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Abstract

We study the motion of a classical relativistic charged particle in the electromagnetic field of a Bessel beam exhibiting
vector optical vortices, and show how its dynamical properties, such as linear and angular momentum, are transmitted
to the particle. The effects of different polarizations are taken into account using transverse electric and magnetic modes,
and their superpositions. The constants of motion are identified for the most general case. We report typical numerical
results for axial and radial motion for various configurations, with an estimate of expected axial accelerations when
transverse magnetic Bessel modes are used. The Lorentz transformation properties of the field are used throughout in

order to simplify the calculations.
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1. INTRODUCTION

The optical manipulation of atoms and ions has been a
subject of increasing relevance in many fields of physics in
recent years. In particular, the dynamics of charged particles
in electromagnetic (EM) fields is of great importance in
plasma physics. The fully relativistic motion of particles in
the field of an EM plane wave has been the subject of
interesting investigations (Roberts & Buchsbaum, 1964;
Bourdier & Gond, 2000), including recent studies of sto-
chastic heating effects (Patin ef al., 2005, 2006). The inter-
est of these studies is enhanced by the fact that it is nowadays
possible to operate lasers with an effective power on the
order of 10" W/cm? during time intervals of a few
femptoseconds (Malka et al., 1997; Schniirer et al., 2005).
Thus, it could be possible to use such ultrashort and ener-
getic pulses for either trapping subatomic particles or accel-
erating them up to relativistic speeds (Malka & Fritzler,
2004; Glinec et al., 2005; Mangles et al., 2006; Schniirer
et al., 2005).

Given the importance of the process, it is worth exploring
other possible EM field configurations. In this paper, we
consider Bessel modes; these, in ideal conditions, propagate
with a constant intensity pattern (Durnin, 1987), have the
property of self-reconstruction (Bouchal & Olivik, 1995;
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Bouchal e al., 1996; Horék et al., 1997), and posses an
angular momentum additional to that provided by their
polarization state (Allen er al., 1992; Jauregui & Hacyan,
2005). Experimental realizations of such beams (Durnin
et al., 1987; Turunen et al., 1988; McGloin & Dholakia,
2005) and their mechanical effects on atoms and micropar-
ticles (Arlt et al., 2001; Garcés-Chavez et al., 2002) are the
subject of many current investigations. The possibility of
accelerating particles or plasmas using a Bessel laser beam
has been discussed by previous authors. For instance, an
axial acceleration can be produced by the corresponding
component of the EM field (Hafizi et al., 1997), and there
are stable orbits that could be used for the trapping of
charged particles (Bialynicki-Birula ez al., 2005).

In the present paper, we study in depth the effects of ideal
Bessel modes, both for the transverse and axial motion of a
charged particle. Previous studies did not consider the most
general form of a Bessel beam; here, we take into account
the combinations of transverse electric and magnetic modes
that give different polarization states, thus identifying the
relevant features of the particle dynamics. In Section 2 of
the present paper, we present a brief summary of the main
properties of a Bessel beam based on a previous work
(Jauregui & Hacyan, 2005). In Section 3, the equations of
motion are written down and the constants of motion are
identified; it is shown that these equations are considerably
simplified in a particular reference frame that we defined as
antiparaxial (Hacyan & Jauregui, 2006). In Section 4, a
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numerical analysis of some particular configurations is pre-
sented; we found that there are alternating regions in phase
space where the particle gets trapped in the transverse plane
of the wave, together with other regions in which they are
radially accelerated. Some conclusions are presented at the
end.

