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Abstract  We consider a nonlinear Robin problem driven by a non-homogeneous differential operator
plus an indefinite potential term. The reaction function is Carathéodory with arbitrary growth near
+o0. We assume that it is odd and exhibits a concave term near zero. Using a variant of the symmetric
mountain pass theorem, we establish the existence of a sequence of distinct nodal solutions which converge
to zero.

Keywords: Robin boundary condition; nonlinear non-homogeneous differential operator; nonlinear
regularity theory; nodal solutions

2010 Mathematics subject classification: Primary 35J20; 35J60

1. Introduction

Let Q C RY be a bounded domain with a C?-boundary 9. In this paper, we study the
following nonlinear non-homogeneous Robin problem:

—diva(Du(2)) + £(2)|u(2)|P~2u(z) = f(z,u(z)) in Q,
ou
ong
1 <p < 4o0.

+ B(2)|ulP2u=0 on 09, (1.1)

In this problem, the map a: RY — RY involved in the definition of the differential
operator is continuous and monotone (and hence also maximal monotone) and satisfies
certain other regularity and growth conditions listed in hypotheses H(a) below. These
hypotheses are general enough to incorporate in our framework many differential oper-
ators of interest, such as the p-Laplacian (1 < p < +00) and the (p.¢)-Laplacian (that
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is, the sum of a p-Laplacian and a ¢-Laplacian, with 1 < ¢ < p < 400). The poten-
tial function £ € L°() is indefinite (that is, sign changing). The reaction term f is
a Carathéodory function (that is, for all ¢ € R, the map z — f(z,() is measurable, and
for almost all (a.a.) z € Q, the map ¢ — f(z,() is continuous). We do not impose any
growth restriction on f(z,-) near +0o0. All the conditions on f(z,-) concern its behaviour
near zero. So, we assume that near zero f(z,-) is odd and exhibits a concave term (that
is, a (p — 1)-superlinear term).

In the boundary condition, (Ou/dn,) is the generalized normal derivative (conormal
derivative), defined by extension of the map

u — (a(Du),n)gy, Yu e CHQ),

with n being the outward unit normal on 9€2. This kind of directional derivative is dictated
by the nonlinear Green’s identity (see, for example, Gasinski-Papageorgiou [3]) and is also
used by Lieberman [18], whose nonlinear regularity theory is employed in this work. The
boundary coefficient 3 € C%*(9Q) with 0 < a < 1 and 8 > 0 for all z € 9Q. When 3 = 0,
we recover the Neumann problem.

We are looking for nodal (that is, sign changing) solutions. Using an abstract mul-
tiplicity result due to Heinz [16], Wang [31] and Kajikiya [17], together with suitable
truncation and perturbation techniques, we establish the existence of a whole sequence
{un}n>1 C CH(Q) of distinct nodal solutions such that

u, — 0 in CY(Q).

Recently, nodal solutions for nonlinear Robin problems were obtained by Papageorgiou
and Radulescu [24, 28]. However, they do not prove the existence of a sequence of nodal
solutions. Very recently, Papageorgiou and Radulescu [26] proved the existence of a
sequence of nodal solutions when ¢ =0 and under stronger conditions on the reaction
term f. Finally, we mention also the works of He et al. [15], who studied the Neu-
mann problem (that is, 3 = 0) driven by the p-Laplacian (that is, a(y) = |y|P~2y for all
y € RY with 1 < p < +00); Gasinski et al. [14], where the existence of positive solutions
was obtained; and Gasiriski and Papageorgiou [6-8,11,13], where some other types of
boundary value problems with non-homogeneous operators were considered.

2. Mathematical background

Let X be a Banach space and let X* denote its topological dual. By (-,-), denote the
duality brackets for the pair (X*, X). Given ¢ € C1(X;R), we say that ¢ satisfies the
Palais—Smale condition if the following property holds:

Every sequence {uy,}n>1 € X such that {¢(un)}n>1 € R is bounded and

o' (uy) — 0 in X¥,

admits a strongly convergent subsequence.

