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This paper is devoted to the investigation of the G-network with multiple classes of posi-
tive and negative customers. The purpose of the investigation is to analyze such a network
at a transient regime, to find the state probabilities of the network that depend on time.
In the first part, a description of the functioning of G-networks with positive and negative
customers is provided, when a negative customer when arriving to the system destroys a
positive customer of its class. Streams of positive and negative customers arriving at each
of the network systems are independent. Services of positive customers of all types occur
in accordance with a random selection of them for service. For nonstationary probabilities
of network states, a system of Kolmogorov’s difference-differential equations (DDE) has
been derived. A method for their finding is proposed. It is based on the use of a modified
method of successive approximations, combined with the method of series. It is proved
that successive approximations converge with time to a stationary probability distribu-
tion, the form of which is indicated in this paper, and the sequence of approximations
converges to the unique solution of the DDE system. Any successive approximation is rep-
resentable in the form of a convergent power series with an infinite radius of convergence,
the coefficients of which satisfy recurrence relations, which is convenient for computer
calculations. A model example illustrating the determination of the time-dependent prob-
abilities of network states using this technique has been calculated. The obtained results
can be applied in modeling the behavior of computer viruses and attacks in information
and telecommunication systems and networks, for example, as a model of the impact of
some file viruses on server resources. variable.

Keywords: combined with the method of series, G-network, method of successive approxima-
tions, multiple classes of positive and negative customers, transient regime

1. NETWORK DESCRIPTION. FORMULATION OF THE PROBLEM

Consider an open G-network of queueing with n single-line queueing systems (QS), in which
arrive positive and negative customers of r classes. In i-th QS from the external environment
arrives a simple stream of ordinary customers (positive) with the rate AT and an additional
flow of negative customers, which is also the simplest with the rate A™, i = 1, n. All arriv-
ing streams are independent. Each positive customer of the input stream independently
of other customers is sent to the i-th QS as a customer of class ¢ with probability paric,
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S, parm = 1. Duration of service of positive customers in the i-th QS c-class are
distributed according to the exponential distribution with parameter j;.,i = 1,n,c = 1,r.

The network circulates not only positive customers but also negative ones. Each negative
customer of the input stream, independently of other negative customers, is sent to the i-th
QS as a negative customer of class ¢ with probability p; .., Z?zl ZZ=1 Doie = 1 and destroys
one positive customer of the same class. After the end of the service of the positive customer
of class ¢ in the i-th QS, it is sent to the j-th QS with probability pztjs again as a positive
customer of class s, and with probability Dicjs S @ negative customer of class s, and with
probability pico =1 - 37 >0, (pit,js + Diejs) leaves the network, i, j = T, n. We assume
that customers to the service are randomly selected, i.e. if in the i-th QS there are k;
customers of class s, then the probability that to the service in it will be a customer of class
cis <P — i=Tnc=1r.

s=1 Nis

Under the network state at time ¢ we mean the vector (E, t) = (k11, k12, . .« k1r, ko1,
koo, ... kar, ... kn1,kna, ..., knr,t), where k;., — the number of positive customers of class
¢ in the i-th QS which forms a homogeneous random Markov chain with continuous time
and a countable number of states. It is required to find the state probabilities of the network
at a transient regime, depending on the time.

It should be noted that in [2-4] the basic G-network with positive and negative cus-
tomers of the same class [1] was generalized to the case of several classes of positive and neg-
ative customers under the assumption that the number of classes of both types of customers
is the same. It is shown that the stationary probabilities of the states of such a network have
a multiplicative form (product form). In each of these studies, various options are considered,
it is established how the effect of negative customers with their classes is correlated. Thus,
in [2] it is assumed that negative customers of a fixed class affect only positive customers
of the same class. In [3] is used a random selection of positive customers, i.e. if a negative
customer arrives at the i-th QS in which there are k; > 0 of positive customers (without
taking into account their class), then with the probability (k;./k;) a positive customer of
class ¢ will be destroyed. In such a G-network, we will explore in this paper, the transitional
regime. In [4] the G-network with a variety of disciplines is considered: FIFO — service in
the order of arrival, PS — processor separation and LIFO/PR — inversion order of service
with service interruption. A positive customer is destroyed in accordance with the service
discipline established in the QS, while in the i-th SMO, a negative customer of class s can
destroy a positive customer of class claim with a probability K. In [5], instead of negative
customers of multiple classes in the G-network, signals of multiple classes were considered.