2. EM BESSEL MODES

An EM field with cylindrical symmetry can be conveniently
described in terms of Hertz potentials IT; and IT, (Nisbet,
1955, 1957). In cylindrical coordinates { p, ¢, z}, these poten-
tials give rise to transverse magnetic (TM) and electric (TE)
modes, respectively, and their explicit expressions are

™
I, = 7Jm(klp)exp{*l‘wl‘+ ikzz + lméo}
1
TE
IL = —5 Julky pexp{—iot + ik.z + img}, n
L

where J,, is the Bessel function of integer order m, w is the
frequency, k. and k, = Yw? — k2 are the wavenumbers, and
E™ and £TF determine the amplitude of the fields; unless
otherwise stated, we use units in which ¢ = 1. The EM
four-vector potential is

A= (D,A)
< d - 1 0 - a - ad - > @
B 0z 1’p dp > ap o)

and satisfies the Lorentz gauge condition (Jduregui & Hacyan,
2005). The corresponding electric field is

1 i
E = = i (wE + ik £, 4, (p. @) (8, + i8))

2k,
T (W = ik E™) i1 1, (P, @) (&, — i&,)]
+ e—iwr+ik,ngM$m'kl(p7¢)éz, (3)
where

d]m,/q(p’go) = Jrn(kip)eim¢' (4)

The magnetic field is found via the duality transformation
ETE 5 —E™ and ™ — ETE,

By superpositions of TE and TM different polarizations
of Bessel modes are obtained. In the literature (Barnett &
Allen, 1994) the following modes are taken as analogous to
right (R)and left (£) polarized plane wave modes:
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Their superpositions E{”® + E(*) define linearly polarized
modes. In terms of TE and TM modes,

w
_ (R)1 (T™M) . (TE)
El(;:zR) - EO (Em+l -1 k Em+l)

w
E® = E©" (Ei[”f i Efﬁ). (6)

The mechanical properties of the photons associated with
Bessel modes are directly related to the numbers w, k_,m
that characterize them, along with the polarization (Jduregui
& Hacyan, 2005). In fact, iw,fik., mh correspond to the
energy, linear momentum, and orbital angular momentum
along the z direction, respectively. A superposition of TE
and TM with equal weights

ES = E(EXY) £ BT, (7)

corresponds to photons with a projection of the spin angular
momentum along the z axis, i.e., an helicity £#k./w. In the
paraxial limit, the definition of circular polarized beams
through Eq. (6) coincides with that given by Eq. (7).

3. MOTION OF CHARGED PARTICLES

Consider a particle of charge e and mass M (for instance, an
electron) moving in an EM field. The standard Lagrangian is

L=—My '+ev-A—ed, (8)

where y =[1 —0v?] 2 andv? = p> + p2¢> + 2. Here the
dot represents a derivative with respect to time ¢ in the
laboratory system. Let us consider the particular case of a
Bessel beam. Using the fact that

M I0; = i(m,k )T ©)
dg az ar ) 0T e T

the equations of motion take the form:

d . ) . m . . aHl
Z(MVP):MVMD +e (kzz_w)_H2+l(kz_wZ)8_
P P

+ psbkiﬂz], (10)
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d<M . 8H2>
el —ep —2
g \Myp*é = ep
p oll,
= —e¢ mz—Herimqua—*mwz'Hlerszl , (11)
p P

d
— (Myz — iewll
dl‘( Yz oll))
p oIl,
= —e mkz—l'[z-i-ikngba——a)kzz'l'll-i-k;"l'[1 . (12)
P o

From the above equations, one can also obtain the formula
for the change in kinetic energy, d(Mvy)/dt = eE-v, which
takes the explicit form:

d
— (My —iek 11
dt( Y z 1)
b ar,
= —e| wk, I, + mow — 1, + iwpp — — w211, |. (13)
P dp

Combining the above equations, one finds the following
two constants of motion:

m m oll,
L.=My|p2¢—— | +elik,—1I,—p— ), (14)
w w dp
and
k. ki
P=My|\z—— ) —ie—1IlI; (15)
w w

the first is related to the angular momentum L, and the
second to the linear momentum along the z axis, P,. The
existence of such conserved quantities is due to the fact that
Bessel travelling waves depend on z, ¢, and ¢ only through
the combination k,z + me — wt.

