for special classes of graphs, such as triangle-free graphs (see Nosal [33]). For further
generalizations and related extensions of Stanley’s result, see Hong [20], Hong, Shu and Fang [21],
Nikiforov [28] and Zhou and Cho [40]. Concerning bounding the spectral radius of a graph in
terms of the clique number, Wilf [37] showed that

w—1

)\1 < n.
w

A better inequality,
2(w—1)m

>

N

Al
w

implicitly conjectured by Edwards and Elphick [14], was confirmed by Nikiforov in [28] using a
technique of Motzkin and Straus [27]. Later, the extremal graphs when equality holds were char-
acterized in [29]. By the inequality A > 2m/#n, one can easily deduce the concise form of Turan’s
theorem, that is,

w—1

2
m< ne,
2w

from Nikiforov’s inequality. Therefore Nikiforov’s inequality sometimes is called the spectral
Turan theorem.

In 2007, Bollobas and Nikiforov [6] posed the following nice conjecture, which is the original
motivation for our article.

Conjecture 1.1 ([6, Conjecture 1]). Let G be a K, 1-free graph of order at least r + 1 with m edges.
Then

r—1
A%+A§<T-2m.

Note that Conjecture 1.1, if true, will improve Nikiforov’s inequality. To our knowledge, the
conjecture is still open. In this paper we make the first progress on this conjecture. In fact we
solve the case r = 2 by using tools from doubly stochastic matrix theory, and also characterize all
extremal graphs.

Let G be a graph. A ‘blow-up’ of G is a new graph obtained from G by replacing each vertex
x € V(G) with an independent set I, in which, for any two vertices x, y € V(G), we add all edges
between I and I, if xy € E(G). Let P, denote a path on n vertices, i.e. a path of length n — 1. For
an integer k > 2, kP, denotes the disjoint union of k copies of P,,.

Theorem 1.2. Let G be a triangle-free graph of order at least 3 with m edges. Then
A A< m,
where equality holds if and only if G is a blow-up of some member of G in which
G ={P,UKy,2P, UKy, P4 UKy, Ps UK}

Recall that a quintessential result in extremal graph theory is Mantel’s theorem, which maxi-
mizes the number of edges over all triangle-free graphs. We should emphasize that Theorem 1.2
strengthens the spectral strengthening of Mantel’s theorem due to Nosal [33], which states that
every triangle-free graph G on m edges satisfies A1 < 4/m. On the other hand, Mantel’s theorem
was improved by Erdds (see [7, Ex. 12.2.7]) in the following form: every non-bipartite triangle-free
graph of order n and size m satisfies

(n—1)>*
4

m< + 1.
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Note that a subdivision of K|(,—1)/2,[(n—1)/2] on one edge shows that the upper bound is tight. In
this paper we shall prove spectral versions of Erdés’s theorem.
Our two results are as follows.

Theorem 1.3. Let G be a non-bipartite graph with size m. If Ay > ~/m — 1, then G contains a
triangle unless G is a Cs (possibly together with some isolated vertices).

Theorem 1.4. Let G be a non-bipartite graph with order n. If

A 2 M (S(K | (n=1)/2),[(n=1)/21))>

where S(K|(n—1)/2),[(n—1)/21) denotes a subdivision of K|(n—1)/2),1(n—1)/21 on one edge, then G
contains a triangle unless

G = S(K|(n—1)/21,[(n—1)/21)-

2. The Bollobas-Nikiforov conjecture for triangle-free graphs

In Section 2 we introduce necessary preliminaries for doubly stochastic matrix theory and then
prove Theorem 1.2. For more details on related knowledge, we refer the reader to Zhan [39].

A non-negative square matrix is called doubly stochastic if every entry is at least 0 and the sum
of the entries in every row and every column is 1, and it is called doubly substochastic if the sum
of the entries in every row and every column is less than or equal to 1. A square matrix is called a
weak-permutation matrix if every row and every column has at most one non-zero entry and all
the non-zero entries (if any) are 1.

We also use the definition of ‘a vector is weakly majorized by the other one’ as follows, where
we rearrange the components of x = (x1, X2, ..., X4), ¥ = (¥1, ¥2, - . ., ¥n) € R" in non-increasing
order as x[1] = X[2] > -+ 2 X[n) and y[1] 2 y[2] Z -+ 2> Y[n]:

Definition 2.1. Let x = (x1,%2,...,%Xn), ¥y = (1, ¥2, .. ., yn) e R If

k k
Zx[i] QZ)/[,'], k=1,2,...,n,
i=1 i=1

then we say that x is weakly majorized by y and denote it by x <,, y. If

X <wy and inz Zyi,
i=1 i=1
then we say that x is majorized by y and denote it by x < y.

