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SUMMARY

This paper investigates a comparative kinematic analysis between nonredundant and redundant
2-Degree Of Freedom parallel manipulators. The nonredundant manipulator is based on the Five-
Bar mechanism, and the redundant one is a 3-RRR planar parallel manipulator. This study is aimed
to select the best structure for a haptic application. This latter requires a mechanism with a desired
workspace of 10cm x 10 cm and an admissible force of 5N in all directions. The analysis criteria
are the accuracy of the forward kinematic model and the required actuator torques. Thereby, the
geometric parameters of the two structures are optimized in order to satisfy the required workspace
such that parallel singularities are overcome. The analysis showed that the nonredundant optimally
designed manipulator is more suitable for the haptic application.

KEYWORDS: Parallel robot; Singularity; Optimization; Redundancy; Forward kinematic model;
Haptic.

1. Introduction

Haptic devices have been developed with the aim to interact with a virtual environment"? or to
control a remote robot.> Generally, these devices sense the users motion and then apply a force
feedback. The selection of the kinematic structures and then the design optimization are imperative
tasks in order to have transparent devices throughout their workspace (WS) and also to have a uniform
distribution of torques.

Parallel manipulators (PMs) are well known for their good accuracy, their stiffness, and their high
load capability. These advantages make PMs a good candidate for haptic devices. In fact, based on
the parallel structures, several haptic devices have been developed.* Tobergte et al.* designed a
7-Degree Of Freedom (DOF) haptic device based on the Delta structure to control a 7-DOF serial
surgical robot. Saafi et al. presented in ref. [5] a new haptic device based on a parallel spherical
structure to control a 4-DOF surgical robot. In contrast to the aforementioned spatial devices, regard-
ing planar haptic devices, the most popular architecture is the Five-Bar mechanism.®® Pedemonte et
al.® proposed a 2-DOF planar haptic device for teaching and improving handwriting. An and Kwon’
implemented a control approach for a 2-DOF haptic device equipped with DC motors and Magneto
Rheological brakes. In ref. [8], Choi et al. presented a novel haptic mouse where the Five-Bar
mechanism is employed to generate a 2-DOF force feedback. Tsetserukou et al.’ developed a
wearable haptic display based on the Five-Bar structure that provides haptic sensation at the fingertip.
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Although PMs have many advantages, their major limitation is the existence of singularities inside
their WS. Two types can be found: serial singularities (SS) and parallel singularities; the latter is the
most critical for PMs.!? Therefore, many works have been carried out to identify and avoid these
singularities.!'~!* Gosselin and Angeles'! studied the singularities of closed-loop mechanisms. Their
study showed the presence of three types of singularities. Ozdemir'? studied the PS of the Five-Bar
mechanism and their issues related to the inverse dynamic model. Alici'® developed a systematic
approach to obtain singularity contours for a class of the Five-Bar mechanism. Zhou and Ting'*
studied the path generation for the Five-Bar mechanism with singularity avoidance. In this context,
for haptic devices, the path is generated by a user during interaction with a virtual environment. Thus,
this means that the haptic device may cross PS.

Two solutions may be introduced in aim to eliminate the PS or to cancel their effects. The first
solution is the optimization of the geometric parameters to keep the singularities outside the required
WS. The second one is the incorporation of redundancy.

On the one hand, the optimization of geometric parameters of PMs is a well-studied prob-
lem.> 151 Generally speaking, the optimization goal is conducted to obtain a compact structure that
covers a desired WS free from PS. The dexterity index is the most used performance index. It helps
to keep singularities outside the desired WS and to get a uniform kinematic performance. Ceccarelli
et al.'®> proposed a multiobjective optimization problem for designing both serial manipulator and
PM. Lou et al. proposed in ref. [16] a general approach for optimal geometrical design of PMs. The
aim of their work is to maximize the singularity-free WS of PMs. Saafi et al.> optimized the geomet-
ric parameters of a new spherical PM in aim to eliminate PS from a prescribed WS. Rosyid et al.!”
optimized a planar parallel robot for machining applications. Stocco et al. proposed in ref. [18] a
new discrete global optimization algorithm to get a globally optimal architecture for a planar haptic
interface from both kinematic and dynamic perspectives.