Notice that the conserved linear momentum P, is the
sum of three terms whose origin can be directly identified.
The first is the particle mechanical linear momentum; the
second is the product of k./w (proportional to the beam
z-linear momentum) and the particle rest energy M; the
third term arises from the axial electric field of TM modes.
Similarly, the angular momentum L. is the sum of the
particle angular momentum, the product of m/w (propor-
tional to the beam z-orbital angular momentum) with the
particle rest energy M, and the angular momentum related
to the polarization state of the wave that can be trans-
mitted to the charge.

As a direct consequence of Eq. (15),

0-20 (120 _ e
=000 0 ) T e

X[,k p(1))sin (1) = J,,(k, p(0))sin $(0)],  (16)
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with ¢ (1) = me(t) + k,z(t) + ot + ¢y, and ¢y, the phase
associated with the complex amplitude E/™. A similar equa-
tion can be written for ¢. The identification of conserved
quantities reduces effectively the number of equations to be
solved. It also follows that there are natural bounds to the
momentum and angular momentum the particle may acquire
via its interaction with the EM field.

The equations of motion can be further simplified if the
description of the system is made in a particular reference
frame, in which each mode takes a simpler form (Hacyan &
Jauregui, 2006), namely the frame moving along the z axis
with velocity k,/w (and Lorentz factor y = w/k,). The
standard Lorentz transformations has the form:

1
t'=— (ot —k
L (wt —k.z)

1
7' = k—(wz—kzt), (17)

L

with the same transformations for the 7 and z components of
the potential A#. Thus, there is a particular reference frame
in which k. = 0 and, therefore, the EM field does not depend
on the coordinate z'. Changing to this particular frame is
equivalent to taking an antiparaxial limit (Hacyan & Jduregui,
20006).

4. SOME ILLUSTRATIVE NUMERICAL
EXAMPLES

Before proceeding to solve numerically the above equa-
tions, it is necessary to make some precisions about the
orders of magnitude of the different parameters involved
and the units to be used. First, we set k;, = 1, which implies
that 1/k, and 1/(k, c) are taken as units of length and time,
respectively; M establishes the unit of mass. There remains
the laser-strength parameter defined in the literature as ey =
eEy/Mc, that appears frequently in the equations; it is a
measure of the coupling of the EM field as compared with
the inertia of the charged particle and has units of frequency.
In recent experiments involving electrons and femptosecond
lasers, the similar dimensionless parameter ¢,/w takes val-
ues as high as ~3, which requires intensities as high as 10!
W/cm? (Malka et al., 1997). Since we are interested in
exploring the possibility of using lasers that alter signifi-
cantly the motion of charged particles, we will take e\ /ck, =
0.2 in all our numerical calculations; this can be realized for
an electron in the field of a moderately high intensity laser.

There are three particularly interesting beam configura-
tions. The first two correspond to purely TE modes, IT; = 0,
and purely TM modes, II, = 0. The other case corresponds
to right (or left) circularly polarized waves, which we take
as the superpositions defined by Eq. (5). In the following
sections, we examine these cases.
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4.1. TE modes

In this subsection, all calculations are performed in the
antiparaxial frame for which k. = 0, since the equations of
motion are considerably simpler. The transformation back
to the laboratory frame is given by a Lorentz transformation
along the z-axis with a velocity —k_/w; accordingly, the
transverse trajectories of the charged particles are essen-
tially the same in both frames. In this frame, the TE electro-
magnetic field is given by

m S
Epp = _EO[H Ju(kip)e, + iJ,'n(kiP)%] e turrime (18)
L

and
By = onm,(kJ_P)e_[k*lrﬂm‘pez- (19)

Thus, the electric field is confined to the transverse plane
and the magnetic field wave is aligned in the z direction.
Notice that here and in the following section, the dot repre-
sent a derivative with respect to the time ¢’ in the inertial
frame moving with velocity k./w along the z axis. The
proper time of the particle will be denoted by 7, and there-
fore ydT = dt'. The equations of motion take form:

dt,(vp)fwso eo{(hp)[ (kl)m(m) ,(lp)]