It should also be noted that the finding of nonstationary probabilities of states of a
Markov G-network with signals and the group removal of customers by the method of
successive approximations combined with the method of series has been presented in [6];
stationary state probabilities of such network in the product form has been found in [7],
and for a network with triggers — in [8].

2. A SYSTEM OF KOLMOGOROV DIFFERENCE-DIFFERENTIAL EQUATIONS
(DDE) FOR THE NETWORK STATES PROBABILITIES

Let us consider I;. — a vector of dimension n X r, consisting of zeros, with the exception of
the components with the number r(i — 1) + ¢, which is equal to unity, Ing —n X r a vector
1,z>0

= — Heaviside function.
0, <0

consisting of zeros, P (k,t) — state probability & (£); u(z)

https://doi.org/10.1017/50269964818000086 Published online by Cambridge University Press


https://doi.org/10.1017/S0269964818000086

174

M. Matalytski

The following transitions of our Markov chain to the state (lat—i— At) in time At are
possible:

(1)

(2)

(6)

from the state (E — I, t), in this case in the j-th QS in time, At a positive customer
of class s will arrive with a probability /\+p(J)eru(kjs)At +o(At),j=1,n,8 =1,7;

from the state (E+Iic,t)7 in this case in the i-th QS in time, At a negative
customer of class ¢ will arrive or after the end of the service, a positive cus-
tomer of class ¢ leaves the network or transfer to the j-th QS as a negative
customer of class s, but does not find there positive customers of this class

kictl

with probability [ A pg;, + fic—= kict1

Dico + Micﬁpi_cjs(l —u(k;s)) | At +
s=1 ‘e s=1 i

o(At),i =1,n,c=1,r;

from the state (E—i—]ic — Ijs,t), in this case from the i-th in time At a positive
customer of class cafter servicing transfer to the j-th QS as a positive customer of

class s with probability uw%p%su(k]’s)At +o(At), i, j=1,n,8 ¢c=1,r;
s=1 Nis

from the state (EJr Iic + Ijs,t), in this case from the i-th in time, At a positive
customer of class ¢ after servicing transfer to the j-th QS as a negative cus-
tomer of class shaving destroyed a positive claim of this class with probability
uw%p;ﬁAt +o(At),i,j =1,n,s,c=1,r;

from the state (k, ), in this case for a period of time, At the network state did not
change with probability

)\+ + AT + Z Zﬂzcu(kzc)

i=1 c=1

1-— At+o(At),i=1,n,c=1,r;

from other states with probability o(At).

Using the full probability formula, we can write:

P(k,t + At) = (1 -

M AT+ D piculkic)

i=1 c=1
+ YD N p (k) Pk — I, t) At
j=1s=1
n " o kic + 1 kic + 1 —
=+ Z Z A" Pgie T Mic————Dico + Micripicjs(l — u (kic))
i=1 c=1 D kis+1 > kis +1
s=1 s=1