The next result is a variant of the so-called ‘symmetric mountain pass theorem’ and is
due to Heinz [16], Wang [31] and Kajikiya [17] (the most general version of the result is
that of Kajikiya [17]).
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Theorem 2.1. If X is a Banach space, ¢ € C*(X;R) satisfies the Palais-Smale con-
dition and is even and bounded below, ¢(0) =0, and for every n > 1 there exist an
n-dimensional subspace V,, C X and p,, > 0 such that

sup{p(u) : u € Vo, |Jul = en} <0,
then there exists a sequence {u, }n>1 C X of critical points of ¢ such that
U, #0, VYn>1 and wu, — 0 inX.
Let 9 € C1(0,+00) be such that J(t) > 0 for all ¢ > 0 and assume that

0 (t)t
9(t)

0<e < < and PP <I() (TP 1< T < p, (2.1)

for some ¢y, ¢y > 0. Then the conditions on the map y —— a(y) are the following:

H(a): a(y) = ao(|y|)y for all y € RN with ag(t) > 0 for all ¢+ > 0 and

(i) ap € C1(0,4+00), t — ag(t)t is strictly increasing on (0, +00), ag(t)t — 0F ast —
0" and
lim a1t

> —1;
t—0t Qg (t)

(ii) there exists c3 > 0 such that

9
Vol <M e RN (0
(iii) we have
I(ly
(Vaty)e O > “HEP, vy e RN\ (0} €€ RY;
(iv) if Go(t) = fot ap(s)sds for t > 0, then there exists ¢ € (1,p) such that the map
t— Go(t%) is convex and

Gol(t
lim sup g t(‘)l( ) < cg,

t—0t

for some c3 > 0.

Remark 2.2. Hypotheses H(a)(i),(ii),(iii) are motivated by the nonlinear regularity
theory of Lieberman [18] and the nonlinear maximum principle of Pucci and Serrin [29].
Hypothesis H(a)(iv) serves the needs of our problem, but it is not restrictive and it is
satisfied in most cases of interest, as the examples below illustrate.

Hypotheses H(a) imply that the map t — Go(t) is strictly increasing and strictly
convex.
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We set
G(y) = Golly), vy eRN.

Then the map y — G(y) is convex and G(0) = 0.
Also, we have

Y
VG(y) = Gollul)r = anllyy = aly), Wy € RY\ {0},  VG(0)=o0.
Hence, G is the primitive of the map a.
The above properties lead to the following inequality

G(y) < (a(y),y)rv, VyeRY. (2.2)

The next lemma summarizes the main properties of the map a. It is an easy con-
sequence of hypotheses H(a)(i),(ii) and (iii) and of (2.1) (see also Papageorgiou and
Réadulescu [25]).

Lemma 2.3. If hypotheses H(a)(i),(ii) and (iii) hold, then:

(a) the map y+—— a(y) is continuous, strictly monotone (and hence also maximal
monotone);

(b) la(y)| < ca(Jy|7=t + |y|P~1) for all y € RN and some ¢4 > 0;
(¢) (a(y),y)ry = (cr/p = Dy[P for all y € RN,
This lemma and (2.2) lead to the following growth estimate for the primitive G.

Corollary 2.4. If hypotheses H (a)(i),(ii) and (iii) hold, then

C1 p N
—— [yl <G(y) <ecs(1+yf"), VyeRY,
ol < G < el )
for some c5 > 0.

Next, we present some examples of maps a which satisfy hypotheses H (a) above. These
examples illustrate the generality of our conditions on a.

Example 2.5. The following maps y — a(y) satisfy hypotheses H(a).

(a) a(y) = |y[P~%y with 1 < p < +oo. This map corresponds to the p-Laplacian differ-
ential operator defined by

Ayu = div (|DuP"2Du), Yu e WP().

(b) a(y) = |y|P~2y + |y|? %y with 1 < ¢ < p < +o00. This map corresponds to the (p, q)-
Laplace differential operator defined by

Apu+ Agu, Yue WHP(Q).

