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In this work we investigate limiting values of the lift and drag coefficients of profiles in
the Helmholtz—Kirchhoff (infinite cavity) flow. The coefficients are based on the wetted arc
length of profile surfaces. The problem is to find global minimum and maximum values
of the drag coefficient Cp under a given lift coefficient C.. We reduce the problem to a
constrained problem of calculus of variations and solve it analytically. In so doing we do not
only determine extremals but also strictly prove that these extremals realize global extrema.
The proofs are based on non-trivial application of Jensen’s inequality. The solution of the
problem allows us to construct the domain of possible variations of coefficients C; and Cp
and define maximum and minimum values of the lift-to-drag ratios C./Cp for a given Cy.
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1 Introduction

In the theory of aero and hydrofoils there are known two classical models for studying
flows past a profile. For the first model the flow is continuous (Figure 1a), and for the
second one the flow is separated with the formation of an infinite wake (Figure 1b).
If we assume that the flow is steady, irrotational and incompressible, then for the first
model the drag force D = 0 (d’Alembert’s paradox) and the lift force L are defined by the
well-known Kutta—Joukowskii theorem:

I
L=—pvol', I =/(v-1)ds. (1.1)
0

Here p is the density of the fluid, vy is the velocity at infinity, I' is the circulation around
the profile, [ is the perimeter of the profile surface, s is the arc abscissa of the profile
contour, reckoned from the trailing edge point A, (v- t) is the dot product of the velocity
vector v at the point on the profile surface and the tangential unit vector z, directed
towards increase of s.

For the continuous model, point B with the arc abscissa s = | coincides with point 4
for which s = 0. If [ is the arc abscissa of the stagnation point O and v = |v|, then

(v:t)=—uv(s) for 0<s<Ilj, (v-t)=uv(s) for [ <s<L (1.2)
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FIGURE 1. (a) Continuous flow over an aerofoil. (b) Helmholtz—Kirchhoff flow with an infinite
cavity past a profile.

As one can see from (1.1) and (1.2), to compute the lift force for the continuous model
one needs only to know the velocity distribution v(s) along the profile surface and the
arc abscissa [; of the critical point O. Moreover, if v(s) is known, the contour of the
profile can be restored by means of solving the so-called inverse boundary-value problem
of aerodynamics [1]. The Kutta—Joukowskii theorem played an outstanding role in the
theory of aerofoils and was used many times for aerodynamic shape optimization (see,
for example, [1,2]).

Consider now the second classical model with an infinite wake. Initially, Kirchhoff [6]
introduced this model in order to overcome d’Alembert’s paradox, i.e. to have a non-
zero drag force. In doing so, Kirchhoff used essentially the free streamline theory of
Helmholtz [5]. Nowadays the Helmholtz—Kirchhoff model is treated as a limiting case of
cavity flows, when the pressure in the cavity tends to the incident pressure, and the size
of the cavity becomes infinitely large. In this paper we adhere to this treatment and call
the model as the Helmholtz—Kirchhoff or infinite cavity flow. According to this model the
flow detaches from the profile surface at points 4 and B, and an infinite cavity (wake)
with a constant pressure, equal to the incident pressure, forms behind the profile. The
velocity on the free streamlines Al and BI is constant and equals the incident velocity vo.
As previously, the stagnation point is denoted by O and the arc abscissa s is reckoned
from point 4 (Figure 1b).

For the Helmholtz—Kirchhoff flow, formulae analogous to (1.1) have been recently
obtained by Maklakov [12,13]. As in (1.1) the formulae express the lift force L and the
drag force D in terms of the velocity distribution v(s):

! 2
L=pvo/(v-r) logl;—ods, D—@ /—log—ds , (1.3)
0

where [ is the length of the wetted arc AOB of the profile, ¢ = @(s) is the distribution of
potential along A0OB:

l| N

=/v(s)ds for 0<s<, (pz/v(s)ds, for h <s<|,

N [

I; is the arc abscissa of the critical point O.
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In the theory of cavity flows the first Brillouin condition [3] plays an important role:
the pressure in the cavity is minimal. Then the velocity on the free streamlines AI and BI
is maximal, and therefore

v(s) <vy, 0<s<L (1.4)

This implies that in formulae (1.3) the factor log % > 0.

Owing to the simplicity of formulae (1.3) one can formulate different optimization
problems in which one needs to determine a velocity distribution that satisfies the Brillouin
condition (1.4) and has some optimal property. One of such problems has been solved
by Maklakov in [12,13]. Namely, it has been found that the velocity distribution under
the Brillouin condition (1.4) provides a global maximum of the lift force. It has been
established that for the profile of maximum lift the length [; = 0 (points A and O
coincide) and the optimal velocity distribution v(s) = e vy = const, where e is the
base of natural logarithms. It follows from (1.3) that Ly.x = pvle™! and this is the
global maximum of the lift force. But such a formulation does not take into account
at all the cavitation drag, which is defined by the second equation in (1.3). If v(s) =
e !y, then according to (1.3) the drag force D = pv3l/(re), and the lift-to-drag ratio
of the profile of maximum lift is x = L/D = m. To obtain profiles with a greater
lift-to-drag ratio, it seems to be natural to introduce the drag D in the optimization
process.

At the end of the paper by Maklakov [12], as a variant of a further perspective direction
of investigations, it has formulated the problem of finding a minimum of the drag force
D under the constraints that the wetted arc length [ and the lift force L are given. In
this paper we present an exact analytical solution to this problem. Besides, for the sake
of completeness, we find a maximum of the drag force D under the given values of [
and L.

It is convenient to formulate the problem in terms of the lift and drag coefficients

2L 2D
CL=— and Cp = —, (1.5)
puyl puyl

based on the wetted arc length /. Then the basic problem to be solved in the paper is as
follows.

Basic problem Let the lift coefficient C; be given. Find a global minimum (maximum) of
the drag coefficient Cp under the Brillouin condition (1.4).

