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Abstract  In this paper we consider the problem of existence of mild solutions to semilinear fractional
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1. Introduction and statement of the main results

In this paper we are interested in ensuring the existence of solutions to problems that
arise in the theory of heat conduction with non-local initial conditions. Specifically, we
will study the problem

D}u = Au+ f(t,u), [0,00) X £2,

UZO, [0,00)X@Q,
(1.1)

k
w(0,2) = uo(w) + 3 _ Bi(w)u(Ti, @), €92,

where D is Caputo’s derivative of order v € (0,1], 2 C R" is a bounded smooth domain,
T; € (0,00) are fixed real numbers, 8;: 2 - R, i=1,...,k, and f: [0,00) x R = R are
continuous functions with f satisfying, for some p > 1,

[f(t,s) = F(t,r)] < e+ |s]P~" + e )]s — ] (1.2)
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and
|f(t,s)] < c(1+]s]”) (1.3)

for all t € [0,00) and r,s € R. In particular, if v = 1, the above problem becomes the
well-known nonlinear heat equation.
The model problem that we have in mind is

Du(t, ) = Au(t, ) + ku(t, )|u(t,z)|”~", [0,00) x 12, (1.4)
u(t,z) =0, [0,00) x 042, '
with initial condition
k
u(0,z) = up(z) + Z Biu(T;, x), (1.5)
i=1

where k > 0, 8; € R, T; € (0,00) and z € £2.

Physically, (1.5) says that some initial measurements were made at the times 0 and T; €
(0,00), i =1,...,k, and the observer uses this previous information in their model. This
type of situation can lead us to a better description of the phenomenon. For example, con-
sider the phenomenon of diffusion of a small amount of gas in a tube and assume that the
diffusion is observed via the surface of the tube (see [4]). If there is too small an amount
of gas at the initial time, then the measurement u(0, z) of the amount of the gas in this
instant may be less precise than the measurement u(0, z) + Zle Biu(T;, x). We remark
that initial conditions of type (1.5) were previously considered in [2-4,6,17,19, 20].

We will treat (1.1) as an abstract evolution equation in the L? setting with 1 < ¢ < co.
To this end, let A, = A with Dirichlet boundary conditions in {2. Then A, can be seen
as an unbounded operator in X! := L7({2) with domain

X} = W2(2) N Wy Y(R).

It is well known that the scale of fractional power spaces {X{ }aer associated with A,
verifies (see [1,5])

[} 2a
Xg = H(2), a>0,1<q<o0,

—a a 4q
Xq (—>(Eq/),, O[}O,1<q<oo, q/:q—il
Therefore, we have
Ngq N
XC S IM(0) forr< —3d  0<a<s,
p (2) forr N 20 a< on
0 _
X0 = L9(0),
o s N N
Xq(—’L(.Q) forS>N—72qa,_27q/<a<0’

with continuous embeddings.
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It is important to observe that A, is a sectorial operator, that is, there exist positive
constants C' and ¢ € (7/2, ) such that

g :={A € C\{0}: [arg(A)| < ¢} C p(A)
and
<
Al
With the above considerations we can rewrite (1.1) on the Banach space X| in the
abstract form

1A = Ag) ™Ml e(xe,xo) < VA € . (1.6)

DJu(t) = Agu(t) + f(tu(®)), te o, 00)7} (1.7)

u(0) = g(u),
where v € (0,1] for z € 2 and T; > 0, u(t)(x) = u(¢t, z), f(t,u(t))(z) = f(t,u(t,z)) and

k

g(u)(x) = uo(x) + Y Biu(Ts, ). (1.8)

i=1

Consider a € [0,1) such that the function f in (1.7) is well defined from [0, 00) x X2
into X. By (1.2), (1.3) and the fact that if a € (0,1), then X < X has continuous
inclusion, we can see that

1f(t,2) = f(t.y)llxo < e(1+ ||fl?||§{;;1 + IIyHS}}l)IIx —yllxe (1.9)
and
1 2)llxp < (X + [le]ke) (1.10)

for all z,y € X', all £ > 0 and some ¢ > 0.
Going further, let us make some considerations. Firstly, for 7,0 € (0, 00), consider the
function

m

ad z
Bo()=Y - ec
= I'(ym +0)

Clearly, E, ¢ is an entire function for all v, 8 € (0, 00). Furthermore, since I'(m+1) = m!
for all m € N, we have

(o] Zm ;
E1,1(Z):Zm:ey z € C,

m=0

where z — €7 is the exponential function. Actually, we observe that other notable ele-
mentary functions can be recovered by FE, 9. For example, if v =2 and 6 = 1, we have

Ey1(2%) = cosh(z) and Foi(—2%) =cos(z), z¢€C.
A very useful property of the function E, 4 is its integral representation. Indeed, we have

1
E,0(2) —/H /eA)ﬂ*"(/\'Y —2)7td), z€C, (1.11)

= omi
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where Ha' is a contour that starts and ends at —oo and encircles the origin once anti-
clockwise. We will fix E, := E, ;. The function E, is called a Mittag-Leffler function
in honour of Mittag-Leffler, who introduced and investigated it at the beginning of the
twentieth century (see [9-11]). Many studies on Mittag-Leffler functions and their appli-
cations to several branches of knowledge can be found in the literature. We particularly
recommend to the reader the books [8,12,14] and the papers [7,13,15,16,18].