Such operators arise in problems of mathematical physics. Recently, there have
been some multiplicity results for equations driven by such operators. We mention
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the works of Aizicovici et al. [1]; Gasinski and Papageorgiou [5,9,10,12]; Mugnai
and Papageorgiou [20]; Papageorgiou and Radulescu [21,23]; Sun et al. [30]; and
Yang and Bai [32].

(¢) a(y) = (14 |y|?)®=2/2)y with 1 < p < 400. This map corresponds to the general-
ized p-mean curvature differential operator defined by

div (1 + [Du?)P=2/2 Du),  Yu € W'P(1Q).

(d) aly) = |y|P2y + ((ly|P~2y) /(1 + |y|P)) with 1 < p < 4-o0. This map corresponds to
the following differential operator

| Du|P=2Du

A .
pU ~+ div ( 1+ [Dupp

) . Yue WhP(Q),

which arises in problem of plasticity.
We will use the following function spaces in the study of problem (1.1):
e the Sobolev space W1P(Q), for 1 < p < +o0;
e the Banach space C*(Q);
e the ‘boundary’ Lebesgue space L"(9€2), for 1 < r < +o0.
By || - || we denote the norm of the Sobolev space W?(Q), defined by
lull = (lully + | Dulp) P, Yu € WHP(Q).
The Banach space C'(Q) is an ordered Banach space with positive (order) cone given by
C, ={uecC'Q): u(z) >0forall z € Q}.
This cone has a non-empty interior containing the set
Dy ={ueCy: u(z)>0forall z € Q}.

On 012, we consider the (N — 1)-dimensional Hausdorff (surface) measure . Using this
measure, we can define in the usual way the ‘boundary’ Lebesgue spaces L"(99) for
1 <7 < +00. We know that there exists a unique continuous, linear map vo: WHP(Q) —
LP(09), known as the ‘trace operator’, such that

Yo(u) = ulpq, Yu € WHP(Q)NC(Q).

So, the trace map assigns boundary values to the Sobolev functions.
The trace map is compact into L1(9€2) for all ¢ € [1,((Np —p)/(N —p)))if 1 <p < N
and into L9(99) for all ¢ > 1 if p > N. Also, we have

imyy = WPIP(0Q) and  keryo = WP (9).

In what follows, for the sake of notional simplicity, we drop the use of the map ~p. All
restrictions of Sobolev functions on Jf) are understood in the sense of traces.
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Let A: WhP(Q) — WHP(Q)* be the nonlinear map defined by

(A(u),h) = /Q(a(Du),Dh)RN dz, Yu,h € WHP(Q).

We know that this map is continuous, monotone and of type (S), (that is, if u,, — u in
WP(Q) and limsup,,_, . (A(un), u, — u) <0, then u,, — w in WHP(Q); see Gasiniski
and Papageorgiou [4]).

Finally, let us conclude this section with some basic notation, which will be used in the
sequel.

If o € C1(X;R), then by K, we denote the critical set of ¢ defined by

K,={ueX: ¢(u)=0}.

Also, let ¢ € R, let ¢(* = max{4(,0}. Then for u € W1P(Q) we define u*(-) = u(-)*. We
know that
utFeWhP(Q), uw = u"—u", Jul=u"+u".

3. Infinitely many nodal solutions

Our hypotheses on the other data of problem (1.1) are the following:
H(): £ € L>(Q);

H(B): B € C%*(99Q) with a € (0,1) and 3(z) = 0 for all z € 9.

Remark 3.1. When g = 0, we recover the Neumann problem.

H(f): f: Qx[—¢,c)] — R (with ¢ > 0) is a Carathéodory function such that for a.a.
z€Q, f(2,0)=0, f(z,-) is odd on [—¢, | and

(i) there exists a. € L ()4 such that
|f(z,0)| <ac(z) foraa.ze, all |(] <¢
(i) if ¢ € (1,p) is as in hypothesis H (a)(iv), then
f(z.0)

1m
¢—0|¢|972¢

= 400 uniformly for a.a. z € Q.

