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Abstract

It has been conjectured that, for any fixed r > 2 and sufficiently large n, there is a monochromatic
Hamiltonian Berge-cycle in every (r — 1)-colouring of the edges of K', the complete r-uniform hypergraph
on n vertices. In this paper we prove this conjecture.

2020 MSC Codes: 05C65, 05C45, 05D10

1. Introduction

For a given r > 2 and n > r, an r-uniform Berge-cycle of length n, denoted by C;, is an r-uniform
hypergraph with the core sequence v, v2, . . ., v, as the vertices, and distinct edges ej, ez, . . ., e,
such that e; contains v;, viy, where addition in indices is modulo n. The case r = 2 gives the usual
definition of the cycle C,, on n vertices for graphs. A Berge-cycle of length # in a hypergraph with
n vertices is called a Hamiltonian Berge-cycle.

For an r-uniform hypergraph H, the Ramsey number Ri(H) is the minimum integer n such
that there is a monochromatic copy of H in every k-edge colouring of K},. The existence of such a
positive integer is guaranteed by Ramsey’s classical result in [9]. The Ramsey numbers of various
variations of cycles in uniform hypergraphs have recently been studied; see e.g. [5, 6, 8]. In this
regard, Gyarfas, Lehel, Sarkozy and Schelp proposed the following conjecture for Berge-cycles.

Conjecture 1.1 ([2]). Assume that r > 2 is fixed and n is sufficiently large. Then every (r — 1)-edge
colouring of K], contains a monochromatic Hamiltonian Berge-cycle.

Conjecture 1.1 states that for a given r > 2 we have R,_;(C},) = n when n is sufficiently large.
The case r =2 is trivial, since for each n > 3 the complete graph K, has a Hamiltonian cycle.
The case r = 3 was proved by Gyarfas, Lehel, Sarkozy and Schelp [2]. Recently, Maherani and the
author gave a proof for the case r = 4; see [7]. For general r, the asymptotic form of Conjecture 1.1
was proved by Gyarfas, Sarkozy and Szemerédi using the method of the Regularity Lemma; see
[4]. To see more results on Conjecture 1.1, we refer the reader to [2, 3, 4] and references therein.
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In this paper we establish Conjecture 1.1. Based on the above results on this conjecture, it only
suffices to give a proof for r > 5. The main result of this paper is the following theorem.

Theorem 1.2. Supposethatr >4 andn > 6r(r‘irl). Then in every (r — 1)-edge colouring of K}, there
is a monochromatic Hamiltonian Berge-cycle.

For a given r > 2, let p(r) be the minimum value of m for which the statement of Conjecture 1.1
holds for any n > m. Theorem 1.2 guarantees the existence of such a function p(r) (in fact it shows
that p(r) < 6r( r‘irl) + 1). Determining p(r) seems to be an interesting problem, though we will not
make any serious attempt in this direction. At present we do not know much about p(r). Our
conjecture is that p(r) is much less than 6r(y4_r1) + 1, at least for small values of . An indication of
this is given by p(3) =5 (see [2]) and p(4) < 85 (see [7]).

2. Basic definitions and some preliminaries

Before we give our proof we present some definitions. Assume that H is an r-uniform hypergraph.
The shadow graph S(H) is a graph with vertex set V(H), where two vertices are adjacent if they
are covered by at least one edge of H. Consider an (r — 1)-edge colouring of H = K], with colours
1,2,...,r— 1 and assume that G = S(H) (so G is a complete graph). For each edge e = xy of G, we
assign a list L(e) of colours of all edges of H containing x and y. For an edge e € E(G), the colour
i€ L(e) is good if at least r — 1 edges (of H) of colour i contain both vertices of e. We consider
a new multi-colouring L* for the edges of G. For each edge e € E(G), assume that L*(e) € L(e) is
the set of all good colours for e. Throughout this paper, for each natural number m, assume that
[m]={1,2,...,m}. For each vertex x € V(G) and any 1 < i< r — 1, assume that

Ui) ={ye V(O \ {x} [ie L*(xp)}, Uix)={ye V(G)\ {x} |i ¢ L*(xp)},

and d;(x) is the number of edges of colour i containing x in H. For any I C [r — 1], set

U =(|Uix) and Trx)=(")Ti).

iel iel

We say that a set of vertices S € V(G) avoids the set of colours W C [r — 1] if, for each ie W,
there is a vertex x € S with d;(x) < (fl) or an edge e = xy for x, y € S with i ¢ L*(e). We will use

the following lemmas in the proof of Theorem 1.2.
Lemma 2.1 ([7]). Assume that r > 3 and H = K], is an (r — 1)-edge coloured complete r-uniform
hypergraph on n vertices. Also, suppose that G = S(H) and there is a monochromatic Hamiltonian

cycle in G under multi-colouring L*. Then there is a monochromatic Hamiltonian Berge-cycle in H.

Lemma 2.2 ([1]). Let G be a simple graph and let u and v be non-adjacent vertices in G such that
dg(u) + dg(v) = n. Then G is Hamiltonian if and only if G + uv is Hamiltonian.

Lemma 2.3 ([1]). Let G be a simple graph with degree sequence 0 < dy < dy <---<d, <n and
n = 3.1If, for each i < n/2, we have d; > i or d,_; > n — i, then G is Hamiltonian.

The following simple remark can be proved by induction on m and it will be used later on.

https://doi.org/10.1017/50963548320000243 Published online by Cambridge University Press


https://doi.org/10.1017/S0963548320000243

656 G. R. Omidi

Remark 2.1. Assume thata,, > a,,—1 >--->a; > a> 0arerealnumbersanda; +---+a,, =1
Then

a;i =>a" (1= (m—1)a).

—.

i=1

In the rest of this paper, for a real number 7, we use |r] (resp. [r]) to mean the greatest integer
not exceeding r (resp. the least integer not less than r).

