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1. Introduction and statement of the main results

In this paper we are interested in ensuring the existence of solutions to problems that
arise in the theory of heat conduction with non-local initial conditions. Specifically, we
will study the problem

Dγ
t u = Δu + f(t, u), [0,∞) × Ω,

u = 0, [0,∞) × ∂Ω,

u(0, x) = u0(x) +
k∑

i=1

βi(x)u(Ti, x), x ∈ Ω,

⎫⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎭

(1.1)

where Dγ
t is Caputo’s derivative of order γ ∈ (0, 1], Ω ⊂ R

n is a bounded smooth domain,
Ti ∈ (0,∞) are fixed real numbers, βi : Ω → R, i = 1, . . . , k, and f : [0,∞) × R → R are
continuous functions with f satisfying, for some ρ > 1,

|f(t, s) − f(t, r)| � c(1 + |s|ρ−1 + |r|ρ−1)|s − r| (1.2)
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and
|f(t, s)| � c(1 + |s|ρ) (1.3)

for all t ∈ [0,∞) and r, s ∈ R. In particular, if γ = 1, the above problem becomes the
well-known nonlinear heat equation.

The model problem that we have in mind is

Dγ
t u(t, x) = Δu(t, x) + κu(t, x)|u(t, x)|ρ−1, [0,∞) × Ω,

u(t, x) = 0, [0,∞) × ∂Ω,

}
(1.4)

with initial condition

u(0, x) = u0(x) +
k∑

i=1

βiu(Ti, x), (1.5)

where κ > 0, βi ∈ R, Ti ∈ (0,∞) and x ∈ Ω.
Physically, (1.5) says that some initial measurements were made at the times 0 and Ti ∈

(0,∞), i = 1, . . . , k, and the observer uses this previous information in their model. This
type of situation can lead us to a better description of the phenomenon. For example, con-
sider the phenomenon of diffusion of a small amount of gas in a tube and assume that the
diffusion is observed via the surface of the tube (see [4]). If there is too small an amount
of gas at the initial time, then the measurement u(0, x) of the amount of the gas in this
instant may be less precise than the measurement u(0, x) +

∑k
i=1 βiu(Ti, x). We remark

that initial conditions of type (1.5) were previously considered in [2–4,6,17,19,20].
We will treat (1.1) as an abstract evolution equation in the Lq setting with 1 < q < ∞.

To this end, let Aq = Δ with Dirichlet boundary conditions in Ω. Then Aq can be seen
as an unbounded operator in X0

q := Lq(Ω) with domain

X1
q := W 2,q(Ω) ∩ W 1,q

0 (Ω).

It is well known that the scale of fractional power spaces {Xα
q }α∈R associated with Aq

verifies (see [1,5])

Xα
q ↪→ H2α

q (Ω), α � 0, 1 < q < ∞,

X−α
q ↪→ (Eα

q′)′, α � 0, 1 < q < ∞, q′ =
q

q − 1
.

Therefore, we have

Xα
q ↪→ Lr(Ω) for r � Nq

N − 2qα
, 0 � α <

N

2q
,

X0
q = Lq(Ω),

Xα
q ←↩ Ls(Ω) for s � N

N − 2qα
, − N

2q′ < α � 0,

with continuous embeddings.
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It is important to observe that Aq is a sectorial operator, that is, there exist positive
constants C and φ ∈ (π/2, π) such that

Σφ := {λ ∈ C \ {0} : |arg(λ)| < φ} ⊂ ρ(Aq)

and
‖(λ − Aq)−1‖L(X0

q ,X0
q ) � C

|λ| ∀λ ∈ Σφ. (1.6)

With the above considerations we can rewrite (1.1) on the Banach space X0
q in the

abstract form
Dγ

t u(t) = Aqu(t) + f(t, u(t)), t ∈ [0,∞),

u(0) = g(u),

}
(1.7)

where γ ∈ (0, 1] for x ∈ Ω and Ti > 0, u(t)(x) = u(t, x), f(t, u(t))(x) = f(t, u(t, x)) and

g(u)(x) = u0(x) +
k∑

i=1

βiu(Ti, x). (1.8)