Remark 3.2. Hypothesis H(f)(ii) implies the presence of a concave term near zero.
In what follows,
¢
F0) = [ s
0

(the primitive of the reaction term f(z,()). Hypotheses H(f)(i) and (ii) imply that, given
any 1 > 0 and r > p, we can find ¢4 = ¢4(n,r) > 0 such that

f(z,0¢ = n|¢]? —cq|¢]” for a.a. z€ Qall (| <ec. (3.1)
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Also, consider the following nonlinear eigenvalue problem:

—Asu(z) + &(2)u(2) ] ?u(z) = Alu(2)]*?u(z) inQ,
du
ong
1 <5< 4o00.

+ B(2)|ul*2u=0 on 0f, (3.2)

In this case, Ou/Ons = |Du|*~2(Du,n)gn~ .
Let 7: W15(Q2) — R be the C*-functional defined by

ﬂw=WDmm+K;@wmdz+A;ﬂQWde u e Whe(Q).

From Mugnai and Papageorgiou [19] and Papageorgiou and Radulescu [22], we know that
problem (3.2) has smallest eigenvalue A;(s) € R (note that if £ = 0 and 8 = 0 (Neumann

case), then A;(s) = 0). This eigenvalue is simple and isolated, and the corresponding
eigenfunctions are of constant sign. Moreover, we have

v(u)

llulls -

Ai(s) = inf{ we Wh(Q), u# o} (3.3)

and the infimum is realized on the corresponding one-dimensional eigenspace. Let
u1(s) € WH#(Q) be the positive L*-normalized (that is, ||u1(s)||s = 1) eigenfunction cor-
responding to the eigenvalue A;(s). From the nonlinear regularity theory (Lieberman
[18]) and the nonlinear maximum principle (Pucci and Serrin [29, pp. 111, 120]), we
have that

ﬂl(s) S D+.

Motivated by the unilateral growth estimate (3.1) and with p > ||€]|o (see hypothesis
H(¢)), we consider the following auxiliary Robin problem:

—diva(Du(z)) + £ (2)|u(2)[P~2u(2)
= (=) 2u(z) - calu(2) [ 2u(z) i 9, 5.4
ou

ong,

+ B(2)[ulP2u=0 on 99.

Proposition 3.3. If hypotheses H(a), H(&) and H((3) hold, then problem (3.4) admits
a unique positive solution

QEDJ’_

and, since the equation is odd, it follows that
v=-u€ Dy

is the unique negative solution of (3.4).
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Proof. Let ¢ : W1P(Q) — R be the C'-functional defined by

/GDu Ydz + — /§+ MulPdz + — / B(2)|ul|? do
Cq
q||u+||q+ [utly,  Vue WhP(Q)
From Corollary 2.4 and since ¢ < p < r, we see that ¢ is coercive.
Also, using the Sobolev embedding theorem and the compactness of the trace map, we

infer that ¢ is sequentially weakly lower semicontinuous.
So, by the Weierstrass theorem, we can find u € W?(Q) such that

Vi (u) = uGV[i/I}vf;?(Q) P (u). (3.5)

Hypothesis H(a)(iv) implies that, given ¢ € (0, ¢2), we can find 6 € (0,1) such that

GW) < Seatolylt, iyl <6 (3.6)

K

Recall that 1 (q) € D. So, we can find ¢ € (0,1) small such that

tui(q)(z) <6 and |D(tui(q))(2)| <48, VzeQ. (3.7

We can always assume that co > 1 (see hypothesis H(a)(iv)). Then we have

0 00() < Sfea + ) (IDER @IS + [ € ma) as
~ 4y St ()| = T
[ @) as) + Ll - 2
<Zealh@l -0+ Salunol; (33

(since co+e>1, § € (0,1], ¢ <p, [[ui(g)|lq =1 and € € (0,c2)). Recall that n >0 is
arbitrary. So, if we choose 17 > 2¢oA1(q), then from (3.8) and since ¢ < p < r, by choosing
€ (0,1) small, we have

Yy (tur(q)) <0,
S0
Yy (u) <0=14(0)

(see (3.5)) and hence u # 0.
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From (3.5) we have
Yl (u) =0,
SO
(A )+ [ € Epuhds+ [ G Puhdo
Q o0

= /Q(n(u*)‘f‘1 —ca(ut) " Hhdz, Vhe WHP(Q). (3.9)