The following lemma is a basic property on a doubly substochastic matrix.
Lemma 2.1 ([39, Lemma 3.24]). Let
xyeRY ={(z1,...,20) |21 20,1 <i< n}
Then x <, y if and only if there exists a doubly substochastic matrix A such that x = Ay.

One of the main ingredients in our proof is using the relationship between a doubly
(sub)stochastic matrix and a (weak-)permutation matrix.

Lemma 2.2 ([39, Theorem 3.22]). Every doubly substochastic matrix is a convex combination of
weak-permutation matrices.
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The following result will play an essential role in our proof of Theorem 1.2, which uses
Minkowski’s inequality (see [22, p. 8]).

Lemma 2.3 (Minkowski’s inequality). Let x,y € R,. If p> 1, then |x+ yll, <Ilxlp+ llyllp.
Moreover, if x,y e R, x#£0 and y #0, where 6 = (0,0, .. .,0), then equality holds if and only
if there exists o > 0 such that x = ay.

By induction on k (see below), Lemma 2.3 can be extended to a multiple version easily.

Lemma 2.4 (multiple Minkowski’s inequality). Let k € Z, k> 2 and x' € R, where i € [k]. If
p>1, then

k k

Y ox <X
p i=1

i=1

Moreover, if x' # 0 for all i, then equality holds if and only if there exists a;j > 0 such that x' = a; j/
foralli,je [n] withi#j.

Theorem 2.1. Let x = (X1, X2, ..., %n), ¥y = (V1> Y25 - - - » ¥n) € R} such that {x;}} | and {y;}}__, are
in non-increasing order. If y <y, x, then ||y|l, < ||x||p for every real number p > 1, where equality
holds if and only if x = y.

Proof. If x =0, then y = 0. Now assume x # 0. Since y <, x, there exists a doubly substochastic
matrix A such that y = Ax by Lemma 2.1. By Lemma 2.2, there are s weak-permutation matrices
P; for all i € [s], such that A = Zle a;P;, where Z;S'=1 a; =1, a; > 0. Without loss of generality,
we can assume a; > 0 for all i € s]. Note that

s s
y= Ax = (Z (Jl,‘Pi> X = Z a;(Pix).
i=1 i=1
Therefore

Iyllp =

> ai(Px)

i=1

N N N
<Y aillPixlly < aillxlly = (Z m) Nlxllp = lxllp.
P i=1 i=1 i=1

If x = y, then obviously ||l = llylly- If | xll, = lyll, then

S S
=Y aillPixlly = aillxlly. 1)
P i=1 i=1

Since || Pix|lp < l|x[lp, from (2.1), we obtain ||Pix||, = ||x[l, > 0 for all i € [s], and so a;P;x # 6 for
each i. By Lemma 2.4, the first equality of (2.1) implies that for any pair of distinct integers ,j €
[s], there exists a real number «;; > 0 such that a;(P;x) = «;;a;(Pjx). By the second equality of
(2.1), since each a; > 0, we have ||Pix||, = x|l = [|Pjx|l,- Then «;; - aj = a; # 0. Thus Pix = Pjx
and moreover Pjx = P;x for each i € [s]. It follows that y =) "}_, a;(P;x) = Pyx.

Since y = P1x and || x|, = [ly|l,, where P, is a weak-permutation matrix, we know that {y;};_,
is just a rearrangement of elements of {x;};_ ;. As both {x;}, and {y;}], are non-increasing
sequences, we have y = x. The proof is complete. O

S

> ai(Px)

i=1

For a graph G, the rank of G, denoted by rank (G), is defined as the rank of A(G). We need
Theorems 3.3 and 4.3 in [34] to characterize the extremal graphs in Theorem 1.2, so we state them
as a lemma below.

Lemma 2.5 ([34]). Let G be a graph with order n. Then we have the following statements.
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(I) Ifrank (G) =2, then G is a blow-up of P, UK.
(I) If G is a bipartite graph with rank (G) =4, then G is a blow-up of T', where T" € {2P, U
K1, P4 UK, Ps UKy}

We shall give a proof of Theorem 1.2. First we define ‘the inertia of a graph’ as the ordered triple
(nt, n=, n°), where n, n~ and n° are the numbers (counting multiplicities) of positive, negative
and zero eigenvalues of the adjacency matrix A(G), respectively.