On the other hand, let us suppose for a moment that u: [0,00) — X{ verifies (1.7).
Formally, applying the Laplace transform in (1.7) we have

Na(A) = N g(w) = Aga(\) + F() = (A7 = Ag)a(N) = XN g(u) + F(N),

where F'()) is the Laplace transform of the function t — f(¢, u(t)). Taking \¥ € p(A,),
it follows that
a(A) = XTI = Ag) Thg(u) + (N = A) TTE(N).

Using the inverse Laplace transform we deduce that

u(t) = By (tAg)g(u) + / (t— )7 By 5 ((t — 5)Ag) f(s,u(s)) ds, £ 0,

where E,(tA,) and " 'E, ,(tA,) are, formally at least, the inverse Laplace transform
of
A= ATHAY - A

and
A= (A — Aq)_l,

respectively. In the next section we prove that these functions are well defined for all
v € (0,1]. Indeed, we start the next section with the proof of the following result.

Proposition 1.1. Consider v € (0, 1]. The functions

1
B (tA) == — [ MY\ —A)7tdN, t>0,
2mi Ha
and
tlfa
By (Agt) = /H MO —A) AN, £,

where Ha is a suitable path, are well defined and there exists a constant M > 0 such
that
I1Ey(tAg)z]xy < Mjz|lxo and [|Ey,(Aqt)z|xg < Mllz|xg

for every t > 0 and x € Xg.

The strategy to prove Proposition 1.1, and later Proposition 1.4, basically consists of
considering the path

Ha = {sel:r <s<oo}fU{re™: [s| <n}U{se™™:r<s< oo}
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for > 0 and suitable n € (7/2,7), both independent of v € (0,1], and to use the
estimate of the resolved operator (1.6). (See the next section for more details.)

Motivated by this discussion and by the previous related literature, we adopt the
following concept for a solution to (1.7).

Definition 1.2. Let 7 > 0. A function u: [0,7] — X is said to be a local mild solution
to (1.7) in [0,7] if u € C([0,7]; XJ) and

k t
u(t) = Ey(tAg)uo + ZﬂiE'y(tAq)u(Ti) + / (t = 8)"7 By ((t = 5)Ag) f(s,u(s)) ds

0

for all t > 0.

Our main result ensures existence of a local mild solution to (1.7), or equivalently to
(1.1), in X&', a € [0,1). Furthermore, we prove that these solutions regularize immedi-
ately. Precisely, we prove the following existence result.

Theorem 1.3. Consider v € (0,1] and T € (0,00) such that T; < 7 < o0, i =1,...,k.
Suppose that o € [0,1) is such that the function f: [0,7] x X& — X0 is well defined.
Consider ug € X7 and (3;: 2 — R bounded functions. If ¢ > 0 and ||f;||oc are small
enough, where c is given in (1.9) and (1.10), then (1.7) has at least one mild solution
u € C([0,7], X¢). If u is such a mild solution, then, for all t > 0,

u(t) € Xgt? vo€0,1-q). (1.12)
Furthermore, if n > ¢, then the set
fu®): 0 <t <7} C X

is a compact set.

It is interesting to note that the regularity result (1.12) is independent of the order of
derivation « € (0, 1].

To prove the above result we just need to understand the behaviour of the Mittag-
Leffler families on the scale of fractional power spaces associated with the linear opera-
tor Ag. For this reason, in the next result we give some information on these families in
the spaces X associated with the sectorial operator Ag.

Proposition 1.4. Consider v € (0,1] and 0 < « < 1. There then exists a constant
M > 0 such that

1B (tA)zl xg < Mt lzllxy  and |07 By o (A )z xg < ME 7 ]| xo

for all t > 0.