Consider α ∈ [0, 1) such that the function f in (1.7) is well defined from [0,∞) × Xα
q

into X0
q . By (1.2), (1.3) and the fact that if α ∈ (0, 1), then Xα

q ↪→ X0
q has continuous

inclusion, we can see that

‖f(t, x) − f(t, y)‖X0
q

� c(1 + ‖x‖ρ−1
Xα

q
+ ‖y‖ρ−1

Xα
q

)‖x − y‖Xα
q

(1.9)

and
‖f(t, x)‖X0

q
� c(1 + ‖x‖ρ

Xα
q
) (1.10)

for all x, y ∈ Xα
q , all t � 0 and some c > 0.

Going further, let us make some considerations. Firstly, for γ, θ ∈ (0,∞), consider the
function

Eγ,θ(z) =
∞∑

m=0

zm

Γ (γm + θ)
, z ∈ C.

Clearly, Eγ,θ is an entire function for all γ, θ ∈ (0,∞). Furthermore, since Γ (m+1) = m!
for all m ∈ N, we have

E1,1(z) =
∞∑

m=0

zm

Γ (m + 1)
= ez, z ∈ C,

where z 
→ ez is the exponential function. Actually, we observe that other notable ele-
mentary functions can be recovered by Eγ,θ. For example, if γ = 2 and θ = 1, we have

E2,1(z2) = cosh(z) and E2,1(−z2) = cos(z), z ∈ C.

A very useful property of the function Eγ,θ is its integral representation. Indeed, we have

Eγ,θ(z) =
1

2πi

∫
Ha′

eλλγ−θ(λγ − z)−1 dλ, z ∈ C, (1.11)
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where Ha′ is a contour that starts and ends at −∞ and encircles the origin once anti-
clockwise. We will fix Eγ := Eγ,1. The function Eγ is called a Mittag-Leffler function
in honour of Mittag-Leffler, who introduced and investigated it at the beginning of the
twentieth century (see [9–11]). Many studies on Mittag-Leffler functions and their appli-
cations to several branches of knowledge can be found in the literature. We particularly
recommend to the reader the books [8,12,14] and the papers [7,13,15,16,18].

On the other hand, let us suppose for a moment that u : [0,∞) → X0
q verifies (1.7).

Formally, applying the Laplace transform in (1.7) we have

λγ û(λ) − λγ−1g(u) = Aqû(λ) + F (λ) =⇒ (λγ − Aq)û(λ) = λγ−1g(u) + F (λ),

where F (λ) is the Laplace transform of the function t 
→ f(t, u(t)). Taking λγ ∈ ρ(Aq),
it follows that

û(λ) = λγ−1(λγ − Aq)−1g(u) + (λγ − Aq)−1F (λ).

Using the inverse Laplace transform we deduce that

u(t) = Eγ(tAq)g(u) +
∫ t

0
(t − s)γ−1Eγ,γ((t − s)Aq)f(s, u(s)) ds, t � 0,

where Eγ(tAq) and tγ−1Eγ,γ(tAq) are, formally at least, the inverse Laplace transform
of

λ 
→ λγ−1(λγ − Aq)−1

and
λ 
→ (λγ − Aq)−1,

respectively. In the next section we prove that these functions are well defined for all
γ ∈ (0, 1]. Indeed, we start the next section with the proof of the following result.

Proposition 1.1. Consider γ ∈ (0, 1]. The functions

Eγ(tAq) :=
1

2πi

∫
Ha

eλtλγ−1(λγ − Aq)−1 dλ, t � 0,

and

Eγ,γ(Aqt) :=
t1−α

2πi

∫
Ha

eλt(λγ − Aq)−1 dλ, t � 0,

where Ha is a suitable path, are well defined and there exists a constant M > 0 such
that

‖Eγ(tAq)x‖X0
q

� M‖x‖X0
q

and ‖Eγ,γ(Aqt)x‖X0
q

� M‖x‖X0
q

for every t � 0 and x ∈ X0
q .

The strategy to prove Proposition 1.1, and later Proposition 1.4, basically consists of
considering the path

Ha = {seiη : r � s < ∞} ∪ {reis : |s| � η} ∪ {se−iη : r � s < ∞}
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for r > 0 and suitable η ∈ (π/2, π), both independent of γ ∈ (0, 1], and to use the
estimate of the resolved operator (1.6). (See the next section for more details.)