. n T kic +1 B .
Plk+ L ) At + > > prio—————pio; Pk + Lic + s, t) At
i,j=1s,c=1 ks +1

s=1

n T
kie +1 -
+ 50 5 | mienty e, | PG+ L — L At + o (A1)
ij=1c,s=1 Skis+1
s=1
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Dividing both sides of this relation by At and passing to the limit with At — 0, we obtain
that the nonstationary state probabilities of the considered network in this case satisfy the
following DDE system:

dP(k.t) 1\t 4 - +ZZ/~%“ | PO, 1)

dt
i=1 c=1

+ 3D A pg (ki) Pk — I, t)

j=1s=1

n r o kic +1 B .
+ Z Z A" Doic T i Pico + HicPiejs (1 — u(kic)) | Pk + Lic)t)
i=1 c=1 ks +1
s=1
n T klc _"_1
+ Z Z Hic————— zc_]sp(k+17«c + I]S7 )
ij=1s,c=1 ks +1

s=1
n r feiw + 1 .
+ 30 | pie—pu(kse) | P(E+ Lic — L, t). (2.1)
i,j=1c,s=1 Z kis +1
s=1

3. FINDING THE STATE PROBABILITIES OF G-NETWORK BY THE METHOD OF
SUCCESSIVE APPROXIMATIONS

The DDE system (2.1) can be represented as:

dP(k,t)
dt - Z Z (I)ZCJS k + Lic — Ijs, 1)
i,j=1c¢,5=1
+ Z S ®EL(BPE+ Lot ) (3.1)
i,j=1¢,s=1
where
L _’ kic +1 _
A(k) + AT+ Z Z MZCU’ ZC leS(k) i 7picjs’
i=1 c=1 Z kis +1
s=1
- (7 - kic +1 kie +1  _
(I)?_cjs(k) = 80050 | A Poic + Hic————Pico | + | ptie—— T Picjs (1 —u(kic))
Z kis + 1 Z kzs + 1
s=1 s=1

+ 50i5c1)\+]73jsu(kjs) + §oz‘5co)\+parjsu (kjs)

Kie + 1 1,i=j

+ Lic r - Dicjs (kjs)a 6ij: {0 7& .-
Zk15+1 0 ]
s=1
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From (3.1) it follows that

t
P(E,t) = e~ 2Bt | p(E,0) +/eA<’5>ﬂf Z Z O (k) P(k + Lic — I, @)
0

i,j=1c¢,s=1

+ Z Z O L (K)P(k+ L + Iy x) | da | . (3.2)

i,j=1c¢,s=1

Lets Pq(E, t) — an approximation P(E, t) at the ¢-th iteration, Pyyq(k,t) — solution of the
system (3.1) obtained by the method of successive approximations. Then it follows from

(3.2) that
t
Pk t) = e AR Pq(E,O)+/eA(k)z Z Z O (k) Py(k + Lic — Ijs, )
0 i,j=1¢,s=1
+ Z Z Ot (k) Py(k + Lic + Ijs, @) | da | . (3.3)

i,j=1c,s=1

As an initial approximation, we take the stationary distribution Py(k,t) = P(k) =
tlim P(k,t), which satisfies the relation
—00

A(k)P( Z Z O (R)P(k+ Lic — 1) Z Z 5 (R)P(k+ Lic + 1)

i,j=1c,5=1 i,j=1c¢,s=1
(3.4)
For successive approximations, the following assertions are true.
THEOREM 1: Successive approrimations Pq(E, t),q=0,1,2,..., converge t — oo to a sta-

tionary solution of the system (3.1).

THEOREM 2: Sequence {Pq(l_é7 t)} ,q=0,1,2,..., built according to the scheme (3.4), for

any bounded by t zero approximation Po(/;:, 1),0 < PO(E, t) <1, converges m — oo to the
unique solution of the system (3.1).