3. Outline of the proof of Theorem 1.2

Here we sketch the main ideas of our proof of Theorem 1.2. Suppose to the contrary that
there is no monochromatic Hamiltonian Berge-cycle in a given (r — 1)-edge colouring c¢ of
H =K;, with colours 1,2,...,r —1. We will show that (see Claim 4.5), by suitable renam-
ing of colours, for some 0 < f <r—2 there are distinct vertices x, y1, 2, ..., ¥r—1 such that
|U,—1(x)| = (n—1)/2,i¢ L*(xy;) forany f + 1 <i<r—1and {yi}{zl avoids [f]. We choose dis-
tinct vertices x, ¥1, ¥2, . - ., ¥r—1 with these properties and maximum f. Without loss of generality
we assume that
Upr1 (O < [Upa(x)| < -+ - < [Ur—1 (1)

Then we divide our proof into some cases, and in each case, using the distinct vertices x and
{y,-}ir;ll, we construct a new graph I" on V(H) so that any Hamiltonian cycle in I" can be extended
to a monochromatic Hamiltonian Berge-cycle of colour f +1 in H. In short V(I') = V(H),
and for any two adjacent vertices u and v of I there exists an edge g,, € E(H) of colour f +1
containing u and v. Moreover, g, # g,/ for almost any two distinct edges uv and v/v' in E(T").

Overall, I' can be defined as follows. The maximality of f and the choices of the vertices D =
{yi}l:l1 U {x} imply that for almost all vertices u € V(H) there are many vertices v such that there
is an edge e, in H of colour f + 1 containing u, v with |e,, N D| > r — 2. You can see the reason
for the existence of many vertices v with this property in the proof of Claim 4.12 when f <r — 3
and in Section 4.3 for f =r — 2. Now we consider the new graph with vertex set V(H) and edges
uv mentioned above. Then for f < r — 2 we add a few suitable edges (the edges E; (4.9), E3 (4.11)
and E4 (4.12) defined in Section 4.4) to this graph to get a new graph I' with minimum degree at
least 2r + 1.

To complete our proof (in fact to get a contradiction to our incorrect assumption) it suffices to
show that I' is a Hamiltonian graph. To do this, we show that the degree sequence of the graph
I satisfies Chvatal’s condition in Lemma 2.3. More precisely, if d} < d, < - - - < d,, are degrees of
the vertices of I', then for each i < n/2 we have d; > i or d,,_; > n — i. Hence, by Lemma 2.3, " is
Hamiltonian and we are done.

Finally I would like to mention that in Claim 4.18, the reader can see how we can extend a
Hamiltonian cycle in I' into a monochromatic Hamiltonian cycle in H when f < r — 3, as can be
seen in Section 4.3 for r =f — 2.

4. The proof of Theorem 1.2

Suppose to the contrary that there is no monochromatic Hamiltonian Berge-cycle in a given
(r — 1)-edge colouring ¢ of H = K, with colours 1,2,...,7 — 1. We will get a contradiction in
this section.

4.1 Useful definitions and facts

For each 1 <i<r—1, let W; be the set of all edges e of G=S(H) for which i ¢ L*(e). Using
Lemma 2.1, we may assume that the subgraph of G with vertex set V(G) and edge set E(G) \ W;
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is not Hamiltonian. Now consider S; € W; with minimum cardinality, such that the spanning
subgraph of G induced by E(G) \ S; is not Hamiltonian. Assume that G; and Gj are the spanning
subgraphs of G induced by S; and E(G) \ S;, respectively. For each colour 1 <i<r — 1, respec-
tively, assume that T; and R; are the sets of all isolated vertices and all vertices with degree at least
(n—1)/2 in G;. Also, assume that Q; = V(G;) \ (T; U R;). We will frequently need the following
fact in our proof.

Fact 4.1. For each 1 <i<r— 1, G; is non-Hamiltonian. Moreover, for each e € E(G;), we have
i ¢ L*(e) and G + e is Hamiltonian.

For any two non-adjacent vertices x and y of Gj, by Fact 4.1 the graph G + xy is Hamiltonian
and so, by Lemma 2.2, we have dge(x) + dge(y) < n — 1. Therefore we have the following fact on
the sums of degrees of adjacent vertices in G;.

Fact 4.2. For any two adjacent vertices x and y of G;, we have dg,(x) + dg,(y) > n — 1.

This fact implies that Q; is an independent set in G;. If R; =@ for some i, then since Q; is an
independent set, the graph G; has no edge and so Gj is a complete graph, a contradiction to the
fact that G is non-Hamiltonian. Hence R; # #J (see Section 2 for the notations that are not defined
here). Now we claim that |R;| > |Tj| for each 1 <i < r — 1. Assume to the contrary that for some
i we have |R;| < |Tj|. Let

Ri={xi,x2 .., xr)b Ti={ynye--ymh Qi={z1,22,. .., 2z}
Obviously
C=y1X1 .. YIRIX|R VIR +1 - - - VITi| 2L - - - 2|

is a Hamiltonian cycle in Gf, a contradiction. By the same argument, we have |R; U Q;| > |T;l.
Therefore we have the following fact.

Fact4.3. Foreach 1 <i<r— 1, wehave

o Q;is an independent set in G;,
* Ri #@ and |Ri| > |Til,
o [RiUQi| > [Ti.

4.2 Vertices avoiding all colours

An argument similar to the proof of Claim 2.3 of Theorem 2.2 in [7] (set t =2 and follow the
proof) yields the following result.

Claim 4.4. Let P C [r — 1] and |P| = p. Then there is a set of vertices Q C V(G) with |Q| <p+1
such that Q avoids P.

First assume that there is a subset S € V(G) that avoids a set of colours containing at least

IS| 4 1 colours ¢y, ¢z, . . ., ¢|s)+1. Using Claim 4.4, there is a subset & € V(G) containing at most
r—1—|§]| vertices that avoids [r — 1]\ {c1, 2, ..., ¢sj+1}. Now SU S avoids [r — 1], which is
impossible since the number of edges in H containing SU §’ is
n—I|SUY| - +1
n—r+1,
r—|Sus|)”
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and for each 1 <i < r — 1 the number of edges of colour i containing SU §' is at most ( ") (note
that n > 6r(r4_rl)). Therefore each subset S C V(G) avoids at most |S| colours in [r — 1].