Solving the basic problem allows us to determine the functions Cppin(Cr) and
Cp max(CL), which define the global extrema of the drag coefficient. Thereby we define the
domain of possible variations of coefficients C;, and Cp and determine upper and lower
bounds for the lift-to-drag ratios:

xmax(CL) = CL/CDmin(CL)a %min(CL) = CL/CDmax(CL)'
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2 Auxiliary problem

Let I = | — I} be the length of the arc OB. We introduce two dimensionless functions
uy(o) and uy(g), 0 < o < 1, such that

v {ul(l‘,l_s) on OA

= ‘ . (2.1
uz(%) on OB

Uo

Since the velocity v > 0, the functions ui(c) and uy(o) are non-negative. Under the
Brillouin condition (1.4) these satisfy the inequalities

u(o) <1, wu(o) <1, (2.2)

By means of (1.3) and (1.5) we express the lift and drag coefficients in terms of u;(¢) and

ux(o):

CL=2{(1 —o)llw] —eXful},  Cp = 5 {VT—edlul +(EI1} (23

where ¢ = [; /1, I[u] and J[u] are non-linear functionals of u(s), 0 <o < 1:

1 1

I[u] = —/u(a)log u(o) de, Ju] = —/

0 0 f()o_ u(al)dal

u(o)logu(o) da. (2.4)

As one can see from (2.4), under the Brillouin condition (2.2) the values of the function-
als I[u] and J[u] at u = uy(0) and u = uy(0) are non-negative.

Let us rewrite I[u] and J[u] in terms of classical functionals of calculus of variations.
To do so we transform function u(c) to A(o):

Mo) = 2/00 u(oy)do;.

Then
1 1
I[4] = —/ A log(22)de,  J[A] = —\/5/ A log(id)de. (2.5)
0 0

It is clear that A(c) = 0. Besides, u(c) = (o)A (g), hence A'(¢) = 0. In terms of A(c) the
Brillouin condition u(c) < 1 is expressed as A(g)A'(g) < 1.

The solution of the basic problem, formulated in the Introduction, is based on solving
the following auxiliary problem.

Auxiliary problem Find the function A(o), o € [0,1]:
0)=0, X(s)=0, (2.6)

which delivers a global minimum (maximum) to the functional J[A] under the constraint
I[A] = q (q is given), and the complementary condition

Ao) (o) < 1. (2.7)
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Let us find the exact upper and lower bounds of the functional I[/]. It follows from
(2.6) and (2.7) that I[4] = 0. We note that

1
1] =— /0 G(22) da,

where
G(u) = ulogu. (2.8)

The only minimum of the function G(u) achieves at the pointu = 1/e and G(1/e) = —1/e.
Hence, the exact upper bound for the functional I[A] is

I[2] < 1/ € = gmax- (2.9)

Equality in (2.9) holds if and only if A(6)A'(¢) = 1/ e. This means that the global maximum
of I[4] is achieved by the function A(6) = 1/20/ e, which, as one can easily check, satisfies
the constraints (2.6) and (2.7). The value of the functional J[A] for this function is

I = J/20/ el =2/ Je = J. (2.10)

The exact bounds for the functional I[A] allow us to make more precise the formulation
of the auxiliary problem, namely in the constraint I[4] = ¢ the value of ¢ satisfies the
inequalities 0 < ¢ < ¢max-

We denote by Jmin(q) and Jnax(gq), correspondingly, the global minimum and maximum
of the functional J[A] for a given value of I[A] = ¢. The full solution to the auxiliary
problem is given by the following theorem.

Theorem 1 (1) The function Juwin(q) is defined by the parametric equations

qzq(b)zé [bz—kzjtk(b—a)—kzlogﬂ,

@.11)
Juin = \2 (klogz +b+k),
where b € (\/2/ €,)2),
(e—1)b(b*e—2) b*e—2
k=K(b)=——F———F75— = . 2.12
) = = e—pe = e=Dp (2.12)
The global minimum is achieved by the function
) V20 for0 <o <y, )
= ’ = 2 2.13
e {—k+\/2c(a—y)+(a+k)2fory<a<1, v=al/2 (213)
where ¢ = Mi%b;)bze
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FIGURE 2. Dependencies of Jy, and Jy.c on q.

(2) The function Jmax(q) is defined by the parametric equations
1

a=qb)=5 [b2+kb—k210gb:k},

b(b* e —2)

=K =— 2.14
bk where k 1(b) 2pPe—1) (2.14)
Jmax = \/i (klogk —|—b>,
b € (0,4/2/e).
The global maximum is achieved by the functions
Mo)=—k —/2co + k% for q € (0,q), be (0,4/1/e), (2.15)
Mo)=oc/\Je for q=gq., (2.16)

o) =—k +2co + k% for q € (q+,qmax], b € (1/1/€,1/2/¢€), (2.17)
where q. = %, c= 72(172”:_1).
In the statements of the theorem the parameter b = A(1).

A proof of this theorem will be presented in Section 4. Right now we illustrate the
theorem graphically, and thereafter demonstrate how the theorem can be used for solving
the basic problem formulated in the Introduction.

In Figure 2, where the functions Jpnin(g) and Jnax(g) are shown, one can distinguish
three zones. In each of these zones the global extrema are achieved by the function A(c)
of different types. The first zone is the graph of Juyin(¢) and the functions of the form
(2.13) correspond to this zone. The graph of Jn.x(q) is divided into two zones: second
and third zones. The functions of the form (2.15) correspond to the second zone, and
those of the form (2.17) correspond to the third one. Accordingly, in each of the zones
the ranges of variations of the parameter b = A(1) are different. In zone 1 the parameter

b € (1/2/€,4/2), in zone 2 the parameter b € (1/1/e,/2/ ) and in zone 3 the parameter
b e (0,,/1/e).

https://doi.org/10.1017/50956792513000442 Published online by Cambridge University Press


https://doi.org/10.1017/S0956792513000442

Exact bounds for lift-to-drag ratios 237

FIGURE 3. Functions A(¢) and u = A(g)A (o).

In Figure 3, on the left we demonstrate the functions A(c), and on the right we show
the functions u(c) = (o)A (o). We have constructed 19 curves varying uniformly the
parameter b = A(1) with step ﬁ/20. In addition, the bold lines in Figure 3 indicate the
graphs for characteristic points of the functions In,(g) and I.x(g): for the rightmost
point of Figure 2 (¢ = gmax), for the upward-most point of the figure (¢ = ¢«) and the
curves that correspond to the origin in Figure 2, when ¢ = 0, Lnin(q) = Inmax(q) = 0.