THEOREM 3: Any approzrimation Pq(E, t),q > 1 can be represented as a convergent power
series

= i df (k) (3.5)
=0

whose coefficients satisfy the recurrence relations:

)u+1 '

_a AR .
di (k) = i { (k,0) +Z o DS (k)} 1>0,
u=0
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dfy (k) = P(k,0),dg; (k) = P(k,0)d0, (3.6)

D (k)= | Y @b (k)dj (k+ Lic — o) + 3L (F)df™ (k + Lic + 1)

icjs icjs
ij=1 Ls,e=1

4. MODEL EXAMPLE
Consider a network consisting of n =6 QS, in which positive and negative customers of
three types arrive. Let arriving probabilities of customers to i-th QS be, respectively, equal
P = 0,06; pgio = 0,06; iz = 0,08;7 = 2,5; pgy; = 0,03;
Po12 = 0,03; pg15 = 0,04; pgg; = 0,03;

Pos2 = 0,03; pigs = 0,045 Paza = Poas = Doz = 0,065 pyss = Poas = Posz = 0,04; po; =
Poiz = Posz = 0,05;7 = 1,6, pgz3 = 0,07,% = 1,5; and Z?:l Zi:l =1 Z?:l Zi:l Poic =
1. Let the arriving rates of positive and negative customers be respectively equal AT =
100 1 A~ = 90.

Suppose, that service rates of customers in QS are equal:

p11 =505 p12 = 30; iz = 205 p21 = 505 pag = 40; pog = 205 pz1 = 50; sz = 40; pg3 = 20;
par = 50; prgo = 40; gz = 20, sy = 50; pus2 = 30;  psz = 20; g1 = 45; g2 = 45; ez = 30.

Let transition probabilities of positive and negative customers between QS be equal:

Py = 0,04; 15 = 0,03;pf 5 = 0,03; pf;,, = 0,08;

pjuz = 0,06§Pi+123 = 0’06§Pi+131 = 0,1p;r132 = 0a055p;r133 = 0,05;

Piiar = 0.Lipap = 0,075 pf1y5 = 0,035 pj15, = 0,12

Diise = 0,04; p o5 = 0,04; pf 5, = 0,06; pjfi 6o = 0,02; pif 5 = 0,02;

p¢+211 = 0706310:512 = 0702310:513 = 0,02317;521 =0,1;

Do = 0,05; phos = 0,05; pihs; = 0,08 pihsy = 0,08; pjhss = 0,04;

Piha = 0,125 05,0 = 0,04; ph,5 = 0,04; phs, = 0,12;

Pibsa = 0,043 phss = 0,04; phg; = 0,045 pihes = 0,03; pigs = 0,03;

P?éll = 0,04;p;§12 = 0,04;p;§13 = 0702517;‘521 =01

Dihos = 0,07; plhgs = 0,03;phs; = 0,12p50 = 0,04; pjhas = 0,04

P = 0.1:p540 = 0,05, 955 = 0,05: p55, = 0,12;

Pihss = 0,04; phss = 0,04; phg, = 0,045 phes = 0,04; pies = 0,02;
Let we need to find, for example, state probability P(E, t), k= (1,1,1,2,2,2,3,3,3,2,2,1, 2,
2,3,3,2,1,t), on the condition that state (1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1) was the

€

initial. Solving the problem by using the C# programming language, at ¢ = 10~%, we obtain
the dependence shown in Figure 1.
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FIGURE 1. State probability (1,1,1,2,2,2,3,3,3,2,2,1,2,2,3,3,2,1,)
on the time interval [0; 8].

The number of terms of the series, calculated according to the formula (3.5) was found
< e, where k*: d;‘l_(k*) = m]zaxd;;l_(lg), and number of itera-

using relations ‘d;"l_(k’*)
tions is ¢, using inequality [Py 1(1,1,1,2,2,2,3,3.3,2,2,1,2,2,3,3,2,1,¢) — P,(1,1,1,2,2,
2,3,3.3,2,2,1,2,2,3,3,2,1,t)| < e. We have obtained that the number of iterations ¢* = 70,

and the terms of the series {* = 63.

5. CONCLUSIONS

In this paper, an investigation of the Markovian G-network with multiple classes of positive
and negative customers has been conducted in the case when a negative customer can
destroy one positive customer of its class. For this network, non-stationary state probabilities
were found by the method of successive approximations, combined with the method of series.