X psin(k, t" — me)

(pd,)¢cos(k " — mso)},

(k. p)
(20)
. m .
v = —e| = J,(k.p)pcos(k t' —mp)
kyp
- J,l,(lqp)qu], (21)
and
AN (22)
dr? e

The particle moves with constant speed in the z direction
with respect to its proper time. Finally, the following inte-
gral of motion follows:

Z

y(p b— ﬁ) = 2 ok, p)eos(k, 1’ — mg) = 23)

k, ck, mg

The above equations have been numerically solved to
show some typical trajectories. All computations were per-
formed using the program DE developed at the University
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of Florida (Shampine & Gordon, 1975). In the following
examples we took the initial conditions p(0) = 0, z(0) =
0.1c, and ¢(0) = z(0) = 0, and we analyzed various possi-
bilities with different values of p(0), ¢(0), and m. The
general result is that for certain almost periodic values of the
initial condition, p(0), the particle is trapped in the trans-
verse direction with a projected trajectory in the XY plane
forming concentric rings around the axis. The values of p (0)
for bound and unbound radial motions are given in Table 1
for m = 0,1,2,3,4. Some typical trajectories are shown in
Figure 1.

Notice that the trapping conditions have been obtained
for values of p(0) near zero in almost all cases. The excep-
tion is m = 1; from the corresponding equations of motion, it
can be seen directly that, in this particular case, there is a
centrifugal force near the axis due to a term proportional to
the Bessel function J, the only one that is different from
zero at the axis of symmetry (recall that J| = (J, — J,)/2, and
Ji/x = (Jo+ J)/2). Notice also that the separation between
border boundary conditions p (0) leading to bound and unbound

Table 1. Values of the radial initial condition k, p(0) that lead
to confined (first three columns) and unconfined (last three
columns) transverse motion when the particle interacts with a
TE mode (ey/ck, = 0.2). The other initial conditions are taken

as p(0) =0, ¢(0) =0, z(0) = 0.1 ¢, and ¢(0) = z(0) = 0 in the
antiparaxial system. Distances are measured in units of k, '.

m=0
0 <kpO = 0774 0775 =kpO)= 3277
3.278 =k p0) = 4.944 4.946 =k p(0) = 6.337
6.338 =k p0) = 8.297 8.3 =k p0) = 9.4149
9.415 =k p0) = 11.532 11.533 =k p0) = 12.505
12.506 =k p0) = 14.726 14.727 =k p0) = 15.605
15606 =kip0)= 17.90

m=1

0 <k p0) = 1.59

1.60 <kpO) = 266 2.67 =k p0) = 469
4.70 =kp0)= 654 6.55 =kp0)= 782
7.83 =kp0)= 986 9.88 =kpO) = 1091
1092 =k p0) = 13.09

m=2
0 <kp= 1.22 1.23 =kp0)= 289
2.90 =kp0)= 396 3.97 =kp0)= 601
6.02 =k p(0) = 7.98 7.99 =k p0) = 9.21
9.22 =kp0)= 1134

m=3
0 <kp0)= 294 2.95 =kp0)= 431
4.32 =k p0) = 5.03 5.04 =k p0) = 7.28
7.29 =k p(0) = 9.34 9.36 =k p0) = 10.56
1057  =kp0 = 1275

m=4
0 <kip0)= 437 4.38 =kp0)= 851
8.52 =kp0)= 1066
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Fig. 1. Projections on the XY plane of two typical trajectories of a charged particle immersed in a TE beam of zeroth order. In both
cases, the initial conditions are p(0) =0, ¢(0) =0, 2(0) = 0.1 ¢, and ¢(0) = z(0) = 0. In the first figure, k; p(0) = 0.774 and the motion
is radially bound. Similar trajectories are obtained for 0 < k; p(0) = 0.774. In the second figure, k; p(0) = 0.775 and the particle moves
away from the symmetry axis. The axes in the plot refer to the dimensionless variables k; x, k; y; the description is made in the

antiparaxial system with k, = 0.

trajectories is of the same order of magnitude as the separa-
tion between zeros in the corresponding Bessel function.