Let J, = 2\/2/7& The value J,, is the maximum possible value of the functional J[A]
which is achieved only if I[1] = g.. The value J,, defined by (2.10), is the value of J[A]
for the maximum possible value of I[1] = gmax.

3 Solution of the basic problem

To solve the basic problem, formulated in the Introduction of the paper, we firstly prove
the following.

Lemma 1 The function Juwin(q) increases, whereas the function Jn.x(q) increases on the
segment (0,q.) and decreases on the segment (g, qmax)-

Proof Making use of (2.11) and (2.14) leads to the equation

dJmin,max(q) dJmin,max(q) dj _ \/E

dq N db db k’
For the function Jyiy(gq), parameter k is always negative (see Theorem 1). This demon-
strates the validity of the first part of the lemma. To prove the second part, it is enough
to note that the parameter k(q) is negative for ¢ < ¢. and positive for g = ¢. (see again
Theorem 1). Lemma 1 is proved. O

Consider now the first equation in (2.3). Taking into account that ¢ = [;/I € [0, 1], we
conclude that

CL=2{(1—&)1[uw] — e1fu]} < 21[us]. (3.1)

Since the maximum value of the functional I[u] = gm.x = 1/e, the lift coefficient
Cp €(0,2/e].
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Theorem 2 At a given value of the lift coefficient Cy, € (0,2/ e], the global minimum of the
drag coefficient is Cp pin = 217: lenin(CL/?,), and the global maximum of the lift-to-drag ratio

Xmax = 2‘rtCL/sznm(CL/z)
Proof Let us set gy = I[uy] and ¢, = I[uy]. It is clear that

IS [05 1)’ O g qla 512 g Qmax: (1 - 8)512 - SQI = CL/Z € (Oa qmax]a (32)

o1 2
Cpmin = Min — {\/1 — &Jmin(q2) + \/‘Z:Jmin(‘h)} .

eq1.q2 2T
It is to be noted that ¢ + 1, since for ¢ = 1 the constraints (3.2) become contradictory.
Expressing ¢, in terms of q; by means of the last relation in (3.2), we get

e 1—¢

N g CL/2 | & ?
CDmin:r?;lnzTc{ 1_8Jmin(1L_/ + a >+\/5Jmin(ql)} :

By Lemma 1 the function to be minimized strictly increases with respect to ¢;. Hence,
the minimum is achieved at the point q; = 0, i.e.

o1 CL/2\\°
CDmmzmslnzn{\/l—stin(lL_/ )} . (3.3)

&

To prove the theorem it needs to establish that the minimum is reached at the point
¢ = 0. This will be so if the function to be minimized in (3.3) strictly increases with respect
to e. Let

_Cp)2

C1l—c¢
and consider the function men(q)/ q. It is easy to see that this function strictly increases.
Indeed, calculating its derivative, we infer that the strict increase of men(q) /q 1s equivalent
to the inequality

Jmin(q)
q Imin(q) — "“;

By means of (2.11), after a little algebra, we deduce that

> 0.

Imin(q) _ 22 —17)
2 ble—1)(b*e—=2)

q I min(q) —

The last expression is positive because b € (1/2/ e, 1/2) (see Theorem 1). The strict increase
of J2. (q)/q leads to the strict increase of the function to be minimized in (3.3). Theorem 2

is proved. O

Theorem 2 solves the basic problem on the minimization of Cp and hence on maximiza-
tion of the lift-to-drag ratio. The problem of finding the maximum of Cp (correspondingly,
the minimum of the lift-to-drag ratio) turns out to be more complex. The difficulties are
connected with a non-monotone behaviour of the function Jyax(g).
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FiGure 4. Dependencies Cp i, and Cpmax on Cp. The dash-and-dot line is the dependence Cp on
C. for a flat plate.

It is evident that
2
, (3.4)

1
Cpmax = mMax —— {\/1 — &Jmax(q2) + \/(;'Jmax(ch)}

&q1,92 21

where ¢, ¢ and ¢ satisfy the constraints (3.2).

We have succeeded in obtaining analytical solutions to problems (3.2) and (3.4) only
for the limiting values of C;, = 0 and Cp = 2¢max = 2/e. Indeed, the maximum of the
function Jp,x(q) is achieved at the point ¢ = ¢g. = 3/(4e), and this maximum equals
Jn = 2\/2/7e. Therefore, for any functions uy(o) and uy(o)

1 ., 2 1, 2 _ 8
Cp < max5-J,, (\/1—8-{-\/5) =3I («/1—8-{-\/&;) my e

me

The equality is only possible if g; = ¢» = ¢+, ¢ = 1/2. But in this case, according to the
last relation in (3.2), the lift coefficient C;, = 0. Therefore, at C;, = 0 the maximum drag
coefficient is Cpmax = 8/me.

Let Cr, = 2qmax, then it follows from (3.1) that ¢ = 0, ¢» = gmax and ¢ can take any
value. But Jpnin(¢max) = Jmax(gmax) = J», where the value of J, is defined in (2.10). Hence,
according to (3.4), at C;, = 2gmax We have

CDmin = CDmax = 3=

So at Cp, = 2¢max We have xpnin = #max = T

For 0 < Cp, < 2/ e, the solution to problems (3.2) and (3.4) has been found numerically
by means of the standard function Maximize of the package Mathematica 8.0.

In Figure 4 we demonstrate the dependencies of the minimal drag coefficient Cp i, and
the maximal drag coefficient Cp yax on the lift coefficient Cr, and in Table 1 we show the
maximal and minimal lift-to-drag ratios »max and sy, for different Cy.