Claim 4.5. By suitably renaming the colours, there are distinct vertices x and {yi}l:ll such that
T, 1(01 > (n = 1)/2 and for some 0 <f <r—2, {y¥l_, C N f+1 T, the set of vertices {y;}|_,
avoids [f] and i ¢ L*(xy;) forany f + 1 <i<r— 1.

Proof of Claim 4.5. Let S= {)’1}1 1 € V(G) be the largest subset of vertices with f <r — 1 that
avoids a set containing f colours. Note that it is possible to have S = ). Without any loss of gener-
ality, we may assume that S avoids [f]. The case f = r — 1 is impossible, since the number of edges
in H containing S is

4r
n—r+1>6r< )—r+1,
r—1

and for each 1 <i<r— 1 the number of edges of colour i containing S is at most ( ') Hence
f<r—21fy ¢ T forsome 1<i<fandf+1<j<r—1,then there is a vertex v € V(G) such
thatj ¢ L*(vy;) and thus S U {v} avoids [f] U {j}, a contradiction to the maximality of S. Hence

sc ) T (4.1)

i=f+1
If f=r—2, then choose x€R,_; and y,_; € Ng,_,(x). Since dg, ,(x) > (n—1)/2 we have
|U,—1(x)] = (n — 1)/2, and there is nothing to prove. Now let f < r — 3. If for some x € V(G) and
for some f +1<i,j <r— 1 with i # j we have U;(x) N U](x) # @, then for any v € U;(x) N U](x)

the set SU {x, v} avoids [f] U {3, j}, a contradiction to the maximality of f. Hence the following fact
holds. =

Fact4.6. Foranyf + 1 <i,j<r— 1 withi# j,and for each x € V(G), we have U;(x) N ﬁj(x) =0.

Now we claim that there is a vertex

r—1 r—1
xe |J R\ T
i=f+1 i=f+1
If there is such a vertex x, then the proof of Claim 4.5 will be finished by an easy argument. To see
this, without any loss of generality assume that x € R,—;. Since x has degree at least (n —1)/2 in
Gr_1, we have |U,_1(x)| > (n — 1)/2. On the other hand, foreachi=f +1,...,r —1wehavex €
R; U Q;. Hence, for each f + 1 <i<r — 1, there is a vertex y; with xy; € E(G;), and using Fact 4.1

we have i ¢ L*(xy;). Therefore the vertices x and {yi}{zl have the desired properties in Claim 4.5
and we are done. Now, to show that

r—1 r—1
U &\ U 1i#0,
i=f+1 i=f+1

assume to the contrary that

r—1 r—1
U rc U T (4.2)

i=f+1 i=f+1

We consider the following cases, and in each case we get a contradiction.
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Case . RyNRj=Pforany f+1<4i,j<r—1.

By Fact 4.3, for each i <r — 1 we have |R;| > |T;|. On the other hand, we have R; N R; =@ for
any f + 1 <i,j <r— 1, and using (4.2),

r—1 r—1
U R; C U T;.

i=f+1 i=f+1
Therefore we have |R;| = |Tj| foreach f + 1 <i<r—1,

r—1 r—1
U Ri= U T;

and T; N Tj= for any f + 1 <i,j<r— 1 and i # j. Note that by (4.1) we have S C ﬂ;;flﬂ Ti,
and therefore f = 0. Using Fact 4.3 for each 1 <i<r— 1, we have R; # {. On the other hand,
for each 1 <i<r—1 we have |R;| =|T;| and the degree of each vertex of R; in G;j is at least
(n—1)/2. Hence, for each 1 <i<r—1, Q; # 0. For each 1 <i<r—1, we have dg,(w) <n—
1 —|T;| when weR;, and dg,(w) < |R;| when w € Q;. On the other hand |R;| =|T;|, and by
Fact 4.2 we have dg,(x) + dg,(y) > n — 1 for any two adjacent vertices x and y of G;. Therefore,
for each i, the bipartite subgraph of G; with colour classes R; and Q; is complete, and also the
subgraph of G; induced by R; is a complete graph. Without any loss of generality, suppose that
for every 1 <i<r— 2 wehave [R,_1| < |R;|. Now, forevery 1 <i<r—2,setA;=R,_; NT;and
Bi=R,_1 N Qi=R,_; \ A;j (note that R,_; N R; = ). Also, with no loss of generality, assume that
|Ai] <|Aj| fori<j<r—1

First assume A,_3 is non-empty. Clearly R; \ T, is non-empty for some t € {r — 3, r — 2},
since |Ty—1| =|Ry—1] < |Rr—2 UR,_3|. In the next paragraph we will show that B; # . Now
choose two vertices u € B; and v e Ry \ T,—;. Since uv is an edge of G;, using Fact 4.1 we have
t ¢ L*(uv). On the other hand ve R;\ Ty_1 and R N R,_; =, so v € Q,_1. Therefore uv is an
edge of G,_;, and again using Fact 4.1 we have r — 1 ¢ L*(uv) and thus {u, v} avoids {t,r — 1},
which contradicts the fact that f = 0.

To see the fact By # @, first suppose that t =+ — 3. If B,_3 =, then R,_; = A,_3 C T,_3 and
SOR,_1=A,_» CT,_,(notethat |A,_3| <|A,_1|andA,_3UA,_» CR,_1).Hence T,_3NT,_», N
Ry—1 =R;_1 # ¥, a contradiction to the fact that T; N Tj = @ forany 1 <i,j <r — 1and i # j. Now
suppose that t=r — 2. If B, , =0, thenR,_1 =A, , CT,_randso A,_3 S T, N Ty_3,againa
contradiction to the fact that T; N Tj =¥ forany 1 <i,j <r — land i # .