In (3.9) we choose h = —u~ € WP(Q). Then

Cpulp+ [ @t [ pEwrar <o
o Q 29

p

(see Lemma 2.3), so
esllu” [P <0

for some c5 > 0 (see hypothesis H(f)), and thus

Then from (3.9) it follows that

—diva(Du(z)) + £ (2)u(2)P~! = qu(2)?7! — cqu(2)""! for a.a. 2z € Q,

3.10
gng + 082wt =0 on 0N (3.10)

(see Papageorgiou and Radulescu [22]).
From Papageorgiou and Radulescu [27], we have

u € L>(Q).
Then the regularity theory of Lieberman [18] implies that
ue Cyp\ {0}
From (3.10) we have
diva(Du(2)) < (|[€]lee + callulZoP)u(z)P~t  for a.a. z € Q,

so u € Dy (see Pucci and Serrin [29, pp. 111, 120]).
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Next, we show the uniqueness of this positive solution. To this end, we introduce the
integral functional j: L'(2) — R = RU {400} defined by

1
Jo G(Du'/9)dz + = f EH()ur/1dz + = [, B(z)uP/?do
p

i(u) = if u>0, ul/7€ WHP(Q),

+00 otherwise.
Let uy,us € domj = {u € L'(Q): j(u) < 400} (the effective domain of j) and set
= (1 — t)yuy + tug)/? with t € 0,1].
Using Lemma 1 of Diaz and Saa [2], we have
|Du(z)| < (1 = t)|Duy(2)Y 1 + t|Dug(2) 1))V for a.a. z € Q.

Hence, we have

Go(|Dul) < Go(((1 = 1) Duy/|7 + 1| Duy*|1)/7)

< (1= t)Go(|Dul’)) + tGo(|Dud/?|) for a.a. z € Q
(since Gy is increasing and using hypothesis H (a)(iv)), so
G(Du) < (1= )G(|Dui’?)) + tG(|Du/?|) for a.a. z € Q,

and thus j is convex (recall that ¢ < p and see hypothesis H(53)).

Also, by Fatou’s lemma, j is lower semicontinuous.

Let & be another positive solution of the auxiliary problem (3.4). As for u, we show
that

uweDy.

Then u,u € dom j, and for all h € C*(Q) and for |¢| < 1 small we have
u? 4 th € dom j, u! +th € dom j.

We can easily see that j is Gateaux differentiable at u? and at 2 in the direction h €
C(Q). Moreover, by the chain rule and the nonlinear Green’s theorem (Gasifski and
Papageorgiou [3, p. 210]), we have

y B —diva(Du) + £ (2)uP~! 1
J'(u?)(h) = 5/9 wi hdz, Yhe W'P(Q)

and

VYh € WHP(Q).

~ 1 —diva(Du F(2)ab !
j/(lq)(h) — 7/{) 1 CL( —ﬂ)qilg ( )Q hdZ,
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The convexity of j implies the monotonicity of j'. Hence

0 < /Q (—diva(m) - —diva(Du)) (7 — i) dz

ui ! ua=!

ZL@ﬂa@Hh@%%+mEﬂ—yﬂmm—EMa

SO
U=1U

(since ¢ < p <rand g > [|€]lco)-
So, u € Dy is the unique positive solution of (3.4).
Since problem (1.1) is odd, it follows that

v=-u€-Dy
is the unique negative solution of (3.4). O

Let Sy (respectively S_) be the set of positive (respectively negative) solutions u
(respectively solutions v) of problem (1.1) such that

u(z) € [0,¢] (respectively v(z) € [—¢,0]) for a.a. z € Q.
The nonlinear regularity theory and the nonlinear maximum principle imply that
Sy C (DyN0,c)u{0} and S_ C ((—D4)N[—c¢,0])U{0}.
Proposition 3.4. If hypotheses H(a), H(§), H(3) and H(f) hold, then
(a) u<wforallueS;;
(b) v<uw forallveS,.