Further studies in this direction may be related to the finding with the help of this
method of nonstationary probabilities of the states of queueing networks used in solving
practical problems, for example, for the network described in [9], as well as finding expected
revenues in various networks with revenues and customers with multiple classes.

References
1. Gelenbe, E. (1991). Product form queueing networks with negative and positive customers. Journal of
Applied Probability, 28: 656-663.
2. Gelenbe, E. & Schassberger, R. (1992). Stability of G-networks. Probability in the Engineering and
Informational Sciences, 6(1): 271-276.
3. Gelenbe, E. (1994). G-networks: a unifying model for neural and queueing networks. Annals of
Operations Research, 48: 433-461.
4. Fourneau, J.N., Gelenbe, E. & Suros, R. (1996). G-networks with multiple classes of negative and
positive customers. Theoretical Computer Science, 155: 141-156.
5. Gelenbe, E., Labed, A. (1998). G-networks with multiple classes of signals and positive customers.
European Journal of Operations Research, 108(2): 293-305.
6. Matalytski, M. (2017). Finding non-stationary state probabilities of G-network with signal and
customers batch removal. Probability the Engineering and Informational Sciences, 31(4): 396-412.
7. Gelenbe, E. (1993). G-Networks with signals and batch removal. Probability in the Engineering and
Informational Sciences, 7: 335-342.
8. Gelenbe, E. (1993). G-networks with instantaneous customer movement. Journal of Applied Probability,
30(3): 742-748.
9. Gelenbe, E. (2007). Steady-state solution of probabilistic gene regulatory networks. Physical Review,

76: 031903.

https://doi.org/10.1017/50269964818000086 Published online by Cambridge University Press


https://doi.org/10.1017/S0269964818000086

ANALYSIS G-NETWORK WITH MULTIPLE CLASSES OF CUSTOMERS 179

APPENDIX A: PROOF OF THEOREM 1

PRrROOF: Spend a proof by induction. We write the expression for the first approximation

t

Py(k,t) = e AR PO(E,O)+/6A(]€)$ Z Z of - (K)Po(k + Lic — Ijs, @)
0 i,j=1c,s=1

+Z anjcjs VPo(E + Lie + Ljs, ) | dz
i,j=1c,5=1

t
e AR Po(E,OH/eA(k)I Z Z i (R)P(E+ Tic — Ijs)

0 i,j=1c,s=1

+ Z Z Q;Ejs k+lic+-[js) dx
i,j=1c¢,s=1

= MR Pk, 0) + Z Z o} (K)P(k + Lic — 1)
i,j=1c¢,s=1

t

+ Z Z c1>jgjg Pk + Lic + Ijs) /eA(k)xdx

i,j=1¢c,s=1 0

— s 7 1 S - B i k
e AEE | piii o)+ G ST ol (R)P+ Lic — Ijs)
i,j=1¢,s=1

3 S B e ) (1)

i,j=1¢c,s=1

1
o0 @ Z Z sz k—’_IZC_IjS)

i,j=1c¢,s=1

£33 ol (B) P e 1

i,j=1¢c,s=1

It follows that when g = 1 theorem holds. Suppose that the theorem is true until ¢-th iteration.
Then from (3.3), (3.4) and L’Hospital rule, we shall have:

_' ¢ A(E)T n u =
PQ(k’0)+f6 v Zl Zlq)zcj (]C)Pq(k'—FI“/—I]S,:I})
0 i,j=1c,5=
lim Pyyi1(k,t) = 1320 YT
n r .
XX SLL(R)Py(F A i+ I 0) | da
i i,j=1c,s=1

ARt

https://doi.org/10.1017/50269964818000086 Published online by Cambridge University Press


https://doi.org/10.1017/S0269964818000086

180 M. Matalytski

= n T
e“’f”(_z S O RP R+ Lo — L)+ > Y O (RPy(F + Lo + L, >>
— lim i,j=1¢,s=1 i,j=1c¢,s=1
t—00 A(K) ARt
. 1
:tlggoﬁ Z Z q)wﬂs Pq k—'—llc_‘rjs’ Z Z <I>sz Pq k+[w+]ﬂs’ t)
() i,j=1c,5=1 i,j=1c,s=1
= P(k).