Now assume that A,_3 =@. Then A; =---=A,_3 =, and therefore R,_; C T,_», since
r—1 r—1
U r=U T
i=f+1 i=f+1
If R; \ Ty—; is non-empty for some i€ {1,...,r — 3}, theni,r —1 ¢ L*(uv) forall u e B;and v

R;\ Ty—1 (note that since R,_1 N R; = W and A; = {J, we have R,_; = B; # ) and thus {u, v} avoids
{i, r — 1}, which is impossible. Otherwise

r—3
URi CTr.
i=1

On the other hand, |T,—1| = |R,—1| < |R;| for every 1 <i<n — 1. Hence r =4 and R; = T5. Since
3 3
UR,‘ZUT,’ and A1 =@,
i=1 i=1
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we have R3 =T, and R, = T}, and hence Ry € Q,, Ry € Q3 and R3 € Q;. Now since for each
1 < i< 3 the bipartite subgraph of G; with colour classes R; and Q; is complete, for any three
vertices v; € R;, where i = 1, 2, 3, we have v;v3 € E(G;), v1v2 € E(G,) and v,v3 € E(G3), and thus
using Fact 4.1 we have 1 ¢ L*(v1v3), 2 ¢ L*(v1v2) and 3 ¢ L*(v,v3). Therefore {vi, v, v3} avoids
[3] ={1, 2, 3}, which is again impossible.

Case 2. R;NR; # ¢ forsome f + 1 <i,j <r—1landi#j.

Without any loss of generality, assume that R,_, N R,—; # {J, and let x € R,—, N R,—;. Note that
f <r—3,and using Fact 4.6 we have U,_»(x) N U,_1(x) = @. Therefore
dg, ,(x) =dg, ,(x)=(n—1)/2,
Ng,_,(x) N Ng,_,(x) =1,
V(G) = {x} UNg,_,(x) UNg,_, (x).
Hence Ty—» N T,—; =¥ and thus f = 0; note that by (4.1) we have

r—1
S=pi < () T
i=f+1
Recall that > 4. Without loss of generality assume that
|Rr—3 N NG,,1 (X)| = |Rr—3 N NG,,Z (x)|

First assume x € R,_3. Then, for each y € Ng,_,(x), the set {x, y} clearly avoids a set containing
r — 3 and one of the colours r — 2 or r — 1, a contradiction to the fact that f = 0. In fact {x, y}
avoids {r — 3,r — 2} if y € Ng,_, (x), and {x, y} avoids {r — 3,r — 1} if y € Ng,_, (x).

Now assume x ¢ R,_3. Then since R,_3 # ¥, V(G) ={x} UNg, ,(x) UNg, ,(x) and |R,—3N
Ng, ,(x)] > |R—3 N Ng,_,(x)|, we have R,_3 N Ng, ,(x) # . Now consider y € R,_3 N Ng,_, (x).
If there is a vertex z € Ng,_,(y) N Ng,_,(x), then {x, y, z} avoids {r — 3,7 — 2, r — 1}, again con-
tradicting f = 0. Therefore Ng, ,(y) € Ng,_, (x) U {x}. Since y € Ng,_, (x), dg,_,(x) =dg,_,(x) =
(n—1)/2 and dg, ,(y) > (n —1)/2, we have x € Ng,_,(y), and thus {x, y} avoids {r —3,r — 1},
which is impossible. O

We choose distinct vertices x and {y,-}:;l1 with the desired properties mentioned in Claim 4.5
and maximum f. For simplicity we will denote Uy(x) and Uj(x) (for I € [r — 1]) by U; and Uy,
respectively. Also, for simplicity we denote Uj(x) and U;(x) (1 <i<r — 1) by U; and U, respec-
tively. Using Claim 4.5 we have |U,_1| > (n — 1)/2, and by Fact 4.6 we have U;N U;=¢ for
any f +1<14,j<r—1 with i #j. Hence |U,—1| > |Uj| for each 1 <i<r— 1, and without loss
of generality we may assume that

U1l <[Upgal <+ < Upal- (4.3)
Also, by Claim 4.5 we have f <r — 2. Let

Y={1nys. . ,yr—1t}\yp} and Yi={ynys ...y} \ {ype1 01}
for every 1 <i < r— 1. We will use the following simple fact in our proof. It follows from the fact
that {yi}{zl avoids [f], and for each f + 1 <i < r — 1 we have i ¢ L*(xy;).

Fact 4.7. For every 1 < i< r— 1, the set of vertices Y; U {x} avoids the set of colours [r — 1]\
{i,f + 1.

Also, we need the following fact in our proof later on.
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Fact4.8. Foreveryl <i<r—1landi#f+ 1, wehave U;N(Y;U {yr+1}) = 0. Moreover, Uf_,_l N
Yf+1 :@

The proof of Fact 4.8 is trivial. In fact, if for i # f 4 1 we have U;N(Y;U {yr+1}) # 0, then the
set of vertices Y; U {x, Yf+1} avoids all colours [r — 1]. But this is impossible, since the number of
edges in H containing Y; U {x, yr1} is

4r
n—r+1>6r( )—r—i—l,
r—1

and for each 1 <i<r—1 the number of edges of colour i containing Y; U {x, yr41} is at most

(,))- The proof of the second result in Fact 4.8 is similar.

In the rest of our proof we define a Hamiltonian graph I' with V(I") = V(H) in such a way
that every Hamiltonian cycle C of I' can be extended to a monochromatic Hamiltonian Berge-
cycle of H. For this, we consider two cases f =r — 2 and f < — 3, and in each case we first give
the definition of the new graph I". Then, using Dirac’s condition and Lemma 2.3, we show that
I is Hamiltonian, and finally we prove that every Hamiltonian cycle of I' can be extended to a
monochromatic Hamiltonian Berge-cycle of colour f + 1 of H. Clearly these results will complete
our proof.

4.3 Casef=r—2
In this section we assume f = r — 2. Consider a graph I" with vertex set V(I") = V(H) and edge
set E(I") = E; U E», where the sets E; are defined as follows. Also, the sets F; are defined and will
be used later on.