Motivated by this discussion and by the previous related literature, we adopt the
following concept for a solution to (1.7).

Definition 1.2. Let τ > 0. A function u : [0, τ ] → X is said to be a local mild solution
to (1.7) in [0, τ ] if u ∈ C([0, τ ];X0

q ) and

u(t) = Eγ(tAq)u0 +
k∑

i=1

βiEγ(tAq)u(Ti) +
∫ t

0
(t − s)γ−1Eγ,γ((t − s)Aq)f(s, u(s)) ds

for all t � 0.

Our main result ensures existence of a local mild solution to (1.7), or equivalently to
(1.1), in Xα

q , α ∈ [0, 1). Furthermore, we prove that these solutions regularize immedi-
ately. Precisely, we prove the following existence result.

Theorem 1.3. Consider γ ∈ (0, 1] and τ ∈ (0,∞) such that Ti � τ < ∞, i = 1, . . . , k.
Suppose that α ∈ [0, 1) is such that the function f : [0, τ ] × Xα

q → X0
q is well defined.

Consider u0 ∈ Xα
q and βi : Ω → R bounded functions. If c > 0 and ‖βi‖∞ are small

enough, where c is given in (1.9) and (1.10), then (1.7) has at least one mild solution
u ∈ C([0, τ ], Xα

q ). If u is such a mild solution, then, for all t > 0,

u(t) ∈ Xα+θ
q ∀θ ∈ [0, 1 − α). (1.12)

Furthermore, if n > q, then the set

{u(t) : 0 < t � τ} ⊂ Xα
q

is a compact set.

It is interesting to note that the regularity result (1.12) is independent of the order of
derivation γ ∈ (0, 1].

To prove the above result we just need to understand the behaviour of the Mittag-
Leffler families on the scale of fractional power spaces associated with the linear opera-
tor Aq. For this reason, in the next result we give some information on these families in
the spaces Xα

q associated with the sectorial operator Aq.

Proposition 1.4. Consider γ ∈ (0, 1] and 0 � α � 1. There then exists a constant
M > 0 such that

‖Eγ(tAq)x‖Xα
q

� Mt−γα‖x‖X0
q

and ‖tγ−1Eγ,γ(tAq)x‖Xα
q

� Mtγ(1−α)−1‖x‖X0
q

for all t > 0.

Remark 1.5. For the special situation in which γ = 1, the above result recovers the
well-known estimates for the semigroup generated by Aq.
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Having obtained the above result, our strategy will be to define a nonlinear operator T

on C([0, τ ];Xα
q ), α ∈ [0, 1), by

Tu(t) = Eγ(tAq)u0 +
k∑

i=1

βiEγ(tAq)u(Ti)

+
∫ t

0
(t − s)γ−1Eγ,γ((t − s)Aq)f(s, u(s)) ds, t � 0,

and to confirm the existence of a fixed point to it.
As an immediate application of Theorem 1.3 we consider, for example, the problem

Dγ
t u(t, x) = Δu(t, x) + κu(t, x)|u(t, x)|, [0,∞) × Ω,

u(t, x) = 0, [0,∞) × ∂Ω,

u(0, x) = u0(x) +
k∑

i=1

βiu(Ti, x), x ∈ Ω,

⎫⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎭

(1.13)

where κ > 0, γ ∈ (0, 1], Ω ⊂ R
3 is a bounded smooth domain, Ti ∈ (0,∞) and βi ∈ R

are fixed real numbers, i = 1, . . . , k. We will consider problem (1.13) with u0 ∈ H1
0 (Ω).

To this end, set X0
2 = L2(Ω) and

D(Δ) := X1
2 = H2(Ω) ∩ H1

0 (Ω).