In Figure 5 we plot the values of ¢, ¢q; and ¢, versus Cp, which have been obtained
in solving numerically problems (3.2) and (3.4). One can see from the figure that for any
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Table 1. The values of »max and »min for different Cy,

C, 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 2

Hmax OO 224.88 99.1015 57.0649 359197  23.0608 14.1997 7.0821 =m
%min 0 0.107495 0.219695 0342541 0.48536 0.666406 0.933793 1.53824 =«

0.5
£.q
0.4
0.3
0.2

0.1

0 01 02 03 04 05 06 0.7c,
FIGURE 5. Dependencies ¢, ¢, and ¢, on Cy.

C, the values of q; and ¢, satisfy inequalities q; < ¢« and ¢» > ¢., and the value ¢ is an
almost linear function that varies from ¢ = 1/2 at Cp =0 to ¢ =0 at Cp = 2¢max-

We should note that at C;, — 0 the maximal lift-to-drag ratio »y,x — +oo. Indeed, for
flat plates the lift-to-drag ratio » = cota,, where «, is the angle of attack. According to
Rayleigh’s well-known formula [3] the coefficient of the force, normal to the plate, is

27 sin o,
CN -
4 + msinay,
If o, —» 0, then C, = Cycosa, — 0, and » = cota, — —oo0. Since the relation

Cpmin(CL)/Cy, defines the maximum possible lift-to-drag ratio, it is clear that »py,x — 400
as Cp — 0. In Figure 4 the dash-and-dot line demonstrates the dependence Cp on
C., for the flat plate. As one can see from the figure, the line lies entirely between
the curves Cpmin(Cr) and Cpmax(Cpr). It is worthy of note that for any profile in the
Helmholtz—Kirchhoff flow, the point (Cp, Cp) always lies between the curves Cp min(Cr)
and CDmax(CL)~

4 Proof of Theorem 1
4.1 Preliminary reasoning

Without the complementary condition (2.7) the auxiliary problem is a constrained problem
of calculus of variations with a free right endpoint. Let us try to find extrema by the
Lagrange multiplier rule without regard for the non-standard condition (2.7). To do so
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we construct the augmented cost functional

1 1
P[] = — /0 2 +k)log(2))do = — /0 E(2,7)do, (4.1)

where k is a real constant. We write the Euler equation [7]

d
E,——E;=0
A do A 5

which for the functional P[A] takes the form

)v// bi
AEL I

Integrating this equation yields
X (0)[A(o) + k] = ¢, (4.2)

where ¢ is a constant. Because the right endpoint of the desired function (o) is free, there
holds the relation [E;],—; = 0 (see [7]), which can be reduced to

A1) =1/e. (4.3)

Equation (4.2) subject to the condition 4(0) = 0 can be easily integrated and has two
solutions which are the functions of the form (2.15) for k > 0 and those of the form (2.17)
for k <O.

As follows from Theorem 1 and the results in Section 3, the functions of forms (2.15)
and (2.17) do not define the minimum of the lift-to-drag ratio %, but its maximum, which
we determine in the paper only for the sake of completeness. Thus, application of the
classical approach to solving the basic problem, formulated in the Introduction, does not
lead to finding extrema that are of most practical interest.

To prove Theorem 1 we use the technique developed earlier in [8]-[11], [14] for
investigation of extremal problems of the jet and cavity theory. This technique is based
on Jensen’s inequality [4, theorem 204].

Let f(x) and g(x) be real functions defined in the interval [xy, x,], and

f(x) =0, / f(x)dx > 0.

If G(u) is a strictly convex function, then there holds Jensen’s inequality

[ resteenax= | [ 6 (44)

fxxlz f(x)dx

Jol F(x)g(x) dX1

and the equality in (4.4) being possible if and only if g(x) = const.
As the first example of the application of Jensen’s inequality (4.4), let us obtain the
exact upper bound of the functional J[Z]. We denote A(1) = b. By virtue of (2.7) it is

https://doi.org/10.1017/50956792513000442 Published online by Cambridge University Press


https://doi.org/10.1017/S0956792513000442

242 D. V. Maklakov and 1. R. Kayumov

evident that b < /2. We have

1 1 1
sz—ﬁ<Almyw+AA%ymﬂzwﬁﬁ—am—éGwmﬁ,

where G(u) is defined by (2.8).
We estimate the integral fol G(/)do from below by means of (4.4):

1 1
/ G(A)de =G </ v do) = G(b),
0 0

where the equality is possible if and only if A'(¢) = const, i.e. for A(¢) = bo. From this, it
follows that

JUI <2 [b—26(b)] = Gi(b).
On the interval b € [0, ﬁ], function G(b) achieves its maximum at b =1/ \/E. Therefore,
the functional J[4] achieves the global maximum at A(¢g) = o/ \/E and this maximum is
2+/2/e. For the function A(g) = a/\/é we have A)' = ¢/ e and the constraints (2.6) and
(2.7) are evidently valid. Thus,

I <22/ e= Jn, (4.5)

where the equality is only possible for A(o) = o/ \/E. For this function A(¢) we have

O'/\/> R_q*

We now formulate the following important lemma, whose proof is evident.

Lemma 2 Let a function A(c) deliver a global maximum (minimum) to the functional P[A]
under the constraints (2.6) and (2.7). Compute q = 1[A]. Then for k < 0 the function A(c)
is the solution to the auxiliary problem on the minimum (maximum) of J[A], and for k > 0

the function A(a) is the solution to the auxiliary problem on the maximum (minimum) of
J[A].

It follows from this lemma that determining global extrema of the functional P[] for
different values of k leads to different solutions to the auxiliary problem. Value k plays
the role of the parameter whose variation gives solutions of the constrained problem for
different values of q.

4.2 Proof of the first part of Theorem 1

The proof is based on finding a global maximum of the functional P[A] for k < 0. It
is to be noted that for k < 0 the global maximum of the functional P[] is worthy of
finding in the range —/2 < k < 0. Indeed assume k < —+/2. By virtue of the constraint
(2.7), function A(o) < \/2? If A(o \/% then A(o)A (o) = 1, P[\/2Tr] = 0, and if

o) * \/27' Mo) < \/7 then P[)] < 0. Thus, the global maximum of the functional
P[] for k < ﬁ is zero. We drop the trivial case A(0) = \/270' from further consideration
and suppose that k changes in the range —/2 < k < 0.
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The proof consists of several steps.