We define E; as follows:

Ei={uv|u,ve V(I)\Y,c(YU{uv}) =r—1}. (4.4)
For each uv € Ey, set ey, = Y U {u, v} and
Fy ={ey, | uv € E1}. (4.5)
We define E, as follows:
E={ywv|1<i<r—-2,veV([I)\Y,} (4.6)

Since Y avoids f=[r—2], we know that for a fixed ue V(I')\ Y, apart from at most
(r— 2)(r4_r1) choices of v € V(I') \ (Y U {u}), the edges e,, = Y U {u, v} of H are of colour r — 1,

so dr(u) >n— r(fl). Also, for each 1 <i< r— 2, we have dr(y;) =n — (r — 2). This observa-
tion comes from the definition of the set E;. One can easily see that Dirac’s condition implies that
the graph I' is Hamiltonian; see [1].

Now we show that every Hamiltonian cycle in I' can be extended to a monochromatic
Hamiltonian Berge-cycle of colour »r — 1 in H. Suppose that v, vs,..., v, are the vertices of
a Hamiltonian cycle C in I' that appear in this order. Now we define the distinct edges
21,9 - - -»8n € E(H) of colour r — 1 one by one (in the same order as their subscripts appear),
such that for each i=1,2,...,n we have {v;,viy1} C g, and g1, £, ..., g form a Hamiltonian
Berge-cycle with the core sequence vi,v3,...,v,. We choose g =ey,,,, € F1 for vjviy € E;.
Now assume v;viy; € E;. Choose gi =Y U {vj, vit1, u;} of colour r —1 with u; € V(I') \ (YU
{vi—1, vi» Vit1, vit2}) and g; # gj for every j < i.

Such an edge g; exists since at least n — r(irl) edges of colour r — 1 contain Y U {v;, viy1}, and
{vi» vip1} lies in at most 2(r — 3) + 2 edges gj for j < i. Note that for v;v;y1 € Ey, if {v;, viy1} C gj for
some 2 <j<i—2, then vjvjy1 € Ea, [Y N {vi, vig1,vj, Vi1l =2 and g =Y U {vi, viy1, vj, Vi1 )
On the other hand, since each edge of E, has exactly one vertex y;, for some 1 <i<<r—2 we
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have [E(C) N Ex| =2(r —2) and so {v;,vit1} € E> has been used in at most 2(r — 3) edges g;
for 2 <j<i— 2. Therefore at most 2(r — 3) + 2 edges g for 1 <j<i— 1 contain {v;, viy1} if
ViVitl € E,.

4.4 Casef <r-—3
In this section we assume f < r — 3. First we prove the following claim.

Claim 4.9. |ﬁf+1| <r—2.

Suppose to the contrary that |Uf+1| >r — 1. Now let

M={xy1ys ... yptprtifis - .. tup—1 | 4 € Us.

For each f + 1 <i < r — 1, by the definition of U; we have i ¢ L*(xy) for every y € U, so there
are at most (r — 2)|U;| edges in M of colour i. On the other hand, { )/i}J,;l avoids the set of colours
{1,2,...,f}, and thus at most (r4_r1) edges in M are of colour i for every 1 < i < f. Therefore

r—1
MI<(r—2) Y |Ui|+f(r‘i’1>.

i:f+1

The inequalities (4.3), Remark 2.1 and the assumption |Uf+1| >r — 1 imply that
(r=1 (s = (r—f = 3)(r = 1))[T,4]|
r—1
< [ 1Til=m
i=f+1

<(r=2)s+|U,_1)) +f<r4_r1)’

where

Therefore p(s) < 0, where

P =((r—1) 73— (r—f=3)(r— 1) = (r = 2)|Tp 1| — (r — 2)x —f( i )

r—1

Evidently p(x) is an increasing function, its derivative being positive for every x because of our
assumption |Usy1| > r — 1. By Claim 4.5 we have |U,—;| > (n — 1)/2. On the other hand, s >

(r—f—=2)r—1),f<r—3andn> 6r(r‘irl). Hence we have
p(s) Zp((r—f —=2)(r—1))
= (=T = (= 2Ty — (= f = D = 2)(r = 1) —f(f1>

>0,

a contradiction. Hence |(_]f+1| <r—2.
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Assume that
Bi=U;\ ((Uj>i Uj)) U {yi})
forevery1 <i<r—1and

ﬁfﬂ = {u( =)’f+1), Uy, . .., U}

According to Claim 4.9, we have I <r —2. Let U be the set of all vertices y ¢ Y U {x, yy41} for
which the edge Y U {x, y} is of colour f + 1. We have the following claim.

Claim 4.10. [U|>n—r(")).

To give a proof of Claim 4.10, we know that {yi}{:1 avoids the set of colours {1,2,...,f}.
Hence, for each 1 < i< f, the number of vertices y ¢ Y U {x, yf41} for which the edge YU {x, y}

is of colour i is at most (,*'}). On the other hand, i ¢ L*(xy;) for every f + 1 <i<r—1, so for
each f +1 <i<r — 1, the number of vertices y ¢ Y U {x, yr, 1} for which the edge Y U {x, y} is of

colour i is at most r — 2. Therefore we have Ul =n—r( 471)
Let U be partitioned into Ay, Ay, ..., Ar—1, where |A,—1| = [n/2] + 1, Apyy =9 and ||A]| —
|Aj|| < 1forevery 1 <i,j<r—2with i,j # f + 1. Based on Claim 4.10, we have

Al > n/(2r) - (f_rl) 1

for every 1 < i< r — 2. This fact will be used later on.
Now c0n51der a graph I'' with vertex set V(I') = V(H) and edge set E(I") = U,-Szl E;, where the
sets E; are defined as follows. Also, the sets F; are defined and will be used later on.
We define E; as follows:
Ey={uv|ueB,i#Af+1,vg YU{x,u},c(Y;U{x,uv})=f+1}. (4.7)
For each uv € E;, we set e,y = Y; U {x, u, v}, where i is the minimum number such that i #f + 1,
B; N {u, v} # @ and c(Y; U {x, u, v}) =f + 1. Now we let
F, ={eyy | uv € E1}. (4.8)
Note that for every 1 <i<r — 1 we have
Bi=U;\ (Uj>i U)) U {yi}),

and by Fact 4.8 we have B; N Y = (J. Therefore, in the subgraph of G = S(H) induced by the edges
Ej, the vertices Y are isolated vertices. Now we define the edges crossing the vertices Y.
We define E, as follows:

Ey={yw|lveA,1<i<r—1i#Af+1}. (4.9)
For each y;v € E; we set e),, = Y U {x, v}. Also, we let
Fy ={eyy | yiv € E2}. (4.10)

Now we define new edges to increase the degrees of vertices in Uf+1 with small degrees in
the subgraph of G = S(H) induced by the edges E; U E,. In fact we define a set of new edges E3
such that the degree of each vertex u; for 1 <i</in the subgraph of G = S(H) with vertex set
V(H) and edge set E; U E; U E3 is at least 2r + 1. To define E3, we do the following Let I'y be the
graph with vertex set V(H) and edge set E; U E;. For each 1 < i </ assume that N;=Y U UfH U
Nr, (u;) U {x} and set t; = 0if dr, (4;) > 2r and t; = 2r + 1 — dr, (4;) otherwise. Now we show that

there are Zl | ti distinct edges e;; ¢ F1 U F, (where 1 <i<land 1 <j<t) of colour f + 1 with
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u; € ejj such that for each 1 <i <[ there exist t; distinct vertices v;; € e;; \ N;. For this, set r;; =0,
Ni11 = Nj and Ej; = F; UF, and repeat the following step fori=1,2,...,lift; > 0.

Step i. For each 1 < j < #;, since

4r NG| — 1
df1(ui) > (r_ 1) > ( ry_ ] ) + Tijs

there is an edge e;; ¢ E;j of colour f + 1 which contains u; and a vertex v;; € ¢;; \ Nj;. Note that
since {yi}{zl avoids [f] and f is maximum subject to this property, we have dy., 1 (u;) > (,*',). Now
set ri(i+1) = rij + 1, Nij+1) = Nij U {vj;} and Ej(j41) = Ej; U {e;;} and continue the above procedure.
We apply the above procedure t; times to find the edges e;; and the vertices v;; for 1 <j < t; with
desired properties. Finally, let 7(j+1)1 = fi(;+1)> Ni+1)1 = Niy1 and E(i+1)1 = Ej(1;+1) and go to step
i+ 1.

Clearly Ej(;,41) \ E11 contains Zé:l t; distinct edges e;; with desired properties. Now set

ti
A=UUeij, Ei={uwj | 1<j<t}, Fi={ej|1<j<t} E3=UE', F3=UE‘-
i=1j=1 i=1 i=1
(4.11)
The set of edges E4 is defined in a more or less similar way. Here we define these edges to
increase the degrees of vertices in Uy, r—1) with small degrees in the subgraph of G = S(H)
induced by the edges E; U E, U E3, where
r—1
Una,..r—1} = ﬂ U;.
i=1
In fact we define a set of new edges E4 such that the degree of each vertex in Uy, . ,—1j in the
subgraph of G with vertex set V(H) and edge set U?Zl E; is at least 2r 4+ 1. We will see this result
in Fact 4.16. To define E4, we do the following.
Assume that

dF (W),

- <
where I'; is the graph with vertex set V(H) and edge set Ul , Ei. For each 1 <i <1/ = min{r, m},
set t; = 0 when dr, (w;) > 2r. Otherwise set t; = 2r + 1 — dr, (w;). Also, set

N; =Y UUfy; UNp,(w;) U {x}.

Una,..—1y = {wi, wa, ..., wp} and  dr,(w1) <dr,(wy) <-

An argument similar to that used in the definition of E3 shows that there are Zf;l t; distinct edges
e;j ¢ FI UF, UF;3 (where 1 <i<t and 1<j<t)) of colour f + 1 with w; € e;j such that for each

1 < i< r' there exist ] distinct vertices v € e \ N/. Now set

ot r r
B=|JJej Ei=twvjl1<j<t}, F=(eI1<j<t}), Ea=|JE, F=]JF.
i=1 j=1 i=1 i=1
(4.12)
We define Es as follows:
={xv|[ve V(I)\ (Y UUr; UAUB)}. (4.13)

In the following fact, using the above definitions, we see that the set of edges Fi, Fy, F1, F; are
pairwise disjoint.

Fact4.11. Foreach 1 <i,j<4andi#j, we have F; N F; = .
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First we show that F; N F, =¢. To the contrary assume that f € F; N F,. Since f € F; from
the definition of F; we have f =e,, =Y; U {x, u, v}, where u€ B, i#f+1, v¢ YU {x,u} and
c(YiU{x,u,v}) =f + 1. One can easily see that y; ¢ f. On the other hand, f € F,. Hence f =
ez =Y U{x,z} for some z€ Aj, where 1<j<r—1and j#f+1. Hence ;€Y Cf, a con-

tradiction. Therefore F; N F, = (. Now, using the definition of E3, we have F3 = ngl F; and
Fi={ejj| 1 <j<t}. On the other hand, e;; ¢ Fy UF, for every 1 <i<land 1 <j< ;. Therefore
F3N (Fy UF,)=. Again, from the definition of E4, we have Fy = U,r/:1 F; and F; = {egj 1<
j < t}. Moreover, e;j ¢FiUF, UF; for every 1<i<r and 1<j<{. Therefore FyN (F; U
F, UF3) =4

Claim 4.12. The graph I' is Hamiltonian.

Proof of Claim 4.12. Assume that d; < d, < - - - < dj, are the degrees of the vertices of I'. Our aim
is to show that d; > 2r and d,,—; > n — i for each 2r — 1 <i<n/2. Then Lemma 2.3 will imply
the existence of a Hamiltonian cycle in I". Now we give the following facts about the degrees of
vertices of T'.

Fact 4.13. dr(x) > n — 4r°.