The nonlinear term in (1.13) is given by

f(t, s) = κs|s|, t � 0, s ∈ R,

which verifies (1.2) and (1.3) with ρ = 2 and c = κ. To use Theorem 1.3 we just need
to prove that the abstract nonlinear term associated with (1.13) is well defined from
[0,∞) × H1

0 into L2(Ω), that is, the function f : [0,∞) × X
1/2
2 → X0

2 given by

f(t, φ)(x) := κφ(x)|φ(x)|, x ∈ Ω,

is well defined. But the above follows immediately by Hölder’s inequality and by the fact
that H1

0 (Ω) ↪→ L2(Ω) is a compact inclusion. Hence, if κ and max{βi} are small enough,
problem (1.13) has at least one mild solution. Furthermore, if

u : [0, τ ] → X
1/2
2 (Ω)

is such a solution, then
u(t) ∈ X

1/2+θ
2 ∀θ ∈ [0, 1/2)

and the set
{u(t) : 0 < t � τ} ⊂ H1

0 (Ω)

is a compact set. Particularly, if βi = 0, i = 1, . . . , k, we have that the problem

Dγ
t u(t, x) = Δu(t, x) + κu(t, x)|u(t, x)|, [0,∞) × Ω,

u(t, x) = 0, [0,∞) × ∂Ω,

u(0, x) = u0(x), x ∈ Ω,

has at least one mild solution with the above properties.
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2. Proof of the main results

In this section we will prove our main results. We start with the proof of Proposition 1.1.

Proof of Proposition 1.1. Consider φ ∈ (π/2, π) and let Σφ be the sector associated
with the sectorial operator Aq and choose arbitrary values ε > 0 and θ ∈ (π/2, φ]. Let
Ha = Ha(ε, θ) be the Hankel path given by Ha = Ha1 +Ha2 −Ha3, where the Hai are
such that

Ha1 := {teiθ : t ∈ [ε, ∞)},

Ha2 := {εeit : t ∈ [−θ, θ]},

Ha3 := {te−iθ : t ∈ [ε, ∞)}.

⎫⎪⎪⎬
⎪⎪⎭ (2.1)

We will estimate the function ‖Eγ(tAq)‖ on each Hai, according to definition (2.1),
for any t > 0. Just observe that for each fixed t 
= 0, if we assume that ε = 1/t, then the
following hold.

• On Ha1, it holds that∥∥∥∥ 1
2πi

∫
Ha1

eλtλγ−1(λγ − Aq)−1 dλ

∥∥∥∥ � 1
2π

∥∥∥∥
∫ ∞

ε

etseiθ (seiθ)γ−1((seiθ)γ − Aq)−1eiθ ds

∥∥∥∥
and, using that if λ = seiθ ∈ Ha(ε, θ) ⊂ Σφ, then λγ ∈ Σφ, we obtain by the sectorial
property ∥∥∥∥ 1

2πi

∫
Ha1

eλtλγ−1(λγ − Aq)−1 dλ

∥∥∥∥ � N

2π

∫ ∞

ε

ets cos(θ)|(seiθ)|−1 ds

� N

2πε

∫ ∞

ε

ets cos(θ) ds

=
Necos(θ)

−2π cos(θ)
.

• On Ha2, we have

∥∥∥∥ 1
2πi

∫
Ha2

eλtλγ−1(λγ − Aq)−1 dλ

∥∥∥∥ =
1
2π

∥∥∥∥
∫ θ

−θ

etεeis(εeis)γ−1((εeis)γ − Aq)−1iεeis ds

∥∥∥∥
� N

2π

∫ θ

−θ

etε cos(s) ds

� θNe
π

.

• On Ha3 we proceed in the same way as in Ha1.

Taking M as the maximum over all the bounds obtained above, we deduce that Eγ(tAq)
is well defined for each t > 0 and ‖Eγ(tAq)‖ � M .
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We shall now seek a uniform bound for the function ‖Eγ(tAq)‖ for all t > 0. For this,
just observe that if ε < ε′ and π/2 < θ′ < θ < φ and we take Ha = Ha(ε, θ) and
Ha′ = Ha(ε′, θ′), we obtain the equality

1
2πi

∫
Ha

eλtλγ−1(λγ − Aq)−1 dλ =
1

2πi

∫
Ha′

eλtλγ−1(λγ − Aq)−1 dλ ∀t � 0.