Proof of Theorem 1.2. Let 1 be the order of G and let (n™, n™, n°) be the inertia of G. Set sT :=
)»% +---+ )‘fﬁ and s~ = )‘fl—n*-l-l +---+ )»%l. Since G is triangle-free, we have G 2 K,;, and so
A2(G) > 0 (see Lemma 5 in [19]).
Suppose that )»% + )é > m. Since st + s~ = 2m, we have
+ —
5 5 ST+
AL+ A5 > 5

and so
M4aiz203+23) —st>s >0
Now we construct two n~ -vectors x and y such that

242 T 2,2 2 T
x=(A},25,0,...,0)" and y:()»n,)\n_l,...,)\n_n,H).

Since A2 4+ A% > s~, we have y <,, x and x # y. Set p = 3/2. By Theorem 2.1, we have

3/2 3/2
€135 > Y1335

that is,
MAR> Rl i P+ e P
This implies that
AR A AR e
G)= < > . > 0.

This gives us a contradiction. Thus we have proved )\% + )»% <m.
If A2 + A3 =m, then A2 4+ 23 > s~ > 0. It follows that y <,, x. By Theorem 2.1, we have

32 > Iyl

Since G is triangle-free, this implies that

3 3 3 3 3 3 3 3 3
:)‘1+)‘2+'”+)Ln++)hn7n‘+l+”'+)hn >)‘1+A2+)‘n7n_+1+'”+)hﬂ >

6 6

0=1(G) = = U.

Therefore
M+ =—0_ + o +A),
which implies
3/2 3/2

Ixl1373 = I71373.
Again by Theorem 2.1, x=y. It follows that A =22 and A3 =22 ,. Thus A; =—X, and
Ay = —Ap—1. By the trace formula Z?:l Ai =0, we infer that all the remaining eigenvalues are
0. If 2, =0, then rank (G) = 2. By Lemma 2.5 (I), G is a blow-up of P, UKj. Recall 1; = —A,,
which implies that G is bipartite. If X5 # 0, then rank (G) = 4. By Lemma 2.5 (II) and the fact

that G is bipartite, G is a blow-up of I', where I' is 2P, U K; or P4 U K or P5 U K;. The proof is
complete. O
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H, H, Hs

v

Figure 1. The graphs Hi, H, and Hs.

By using the same method as in the proof of Theorem 1.2, we can deduce the following.

Theorem 2.2 ([30, Theorem 2(i)]). Let G be a graph of size m. If)»% > m, then G contains a triangle
unless G is a blow-up of P, UK].

3. Proofs of Theorems 1.3 and 1.4

A walk vivy - - - v (k> 2) in a graph G is called an internal path if these k vertices are distinct
(except possibly vi = i), dg(v1) = 3, dg(vk) > 3 and dg(v2) = - - - = dg(vk—1) =2 (unless k = 2).
We let Gy, denote the graph obtained from G by subdividing the edge uv, i.e. introducing a
new vertex on the edge uv. Let Y, be the graph obtained from an induced path viv; - v,—4
by attaching two pendant vertices to v; and other two pendant vertices to v,,_4.

Hoffman and Smith [18] proved the following result (see also Ex. 14 in [13, p. 79]), which is
used towards the structure of extremal graphs in Theorem 1.3.

Lemma 3.1 ([18]). Let G be a connected graph with uv € E(G). If uv belongs to an internal path of
Gand GZY,, then A1(Gy) < A1(G).

Now we shall prove Theorems 1.3 and 1.4.

Proof of Theorem 1.3. Suppose to the contrary that G contains no triangles. Assume A, > 1.
Then A2 + A3 > m. Since G is non-bipartite, by Theorem 1.2, G contains a triangle, a contradic-
tion. Now assume A, < 1. This implies that if G is disconnected then its every component is an
isolated vertex except for one component.

We consider the case that G is connected. Let s be the length of a shortest odd cycle of G, where
s > 5. Note that

2
2 (Cs) =2 cos —.
s

If s > 6, then 1,(C;) > 1, and by Cauchy’s interlacing theorem, 1(G) > A2(C;) = 1, a contradic-
tion. Thus s = 5. Let S = {u;: 1 < i< 5} C V(G) with G[S] = ujupuzugusu;. If n=>5, then G = Cs,
and we are done. Let T'= N(S)\S.

We shall use the property that G contains no H; as an induced subgraph where i =1, 2, 3, since
A2 (Hj) =1 > A2(G) (recall H; in Figure 1). In the following, we say that G is H-free if it contains
no H as an induced subgraph.