Thus the theorem is valid for g + 1. Therefore, using the method of mathematical induction,
we obtain the theorem.

APPENDIX B: PROOF OF THEOREM 2
PROOF: Because Py(k, t) limited in t function, then by virtue of (3.3) Py (k,t) is also limited, so

‘Pl(z,t) — Py(k, t)‘ < C(k). (B.1)

We shall show that following inequality holds

7 7 * *\q— tq_l
‘Pq(m) - Pq_l(k,t)( <C*(af+03)"" e (B.2)
where
max o1 (k) = of, max ag (k) = o,
k k
- - L
1(k) Z Z of - (k), o (k) Z Z o (k)
i,j=1c¢,s=1 i,j=1¢c,5=1
maxC(E) c*. (B.3)

As it was shown previously, a series 1 (k) converges. Under g = 1, according to (B.1) this
inequality is satisfied. Assume that it is performed when ¢ = N, and we will show, using (3.3), it
holds when ¢ = N + 1. We have:

Pri1(k,t) — Py (F, t))
-, t -
= e~ AR PN(E,O)Jr/eA(k)I Z Z o} (K) Py (K + Li — Ijs, )

0 i,j=1c,s=1
n T
[+ > > (RPN (R + Lic+ Ls, ) | de
i,j=1c¢,5=1

https://doi.org/10.1017/50269964818000086 Published online by Cambridge University Press


https://doi.org/10.1017/S0269964818000086

ANALYSIS G-NETWORK WITH MULTIPLE CLASSES OF CUSTOMERS 181

t

_ AR PN—l(E’O)""/eA(k)x Z Z cbzcjs PN 1(k+lw_ Ijs, )
0 i,j=1c,s=1

+Z Z (I)j;;rs )Pn— 1(k+Izc+I]aa x) | du
i,j=1c¢,s=1

t

< e_A(k)t /e/\(k)x Z Z (I)zcjs )‘PN(E—FIiC— js,x) —PN—l(E+[ic— js,l’)
0 i,j=1¢,s=1
t
(T - _ thl B thl
<Jem AW /eA(k)i (07{0* (af +a3)" ! vt a3C" (af +a3)" ! =1l
0
Ak)t t Ak N Nt
Se_() /e()xc( +Ol2) mdﬂf
0
Because e~ A(RteAF) @ <1atxel0,t], the
! N-1 L ON-1 N
ARt [ ARz X < x _t
/ G dzx < / o 1)!dx i (B.4)
0 0

From (B.3) follows that the inequality (B.1) occurs.
Because

m—1
lim Py(F,t) = lim <P0(E,t)+ 3 (Pq+1(E,t) — Py (%, t)))

q—o0

8

= Po(R,t) + 3 (Pyra (R t) = Py(k, 1))

oo

(k‘t Z a1t+a2t) P()(k t)+C*ea1t+a2

q=0 ¢

i.e. the limit of the sequence {Pq(E, t)} ,q=0,1,2,..., exists, denote it by Poo (k, t). If we substitute