Remark 1.5. For the special situation in which v = 1, the above result recovers the
well-known estimates for the semigroup generated by A,.
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Having obtained the above result, our strategy will be to define a nonlinear operator T’
on C([0,7]; X2), a € [0,1), by

k
Tu(t) = Ey(tAq)uo + ZﬁiEv(tAq)u(Ti)

i=1

t
=B (- AN s u)ds, 10
0
and to confirm the existence of a fixed point to it.
As an immediate application of Theorem 1.3 we consider, for example, the problem
Dju(t, @) = Au(t, z) + kult,2)[u(t,2)], [0,00) x 2,

u(t,z) =0, [0,00) x 92, (1.13)

k
u(0,z) = up(z) + Zﬂiu(Ti,x), x € (2,
i=1

where k > 0, v € (0,1], 2 C R? is a bounded smooth domain, T; € (0,00) and 3; € R
are fixed real numbers, i = 1,...,k. We will consider problem (1.13) with ug € H3(2).
To this end, set X9 = L?(£2) and
D(A) := X3 = H*(2) N Hy (92).
The nonlinear term in (1.13) is given by
flt,s) =rs|s|, t>0, seR,

which verifies (1.2) and (1.3) with p = 2 and ¢ = k. To use Theorem 1.3 we just need

to prove that the abstract nonlinear term associated with (1.13) is well defined from

[0,00) x Hg into L?({2), that is, the function f: [0,00) x X21/2 — X3 given by

[t 9)(x) = wo(x)|d(x)], €82,

is well defined. But the above follows immediately by Holder’s inequality and by the fact
that H}(2) < L%(£2) is a compact inclusion. Hence, if x and max{3;} are small enough,
problem (1.13) has at least one mild solution. Furthermore, if

u: [0,7] — XQI/Q(Q)
is such a solution, then
u(t) € X2* o e 0,1/2)
and the set
{u(t): 0 <t <1} C HY($2)
is a compact set. Particularly, if 5; = 0,7 =1,...,k, we have that the problem
Dju(t,z) = Au(t, z) + ku(t, z)|u(t, z)|, [0,00) x 2,
u(t,z) =0, [0,00) x OS2,
u(0, ) = up(x), x €12,

has at least one mild solution with the above properties.

https://doi.org/10.1017/50013091515000590 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091515000590

On fractional heat equations with non-local initial conditions 71

2. Proof of the main results

In this section we will prove our main results. We start with the proof of Proposition 1.1.

Proof of Proposition 1.1. Consider ¢ € (7/2,7) and let X, be the sector associated
with the sectorial operator A, and choose arbitrary values ¢ > 0 and 0 € (7/2, ¢]. Let
Ha = Hal(e,0) be the Hankel path given by Ha = Hay + Hay — Hag, where the Ha; are
such that

Hay == {te?: t € [¢,00)},

Hay = {ee': t € [-0,0]}, (2.1)
Hag = {te™: t € [¢,00)}.

We will estimate the function ||E,(tAq)|| on each Ha;, according to definition (2.1),
for any ¢ > 0. Just observe that for each fixed ¢t # 0, if we assume that ¢ = 1/¢, then the
following hold.

e On Hay, it holds that

and, using that if A = sel’ € Ha(e,0) C X4, then \¥ € X4, we obtain by the sectorial

i/ eMATTHNY —Aq)ld)\H <=
Hal

2mi 21

/ etseig (Seie)'yfl((sew)w _ Aq)fleiO ds

property
1 N [ ) .
7/ e)\t)\V—l()\"/ _Aq)—l d) < 7/ etscoa(9)|(seze)|_1 ds
21 S, or J.
< i etscos(e) ds
2me J,
Necos(e)
= orcos(l)’

e On Has, we have

1 V[0 e, . 4
‘ 7 /Ha2 NI (AY — 4,)7! d)\H =50 /4 e (ee*)1 7 ((ee'®)T — A,) liee™ ds
0
< E etscos(s) ds
2 —0
ONe
< —.
™

e On Hagz we proceed in the same way as in Ha;.

Taking M as the maximum over all the bounds obtained above, we deduce that E., (tA,)
is well defined for each ¢t > 0 and ||E, (tA,)|| < M.
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We shall now seek a uniform bound for the function ||E,(tA,)] for all ¢ > 0. For this,
just observe that if ¢ < ¢ and 7/2 < 0" < 6 < ¢ and we take Ha = Ha(e, ) and
Ha' = Ha(e',0'), we obtain the equality

1 1
—/ NN — A) AN = — MNTTHNY — A,) AN vt > 0.
2 Sy, 211 Jga
This is enough to justify that the estimate obtained before is uniform on t > 0.
Finally, we observe that, making a change of variables,

1
E,(tA,) = o /H NI — A7) TN, >0,

and therefore, using the dominated convergence theorem, we conclude that E,(0) is the
identity operator.
A similar procedure proves that || E, ,(tA,)| < M for all t € [0, 00). O