Step 1. Let k € (—ﬁ, 0) be a fixed value and choose y € (k?/2,1). By means of Jensen’s
inequality we estimate the functional P[1] from above by a function H(a,b),
where a = A(y), b = A(1) (Lemma 3). It is of importance that for some class of
functions A(o) the non-strict inequality in the estimate turns into equality.

Step 2. We prove that the function H(a,b) has a unique global maximum which can be
found from the ordinary necessary conditions of extrema (Lemma 4).

Step 3. Let (a., b.) be the point of global maximum of the function H(a,b). Then for any
function A(o) that satisfies the constraints (2.6) and (2.7) there hold the inequalities

P[] < H(a,b) < H(a., b.), (4.6)

where a. and b. depend on choosing y. We demonstrate that parameter y can
be chosen in such a manner that there exists a unique function A(cg) so that
P[/] = H(a.,b.), for all other functions P[1] < H(a.,b.) (Lemma 5). Hence, we
find a global maximum of the functional P[A] under the constraints (2.6) and (2.7).

Step 4. Application of Lemma 2 finalises the proof.

Steps 1-3 allow us to reduce the problem of finding the global maximum of the non-
linear functional P[A] to the maximization of the function H(a,b) of only two variables.
Now we shall realize step 1.

Lemma 3 Let k € (—ﬁ, 0). Choose y € (k?*/2,1) and consider any function A(c) that sat-
isfies the constraints (2.6) and (2.7). Then for the functional P[A] there holds the inequality

P[] < H[a,b] = % (a+k)*log fi(a,b) — (b + k)* log f2(a, b) + k(b — a) + k* log Z ,

4.7)
where a = max[4(y), —k], b = max[A(1), —k],
_a(b—a)a+b+2k)(k+ 27)
fl(aab) - z(a_l_k);(l _'))) 5 (48)
faab) = b(b —a)(a+ b+ 2k) (49)

2(b+ k)1 —vy)
For A(y) > —k the equality in (4.7) is possible if and only if a = \/Z and on the interval
o € [y, 1] the function (o) satisfies the differential equation (4.2), i.e. for the functions of
the form (2.13), where

~__(b—a)a+b+2k)
B 21 =7y)

(4.10)

Proof Assume that /(1) < —k. By virtue of (2.6), function A(¢) < —k everywhere, and
a = b = —k. Because the constraint (2.7) is fulfilled, we have log(A4’) < 0 and the
functional P[4] < 0. But at a = b = —k, the right-hand side of inequality (4.7) vanishes,
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and therefore for A(1) < —k inequality (4.7) is valid. Because of this, in further reasoning
we suppose that A(1) =b > —k.

Now assume that A(y) < —k. Then the function A(g) can be reconstructed in such a
manner that the value of the functional will not decrease, and the value of b = A(1) will
not change, but A(y) = —k. Indeed, since A(1) = b > —k, there exists a point g1 € (y,1)
such that A(gy) = —k, A(6) < —k for 0 < o < g1. On the segment (0,0) the integrand
in formula (4.1) is non-negative, that is the segment gives a non-positive contribution to
the functional P[J]. Let us set that A(¢) = /26 for 0 < ¢ < k?/2 and A(s) = —k for
k?/2 < ¢ < a;. Then the contribution of the segment (0,01) is zero, hence the functional
will not decrease, but now A(y) = —k.

So the class of admissible functions A(c) can be contracted, namely it is possible to
consider only the functions for which A(c) = \/% for 0 < ¢ < k?/2. In this case

1
Pl = — /k y 2O+ k) log(W))da, MK2)2)=—k, Ap)=a>—k  (411)

Functional (4.11) can be represented in the following form:
y 1
P[] = —/ A (A +k)log(Al)de — / A (A+k)log[A(A+ k) do
k2/2 y

Atk
;lz

1
+ / 2%+ k)log do. (4.12)

Such a representation is correct since A(c) +k > 0 for ¢ € [k?/2,1].
The last integral in (4.12) can be calculated and expressed in terms of a = A(y) and

b= i1):
1 b

/ 22+ k) log “}“k do = / (p+ k) log 2K dp = M(b) — M(a),

where
1 k
M(p) = 3 [(p—kk)zlogp—; +kp +k*logp]| .
Because of this,
Y 1
P/ =— f(0)G(A)do — / G[A/ (A + k) do + M(b) — M(a), (4.13)
k2/2 Y

where f(o) =1+ k/A(o) and G(u) is defined by (2.8).

Let us set
y Y
o= f(a)daz/ (1+k/2)da.
k2/2 k2/2

Assuming that o > 0, we estimate each of the integrals in (4.13) by means of Jensen’s
inequality (4.4) to obtain

[ G+ k) do
l—y

1
o

P[}] < —0G [ +M(b)—M(a). (4.14)

/,, (1+k/2) 20 do} —(1-9) G l
k22
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Integrals on the right-hand side of (4.14) are calculated as

(a+ k)
/k/2(1+k/})M da—/ (p+k)dp = ==,

1
/A(}+k da—/(p+k 7[(b+k) (a+k)2]=§(b—a)(b+a+2k).
.
This leads to the inequality

(a+k)? 20 1 5 ) (b—a)(a+ b+ 2k)
5 log(a+k)2—§[(b+k) —(a+k)*] log 2y

+ M(b) — M(a). (4.15)

P[] <

Thus, the right-hand side of (4.15) is a function of three variables: a, b, « (the parameters
k and y are fixed) and, as one can easily see, the right-hand side is a non-decreasing function
of parameter o. We estimate the value of o from above. Since k < 0 and A < /20, we

have
y y )2
O(:/ <1+k>d6</" O+_k)dg=(k+VZW_
K22 A K22 N 2

Inserting this estimate into (4.15), we obtain inequality (4.7) of the lemma deduced
under the assumption that « > 0. But this inequality is also correct for o« = 0. Indeed, if
a = 0, then A(¢) = —k for k?/2 < ¢ <y, a = —k, and the first summand in representation
(4.12) vanishes. In relation (4.7) this summand is estimated by the inequality

) D < CHRP |+
— N (A +k)log(il lo ,
[} G ostiiar < “E o U ELEY

which turns into the equality 0 = 0 at a = —k.