To see Fact 4.13, note that using the definitions A and B (in the definitions of E3 and E4) and
Claim 4.9 (which indicates [ < r — 2) and the fact ¥’ < r, we have

[Al<r(i+t+-- -+ 1) <rQr4+1DI<r(r—2)2r+1)
and
IBI<r(f; +1+- - +1,) <r*(2r+1).
Therefore

dr(x)=n—|YUUp1 UAUB| > n—4r.

Fact 4.14. Foreach 1 <i<r— 1withi#f+ 1andeachue U;\ {y;}, we have

dr(u)>n—r( ar )
r—1

Moreover, for every u € ﬁf+1, we have dr(u) > 2r.

To show Fact 4.14, note that Fact 4.7 implies that the set of vertices Y; U {x} avoids the set of
colours [r — 1]\ {i,f + 1}. On the other hand i ¢ L*(xu) for u e U; \ {y;}, and thus (Y; U {x, u})

avoids all colours [r — 1]\ {f + 1}. Therefore, apart from at most (r — 2)(r4fl) choices of ve

V(') \ (Y U {x, u}), we have uv € E; and so dr(u) > n — r(rfl). Moreover, for every u; € Us,1,
we have dr(u;) > dr, (u;) + t; > 2r (see the definition of E3).

Fact4.15. dr(y,—1) > n/2and dr(y;) > 2rforeach 1 <i<r—1landi#f+ 1.

Fact 4.15 follows from the fact that y;v € E(I") for each v € A; and |A,_1| > n/2 and |A;| > 2r
foreach1 <i<r—1landi#f+1.

Fact 4.16. dr(u) > 2rforeachu e Uy, (r—1))-
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To see Fact 4.16 assume that

U, .r—1) = {wi, wa, .. ., Wi} £ 0.
We claim that
min{dr(w;) | 1 <i<m}>2r.

First assume that m < r. According to the definition of Ey4, for each 1 < i < m we have dr(w;) >
dr,(w;) + t; > 2r, where I'; is the graph with vertex set V(I') and edge set Ule E;. Now let m >
r+ 1101\ (r-1)| = kand

dr,(w1) < dr,(w2) < - - - < dp,(Wn).
Again, according to the definition of the edges E4, we have dr(w;) > 2r for 1 <i<r and so it
suffices to show that dr(wy41) > dr,(wy41) > 2r. Fori=1, ..., m, consider

Ni={x 31,92 s yr—2 Vs Wit \ Fp1} V€ Ur—1 \ {yr-1})-

For every 1 <i < m, suppose that n; is the number of edges of colour f 41 in N;. Clearly, for
each 1 <i<m, the edges of colour f + 1 in N; belong to F; and so dr,(w;) > n;. Moreover, the
set {x, y1,¥2, - > yr—2} \ {ypa1} avoids the colours [r — 1]\ {f + 1,7 — 1} and r — 1 ¢ L*(xv) for
each v € U,_; \ {y,—1}. Therefore, among all mk edges in /L, N, there are at most (r4_r1) edges
of colour i for each i # f + 1, — 1 and at most (r — 2)k edges of colour  — 1. Thus

Zni>(m—r+2)k—(r—3)<rirl).

i=1
If dr,(wy41) < 2r, then

r+1 r+1

D om <Y dr,(wi) <2r(r+1).
i=1 i=1

Therefore
m

4

Z nj=(m-—r+2k— (r—3)( rl) —2r(r+1)>(m—r—+ 1)k,

i=r+2 =

which is impossible since |U?';r+2 Ni| = (m — r — 1)k. Thus dr (w,+1) > dr,(wr11) > 2r and con-

sequently dr(w;) > 2r for r + 1 < i < m. On the other hand, according to the definition of I', we

have dr(w;) > dr,(w;) + t; > 2r for each 1 <i < r, and thus min{dr(w;) | 1 <i < m} > 2r.
Clearly

V(H) = V([) = (UZ T U if_, U Upa, 1y U ().

Therefore Facts 4.13-4.16 imply that the minimum degree of I' is greater than 2r, so d; > 2r. Now
we are going to show that d,,_; > n — i for each 2r — 1 <i < n/2. To see this, first we show that
most of the vertices of U,_; have degree greater than n — 2r in T". For this, let D; be the set of all
edges of colour i containing the vertices of Y,_; U {x} foreach i £ f + 1, — 1, and let

w= |J UE@aua.

i#f—&-l,r— 1 eeD;

Using Fact 4.7, Y,—; U {x} avoids each colour i#f+1,r —1, so |D;| < (i’l). On the other
hand, for each i#f + 1,r — 1 and each e € D; we have |e\ (Y,—; U{x})| =2, and thus |[W| <
2(r — 3)(rirl). Foreveryu e U1\ (WU {yr—1}), r — 1 ¢ L*(xu), and we have uv € E;, apart from
at most r — 2 choices of v € V(I') \ (Y U {x, u}). Moreover, for every u € U,_; N W\ {y,—1}, apart
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from at most (r — 2)(rir1) choices of ve V(I") \ (Y U {x, u}), we have uv € E; and so dr(u) >
n— r(r4_r1). Hence we have the following fact.

Fact 4.17. dr(u) > n—2r, where u€ U,_1 \ (W U {y,_1}). Moreover, for each uc U,_1 N W \

{yr—1}, we have dr(u) > n — r(irl).