Proof of Proposition 1.4. We have that

1
| Eqy(tAg)z|| xo = ‘ 7/ e’\t)\wflAf;()\7 — Aq)lxd)\H
21 J g, X0
q
=
< o / NTTLAZ (M) — Aq)ldiH
27T Ha X0
q
<t (C/ e/\)\”’a_1|d|>\|>||x||xo.
27 Ha a
Hence, it is sufficient to choose M > 1 such that
C
7/ le* A7 I\ < M.
2 Ha
By a similar procedure one may prove the second estimate. (I
Proof of Theorem 1.3. Consider r > 0 such that
. roor
||U0HX;* < min {4]\47 4}.
Let By be the space
By i={ve C(0,7h Xg): swp [o(s)lxg <r}
with norm [|v[| pa = supgc,<- [[v(s)[ xa. On By define the operator
t
Tu(t) = B,(tAg)g(u) +/ (t =) By 5 ((t = 5)Aq) f(5,u(s)) ds. (2.2)
0
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Let us first prove that T is a well-defined map and T'(B%) C B2. Initially, fix ¢t € [0,7)
and let t5 < t1 < 7. We then have

[Tu(tr) = Tults)| xg < [(By(t14q) — By (t244))9(u) xg

[t — ) By ((t1 — 5)Ay)

= (t2 = 8) 7 By ((t2 — 5) Ag)1f (s, u(s)) ds

Xg

H /t1 (t1 = 8) "By (1 — 5)Ag) f(s,u(s)) ds

Xq
In the above, it is not hard to see that the first term goes to zero as t; — t2+. Using

Lebesgue’s dominated convergence theorem, we can prove that the second term also goes
to zero as t; — t5 . Let us consider the third term. For it we have

H /:(tl —8) T By ((t — 5)Ag) f(s,u(s)) ds

Xg

t1
< M/ (t, — S)’Y(l—a)—lnj‘(S,u(s))HXg ds
to

t1
< Me / (tr — )11 1 [[u(s)[%.) ds

ta

t1
< Me(1+ 74))/ (t, — S)’Y(lfa)fl ds

ta

t1—t2
< Me(1+4 rp)/ s7A=)—1 g,
0

which goes to zero as t; — t;r. The case in which ¢; < to is similar. Then, for all u € BY,
Tu e C([0,7]; Xg).
On the other hand, if u € BY, we have

[Tu(®)llxg < By (tAg)g(w)lxg + M/O (t = )77 £ (s, u(s)) | xg ds

k

< Mjuollxe + MZ 1Billsollu(T3) | x o
i=1

t
Mo [ (1= 8P 0 0 (o)) ds
0 q

k
(1 _|_Tp)7-w(1*0¢)
< Mllullxg +Mr )y |1Billse + MC(M '

i=1
Then, if

Z 1Billos < 77 (2.3)
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and ( )
Y1 -« r
O<e< <2MT"/(1O‘)) 14re’
we have that T takes BY into itself. From now we fix 5; > 0,4 =1,...,k, with the above
property.

The next step is to show that T has a fixed point in BY. We claim that if ¢ > 0 is
small enough, the operator T is a contraction in BY. In fact, consider u,v € B¥. Then,

I7utt) ~ To(®)
k
< 3 Il (0 40) (T2) = (T
w01 [t 5070 uls) — S0l s

<MY e sup._[[u(t) = v(t)x;

=1 0t

+MC/O (¢ =)7L+ Juls) s + Jos) s lluls) —o(s)l|xp ds

k —1\v(1—c)
< [MZ||@||OO+MC((1+2’”” )7 )] sup. [lu(t) — v()]x
1=1

¥(1 - a) 0<t<T

It is then sufficient to consider

71— ) 1
V<es (2Mﬂ<1—a>) 1+ 2rr1

and we have that T is a %—contraction.
Finally, considering 3; given by (2.3) and

V(1 - )
O<e< <2]\/[7_’Y<1_0£))L(7'),

where

. T 1
L(r) = mln{l op 14 21 }a
by the Banach fixed point theorem it follows that T" has a fixed point u € BY.

From now on, consider u € C([0, 7]; X{') a mild solution to (1.7) and 6 € [0,1 — «). If
t > 0, we have

k
(@)l xgro < 1B (EAG)uoll xgvo + D [1Billoo | By (A )u(T) | oo

i=1

[ 57 B (€ = 940 F s )0 s
0
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k
—~0 —~0
< Mt uollxg + Mt Y ||Billoo (T xg
i=1

t
M / (= sy 02011 4 flus) | ) ds
0 q

k
< Mt fug | xe + Mt |Bi oo |u(T3) [ xo
i1
Mec(1 4+ supggyer u(t)|[5a )t

q

+ (1 —a—0) ’

and therefore u(t) € Xg‘*o, proving the second part of the theorem.
Finally, to conclude the proof, consider o/ € (a,1) and 79 > 0. For all ¢ € |1, 7] we

have
k
()l xor < M= JJuollxg + M= [|Billoolu(T) 1 x2
i=1
Me(1+ supggyer [[ult) |5 )17 =)

i (1 —a) ’
which proves that {u(t): t € [ro,7]} C qu‘l is a bounded set. Since Xg‘l — X7 isa
compact inclusion, we conclude the proof. (|
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