On the other hand, redundancy is introduced to improve the kinematic and dynamic behaviors
of PMs.2%24 There are two types of redundancy: kinematic redundancy and actuator redundancy.
For the kinematic redundancy, an extra leg is added to the parallel structure and an extra actuator is
placed on the base. For the actuator redundancy, only an extra actuator is placed on a passive joint.
The redundancy eliminates the negative effects of PS which can be described as the following. The
first effect is the amplification of actuator torques near singular configurations. The second one is the
amplification of errors of solving the forward kinematic model (FKM).

Some works had compared the performance of redundant and nonredundant parallel robots.
The comparison made in ref. [25] showed that the redundant manipulator has better stiffness and
payload capability than the nonredundant manipulator. However, the comparison is conducted with
the same geometric parameters for the two robots and the intended application is missing. In ref. [27],
a comparison between two redundant 3-DOF planar PMs was investigated such that the first has one
additional branch and the second has two additional branches. The authors concluded that the former
PM has better conditioning index and velocity performance but has smaller stiffness and payload
capabilities.

In this paper, the kinematic performance of nonredundant and redundant 2-DOF planar parallel
robots is computed and compared. The first manipulator is the Five-Bar mechanism, and the second
one is the 3-RRR planar redundant parallel robot. The target application is the development of a 2-
DOF planar haptic device having a desired WS of 10 cm x 10 cm and about 5 N applied forces in all
directions. It is worth noting that the comparison between the two structures focuses on the accuracy
of the FKM and the maximum required actuator torques. Thereby, this work aims to determine the
most accurate device with less required torques.

In addition, the geometric parameters of the two structures are optimized in order to keep the
required WS free from PS.

This paper is organized as follows. In Section 2, the kinematic models of the Five-Bar mechanism
are presented, and the geometric parameters are optimized. The 3-RRR planar redundant PM is
studied and optimized in Section 3. Section 4 deals with the comparison between the two structures.
Lastly, Section 5 concludes this paper.

25,26

2. Kinematics of the Five-Bar Mechanism
This section studies the kinematic models of the Five-Bar mechanism where the geometric parame-
ters are optimized for the intended haptic application. The kinematic description and the geometric
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Fig. 1. Notations for the Five-Bar mechanism.

parameters of the Five-Bar mechanism are shown in Fig. 1. This mechanism is composed of two
identical branches. Each branch is composed of two links: one connected to the base and the other
connected to the end effector. The end-effector position is defined by (x, y) coordinates. /; and I, are
the geometric parameters of the first and second links, respectively. [y is the distance between the two
actuated joints that are connected to the base. 6, and 6, are the actuated joint angles. Please note that
in the literature various kinematic descriptions and notations were used.%71213,28-30

2.1. Inverse kinematic model
The inverse kinematic model (IKM) gives the active joint angles (6}, 6;) in function of the position
of the end effector (x, y). The expression of the active joint angles (6}, 6,) is as follows:

—B;+\/A?+B? - C?

—Ai —C;

(i=1,2) )

0, =2 arctan

such that:
l% — l% + 2+ y2
21,
B+ —B—2lpx+x*+y?
21
Each angle 6; (for i =1, 2) has two solutions depending on the sign (£) in Eq. (1). The combi-
nation of the two solutions gives four configurations for the IKM. These different configurations are

called working modes (WMs). Figure 2 represents the four WMs for the Five-Bar mechanism. In our
case, the WM 1 is selected since there is less interference between the links.

Al =x; B =y, Ci=

Ay=x—1y; By=y, Co=

2.2. Jacobian matrix and dexterity )
The Jacobian matrix J defines the relationship between the active joint velocities vector € and the
Cartesian velocity vector X. This relationship is as follows:

where

x—1y/2 — licosO, y — [1sinb,
x4+ 1y/2 — licosO, y — [1sinb,
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WM1 WM2

WM3 WM4

Fig. 2. Working modes of the Five-Bar mechanism.

