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1. Introduction

Let f: X2 — Z be a mapping. We call a mapping g: X — Z, g(z) = f(x,x), the diagonal
of f.

Investigations focusing on diagonals of separately continuous functions f: X2 — R
started in the classical work of Baire [1]. He showed that diagonals of separately contin-
uous functions of two real variables are exactly Baire-one functions, i.e. pointwise limits
of continuous functions. His result was generalized by Lebesgue and Hahn for real-valued
functions of several real variables (see [5,8,9]).

Since the second half the 20th century, Baire classification of separately continuous
mappings and their analogues has been intensively studied by many mathematicians (see
[2,3,12,13,16,18]). The inverse problem on the construction of separately continuous
functions with a given diagonal was solved in [11]. In [15] it was shown that for any
topological space X and a function g: X — R of the (n — 1)th Baire class there exists a
separately continuous function f: X™ — R with the diagonal g.

In [10] the diagonal variant of the problem of Eidelheit from the famous ‘Scottish book’
on a composition of absolutely continuous functions was investigated. It was proved that
there exists a separately absolutely continuous function f: [0,1]2 — R such that its
partial derivatives f; and f; in the degree p are integrable on [0, 1] for every p > 1, and
such that its diagonal g is not absolutely continuous.
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The following problem naturally arises.

Problem 1.1. Find necessary and sufficient conditions on a function g: [0,1] — R
under which there is a separately absolutely continuous function f: [0,1]?> — R with the
diagonal g.

In this paper we prove that for any interval X C R and a normed space Z, diagonals of
separately absolute continuous mappings f: X2 — Z are exactly mappings g: X — Z,
which are the sums of absolutely convergent series of continuous functions.

2. Preliminaries

For topological spaces X, Y and Z, a mapping f: X X Y — Z that is continuous with
respect to every variable is called separately continuous.

Let X and Y be topological spaces. A mapping f: X — Y is a mapping of the first
Baire class, or a Baire-one mapping, if there exists a sequence (f,,)2; of continuous
mappings f,: X — Y that pointwise converges to f on X.

For a metric space X, we denote the metric on this space by |- — - |x.

Let X C R be an interval and let Z be a metric space. A mapping f: X — Z is called
absolutely continuous if for an arbitrary ¢ > 0 there exists § > 0 such that for every
collection a1 < by < as < by < --- < a, < b, of elements ay,by,...,a,,b, € X with
> op_q(br — ax) < 6, the inequality > ,_,|f(bx) — f(ax)|z < & holds. Let, moreover, Y
be an interval. A mapping f: X x Y — Z that is absolutely continuous with respect to
each variable is called separately absolutely continuous.

A mapping f: X — Z has bounded variation on an interval X if there exists C' > 0 such
that for any collection a3 < by < ag < by < --- < ay < by, of elements ay,b,...,a0,,0, €
X, the inequality > 7_,|f(bx) — f(ax)|z < C holds. Moreover, for an interval X = [a, b],
the least upper bound of all values >, _,|f(bx) — f(ax)|z is called the variation of f on
[a, b].

Let X C R be an interval, let Z be a metric space, let f: X — Z be a mapping and
let zp € X. We say that f has finite variation at xq if there exists a segment [a,b] C X
such that [a, ] is a neighbourhood of z in X and f has finite variation on [a, b].

Let X and Z be metric spaces and let A C X. A mapping f: X — Z is Lipschitz on a
set A with a constant C 2 0 if |f(z) — f(y)|z < Clx — y|x for any =,y € A. A mapping
f: X — Z is called Lipschitz on a set A if there exists C' > 0 such that f is Lipschitz
on A with the constant C. A mapping f: X — Z is called Lipschitz (with a constant C')
if it is Lipschitz (with a constant C') on X.

A function p: X — R defined on a vector space X over a field K is said to be a pseudo-
norm if for any z,y € X and A € K with |A| < 1 the following conditions hold: p(z) > 0,
moreover, p(x) = 0 if and only if 2 = 0; p(Az) < p(z) and p(x+y) < p(z)+p(y). It is well
known that for any metrizable topological vector space X there exists a metric p on X
that generates a topological structure on X and p(z,y) = p(z—y) for some pseudo-norm p
on X.

Let X be a topological space and let Z be a metric space. A mapping f: X — Z is
said to be an absolute Baire-one mapping or a mapping of the first absolute Baire class
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if there exists a sequence (f,,)52 of continuous functions f,,: X — Z such that

o0
Jm ) = 0) and Do) = fulo)lz < o
for every x € X. Note that for a normed space Z a mapping f: X — Z is an absolute
Baire-one mapping if and only if f is the sum of an absolutely convergent series of
continuous functions. It is well known (see [17] and [6, Chapter 41 §5, Chapter 42 §2])
that a real-valued function is the sum of an absolutely convergent series of continuous
functions if and only if it is the sum of a lower semi-continuous and an upper semi-
continuous function. Properties of real-valued absolute Baire-one functions have been
studied by many mathematicians (see, for example, [7,14]).