We first claim that ds(v) =2 for each v € T. For v e T, without loss of generality, assume
that v € N(uy). If dg(v) > 3, then there exists i € [5] such that vu;, vuj, € E(G), where the sub-
scripts i,i4 1 are taken modulo 5 and up = us. In this case there is a triangle vu,u; ;v in G,
a contradiction. If dg(v) =1, then Ng(v) = {u1} and {v, u1, uy, us, u4, us} induces an Hy, a con-
tradiction. This shows that dg(v) =2 for each v € T. Next we claim that V(G) =SU T. Indeed,
if not, there exists at least one vertex, say v/, which is at distance 2 from S. We can assume that
v'vuy is an induced P3 such that v'u; ¢ E(G) for any i € [5]. Since ds(v) = 2, by symmetry, we can
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assume Ng(v) = {uy, u3}. Since G is triangle-free and v'u; ¢ E(G) for all i € [5], we can find that
{V/, v, us, ug, us, u; } induces an Hj, a contradiction. This shows that V(G) =SU T.

We choose v € T and assume Ns(v) = {u, uz} (by symmetry). Recall that n > 6. If n = 6, then
m =7, and by a simple calculation, A;(G) = 2.3914 < +/6, a contradiction. Therefore n > 7 and
this implies V(G)\(SU {v}) # 0. It follows that T\ {v} #~ .

Let we T\{v}. If Ng(w) = Ng(v) then wv ¢ E(G); if Ng(w) # Ng(v), then Ng(w) N Ng(v) =1,
since G is H3-free and triangle-free. Thus Ng(w) = {uy, uz}, or Ns(w) = {u3, us}, or Ng(w)=
{uy, us}. Furthermore, for each of the latter two cases, we have vw € E(G) since G is H,-free.
Indeed, if Ng(w) = {u3, ua}, since G is triangle-free and H3-free, every vertex in T is adjacent to u;
and wu3, or to up and uy; if Ns(w) = {uy, us}, then every vertex in T is adjacent to u; and u3, or to
up and us.

In the following we assume Ng(w) = {uz, us}. Let A= Ng(u1) N Ng(u3) and B= Ng(uz) N
Ng(us). By the analysis above, we infer that both A and B are independent sets, AUB=TU
{uz, u3}, and G[AUB] is a complete bipartite subgraph. Let |[A|=a and |B|=b. Then m=
ab+(a+1)+(b+1)=(a+1)(b+1)+1,and G is a subdivision of K, ;11 on some edge. By
Lemma 3.1,

M(G) < M(Kgp1p41) =v @+ Db+ 1) =vm—1,

a contradiction.

If G is disconnected, then there is only one non-trivial component. We apply the conclusion
obtained above to the component, and we obtain G = Cs U (n — 5)K), where 7 is the order of G.
The proof is complete. O

In the following we use S(G) to denote a subdivision of G on an edge if the subdivision is unique
up to isomorphism. The proof of Theorem 1.4 uses two propositions, whose proofs are postponed
to the Appendix.

Proposition 3.2. Let s, t be two integers. If t > s > 1, then

M (S(Ksy2,642)) > A (S(Ksy1,643))-

Proposition 3.3. Let s, t be two integers. Ift > s> 1ands+t=n— 5, then
M (SK | (n=1)/2),[(n=1)/21)) = A (S(Ks42,642))>
where equality holds if and only if
(s, t) =(L(n—1)/2], [(n —1)/2]).

Proof of Theorem 1.4. Suppose that G is a non-bipartite triangle-free graph of order n with the
maximum spectral radius. We will show that

G = S(K|(n—1)/2,[(n—1)/21)-

First we claim that G is connected, since otherwise we can add a new edge between a compo-
nent with the maximum spectral radius and any other component to get a new graph with larger
spectral radius. We also observe that adding any new edge gives us at least one triangle.

Let x = (x1, . . ., x,)" be the Perron vector of G and let u be a vertex of G with

x, =max{x;|i=1,...,n}.

Let C=ujuy - - - ugu; be a shortest odd cycle of G with k > 5. We have the following claims.

Claim 1. For any two vertices x, y € V(G), the distance between x and y in G, denoted by dg(x, y),
satisfies that dg(x, y) < 2.
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Proof. For any two non-adjacent vertices x, y € V(G), let P = vgv1v; - - - v; be a shortest (x, y)-path
in G, where vp = x and v; = y. Obviously / > 2. Since G + xy is not bipartite and A1(G + xy) >
A1(G), by the choice of G, there is a triangle passing through the edge xy in G 4 xy. That is, there
is an (x, y)-path of length 2 in G, and so dg(x, y) = 2. This proves Claim 1. O

Claim 2. k=5.

Proof. Suppose to the contrary that k> 7. Since C is chordless, ujus ¢ E(G). By Claim 1,
dg(uy, ug) = 2. This means that there exists a vertex outside C, say v, such that u;vuy is a path
of length 2. Then uvususuyu is a cycle of length 5, a contradiction. This proves the claim. OJ

If V(C) = V(G), then G is an induced 5-cycle, and G = S(K32). Now assume V(G)\V(C) # ¢
andson > 6.