J, = Lyycosty — (x — ly/2)1,sin6; 0
0= 0 Lyycostr — (x + ly/2)1sin0,

The Jacobian matrix of the Five-Bar mechanism is
J=1."Jp 3)

The dexterity index is introduced to measure the kinematic performance of robots. This index
gives a measure of how far, the robot is, from a singular configuration. In addition, a good dexterity
index ensures a good measure of the robot position via the FKM and also reduces the required joint
torques for haptic feedback. The dexterity index expression is defined as:

1
718 ) P 4
with « (J) is the condition number of the Jacobian matrix.

The dexterity distribution for the Five-Bar mechanism is shown in Fig. 3 for the configuration:
lp =100 mm, /; = 180 mm and /, = 160 mm. It shows the presence of PS inside the WS of the robot
(shown in dark pink color). To get compact structure with good kinematic performance, the geomet-
rical parameters of the robot should be optimized to keep the PS outside the required WS. The next
section deals with the design optimization of the Five-Bar mechanism.

2.3. Design optimization of the Five-Bar mechanism
The useful WS is a (10 cm x 10 cm) square (Fig. 4). The goal of the optimization is to include this
square into the robot WS by getting the most compact structure and keeping out the PS.

This square is placed inside the robot WS using the following expressions:

)Co=lo/2

[ Ll —l; =1 (5)
=|1+ 2|2|1 2|+|11—lz|

an
X2

where x| and x, are the length of the first link and the second link, respectively. The length of the
base [y is not included in the optimization problem. [y is considered to be equal to 100 mm.

Yo

And the optimization design vector is
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Fig. 3. Dexterity distribution for the Five-Bar mechanism.
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Fig. 4. Useful workspace description.

The optimization problem is formulated as follows:

mini}gnize fX) =xI+x3
subjectto P, e WS, i=1,...,4.
uP;)>05i=1,...,4.

The proposed optimization approach is based on the minimization of an objective function f(X)
which is the quadratic sum of the robot links (x;, x). The optimization is subject to two con-
straints. The first constraint involves the WS and aims to guarantee that the haptic device WS fits
the prescribed one. The second constraint guarantees the avoidance of PS from the useful WS.
Genetic Algorithm is used to minimize the objective function, where the constraints are nonlinear
and the lower and upper bounds of x; are [50, 200] in millimeters. Furthermore, the initial guess is
Xinir = [90, 150] in millimeters.

As a result, the computed optimal design vector is

¥ 85 . ;
»=| 14 (in mm) (N
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Fig. 5. Optimal dexterity distribution.

Fig. 6. Geometric parameters of the 3-RRR redundant planar PM.

The dexterity distribution using X, is shown in Fig. 5. One can observe that the dexterity is
maximal inside the useful WS with no PS. This optimal structure of the Five-Bar mechanism is used
for comparison with the redundant planar robot.

The next section addresses the study and the optimization of the redundant planar parallel
robot.

3. Redundant 3-RRR Planar PM

The redundant 3-RRR planar PM is obtained by adding to the Five-Bar mechanism a third branch
(Fig. 6). The kinematic modeling of this structure is studied in several works.>>"?® As well as for the
Five-Bar mechanism, this redundant parallel robot has 2-DOF. The three active joints are placed on
the vertices of an equilateral triangle such that [ is the edge length. The base reference frame (O,
XY) is placed at the center of the equilateral triangle. /; and /, are the sizes of the first link and the
second link, respectively. The end-effector position is defined by the coordinates (x, y). 61, 8>, and 63
are the active joint angles.

3.1. Inverse Kinematic Model

The IKM gives the active joint angles (61, 6, and 63) in function of the position of the end effector
(x, ).
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The expression of the active joint angles is as follows:

—B; £ ,/A? + B} — C?