4.2. TM modes

For TM modes, the equations of motion in the antiparaxial
frame are

d
o (vp) = vp9® — eo2J, (k  p)sin(k,t" — me), (24)

. €z ,
vEoo J,(ky p)cos(k, t" — me), (25)

together with the integrals of motion:

dz' e
— = —J,,(k, p)sin(k, t' — me) + const., (26)
dr k,

2. M
Yip- e K,

From Egs. (25) and (26) we notice that the speed in the
z-direction of the particle is conditioned by its radial trajectory.

Numerical calculations were performed with the same
initial conditions as for TE modes: p(0) = 0, ¢(0) = 0 and
z=0.1,and ¢(0) = 0 and z(0) = 0. We also explored several
values of p(0) and m. Contrary to the corresponding results
for TE modes, a confined motion in the XY plane is obtained
for small values of p(0) and m = 1; this is also the case for
m = 2,3. However, for m = 4, small values of p(0) lead to

const. (27)
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unbound motion in the XY plane. It can also be shown that
for m = 0, ¢ = 0 is a solution of the equations of motion
regardless of the value for p(0) whenever p(0) # 0. The
bound trajectories of a charged particle in a TM mode are
also qualitatively different from those in a TE modes, as can
be seen in Figure 2. The basic reason is that for TM modes in
the antiparaxial system, the electric field of the beam is
directed along the z-axis while the magnetic field is con-
strained to the transverse plane, namely:

E%y = EoJ,,(k, P)eiik*r'ﬂmwez (28)

and

L

m . -
By, = £ [ E J(kyp)e, +iJ, (k, p)%] e~krtime (29)

In Figure 2, the evolution of the velocity 7' in the antiparaxial
frame is illustrated. Notice that, as expected, particles that
have a bounded radial motion in a region of greater values
for the corresponding Bessel function J,,(k, p), can be accel-
erated to higher velocities 7 by the EM wave.

4.3. Circular polarization

In this subsection, we use the standard definition of circular
polarization as given by Eq. (5) and, in order to avoid any
confusion, we describe the motion of the charged particle in
the laboratory frame. The constants of motion L_ and P, are
now
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Fig. 2. Radial and z components of the velocities for two typical trajectories of a charged particle in a first order TM beam (first
column) and a second order TM beam (second column). The description is made in the antiparaxial frame. The initial conditions are
p(0)=0, $(0) =0,z(0) =0.1c, ¢(0) = k; z(0) = 0, and k, p(0) = 0.1.

L, .oom_ egk.p
—=yp?¢— —yF ——— Jui(k p)cos(me + k.z — i),
M w ko

(30)
Pz . kz €o
— =y;— —vy=*—J,(k p)cos(mp — k.z — wt). (31)
M w w

Thus the polarization of the beam leads to an additional term
in the expression for angular momentum L.

For the numerical calculations, we considered initial con-
ditions similar to those for TE and TM modes: ¢(0) = 0,
z(0) = 0, p(0) = 0, and ¢(0) = 0, with different values for
p(0) and 7(0). We found that, as in previous cases, there are
bound and unbound transverse trajectories according to the
values of z(0). The intervals of p(0) that lead to unbound
motions get shorter with respect to those of bound motions
as p(0) increases. For this field configuration, we have also
studied whether the given values of L, or P, are sufficient to
characterize bound and unbound motions in the transverse
direction; the answer turned out to be negative, since for
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fixed values of all initial conditions (with the exception of
p(0)), the constants of motion L and P. can be evaluated as
functions of p(0), but this function is not injective and
therefore two values of p(0) yielding bound and unbound
transverse trajectories can lead to the same value of L.. An
illustrative example of this fact is given in Table 2.