This is enough to justify that the estimate obtained before is uniform on t > 0.
Finally, we observe that, making a change of variables,

Eγ(tAq) =
1

2πi

∫
Ha

eλλγ−1(λγ − Aqt
γ)−1 dλ, t � 0,

and therefore, using the dominated convergence theorem, we conclude that Eγ(0) is the
identity operator.

A similar procedure proves that ‖Eγ,γ(tAq)‖ � M for all t ∈ [0,∞). �

Proof of Proposition 1.4. We have that

‖Eγ(tAq)x‖Xα =
∥∥∥∥ 1

2πi

∫
Ha

eλtλγ−1Aα
q (λγ − Aq)−1xdλ

∥∥∥∥
X0

q

� t−γ

2π

∥∥∥∥
∫

Ha

eλλγ−1Aα
q ((λ/t)γ − Aq)−1xdλ

∥∥∥∥
X0

q

� t−γα

(
C

2π

∫
Ha

|eλλγα−1| d|λ|
)

‖x‖X0
q
.

Hence, it is sufficient to choose M > 1 such that

C

2π

∫
Ha

|eλλγα−1| d|λ| � M.

By a similar procedure one may prove the second estimate. �

Proof of Theorem 1.3. Consider r > 0 such that

‖u0‖Xα
q

< min
{

r

4M
,
r

4

}
.

Let Bα
r be the space

Bα
r :=

{
v ∈ C([0, τ ];Xα

q ) : sup
0�s�τ

‖v(s)‖Xα
q

� r
}

with norm ‖v‖Bα
r

:= sup0�s�τ ‖v(s)‖Xα
q
. On Bα

r define the operator

Tu(t) = Eγ(tAq)g(u) +
∫ t

0
(t − s)γ−1Eγ,γ((t − s)Aq)f(s, u(s)) ds. (2.2)

https://doi.org/10.1017/S0013091515000590 Published online by Cambridge University Press

https://doi.org/10.1017/S0013091515000590


On fractional heat equations with non-local initial conditions 73

Let us first prove that T is a well-defined map and T (Bα
r ) ⊂ Bα

r . Initially, fix t2 ∈ [0, τ)
and let t2 < t1 � τ . We then have

‖Tu(t1) − Tu(t2)‖Xα
q

� ‖(Eγ(t1Aq) − Eγ(t2Aq))g(u)‖Xα
q

+
∥∥∥∥

∫ t2

0
[(t1 − s)γ−1Eγ,γ((t1 − s)Aq)

− (t2 − s)γ−1Eγ,γ((t2 − s)Aq)]f(s, u(s)) ds

∥∥∥∥
Xα

q

+
∥∥∥∥

∫ t1

t2

(t1 − s)γ−1Eγ,γ((t1 − s)Aq)f(s, u(s)) ds

∥∥∥∥
Xα

q

.

In the above, it is not hard to see that the first term goes to zero as t1 → t+2 . Using
Lebesgue’s dominated convergence theorem, we can prove that the second term also goes
to zero as t1 → t+2 . Let us consider the third term. For it we have∥∥∥∥

∫ t1

t2

(t1 − s)γ−1Eγ,γ((t1 − s)Aq)f(s, u(s)) ds

∥∥∥∥
Xα

q

� M

∫ t1

t2

(t1 − s)γ(1−α)−1‖f(s, u(s))‖X0
q
ds

� Mc

∫ t1

t2

(t1 − s)γ(1−α)−1(1 + ‖u(s)‖ρ
Xα

q
) ds

� Mc(1 + rρ)
∫ t1

t2

(t1 − s)γ(1−α)−1 ds

� Mc(1 + rρ)
∫ t1−t2

0
sγ(1−α)−1 ds,

which goes to zero as t1 → t+2 . The case in which t1 < t2 is similar. Then, for all u ∈ Bα
r ,

Tu ∈ C([0, τ ];Xα
q ).

On the other hand, if u ∈ Bα
r , we have

‖Tu(t)‖Xα
q

� ‖Eγ(tAq)g(u)‖Xα
q

+ M

∫ t

0
(t − s)γ(1−α)−1‖f(s, u(s))‖X0

q
ds

� M‖u0‖Xα
q

+ M

k∑
i=1

‖βi‖∞‖u(Ti)‖Xα
q

+ Mc

∫ t

0
(t − s)γ(1−α)−1(1 + ‖u(s)‖ρ

Xα
q
) ds

� M‖u0‖Xα
q

+ Mr

k∑
i=1

‖βi‖∞ + Mc

(
(1 + rρ)τγ(1−α)

γ(1 − α)

)
.