0;=2 =1,2,3 8
arctan C_A, (i ) ®)
where
I J3 I\ S\
Ay ==21 <x+50> ; Bi=-21 (Y+ lo) ; C1= (x+§0> + (y-l—?lo) +5-5

6
2
I 3 I\’ 3
Ax = -2l (X—E());Bz:—zh (y+%—lo>;cz=<x—50) +(y+%lo) +4 -5

2
V3 V3
Az = —2xl;; B; = —-2[; (y— Tlo ; CS:x2—|- y——1 +l%_l%

Each angle 6; (i =1, 2, 3) has two solutions depending on the sign (%) in Eq. (8). The combination
of the two solutions gives eight WMs for the 3-RRR planar PM. For the WM shown in Fig. 6, the
sign = is 4 for the three angles.

3.2. Kinematic model of the 3-RRR redundant planar PM
The kinematic model of the 3-RRR redundant planar PM is as follows:

. 61
X .
J, |:i| =Jo | 02 &)
y .
03

where J, is a 3 x 2 matrix called the parallel part of the Jacobian matrix, and Jy is a 3 x 3 diagonal
matrix called the serial part of the Jacobian matrix.

Jxir o Jxog
Jo= | Jxi2  Jxx (10)
Jxiz Jxs
Jot 0 0
Jo=| 0  Jo» O (1)
0 0 Jsss

where Jxi; = 2lycos0; + A; /11, Jxp; = 21y sin6; + B;/1; and Jy;; = Bicost; — A;sinb;.
Since Jy is a diagonal matrix, the inverse of the Jacobian matrix can be easily expressed as follows:

J'=J,'J, (12)

The next subsection deals with the optimization of the 3-RRR redundant planar PM.

3.3. Design optimization of the 3-RRR redundant planar PM

Likewise the Five-Bar mechanism, the geometric parameters of the 3-RRR redundant planar PM are
optimized using Genetic Algorithm. A similar optimization approach to the one conducted in Section
2.3 is used. In fact, the center of the desired WS (see Fig. 4) is placed at the center of the reference
frame (O, XY). The design vector X is composed of the lengths of the first link and the second link,
respectively. The optimization problem, which minimizes the sum of the squares of the design vector
components, is subject to two constraints: incorporation of the prescribed WS and avoidance of PS.
Iy is considered to be equal to 300 mm, and the lower and upper bounds of x; are [50; 200] (in mm).
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Fig. 7. Optimal dexterity distribution.
Thereby, the obtained optimal design vector is as follows:
X » @ ) (13)
= in mm
P 16s

The dexterity distribution for the optimal 3-RRR redundant planar PM is shown in Fig. 7. The
obtained WS is more compact than the one computed for the Five-Bar mechanism and it is free
from PS.

4. Comparison Between the Two Structures

So far, the two addressed manipulators are optimized for the same desired WS. As the intended
application is the development of a haptic device, the comparison criteria are the accuracy of the
FKM and the maximal required torques for the haptic feedback. In fact, distribution of both the
resolution error in terms of positioning and the required torques is plotted. Thereby, the results are
compared and discussed.

4.1. FKM accuracy
In this paragraph, the FKM of each structure is established and then the resolution errors are
compared.

4.1.1. FKM for the Five-Bar mechanism. The FKM of the Five-Bar mechanism expresses the
position of the end effector (x, y) in relation to the active joint angles (61, 6,):

x =licos0, + Lcosyy = ly + l1cos0, + lycosy, (a)

14
y=115in6, + Lsiny; = l1sinB, + lsiny, (b) 14
where y; and y; are the passive joint angles of each leg.
The sum of squares of Eqgs. (14a) and (14b) gives
A siny; + B cosy, = C (15)
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where
A = 2l11sin6y — 21 1sin6,
B =2l — 2l lhcos6, + 2151 cos0,
C= l% + 21% — 21%sin91 % sinfy — 21 lpcosb,
+21lgcostr — 2111 cosOcos6,
Using the tan-half identities (r = tan(y /2)), Eq. (15) is arranged as follows:
(B— O —2At—B—C=0 (16)

Thus, the angle y; is expressed as follows:

(17)

<A+ AT B2 —C2>
¥, = 2atan

B-C

Lastly, the position of the end effector (x, y) can be determined using the last part of Eq. (14).