Claim 3. For each vertex w € V(G)\(N(u) U V(C)), N(w) = N(u).

Proof. If V(G)\(N(u) U V(C)) =, then there is nothing to prove. Thus V(G)\(N(u) U V(C)) #
@. Suppose Claim 3 is false. Let w € V(G)\(N(x) U V(C)) such that N(w) # N(u). Let G =G —
{wv | v e Ng(w)} + {wv|ve Ng(u)}. Obviously G’ contains no triangles and C is also in G/, and so
G is not bipartite.

Observe that

1(G) = 11(G) 2 X (AG) —AG)x =20 | D x— ) x>0 (D)
veN(u) veN(w)

If N(w) g N(u), then A1(G’) > A1(G), a contradiction. Therefore
NW)\N(u) 20 and N(u)\N(w) #£@.

By the choice of G, A1(G) = A1(G'). Thus all inequalities of (3.1) become equalities, and so x is also
the Perron vector of G'. On the other hand, choosing z € N(u)\N(w), we have

)ul(G)xZ = Z Xy < Z Xy = )\l(G/)xb
veNg(z) veNg(z)U{w}

and hence 11(G) < A1(G’), a contradiction. O
Claim 4. For any s, t € N(u)\V(C), we have N(s) N V(C) = N(t) N V(C).

Proof. Let w € N(u)\ V(C) such that
Xy = max{x, | v € N(u)\V(C)}.

Note that N(u) is an independent set. Let

Y={ve V(G- C)|N(v)=N(u)}.
By Claim 3, we have

M@=y x4+ Y x

veY veN(z)NV(C)

for any z € N(u)\ V(C). This implies that

Z Xy = Z Xy

veN(w)NV(C) veN(z)NV(C)
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for any z € N(u)\V(C).
If there exists a vertex 2/ € N(u)\ V(C) such that N(z') N V(C) # N(w) N V(C), let

G=G—{Zv|veNEZ)NV(QO)}+{Zv]|ve Nw)NnV(C)).
Then

MG =M@ ZAAG) ~ A2 Y wm— Y x>0
veN(w)NV(C) veN(z')NV(C)

One can find that G’ is connected, non-bipartite and triangle-free. Similarly to the proof of
Claim 3, we have A;(G') > A1(G), a contradiction. Thus, for any z € N(u)\V(C), N(z) N V(C) =
N(w) N V(C). This proves Claim 4. O

Let X=N(u)\V(C)and Y = {v € V(G — C)|N(v) = N(u)}. From Claim 3, we have V(G) = X U
Y U V(C). In what follows, we only need to consider three cases: (A) u ¢ V(C) and X # 0, (B) u ¢
V(C)and X =@, and (C) u € V(C).

Let us first consider case (A). For this case, X # ¥ and Y # {J. By Claims 3 and 4, we have
XUY=V(G\V(C),G—-C=B(X,Y) =K, where | X| =5, |Y| =t,t > s > 1. Moreover, any two
vertices in X have the same neighbour (neighbours) of C, and any two vertices in Y also have the
same neighbour (neighbours) of C.

Claim 5. By symmetry, we have Nc(X) = {uj, uit2} and Nc(Y) = {u), uj2} such that No(X) N
Nc(Y)=4.

Proof. We first observe that for any vertex v € V(G\C), [N(v) N V(C)| < 2, since G is triangle-
free and |V(C)| = 5. Next we shall show that dc(X) = dc(Y) = 2. Since G is connected, we have
dc(X) > 1 or dc(Y) > 1. Assume that dco(X) =1 and set No(X) = {u;}. If either u;, or u;—»
does not belong to N¢(Y), then we connect such a vertex to all vertices in X, and create a
new graph G'. Note that G’ is non-bipartite and triangle-free but with larger spectral radius,
a contradiction. Hence w42, uj—» € Nc(Y). Since C is a 5-cycle, uj_su;it2 € E(G) and there is a
triangle in G, a contradiction. Therefore dc(X) =2, and by symmetry, Nc(X) = {u;, uiy2}. The
other assertion can be proved similarly. From the fact that G contains no triangles it follows that
Nc(X) N Ne(Y)=4. O

By Claim 5 and the symmetry, without loss of generality, we can assume N¢(X) = {u;, u3} and
Nc(Y) ={uy, ug}. By Claim 2, C is an induced 5-cycle. By Claims 3 and 4, all vertices of X are
adjacent to {u;, u3}, and all vertices of Y are adjacent to {uy, us}. Furthermore, us is a vertex of
degree 2 in G. Observe that G = S(Ky42,++2). By Proposition 3.3 and the choice of G,