In Figure 3, typical projections of the trajectories on the
XY plane and the evolution of the z component of the
velocity are illustrated for a charged particle immersed in a
first order left polarized Bessel beam with k. =k, . In the two
examples, the initial conditions are ¢(0) = z(0) =0, P, =
—0.625175M (so that z(0) ~ 0), p(0) = 0, and ¢(0) = 0.
This latter condition implies that the angular momentum L,
arises just from the electromagnetic interaction (see Eq. (30)).
In the first column k, p(0) = 1.85 and thus L, = —0.788447
M/k,; and the particle has an bounded trajectory in the
XY plane, and its velocity oscillates starting from z =0 up to
Z2~0.175. In the second column k, p(0) = 1.84, the particle
has an unbounded trajectory in the XY plane and acquires an
asymptotic velocity z(z) ~ .85. The latter behavior is due to
the fact that the interaction with the Bessel beam vanishes as
the particle moves far away from the symmetry axis.
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Table 2. Values of the radial initial condition k, p(0) that lead to confined
(first three columns) and unconfined (last three columns) transverse motion
when the charge interacts with a left (L) circularly polarized Bessel beam
(eg/ck, = 0.2) with m = 0. The other initial conditions are taken as p(0) = 0,
¢(0) =0, ¢(0) = z(0) = 0 and P. = —0.5658 Mc in the laboratory system.
Varying k, p(0) for a given P, is equivalent to changing z(0). In the lower half
of the Table, the corresponding trapping conditions are given in terms of the
constant of motion L,.

m=0
0.01 =k p(0) = 1.63 1.64 =k p(0) = 3.00
5.33 =k p(0) = 3.01 5.34 =k p(0) = 6.16
6.17 <k p(0) = 8.47 9.14 =k p(0) = 8.48
11.71 =k p(0) = 9.15 11.72 <k p(0) = 12.33
12.34 =k p(0) = 14.82 15.34 =k p(0) = 14.83
7.071 X 1076 <Iz= 0.132014 0.133021 <Iz= 0.143850
—0.260901 =Iz= 0.142738  —0.261382 =Iz= —0.211112
—0.209426 <Lz=< 0.326658 0.292991 <Lz=< 0.327242
—0.386359 =Iz= 0291381  —0.386655 =Iz= —0.331970
—0.329920 <Lz< 0.433460 0.399821 <Lz< 0.433919
kiy
k.y
k. x
2
-5
1
-1
k,x 0
1
-15
-20
dz' dz'
dct' dct'
0.15 } 0.15 ‘
0.1 ‘ 0.1 ‘
0.05 0.05
k,ct’ k,ct'
75 150 225 75 150 225

Fig. 3. Radial and zcomponents of the velocities for two typical trajectories of a charged particle in a first order polarized Bessel beam,
in the laboratory frame. See Section 4.3 for details.

https://doi.org/10.1017/50263034606060745 Published online by Cambridge University Press

565


https://doi.org/10.1017/S0263034606060745

566

5. CONCLUSIONS

Our results show that Bessel modes can be useful in manip-
ulating the motion of charged particles, either to trap them
or accelerate them to relativistic speeds, provided that the
power of the laser is sufficiently high and can be sustained
for a long enough time interval. From a theoretical point of
view, we have identified some relevant features of the
dynamics of the particles under ideal conditions. In partic-
ular, the constants of motion have been identified, showing
through their explicit expressions the role of different polar-
izations in the interchange of linear and angular momentum
between the particle and light. These constants of motion
are also relevant for understanding the influence of the
transverse motion in the axial velocity.

Summing up, radially bound and unbound trajectories,
and also substantial axial accelerations, can be obtained
depending on the initial conditions and the beam polariza-
tion. More general configurations that permit to better con-
trol the motion of charged particles will be studied in
forthcoming publications.
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