4.1.2. FKM for the 3-RRR planar redundant manipulator. For the 3-RRR planar redundant manip-
ulator, three angles are active. However, the FKM can be expressed only using two active angles as
the Five-Bar mechanism. The passive angle y; is determined using the geometric equations of the
first leg and the second leg as follows:

It It
x= _EO + licosOy + Leosy, = 50 + licosOr + Lycosys

(13)
3 3
y= —%ZO + lysin6 4 Lsiny, = —%_lo + 115inb, + bsiny,
where y, is expressed as
A+ /AT + B - CF
2 (1) = 2atan (19)

B —C

with
Ay = =211, % 5sin0y + 21, rsinthetas
B, =2yl — 21 1hcos6; + 2151 cos0,
C = 1(2) + ZZ% + 2lply (cosO, — cosby)
—ZI%cos(Ol —6))

> can be determined also using the geometric equations of the second leg and the third leg as follows:

It
x= 50 + l1cos0y + Lcosy, = l1cosOs + Lcosys

(20)
V3 . . V3 . .
y= —?lo + l1sinby + Lsiny, = Tlo + [sin6s + lpsiny;
where y, is expressed as
A+ JAS+ B3 —C3
12(2) = 2atan 21

B, -
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Fig. 8. Diagram of the comparison approach.

with

Ay = —/3loly + 21, lrsint, — 21, 15sinbs

By, = lyl, 4+ 2111,cos0, — 2111,cos65;

Cy = B4 28 4 /3ol (sinbs — sinfy) — 2Lcos(6; — 63)
+111ly(cos6r — cosbs)

In order to improve the accuracy of the FKM, the final result for the angle y, is the average of the
two solutions y, (1) and y»(2):

) +7rnQ?2)
Yo="—"7"—

5 (22)

As well as the Five-Bar mechanism, the position of the end effector (x, y) can be determined using
the last part of Eq. (18).

4.1.3. FKM’s accuracy comparison. Comparison of the accuracy of the two FKMs is achieved
through the determination of the distribution of the resolution errors inside the useful WS using
the model shown in Fig. 8.

The useful WS is discretized into a grid of 20 x 20 points. For each point (x;, y;), the IKM is
used to determine the active joint angles 6;; k=1, 2 for the Five-Bar mechanism and k=1, 2, 3
for the 3-RRR redundant PM. Then, the FKM is called 1000 times such that a random value d6;
representing the sensors sensitivity is added to the active angles 6. df is a random value having a
normal distribution: the mean value p is equal to zero and the standard deviation ¢ is equal to 0.04°.

The error average is calculated using the following expression:

e, y) = 2t VG =X+ 6=y )?)
= 1000

(23)

where x’ and y’ are the vectors composed of 1000 samples returned by the FKMs.

The error distribution inside the useful WS for the Five-Bar mechanism is shown in Fig. 9. It
is uniform, and no error amplification can be observed since the WS is free from PS. Indeed, the
maximal error is less than 0.2 mm.

On the other hand, the error distribution of the 3-RRR redundant planar PM, shown in Fig. 10,
is not uniform. Furthermore, a small amplification can be observed near (x, y)=(50 mm, 50 mm) and
(x, y)=(—20 mm, —50 mm). The explanation of this amplification is that the FKM of the redundant
robot is solved using two Five-Bar mechanisms: one composed of the first and second legs and
the other composed of the second and third legs. These two configurations are shown in Fig. 11.
The configurations (x, y)=(50 mm, 50 mm) and (x, y)=(20 mm, 50 mm) are near PS of the Five-Bar
mechanisms formed, respectively, by the second and third legs and by the first and second legs. Thus,
the use of an extra sensor is not beneficial for the FKM accuracy.