Now we should consider the question of equality in (4.7) for a > —k. If a > —k, then
the term containing « on the right-hand side of inequality (4.15) is a strictly increasing
function of parameter «. Because of this, equality in (4.7) is only possible if

a=(k++/2y)%/2. (4.16)
Besides, from the condition of equality in Jensen’s inequality (4.4) we must have
M0)X (6) = const for o € [k?/2,7].

Moreover, from the same condition, function A(¢) must satisfy differential equation (4.2)

on the segment ¢ € [y,1]. Because A(k?/2) = —k, conditions Mo)A (o) = const for
o € [k?/2,7] and (4.16) can be simultaneously fulfilled if A(c) = /20 for ¢ € [k?/2,7],

which is equivalent to the condition a = ,/2y. Solving dlfferentlal equation (4.2) subject
to the conditions A(y) = a, A(1) = b, we conclude that the function A(¢) is of the form
(2.13). Lemma 3 is proved. O
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FIGURE 6. Graph of the function H(a,b) at k = —0.2, y = 0.4.

The graph of the function H(a,b) at k = —0.2, y = 0.4 is shown in Figure 6. As one
can see from the figure, function H(a, b) for these values of k and y has a maximum at an
inner point (a,b) of the angle S:

S={(a,b)eS: a=—k, b>=a}. (4.17)
To realize step 2 we need to prove this fact strictly for any k € (—+/2,0) and y € (k?/2,1).

Lemma 4 Consider in the plane ab an angle S. In the domain S the function H(a, b) achieves
a unique global maximum at an inner point (a,b) of the angle S, the coordinates a and b of
this point being determined from the system of equations

fl(a= b) = 1;
{fz(a, b) = e, (4.18)

where fi(a,b) and f»(a,b) are defined by formulae (4.8) and (4.9) respectively.

Proof It is easy to see that the function H(a,b) is continuous in the angle S up to the
boundary. In the plane ab consider the family of triangles

T(B)={(ab)e T(P): a=—k b=a, b<p, f>—k}.

Each triangle T'(f) is the intersection of the angle S and the half-plane b < f.

The function H(a, b) is continuous in the triangle T'(f) up to the boundary, and therefore
H(a,b) achieves in this triangle maximum and minimum values. Let us demonstrate that
for § sufficiently large, the maximum value cannot be achieved on the boundary of the
triangle T'(f). To do so, we calculate the partial derivatives of the function H(a, b):

0H(a,b)
Oa

OH(a,b)
b

= (a+k)logfi(a,b), (b +k)[1 4 log fa(a, b)] (4.19)
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and establish that

Ologfi(ab) 1 1 n 1 3
Oa a4 b—a a+b+2k a+k
2a(b + k)*> — k(b — a)(a + b + 2k)
- _ 4.2
db—aatiatbram > (4.20)
lirnk log f1(a,b) = +o0, limb log f1(a,b) = —oo0. (4.21)

The first equality in (4.19) and relations (4.20) and (4.21) mean that for every fixed
b > —k the function H(a, b) achieves a unique maximum with respect to a on the interval
a € [—k, b], the point of maximum being located inside the interval. Hence, the maximum

value of H(a,b) cannot be achieved on the boundaries a = —k and b = a of the triangle
T(p).
Now we calculate
ologfa(a,b) 1 1 a+k
= 422
ob b axbr2k T b—abth (4.22)
ll)im log f2(a,b) = —o0, hliT log f>(a,b) = +o0. (4.23)

From the second equality in (4.19) and the relations (4.22) and (4.23), we infer that for
every fixed a > —k on the interval b € (a,+0c0) the function H(a,b) first increases with
respect to b, achieves a maximum and then decreases.

Let us prove that for f§ large enough, the maximum value of the function H(a, b) cannot
be achieved on the upper boundary b = f§ of the triangle T'(f). To this end, from the
equation fi(a;, ) = 1 we find the point a; at which the function H(a, ) achieves its
maximum with respect to a. If we prove that for this point there holds the inequality
log f2(a, ) + 1 > 0, then H(ay, ) is not the maximum of the function H(a,b) in the
triangle T(f) because

Jim [—log fa(ar,b) — 1] = +o0,  —logfa(a1, f) =1 <0,

therefore the derivative 0H(a,b)/0b changes its sign with respect to b on the interval

b € (aj, ), and hence the maximum of the function H(a;,b) with respect to b is located
inside this interval.
To the contrary, assume that log f>(ay, ) + 1 < 0. Then the relations

BLB +K)* — (a1 + k)] k
x R,

2B +k)
ai[(f +k —(ar + k) _ b (4.24)

2(ay + k)3

hold simultaneously, where k; = e~'(1 —y) > 0, ky = (1 —y)/(k + \/2)* > 0.
From the first relation in (4.24) we find that

(a1 +k)* = (B +k)* =2k (B + k) /. (4.25)
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We divide the first relation in (4.24) by the second and multiply the obtained inequality
by aj(a; +k)~'/2 to get
Blas+k?* _ ki a
20 +k) T 2ky a;+k
Summing (4.26) and the first relation in (4.24) gives
BB +k) ki a

LA AP o )
P Mtk

(4.26)

Because a; € (—k,f) and the right-hand side of (4.25) is strictly positive for f large
enough, we can estimate the value of a; + k from below to obtain

BB+E) 4 F b
2 T 2k JBHR—2k(B+R)/B

For fp large enough, the last inequality cannot be fulfilled because as f — +oo the
left-hand side of the inequality tends to 4o0, but its right-hand side tends to a finite value
of ki +ki/(2k,). So for f large enough, system (4.24) becomes contradictory. Therefore, in
the triangle T'(f8) for f sufficiently large, the point of maximum of the function H(a,b) is
located inside the triangle, and at this point the necessary conditions of extremum (4.18)
are fulfilled.