Poo (K, t) to (3.3) instead of P(k,t), we see that P (k,t) is a solution of equation (2.1), satisfying
the initial conditions Peo(k,0) = P(k,0) according to the conditions of the previous theorem.
Let’s prove the uniqueness of the solution. Assume th_;}t theze is ajlother solu-
tion P*(k,t), then we have (3.2), if we replace in it P(k,t),P(k,0), P(k+ Lic — Ljc),
P(k + Lic + Ijc), respectively by P*(k,t), P*(k,0), P*(k + Ijc — Ijs), P*(k + I;c + Ijs). Therefore,
using (3.3) we obtain:
t
Py(K,t) — P*(k, t)’ < AR ‘Pq(E, t) — P*(k, t)) Ok / AR
0

t
></ (k)= Z Z cpsz )‘Pq(lg-’-.[ic_Ijs,{L')—P*(E—f—I,L'C—IjS,Z')}
0 i,j=1c¢,s=1

n T
+ 303 e )‘Pq(k—klic—l-fjs,:n)—P*(k+lic—]js,x)’dx.
i,j=1¢,s=1
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Similarly, as in the proof of inequality (B.2), we can show that
Py(k,t) — P*(k,t)| < M(af + a5)?(t7/¢!). The right side of this inequality tends to zero
as the general term of a convergent series Z;io M(a] —|—a§)q‘;—qI = M(E)e(af"'a;)t, Therefore

lim Py(k,t) = P*(k,t). Previously we received that lim Py(k,t) = P(k,t), it means P*(k,t) =
q—00 q—00

P(l_gi7 t), which proves the uniqueness. |

APPENDIX C: PROOF OF THEOREM 3

PROOF: Let us prove that the coefficients of the power series (3.5) satisfy the recurrence relations
(3.6). We substitute successive approximations (3.5) in (3.3). Then with

=012,

=\, ¢ 1 o (Al
efA<k> t /eA(E)I.’I)ldCK _ [{} I Z M
. A(
0
we obtain

e} N e} n T

— L —A(E > -7 -7
Stafmmt =M PE 0+ 3TN | ST @k (B) dfy (R L — 1)
=0

1=01i,j=1 | c,s=1

+ @Y (B)df” (B + Lic + 1)

icjs

Using the notation (3.6), this series can be written as

0 . 0 I+1 0o _A E “
Soafm (B =M PE0)+ > D (k) [Alz; } oy &t".
=0

=0

—A(K)t

Interchanging summation indices and expanding e to series in powers t, we get

i df (k) = i i P(k,0)+ Y — D (k) pt. (C.1)
1=0 1=0 u=0 [A(l_c’}

Equating the left and right side of the expression (C.1) the coefficients of ¢!, we obtain (3.6) for
the coefficients of the series (3.5).
To find the radius of convergence of the power series (3.11) we use the Cauchy-Hadamard

formula (1/(R(F)) = lim | dql(z‘g’)).

From (C.1) it follows that )d;:u(k)‘:%‘P(E,O)-&-ZL—;O%D;J(E),
1> 0.

https://doi.org/10.1017/50269964818000086 Published online by Cambridge University Press


https://doi.org/10.1017/S0269964818000086

ANALYSIS G-NETWORK WITH MULTIPLE CLASSES OF CUSTOMERS 183

We shall show that ‘Dqt;(ﬁ)

,q>1, u=0,l—1, limited to a finite value C (E) From the
boundedness of P(k,0) and determination of D[;u*(l_c‘) follows

D(TO_(E) = Z Z gZ)zc].s k)d (k+IZC_IJ5’ )+¢ztjs(g)da_0 (k+[w+ Jjs» ) ’

where CSE)_ (k) — some bounded value, and all Dg'l_(E) =0,0=1,2,... Because the Dq 10(1;) =

DI 70(k) = ... = Dy (k) = Dy (k) then from (3.6) follows D;:m(k) < Ciy (k),q>1.
By induction, we show that

_ o G
(Dqt”(k)‘ <SR-, (C.2)

For [ = 1 we have:

n

D(—;—_ll (k) = Z Z ¢1,st (k) dq 11(k+1207[ )+¢j;j—s(k)dq 11(k+I’iC+IjS)
i,j=1 | ¢,s=1

n

Z Z dszcys (k+llc_ ) (k+[zc_ljs:0)

i,7=1 | c,s=1

+ D0k + Lie — 1) + Z Z o}t (k)

i,j=1c,s=1
x (=A(k + Lic + Ljs) P(k + Iic + Ij5,0) + D 7 (F + Tic + 1))
Can (k)
— 1! b)

where C;'__ll(l;) — a certain bounded value. Suppose that (C.2) holds for I-1, i.e.