Proof. (a) Let u € Sy and consider the Carathéodory function ey: Q@ x R — R
defined by

0 if ¢ <o,
e (2,¢) = < ¢t — ¢y 4¢Pt if 0<¢<u(z), (3.11)
nu(2)?71 — cqu(2)" 7+ pu(2)P7tif wu(z) < ¢

Let By (z,¢) = foc e+ (2,8)ds and consider the C!-functional @, : W1P(Q) — R defined
by

Frw) = [ GOzt [ (€ )+ wlul d:
+ ! B(2)|ulP do — /Q Ey(zu)dz, Yuec WhHP(Q).

P Jog

Corollary 2.4, together with (3.11) and the fact that u > ||{]|~, imply that @ is coercive.
Also, ¢, is sequentially weakly lower semicontinuous. So, we can find u, € WP(£) such
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that

pr(W) = inf  @(u). 3.12
Pr() = nf &+ (3.12)

As in the proof of Proposition 3.3, using (3.6), we see that for ¢ € (0,1) small (at least
such that tu;(¢) < u, recall that v € D), we have

@+ (tui(q)) <0,

SO
(see (3.12)), and thus
From (3.12) we have

SO
(A + [ (€ G+l Hhds+ [ )P hde
Q (o9}
_ / e (zT)hdz, VheWP(Q). (3.13)
Q
In (3.13), first we choose h = —u; € W1P(Q). Then

ar e + /Q (€ () + @y de+ [ BE) @) do <0

o0

(see Lemmas 2.3 and (3.11)), so
colluc [P <0,

for some ¢g > 0 (recall that p > ||€]|), and thus
U = 0, Uy # 0.
Also, in (3.13) we choose h = (i, — u)~ € WLP(Q). Then

(AL, (i — ) + /Q (€F(2) + W (@ — u)tdz

[ eyt @ -0t

:/(nuq_l —cqu" "+ puP N (U, — u)Tdz

Q

2. WP (W, —u)Tdz

</Q(f( )+ V) (@, — u)td

< (A, @ -0 ) + [ (€ )+ pe @ -0 s

Q

+ B(z)uP~ (U, —u)tdo
o0
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(see (3.11), (3.1) and recall that u € S), so

Uy < U.

Thus, we have proved that
€ [0,u], uy # 0, (3.14)

where [0,u] = {y € W'P(Q) : 0 < y(2) < u(z) for a.a. z € Q}.
From (3.11) and (3.14), it follows that equation (3.13) becomes

<A(ﬂ*),h)+/ﬂf+(z)ﬂ€*1hdz+ B(z)it~ hdo

[2}9)

_ / (@t~ — e Nhdz, Yhe WHP(Q),
Q

SO

—div a(Dt,(2)) + £ (2) U (2)P71 = e (2)771 — cqtin(2)""1 for a.a. z € Q,
O,
ong,

+B()E =0 on o0

(see Papageorgiou and Radulescu [22]), and then
’E* =uc D+

(see Proposition 3.3), thus
u<u YuéeS;.

(b) Similarly, we show that v < v for all v € S_. O

Consider the Carathéodoty function f: Q xR — R defined by

flz,—c) — pcP=t if ( < —c,
fz.0) = ¢ F(= Q) +plgP~>¢ i —e< ¢ <e, (3.15)
f(z,¢) + pcP™t if e <.

Let F (2,¢) = fo 2,5)ds and consider the C'-functional ¢, : W1?(Q2) — R defined by
1
ot /GDu )dz + — /(5( )+ ) |ul? dz
/ B(2)|ul? do—/ F(z,u)dz, Yuec WHP(Q).

It is clear that the functional @ has the following properties:
e o is even and (0) = 0;

e  is coercive (see (3.15) and recall that pu > ||€]|co)-
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So, ¢ is bounded below and satisfies the Palais—Smale condition. Moreover, the nonlinear
regulanty theory implies that

K@ - Cl(ﬁ)

Proposition 3.5. If hypotheses H(a), H(&), H(3) and H(f) hold, then there exists
M > 0 such that
llulloo < M, Vue K.