The FKM accuracy study showed that the optimally designed nonredundant manipulator is better
than the redundant one. The next subsection compares the two robots for the haptic feedback.
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Fig. 9. Error distribution for the Five-Bar mechanism.
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Fig. 10. Error distribution for the 3-RRR redundant planar PM.

4.2. Haptic required torque
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4.2.1. Five-Bar mechanism. For the nonredundant PM, the actuator torques vector 7 shall produce

a given force vector F such that:
t=J'F

where J is the Jacobian matrix.

(24)

The gravity effects are neglected because of the horizontal placement of the haptic device. Friction
effects are also neglected because of the use of bearings in all robot joints. Thus, the model of Eq.
(24) can be used for actuators sizing. In fact, the haptic device is developed to produce a maximal
force of 5 N in any direction in the (x,y) plane. To determine the required actuator torques,the useful
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Fig. 12. Force vectors F(A) with A =0, /12, ..., 2m.

WS is discretized into a grid of 50 x 50 points. For each point, Eq. (24) is calculated with a force

vector F'(1) that varies in all directions and is represented in Fig. 12. The expression of F (1) is as
follows:

F(, > cos(A) inN) A=0 12 2 25
A) = 5 sin() (in N) =0,m7/12,...,2n (25)

where A is an angle defining the orientation of the force vector F. A total of 24 orientations of F are
applied for each point.

Figure 13 shows distribution of the maximal torque for each point in the useful WS. The maximal
torque value is about 0.45 Nm.

4.2.2. 3-RRR planar redundant manipulator. For redundant PMs, only the force vector can be
expressed using the actuator torques vector as follows:

F=Jt (26)

where J; denotes the inverse of the Jacobian matrix.
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Fig. 14. Maximal torque distribution: max( |t (x, y, A)| ).

The pseudo-inverse is used to express the torques vector t using the force vector F as follows:
t=JDTF+A-JDTINZ @7

where (J IT)Jr is the pseudo-inverse of J7 1 is the 3 x 3 unit matrix, and Z is an arbitrary vector.
(I — (J1)*J1)Z is the null-space torque which can change the actuator torques t without affecting
the force vector F. To get the optimal torque distribution, the following optimization approach is
employed:

minizmize fO=t+13+1

The minimization of f(Z) is performed using a local minimization algorithm, since this function
is convex.?!

Considering actuators sizing, as for the Five-Bar mechanism, the same approach is carried out to
determine the maximal actuator torques required for the haptic feedback.

Figure 14 shows the distribution of the maximal torque inside the useful WS. The maximal value
is about 0.33 Nm.
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4.2.3. Torque distribution comparison. The torque distribution comparison showed that the maximal
required torque for the nonredundant parallel robot is higher than for the redundant one. However,
the redundant parallel robot requires the use of an extra actuator for the extra leg.

In summary, comparison through the FKM and the required actuator torques showed that the
optimally designed PM fits better with the intended haptic application since it has a uniform error
distribution for the FKM and in addition it uses less actuators.

5. Conclusions

A comparative analysis between a nonredundant Five-Bar mechanism and a redundant 3-RRR pla-
nar manipulator was addressed and investigated. First, the geometric parameters of the two structures
were optimized for a desired WS of 10 cm x 10 cm such that PS are avoided. The comparison criteria
were the FKM accuracy and the required actuator torques. Regarding the FKM solving, the com-
parison showed that the optimized nonredundant manipulator has a uniform distribution of errors.
Besides, the comparison reported that the required torque per actuator for the redundant manipulator
is less than that for the nonredundant one. However, the redundant manipulator requires an extra
actuator that rises the actuator’s cost when compared with the nonredundant one. Therefore, the opti-
mized and nonredundant manipulator, that is, the Five-Bar mechanism can be selected as a more
suitable kinematic structure for the haptic device. Ongoing works are carried out to prototype the
haptic device.
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