G = S(K|(n-1)/21,1(n—1)/21)-

This finishes case (A).
Now we consider case (B). For this case, by the fact that G is connected and the choice of G, we
have dc(u) = 2. Set Nc(u) = {u;, uz}. By Claim 3, we infer G = S(Kj,—3). By Proposition 3.3,

A (G) = A1(S(Kn—32)) < A (SK|(n—1)/2),[(n—1)/21))s

where equality holds if and only if n = 6 (recall that n > 6). Thus G = S(K33), where n = 6.
Finally we consider Case (C). By an analysis very similar to that above, one can see that

G = S(K{(n-1)2),1(n—-1)/21)-
The proof is complete. O
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4. Concluding remarks

In this paper we consider the Bollobas-Nikiforov conjecture on the largest eigenvalue, the second
largest eigenvalue and size of a graph, and settle the conjecture for triangle-free graphs, improving
the spectral version of Mantel’s theorem. We also prove two spectral analogues of Erdds’s theorem.
Many intriguing problems with respect to this topic remain open.

(a) One can prove the following extension of Erdds’s theorem. Let G be a graph with order » and
the length of odd girth at least 2k + 3. If G is non-bipartite, then

2
e(G) < (%) +2k—1.

The following question naturally arises: Which class of graphs can attain the maximum spectral

radius among the class of graphs above? From Theorem 1.4 we can see that
S(K|(n—-1)/20,1(n-1)/21)

is the answer for this problem when k = 1.

(b) Nosal [33] proved that every graph G of size m satisfying A1(G) > /m contains a triangle.
Nikiforov [31, Theorem 2] proved that every graph G of size m > 9 contains a Cy if A1(G) > /m.
Let k and m be two integers such that k|m and k is odd. Let S, /x4 (k+1)/2,x be the graph obtained
by joining each vertex of K to

m k—1

k 2
isolated vertices. Zhai, Lin and Shu [38] conjectured a more general one.

Conjecture 4.1 ([38]). Let G be a graph of sufficiently large size m without isolated vertices and let
k> 1 be an integer. If

21(G) Z M (Smyk+(kt1)/2.4)>
then G contains C; for every t < 2k + 2 unless

G = Sm/k+(k+1)/2,k-

When k =1, it includes Nosal’s theorem [33] and Nikiforov’s theorem [31, Theorem 2] as two
special cases.

(c) By replacing A1(G) with s7(G), some spectral graph theorists have refined and generalized
many classical results on spectral graph theory. For example, Hong’s famous theorem [20] states
that 11(G) < +/2m —n+ 1 holds for all connected graphs G with order » and size m. (In fact it
holds for all graphs without isolated vertices.) Elphick, Farber, Goldberg and Wocjan [15] made
the following conjecture.

Conjecture 4.2 ([15]). Let G be a connected graph of order n. Then
min{s™(G),s (G)} >n— 1.
Motivated by Conjecture 4.2, we can reconsider Conjecture 1.1 in a general form.

Problem 4.3. Let H be a given graph and let G be an H-free graph of size m. How do we estimate
the upper bound of s*(G) in terms of H and m?

Even if H=K,, this problem seems harder than Conjecture 1.1. For graphs with given
chromatic number, a related problem was studied by Ando and Lin in [3].

https://doi.org/10.1017/50963548320000462 Published online by Cambridge University Press


https://doi.org/10.1017/S0963548320000462

268 H. Lin, B. Ning and B. Wu

Acknowledgement

All the revisions have been made since the second author became an associate professor at the
College of Computer Science, Nankai University. The authors are very grateful to one anonymous
referee whose many suggestions largely improved the quality of the paper.

References

[1] Alon, N. (1986) Eigenvalues and expanders. Combinatorica 6 83-96.

[2] Alon, N. (1996) Bipartite subgraphs. Combinatorica 16 301-311.

[3] Ando, T. and Lin, M. (2015) Proof of a conjectured lower bound on the chromatic number of a graph. Linear Algebra
Appl. 485 480-484.

[4] Andrasfai, B., Erdés, P. and Sos, V. T. (1974) On the connection between chromatic number, maximal clique and
minimal degree of a graph. Discrete Math. 8 205-218.

[5] Benzaken, C. and Hammer, P. L. (1978) Linear separation of dominating sets in graphs. Ann. Discrete Math. 3 1-10.

[6] Bollobés, B. and Nikiforov, V. (2007) Cliques and the spectral radius. J. Combin. Theory Ser. B 97 859-865.

[7] Bondy,]. A. and Murty, U. S. R. (2008) Graph Theory, Vol. 244 of Graduate Texts in Mathematics. Springer.