Then, if
k∑

i=1

‖βi‖∞ <
1

4M
(2.3)
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and

0 < c <

(
γ(1 − α)

2Mτγ(1−α)

)
r

1 + rρ
,

we have that T takes Bα
r into itself. From now we fix βi > 0, i = 1, . . . , k, with the above

property.
The next step is to show that T has a fixed point in Bα

r . We claim that if c > 0 is
small enough, the operator T is a contraction in Bα

r . In fact, consider u, v ∈ Bα
r . Then,

‖Tu(t) − Tv(t)‖Xα
q

�
k∑

i=1

‖βi‖∞‖Eγ(tAq)(u(Ti) − v(Ti))‖Xα
q

+ M

∫ t

0
(t − s)γ(1−α)−1‖f(s, u(s)) − f(s, v(s))‖X0

q
ds

� M
k∑

i=1

‖βi‖∞ sup
0�t�τ

‖u(t) − v(t)‖Xα
q

+ Mc

∫ t

0
(t − s)γ(1−α)−1(1 + ‖u(s)‖ρ−1

Xα
q

+ ‖v(s)‖ρ−1
Xα

q
)‖u(s) − v(s)‖Xα

q
ds

�
[
M

k∑
i=1

‖βi‖∞ + Mc

(
(1 + 2rρ−1)τγ(1−α)

γ(1 − α)

)]
sup

0�t�τ
‖u(t) − v(t)‖Xα

q
.

It is then sufficient to consider

0 < c <

(
γ(1 − α)

2Mτγ(1−α)

)
1

1 + 2rρ−1

and we have that T is a 3
4 -contraction.

Finally, considering βi given by (2.3) and

0 < c <

(
γ(1 − α)

2Mτγ(1−α)

)
L(r),

where

L(r) = min
{

r

1 + rρ
,

1
1 + 2rρ−1

}
,

by the Banach fixed point theorem it follows that T has a fixed point u ∈ Bα
r .

From now on, consider u ∈ C([0, τ ];Xα
q ) a mild solution to (1.7) and θ ∈ [0, 1 − α). If

t > 0, we have

‖u(t)‖Xα+θ
q

� ‖Eγ(tAq)u0‖Xα+θ
q

+
k∑

i=1

‖βi‖∞‖Eγ(tAq)u(Ti)‖Xα+θ
q

+
∫ t

0
‖(t − s)γ−1Eγ,γ((t − s)Aq)f(s, u(s))‖Xα+θ

q
ds
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� Mt−γθ‖u0‖Xα
q

+ Mt−γθ
k∑

i=1

‖βi‖∞‖u(Ti)‖Xα
q

+ Mc

∫ t

0
(t − s)γ(1−α−θ)−1(1 + ‖u(s)‖ρ

Xα
q
) ds

� Mt−γθ‖u0‖Xα
q

+ Mt−γθ
k∑

i=1

‖βi‖∞‖u(Ti)‖Xα
q

+
Mc(1 + sup0�t�τ ‖u(t)‖ρ

Xα
q
)tγ(1−α−θ)

γ(1 − α − θ)
,

and therefore u(t) ∈ Xα+θ
q , proving the second part of the theorem.

Finally, to conclude the proof, consider α′ ∈ (α, 1) and τ0 > 0. For all t ∈ [τ0, τ ] we
have

‖u(t)‖Xα′
q

� Mtα−α′‖u0‖Xα
q

+ Mtα−α′
k∑

i=1

‖βi‖∞‖u(Ti)‖Xα
q

+
Mc(1 + sup0�t�τ ‖u(t)‖ρ

Xα
q
)tγ(1−α′)

γ(1 − α′)
,

which proves that {u(t) : t ∈ [τ0, τ ]} ⊂ Xα′

q is a bounded set. Since Xα′

q ↪→ Xα
q is a

compact inclusion, we conclude the proof. �
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