< ——, 1= .

Let us prove the validity of inequality (C.2) for {. Using (C.1), we get

n
D;___ll(k) = Z Z ¢zcjs q 1l(k + IZC - ) + é;t'j_s(k) dq 1l(’1€ + Iic + [_]C)
1,j=1 [c,s=1

" 1
n *A(kﬂLIic*Ijs)
= Z Z qujs [ N ]

1,j=1 [c,s=1

x | P(k,0) + DYy (k+ Lic — Iy)

- u+1
=0 [A(k YL — Ijs)}
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. 1
—A(k+ Lic + Ijs)]

n
+Z[Eq§jcjsﬁ[ i

i,j=1 | c,s=1
. — ul (—1)%*! L
x| P(k+ Iic + Ijs,0) + > —— DI (k+ Lic + 1) |-
u=0 [A(k+lic+ljs)] utl
Let’s C1 (k) = ma xc+ (), then
q,l
L n T o [ A(EJrL'c [Jg):|l
qull(k) < Z Z QSZCJs(k) X I
i,j=1 | ¢,5=1
-1
! Ci(k+ I — I
SN DGR RS  p—— o )
=0 [A(k+lw— 75}
n r _A(E+Ilc+[ s)]
++ (7 { J
+ Z Z ¢iCJs(k) i
i,j=1 | c,s=1
-1 P
- ! Cir(k+ Lic + 1;
X P(k+fic+l'js,0)+z U 1k 4 Lic + Ljs)

o u+1 |
=0 [A(k + L + st)] ul

n T

1
Slfll Z Z ZOQSWJS E [ (E)] P(EO)—&—Cl(E—‘r Iic_—ljs)z Al

1,j=1|c,s=1n,v
+— 7
< C’qfll(k)
— l! )

where C’;:l l(E) — the expression in the curly brackets, i.e., inequality (C.3) holds.
Consider the expression

1 . -1 Cyutl oy .
2 () i G0 R 1555
R(k) 1—eo I = A(k)wt?
. . =1 utl ot E
<A) tim (| X |p@E o)+ S B ulTe )
l—oo \| {! = A(k)ut1 w!
. 1 . -1 (_1)u+1
< —
Alk) fim | 77 |P(R;0) +Cl(k)u2=:0 ARy
=~ = 1—1
. 1 P(k,0) (k) 1
< 1 l )
A) ll—l)oo (1—1)! ll—l>rgo\J < l l Z A(k)ut1 (C.4)
u=0
Because the
-l
Lo 1 - [A(k)} AR £ 1
Si-1(k) = NG (A(F)—1) B#1,
=0 |AGF)] LAGK) =1
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To

0, A(k) >
lim 21— (k) > . (C.5)
l—o00 [ 1 A( )

It was shown in [6] that llim ! 0.
— 00

T _
(=D
-1

Under 0 < A(k) <1, using (C.5) on the right side (C.4), we have: 3. W:
u=0 k

-a®]
W = aiia%, where a = (1/A( )) > 1, therefore,

-1
lim { l' lim ¢ P(l;7 0) +C’1(E) E ;u-i-l = lim /= lim \/ k 0) Cl( ) (al — 1),
l—oo V ! 100 e [A(E)] l—o00 ll—oo A( )

But b+ cal < \l/l; + Veal = \l/l;+ ae, therefore llim b+ cal < llim b% + allim c% =
— 00 — 00 — 00
1+ a — a bounded quantity. Then, considering that llim \L/ZI, = 0, we obtain that (1/R (k)) = 0.
— 00 :

Therefore, the radius of convergence of the power series (3.5) is equal to +oo. |
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