[8] Brouwer, A. E. and Haemers, W. H. (2005) Eigenvalues and perfect matchings. Linear Algebra Appl. 395 155-162.

[9] Brualdi, R. A. and Hoffman, A. J. (1985) On the spectral radius of (0, 1)-matrices. Linear Algebra Appl. 65 133-146.
[10] Chung, F. (1989) Diameters and eigenvalues. J. Amer. Math. Soc. 2 187-196.
[11] Cioaba, S. M., van Dam, E. R., Koolen, J. H. and Lee, J. H. (2010) A lower bound for the spectral radius of graphs with

fixed diameter. European J. Combin. 31 1560-1566.

[12] Cioaba, S. M., Gregory, D. A. and Haemers, W. H. (2009) Matchings in regular graphs from eigenvalues. J. Combin.
Theory Ser. B99 287-297.

[13] Cvetkovi¢, D., Doob, M. and Sachs, H. (1980) Spectra of Graphs: Theory and Application, Vol. 87 of Pure and Applied
Mathematics. Academic Press.

[14] Edwards, C. and Elphick, C. (1983) Lower bounds for the clique and the chromatic number of a graph. Discrete Appl.
Math. 5 51-64.

[15] Elphick, C., Farber, M., Goldberg, F. and Wocjan, P. (2016) Conjectured bounds for the sum of squares of positive
eigenvalues of a graph. Discrete Math. 339 2215-2223.

[16] Feng, L. H., Zhang, P. L. and Liu, W. J. (2018) Spectral radius and k-connectedness of a graph. Monatsh. Math. 185
651-661.

[17] Heuvel, ]. V. (1995) Hamilton cycles and eigenvalues of graphs. Linear Algebra Appl. 226-228 723-730.

[18] Hoffman, A. J. and Smith, J. H. (1975) On the spectral radii of topologically equivalent graphs. In Recent Advances in
Graph Theory (M. Fiedler, ed.), pp. 273-281. Academia Praha.

[19] Hong, Y. (1988) Bounds of eigenvalues of a graph. Acta Math. Appl. Sinica (English Ser.) 4 165-168.

[20] Hong, Y. (1993) Bounds of eigenvalues of graphs. Discrete Math. 123 65-74.

[21] Hong, Y., Shu,]J. L. and Fang, K. F. (2001) A sharp upper bound of the spectral radius of graphs. J. Combin. Theory Ser. B
81 177-183.

[22] Kuang, J. C. (2003) Changyong Budengshi [Applied Inequalities] (in Chinese), third section. Shandong Kexue Jishu
Chubanshe.

[23] Li, B. L. and Ning, B. (2016) Spectral analogues of Erdés’ and Moon-Moser’s theorems on Hamilton cycles. Linear
Multilinear Algebra 64 2252-2269.

[24] Liu, B., Shen, J. and Wang, X. (2007) On the largest eigenvalue of non-regular graphs. J. Combin. Theory Ser. B 97
1010-1018.

[25] Liu, M. H., Lai, H. J. and Das, K. C. (2019) Spectral results on Hamiltonian problem. Discrete Math. 342 1718-1730.

[26] Lu, H. L. (2012) Regular graphs, eigenvalues and regular factors. J. Graph Theory 69 349-355.

[27] Motzkin, T. and Straus, E. (1965) Maxima for graphs and a new proof of a theorem of Turdn. Canad. . Math. 17
533-540.

[28] Nikiforov, V. (2002) Some inequalities for the largest eigenvalue of a graph. Combin. Probab. Comput. 11 179-189.

[29] Nikiforov, V. (2006) Walks and spectral radius of graphs. Linear Algebra Appl. 418 257-268.

[30] Nikiforov, V. (2009) More spectral bounds on the clique and independence numbers. J. Combin. Theory Ser. B 99
819-826.

[31] Nikiforov, V. (2009) The maximum spectral radius of C4-free graphs of given order and size. Linear Algebra Appl. 430
2898-2905.

[32] Nikiforov, V. (2011) Some new results in extremal graph theory. In Surveys in Combinatorics 2011, Vol 392 of London

Mathematical Society Lecture Note Series, pp. 141-181. Cambridge University Press.

Nosal, E. (1970) Eigenvalues of graphs. Master’s thesis, University of Calgary.

Oboudi, M. R. (2016) Bipartite graphs with at most six non-zero eigenvalues. Ars Math. Contemp. 11 315-325.

(33
(34

https://doi.org/10.1017/50963548320000462 Published online by Cambridge University Press


https://doi.org/10.1017/S0963548320000462

Combinatorics, Probability and Computing 269

W
)

Stanley, R. P. (1987) A bound on the spectral radius of graphs with e edges. Linear Algebra Appl. 87 267-269.