Proof. From hypothesis H(f)(4), (3.15) and since p > ||€]|oo, We see that we can find
M > 0 big such that

17(2,0)] < (£(2) + p)MP™1 for a.a. z € Qall ¢ € R. (3.16)

Let u € Kz. We have
1§’ (u)] =0,

SO

'(A(u) h>+/(£( )+ ) |ulP~ 2uhdz+/ B(2)|uP~2uh do

‘/fzuhdz

g/(g(z)+u)]\/4\p’1|h|dz+/ B(2) NP~ |h| do (3.17)
Q o0

/|fzu|\h|dz g/ﬁ( £(2) + p) VP dz

(see hypothesis H(()).
Let h = (u— M)* € WhP(Q). Then |h| = h, and note that A(M) = 0. From (3.17), we
have

(A(u) — AM), (u — M)™)
* /Q<s<z> + ) (JulP 2w — MP~ V) (u — M)* dz
" /ag B(2)(JulP~?u — MP~Y)(u — M)* do <0,

SO u < M\ .
Similarly, if we choose h = (=M — u)* € W1P(Q), then |h| = h and we have

0 >(A(~M) — A(u), (=M —u)*)
+ / (€(2) + p)(| — MP~2(=M) — [ulP~2u)(~M —u)* dz
Q
+ [ B~ MP~2(=M) — [ulP~2u)(~M —u)* do,
o0

sou>=—M.
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So, we conclude that

oo < M, Vue Ks. O

Proposition 3.6. If hypotheses H(a), H(§), H(3) and H(f) hold, and V,, € W1P(Q)
is an n-dimensional subspace, then we can find ¢, > 0 such that

~

p(u) <0, Yu€eV,, |ul|=on-
Proof. Hypothesis H(a)(iv) and Corollary 2.4 imply that we can find ¢7 > 0 such that
G(y) <er(lyl” +[yP), vy eRY. (3.18)

Also, from hypothesis H(f)(ii), we see that given any 7 > 0, we can find 6 = §(7) > 0
such that

F(z,¢) = n¢|P for a.a.z e Qall |¢| <o. (3.19)

Since V,, is finite dimensional, all norms are equivalent. So, we can find g,, € (0,1) small
such that

if u, €V, ||ul]] < o then |u,(2)| <§ for a.a. z € Q. (3.20)
Then for u € V,, with |Ju|| = o,, we have

~

¢(u) <cr(|Dullg + 1DullF) + csllull” —Teol|u]|*
<

(er = neg)[[ull? + erol[ull”,

for some cg, cg,c10 > 0 (see (3.18)—(3.20) and recall that ¢ <p <r, g, € (0,1) and all
norms on V,, are equivalent). Since 77 > 0 is arbitrary, we choose 7 > ¢7/co. Then

P(u) < —curllul|? + crol|ull’,  Yu € Vi, [Jull = on,

for some c¢11 > 0. Because ¢ < p, by choosing g, € (0,1) even smaller if necessary, we
have

~

p(u) <0, Yu€eV,, |ul|=on- O

Now we are ready for the multiplicity result concerning nodal solutions for problem
(1.1).

Theorem 3.7. If hypotheses H(a), H(&), H(3) and H(f) hold, then problem (1.1)
admits a whole sequence of distinct nodal solutions {uy},>1 such that

u, €CHQ), ¥Yn>=1 and u, — 0 in CY(Q).
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Proof. According to Theorem 2.1, we can find a sequence {u,},>1 € WP(Q) such
that

u, € Kz, Vn>1 and u, — 0 in W'P(Q). (3.21)

From Proposition 3.5 and the nonlinear regularity theory of Lieberman [18], we know
that we can find o € (0,1) and M > 0 such that

u, €CT(Q) and luflgreg <M, Yn>1. (3.22)

Exploiting the compactness of the embedding C1*(Q2) C C1(Q), from (3.21) and (3.22)
it follows that

u, — 0 in CH(Q). (3.23)

Let m* < min{mingu, — ming v} (recall that w € Dy and v € —D, ; see Proposition 3.3).
Then, from (3.23), we see that

Up € [-m*,m*], Vn =nog,
50 {Un fn>n, 1s the sequence of nodal solutions of (1.1) (see Proposition 3.4). O
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