Now we prove that the system (4.18) has only one solution. The first equation of the
system is quadratic with respect b. Solving the equation, we get

o 21—y) atk
b—b(a)—(a+k)\/(k+\/27)2 1k

Further, we proceed in the same manner as in deducing relation (4.26), but now in (4.24)
the inequality is changed by equality, § is changed by b and a; is changed by a. Doing so
leads to the system that is equivalent to (4.18):

b= b(a),
427
bot+k) _p ki _a (4.27)
2 2% a+k

The left-hand side of the second equation in (4.27) is a function that depends only on b
and strictly increases with respect to b, whereas the right-hand side depends only on a and
strictly decreases with respect to a. The function b = b(a) strictly increases. Substituting
b(a) for b on the left-hand side of the second equation in (4.27), we obtain an equation in
which the left-hand side strictly increases, and the right-hand side strictly decreases. Such
an equation cannot have more than one solution.

Since for § large enough the solution (a, b) of the system (4.18) is independent of f3, we
conclude that at the point (a, b) the function H(a,b) achieves its global maximum in the
angle S. Lemma 4 is proved. O

To realize step 3 we prove the following.
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Lemma 5 Let k € (—\/Z 0). The global maximum of the functional P[1] is achieved by the
Sfunction (2.13), where the parameters a, ¢ and b € (\/2/7e, ﬁ) are uniquely determined by
the system of equations
(e—1)b(b*e—2)
k=K(b)=- 2+ (e—2)be ’
b*e—2
==’
_ 2 —p?

‘T2 (e—2ple

System (4.28) is equivalent to two conditions

(4.28)

ANA(+0) =1, A1) =1/e, (4.29)

written in terms of the function A(c) defined by (2.13).
The global maximum of P[A] is

P = 5 |(b+ k) +kib—a) + Klog 2 . (430)

Proof Choose y € (k?/2,1) and find the roots a. and b. of the system (4.18). Then for
any function A(g) which satisfies the constraints (2.6) and (2.7) there holds the estimate
(4.6). Since by Lemma 4 we have a. > —k, from Lemma 3 we deduce that the equality
P[/] = H(a-,b.) is only possible for the function A(c¢) defined by (2.13) and (4.10).

It follows from (2.13) that

y =d?/2. (4.31)

Hence, if initially y is chosen so that after solving (4.18) equation (4.31) is satisfied, then
with A(c) defined by (2.13) and (4.10) all non-strict inequalities in (4.6) turn into equality
and P[Z] = H(a.,b.), for all other functions P[1] < H(a.,b.).

Inserting y = a®/2 into (4.18), we get the following system of equations for finding the
parameters a. and b.:

a(b —a)(a+ b+ 2k)

2 —a?
b(b(i—g)(c)z(—k b )2k)

(b+k)2—a) e

For shortness of writing, we omit ‘stars’ in the notations of a. and b. in (4.32) and
further reasoning. It is easy to see that for k < 0, system (4.32) is equivalent to two first
equations in (4.28). The third equation in (4.28) will be obtained if we insert k and a from
(4.28) into (4.10).

From the conditions k < 0, b > a it follows that b € (m, \/E). Besides, the
function K(b) decreases monotonically for b > \/2/7‘3 and K(\/m) =0, K(2) =
—+/2, hence system (4.28) always has a unique solution for k € (—ﬁ, 0), and the root
be(v2/e42).

The equivalence of (4.29) to (4.28) can be checked by direct calculations. Besides, after
a little algebra it is possible to demonstrate that the function A(o¢), defined by (4.28) and
(2.13), satisfies the restrictions (2.6) and (2.7).

=1
L (4.32)
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It is to be noted that the second condition in (4.29) is the condition (4.3) of the ‘free’
right endpoint for extremals of the functional P[/]. The first condition in (4.29) means
that the functions u(s) = A(c)A(¢), which define velocity distributions on the profile
surface, are continuous.

Formula (4.30) follows from the relations (4.18) and the estimate (4.7). Lemma 5 is
proved. O

To realize step 4, i.e. to finalize the proof of the first part of Theorem 1, we fix
k € (—+/2,0) and find the parameters a, b and ¢ from the system (4.28). By means of
(2.13) we determine the corresponding function A(¢) and compute ¢ = I[A]. Since k < 0,
by Lemma 2 we infer that Jyy(g) = J[/]. Then

4= Prax — kImin/ V2, (4.33)

where P,y is determined by (4.30). Now we calculate

. 1 1
JJ“%“ _— / 2 log(i))do = — / 2 log [ 7 i k}/(ﬂ,+k)} do.

v v

Taking into account that the function A(co) satisfies differential equation (4.2) and A(y) = a,
A1) = b, we obtain

Jimin b p+k b+k b+k a+k
= 1 =kl log—— —al .
NG i og e dp koga+k+b0g e alog ——
Besides, for the function A(g) relations (4.29) are valid. From this it follows that
a+k b+k b+k b
=1, =e, =e—,
ac bc a+k a
and hence,
Jmin

= klog b +b+k
V2 a
Inserting this expression into (4.33) and taking into account (4.30), we come to formulae
(2.11).

The function ¢(b) in (2.11) decreases monotonically with respect to the parameter b on

the interval b € (1/2/ e, ﬁ), and

lim  g(b) = gmax = 1/€, lim q(b) = 0.
bﬂ\/2/>e b—>\/§

Because of this, the parametric dependence (2.11) covers the whole range through which
the parameter g is varied. The first part of Theorem 1 is proved.

4.3 Proof of the second part of Theorem 1

The proof is based on finding a global maximum of the functional P[4] for k > 0 and a
global minimum of this functional for k < 0. After determining these extrema we apply
Lemma 2.
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We should note that the global minimum of the functional P[] is worthy of finding
only for k < 0. Indeed, if k > 0, then the integrand in (4.1) is non-positive, whereas the
functional P[/] itself is non-negative. Therefore, for A(o) = \/27; the functional takes its
global minimum value of P[\/%] = 0. As previously, we do not consider the trivial case

Mo) = 0.

Lemma 6 Consider the functions A(c) which satisfy the constraints (2.6) and (2.7).