] Tait, M. and Tobin, J. (2017) Three conjectures in extremal spectral graph theory. J. Combin. Theory Ser. B 126 137-161.
] Wilf, H. (1986) Spectral bounds for the clique and independence numbers of graphs. J. Combin. Theory Ser. B 40
113-117.

Zhai, M. Q,, Lin, H. Q. and Shu, J. In preparation.

Zhan, X. (2013) Matrix Theory, Vol. 147 of Graduate Studies in Mathematics. American Mathematical Society.

Zhou, B. and Cho, H. H. (2005) Remarks on spectral radius and Laplacian eigenvalues of a graph. Czechoslovak Math. J.
55 781-790.

WY
RN

W e
= 0 *x

Appendix A.

In this section we shall prove Proposition 3.2, which implies Proposition 3.3.

Proof of Proposition 3.2. Set G, = S(K,,,,:,) and G, = S(K,,,43). Since both G, and G, contain Cs
as a proper subgraph, we have A,(G;) > 2 for i = 1, 2. The characteristic polynomial of G, is

P, (x) =X (x° — (25 + 2t + st + 5)x° + (4s + 4t + 3st + 5)x — 25 — 2t — 25t — 2),
where |V(G;)| =s+t+ 5. Let
flx,s,t) =x> — (25 + 2t + st + 5)x° + (4s + 4t + 3st + 5)x — 25 — 2f — 25t — 2.
Then X,(G,) is the largest root of f(x, s, t) = 0. Note that
flo,s—1Lt+1)—f(x,s6)=(x—1)*(x+2)(t —s+1).
Since t > s, we have f(x,s — 1, t + 1) — f(x, s, t) > 0 when x > 1. Moreover, since A, (G,) is the largest
rootof f(x,s — 1,t+ 1) = 0, it follows that 1,(G,) > 1,(G,). O

We also include a proof of the result mentioned in Section 4 here. The proof uses a result due to
Andrasfai, Erdés and Sés [4] to control the minimum degree.

Lemma A.1 ([4]). Let G be a graph with order n and odd girth at least 2k + 1, where k > 1. If the
minimum degree 6(G) > 2n/(2k + 1), then G is bipartite.

Theorem A.1. Let G be a graph with order n and odd girth at least 2k + 3, where k> 1. If G is

non-bipartite, then
— (2k— 1)\’
e(G) < (%) +2k—1.

Proof of Theorem A.1. We prove Theorem A.1 by induction on ». If n = 2k + 3, then the odd girth
is 2k + 3, and hence G = C,.,; and e(G) = 2k + 3. The result holds. Now we assume n > 2k + 4 and
the result holds for graphs with order less than n.

First suppose

—2k—1 1
sG> =@ 1
2 4
that is,
n—2k—1)
5 .
Since n > 2k + 3, we have (2k — 1)n > (2k — 1)(2k 4 3), which implies
n—Q2k—1) 2n
> .
2 2k+3

§(G) =
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By Lemma A.1, G is bipartite, a contradiction. Thus

8(G)<n_(2k_1)—1
= 2 4

Let v be a vertex with d(v) = §(G) and let G' = G — {v}.
If G’ is non-bipartite, then by the hypothesis we have

N (n—1—Qk—1))’ _(n—(Qk=1)\’ n—Q2k—1) 1
dG)g(f) +2k—1_<f) +2k—1_f+1_

It follows that
—2k—-1Y\’
e(G) < (%) +2k—1.

Thus G’ is bipartite. Then every odd cycle passes through v in G. Choose C as a shortest odd cycle of
G, where |C| > 2k + 3. Let G’ = B(X, Y), where (X, Y) is the bipartition of G'. Let X, = X N (V(C) —
), Yo=YN(V(C)—{+}),X; =X — Xyand Y, = Y — Y. Then

e(G) = e(G[C]) + |E(C, G[Xy, Y1])| + |E(G[X,, Y1])|
<|CI+ 21X 42| Y| + |1X4 ]| Y
=|Cl+ (IX;| +2)(|Y,| +2) —4

X | 4+24 Y +2)\
<|C|+<| 1|+ +|1|+>_4
2
n—|C|l+4 2
=|C|+(%) 4

Let
flx)=x+ (—n_x+4) —4.

2
Thenf'(x)=1—(n—x+4) =x — (n+ 3). Hence for 2k + 3 < x < n we have
—2k—-1)\’
f(x)éf(2k+3)=<—n (2 )) +2k—1.
The proof is complete. O

Remark A.1. Theorem A.1 may have already appeared in the literature. Since we have not yet found
this result elsewhere, we have presented a proof here for completeness.
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