By Fact 4.17, for each vertex u € U, \ (W U {y,_1}) we have dr(u) > n — 2r. Moreover, since
[U,—1] = (n— 1)/2 and |W| < 2(r — 3)(,*",), we have

Ty \ (WU 1) > 73—2<r—3)<rf1>

n—3 4r
[ 2 }2”_3)<r—1>

vertices of I" have degree greater than n — 2r. This means that

4
di>n—2r fori}\‘ —Zi_SJ—f-Z( —3)( rl). (4.14)

Fact 4.14 1mphes that for each 1 <i<r—1andi#f + 1 and for every u € U; \ {y;}, we have
dr(u) >n— r( ) Now, using Fact 4. 13 we have dr(x) > n — 4r3. On the other hand, |U,_;| >

(n—1)/2andn —4r* > n— r( 4r ), and thus at least [(n — 1)/27 vertices of I" have degree greater
than n — r( ) This means that

4 3
di>n—r< r ) fori}\fﬁi_ J (4.15)
r—1 2

Now, using Fact 4.15, we have dr(y,—1) > n/2. Therefore we have

and hence at least

1
di>n/2 fori>V;L J (4.16)

Since #n > 6r(f1), using (4.14), (4.15) and (4.16) we conclude that d,,_; > n — i for each 2r —

1 <i< n/2. Moreover, d; > 2r. Now, Lemma 2.3 implies the existence of a Hamiltonian cycle
inT. O

Claim 4.18. There is a monochromatic Hamiltonian Berge-cycle of colour f 4+ 1 in H.

Proof of Claim 4.18. We show that every Hamiltonian cycle in I" can be extended to a monochro-
matic Hamiltonian Berge-cycle of colour f+ 1 in H. Suppose that vi,v3,...,v, =x are the
vertices of a Hamiltonian cycle C in I". Now, for i=1,2,...,n, we define the edges g € E(H)
of colour f + 1 one by one (in the same order as their subscripts appear), so that {v;, vi;1} C g
and g1, 92, . . ., gn form a Hamiltonian Berge-cycle with the core vertices vy, va, . . ., v,,. First we
repeat the following step fori=1,2,...,n — 2 to define the edges g1, &2, . . ., gu—2-

Step i. If vivi11 € Ej for some j € {1,2}, then set gi =ey,y,,, € Fj. Let gi = ey € F5 if {vi, vip1} =
{ug, vij} and ugvyj € E3, wherek € {1,2, ..., [} and 1 <j < #. Finally, let g; = e;g. € Fyif {vj, viyr1} =
{wi, v} and wyv,. € Eq, where k € {1,2,...,7}and 1 <j < t]. Then go to step i + 1.

kj kj IS 8 P
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According to the definitions of Fy, F, F3 and Fy, for each 1 <i<n —2theedge g € U?:l F;is
of colour f + 1 and {v;, vi+1} C gi. Now we claim that g; # gj for every i # jwith 1 <i,j <n — 2.1t
suffices to prove the following fact.

Fact4.19. Foreach1<i<n—2and1<j<i, wehaveg; #g;.

Proof of Claim 4.19. Assume that g; € F;; and gj € Fy, where r;,7; € {1, 2, 3, 4}. Using Fact 4.11,
F,NFy;=0 if r; #rj. Hence g; # g when r; # rj. Therefore we may assume that r; = r;. First
assume that j =i — 1. We divide our proof of this case into some subcases.

Subcase 1. Firstlet r;_1 =r; = 1. Then

8i—1=€y_yv; = Yp ) {X, Vi—1» Vi} and 8i =€y = Yq ) {X, Vis Vi+1}:

where p, g are the minimum numbers such that p, g # f + 1,
By N{vie,viy #90, BaN{vi, vig1} # Y
and
c(YpUflx,vie, vi)) = (Y U {x, vis vig1})) =f + 1.
One can easily see that {v;_, v;} Z g and thus g; # gi_1.

Subcase 2. Now let ri_; =r;=2. Then {vi_1,vi} ={yr, v} for some 1 <t<r—1, t#f+1,ve
Atand g1 =ey,_ v, = ey,y =Y U{x,v}. Since Ay N Ay =0 for p # q and r; = 2, we have v; = y;,
Viel, Virl € Arand g = ey, = ey, = Y U {x, vip1}. Clearly vipy ¢ gi 1 and thus g; # gi—1.

Subcase 3. Now let ri_; =r; =3. Then, by the definitions of E; and F5 (see (4.11)), we have
8i—1=ekj, € F3 and g = ey,j, € F3, where {vi—1, vi} = {ug,, vk,j,} and {vi, vip1} = {ug,, vy, } for
some ki, ky € {1,2,...,1},1 <ji1 <t and 1 < j, < fg,. Now assume to the contrary that g; 1 = g;.
Using the definitions of E3 and F3, we have vy j, Vi,j, ¢ Up1 and so v; =ug, = uy,, ki =k,
Viel = Viyjy and vj;) = Vkyjp- On the other hand v;_; # vit1, and thus j; # j». Hence, from the
definition of F3, we have ey, ;, # ey, j, and thus gi_; # g, a contradiction to our assumption.

Subcase 4. Finally, let r;_; = r; = 4, and then using the definitions of E4 and F;4 (see (4.12)) we have
gi-1= e;qjl €Fsand g = e}{zjz € Fy, where {vi_1, vi} = {wy,, V;Cljl} and {vj, vip1} = {wi,, V;sz} for
some ki, ky € {1,2,...,7"}, 1 <1 < t]’<1 and 1 <j < t]’cz. With the same argument we can see that
ki # ky or j; # j». Therefore, from the definition of F4, we have e;ﬂjl + e;qu and thus g;_1 # gi.

Now assume j < i — 2. In this case, by the definitions of Fy, F, F3 and F4, one can easily see that
{vi, vig1} ;( gjor {vj, vjy1} §Z gi and so again g; # gj. This completes the proof of Claim 4.19. O

Now we are going to give the definitions of g,—; and g, with desired properties. First let i =
n — 1. Since {v,—1, x} has been used in at most one of the edges g;, with 1 < i < n — 2 (only possibly
in g,—») and f + 1 € L*(v,—1x), we can choose an appropriate edge g,—1 of colour f + 1, where
gn—1 # g for each 1 <i<n— 2. Similarly, for i = n, since {x, v;} has been used in at most two
edges g;, with 1 < i< n — 1 (only possibly in g; and g,—1) and f + 1 € L*(xv;), then we can choose
an appropriate edge g, of colour f + 1, where g, # g; for each 1 <i < n — 1. This completes the

proof of Claim 4.18. 0
This finishes the proof of Theorem 1.2. O
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