(1) For k > 0 the functional P[A] takes its global maximum with the function A(g) of
the form (2.15). The parameter ¢ > 0 is uniquely determined either from the condition
MDA (1) =1/ e of fiee right endpoint or from the equivalent relation

b2
= te=n) (4.34)
where b = A(1) is the root of the equation
b(h*e—2)

and b € (\/1/e,1/2/e).

(2) For k < O the functional P[A] takes its global minimum with the function A(c) of
the form (2.17). The parameter ¢ < 0 is uniquely determined either from the condition
AN (1) = 1/ e or from the equivalent relation (4.34), where b = A(1) is the root of equation
(4.35) which belongs to the interval b € (0, M).

(3) For both cases the extrema are defined by the formula

btk } (4.36)

_1 2 2
P(max) - 5 |:b +3kb+k lOgT .

min

Proof Consider the first case k > 0. As previously, we denote A(1) = b. Since A(g)+k = 0,
the functional P[A] can be represented in the following manner:

A+k
A

1 1
Pl = — /0 20+ k) log[ (). + k)] do + /0 2 (7 +k)log do

1 b
k
= —/ G[X (A +k)do +/ (p +k)log Pt dp,
0 0 p
where G(u) is defined by (2.8).
We estimate the first integral by Jensen’s inequality and calculate analytically the second
one. As a result, we obtain

b+k
k

+ b(b + 2k) logf(b)} , f(b)= 2brk) (4.37)

A 1 )
< = — =
PU] < Hi(b) = 5 [kb+k log BRI

Note that since the value of k is fixed, the function H;(b) depends only on b. We find
the value of b, at which H(b) achieves its maximum with respect to b. By differentiation,
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we have

dfglb(b ) (b +k)[log f(b) — 11, (4.38)

where b 4+ k > 0 on the interval b € (0, +0c0). Besides,

. . dlogf(b)  2b% + 5bk +4k?
lim log f(b) = lim log f(b) = — —_ .
Jim, log f(b) = +oo,  lim log f(b) = —co, db bb+ )b +2k) ~°

(4.39)

Hence, on the interval b € (0,+4o00) the function Hi(b) firstly increases with increase of b,
reaches its unique maximum at point b, which is a root of equation f(b) = e, and then
decreases. Equation f(b) = e is equivalent to (4.35), and, since k = 0, the root belongs to
the interval b € (\/1/7’ m).

Let b be the root of equation (4.35). Then for any function A(¢), which satisfies the
constraints (2.6), there holds the inequality P[A] < H;(b). The equality in this inequality is
only possible if on the whole interval ¢ € [0,1] the function A(c) satisfies the differential
equation (4.2). Solving this equation under the conditions 4(0) = 0, A(1) = b, we find that
the equality is only possible if A(g) is defined by (2.15), where ¢ = b(b + 2k)/2. Inserting
k = K;(b) in the last relation for ¢, we get equation (4.34).

It is easy to check that for the function A(¢), the constraints (2.6) and (2.7) are fulfilled.
Moreover, condition (4.3) is also fulfilled. The first statement of Lemma 6 is proved.

We now prove the second part of the lemma. Let k < 0 and assume that on the interval
[0, 1] there exist points, where A(g) > —k. Then the function A(¢) can be reconstructed in
such a manner that the value of the functional will not increase, but (o) < —k everywhere.
Indeed, if the above assumption is true, then by monotonicity of A(g) there exists a point
a1 € (0,1) such that A(ey) = —k, A(g) = —k for ¢ € [gy,1]. On the segment [0y, 1] the
integrand in (4.1) is non-positive, i.e. this segment gives a non-negative contribution to the
functional P[1]. If we set A(o0) = —k for ¢ € [0y, 1], then the contribution of the segment
[o1, 1] will be zero and the functional will not increase, but A(c) < —k everywhere.

So we can consider only the functions for which A(¢) < —k. In this case the functional
P[/] can be represented as

1 1
P[] = — /0 (2 k) log[—2' (2. + k)] do + /0 A4+ k) log (‘ijk) do

1 b
=/ GI=X () + k)] da+/ (p + k) log (-”") dp,
0 0 14

where, as previously, b = A(1). We estimate the first integral from below by means of
Jensen’s inequality (4.4) and calculate the second one analytically taking into account that
p+k <0. As a result, we have

P[] > Hy(b). (4.40)
Here the function Hy(b) is again defined by formula (4.37). It is worthy of note that in
inequality (4.37) the functional P[4] is estimated from above, whereas in (4.40) the same

functional is estimated from below by the same function H(b), but in (4.37) the value of
k > 0, and now k < 0. The first and third formulae in (4.39) retain their validity, and the
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second one should be changed by
bl_l)l’{lk log f(b) = —oo0.

Since k + b < 0, on the interval b € (0,—k), the function H;(b) first decreases with
increase of b, reaches its unique minimum at point b, which is a root of equation f(b) = e,
and then increases. Equation f(b) = e is equivalent to (4.35), and, since k < 0, the root
belongs to the interval b € (0, M).

Repeating the final reasoning that we have used in proving the first statement of the
lemma, we come to the second statement. Formula (4.36) follows from the equation
f(b) = e and estimates (4.37) and (4.40). Thus, Lemma 6 is entirely proved. O

The second part of Theorem 1 follows from Lemmas 2 and 6. The only difficulty
appears in the consideration of the special case ¢ = g.. But this case has been already
investigated in deducing formula (4.5). Theorem 1 is proved.

5 Concluding remarks

In this work we are mainly concerned with the mathematical aspects of the formulated
basic problem and do not find the profile shapes that realize the maximal lift-to-drag
ratio. As follows from the proof of Theorem 2 for such shapes, the parameter ¢ = 0, i.e.
the points 4 and O coincide and the segment OA entirely disappears. Moreover, according
to the second statement of Theorem 1 on the initial part of the segment OB the velocity
v = vg. This means that on this part of OB the pressure is equal to that in the cavity,
and thus this initial part is unloaded. Preliminary computations show that the flow over
profiles with such a velocity distribution will be unrealizable physically (two-sheeted).
This brings up the natural question: How can the point (Cy, Cp) be close to the boundary
point (Cp, Cpmin) in Figure 4 to have a physically realizable flow? The solution of this
question will be a subject of further investigations.
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