3. Necessary conditions on diagonals of separately absolutely continuous
mappings

Proposition 3.1. Let X = R, let Z be a metric topological vector space with the
metric generated by a pseudo-norm p, let f: X2 — Z be a continuous mapping with
respect to the first variable and let ac: X — (0,+00) be a continuous function. Then
there exist functions 3,v: X — (%a(x), a(z)) and a continuous mapping g: X — Z such
that

plg(x) — fz, 2 + B(x))) <p(f(,x + B(x) — f(z, 2+ 7(x)))

for every z € X.

Proof. For every z € X we write y, =z + %a(x) and, taking into account that « is
continuous at x, we choose an open neighbourhood U, of z in X such that ¢ + %a(t) <
Yo < t+ at) for every t € U,.

Let (V;: i € I) be an open locally finite refinement of (U,: = € X) such that for every
x € X the set I, = {i € I: z € V;} contains at most two elements. Let (¢;: 7 € I) be a
partition of unity on X such that V; = <p§*1>((0, 1]) for every i € I. For every i € I we
choose z; € X such that V; C U,, and let y; = y,,. For every x € X let

g(x) =Y ei(@)f(z,y:).
el

Clearly, g is continuous. Moreover, according to the choice of U, the following condition
holds:

t+1ia(t) <y <t+a(t) foreveryteV,. (a)
For every © € X we pick i, € I,. Moreover, we take j, € I\ {i,} if |I.| =2, and j, =i,
if |I;| = 1. Let 8(z) = y;, — « and let y(z) = y;, — . Since € V;, and = € V}_, by (a)
we have fa(z) < B(z) < a(z) and fa(z) < y(z) < a(x).
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Let |I,| =1, i.e. I, = {i}. Then, i, = i and g(z) = f(z,y;) = f(z,z + B(z)). Now
assume that |I,| = 2. Then I, = {i,, j,} and

plate) — Save + 5(e) = p( 3 i) o) — o)

i€l
<p(f (@, y;,) = f2,4:,)
p(f(z, 2+ B(x)) — f(z,z+~(x))).

O

Theorem 3.2. Let X =R, let Z be a metric linear space with the metric generated
by a pseudo-norm p, and let f: X? — Z be a mapping that is continuous with respect to
the first variable and has a finite variation and is continuous with respect to the second
variable at every point of the diagonal A = {(x,z): © € X}. Then g(z) = f(x,x) is an
absolute Baire-one mapping.

Proof. For every n € N we apply Proposition 3.1 to f and to a,: X — (0,400),
where «,(x) = 1/2™. We then obtain sequences (g,)%2 1, (8,)%2, and (v,)52, of con-
tinuous mappings g,: X — Z and functions £,: X — (1/2"*1,1/2") and ~v,: X —
(1/27+11/2") such that

P(gn(@) — [z, 2 4 Bn(2))) < p(f (2,2 + Bu(2)) — f(2, 2 + n(2)))

for any n € N and z € X.

We show that the sequence (g,,)22; is as required. Fix z € X and let z, = gn(x),
up, = f(z,x + Bn(z)) and v, = f(z,z + v, (x)) for every n € N. Since lim,, o0 Bn(x) =
lim,, 00 Yn(z) = 0 and f is continuous with respect to the second variable at (z,x),

lim uw, = lim v, = f(z,z) and lim p(u, —v,) =0.

n—roo n—oo n—roo
Now, taking into account that p(z, — u,) < p(u, — v,) for every n € N, we obtain that
lim,, 00 (2, — up) = 0 and

nh_{r;o gn(x) = nh—>120 Zn = nh_}rgo(zn —up) + nh_>rrgo u, = f(z,z) = g(x).

We remark that for every n € N the points = + §,(x) and x + v,(x) belong to the
interval I,, = (z + 1/2"" 2 +1/2,,) and I,, N I,,, = () for all distinct n and m. Moreover,
lim, o0 (@ + Bn(x)) = limy oo (@ + yn(x)) = x and the mapping f*: X — Z, f*(t) =
f(x,t), has a finite variation at x. Hence,

o0 oo

S P @+ Bul(@) = £ (@ + (@) = D plun —va) = C1 < 00

n=1 n=1
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and

Zp(fr(x—l—ﬁnﬂ(x))—fz( + B ZP Unt1 — = (s < oo.
n=1

Taking into account that p(z, — u,) < p(u, —v,) for all n € N, we have

Zp(gn+1( Z Zn+1 - Zn
n=1 n=1
< Z(p(2n+1 - unJrl) +p(un+1 - un) +p(zn - un))
. oo
< 2 Plun = vn) + 3 plmss — +ZP "= vn)
n=1
X 201 + 02
< 00.
Thus, > .7 |gn+1(2) — gn(x)|z < o0 and g is an absolute Baire-one mapping. O

Corollary 3.3. Let X C R be an interval, let Z be a metric linear space with the
metric generated by a pseudo-norm, and let f: X? — Z be a separately continuous
mapping, which has finite variation with respect to the second variable at every point of
the diagonal A = {(z,x): x € X}. Then the mapping g: X — Z, g(z) = f(x,z), is an
absolute Baire-one mapping.

Proof. (a) Let X = (a,b), where a € RU {—oo} and b € RU {+o0}. Consider a
homeomorphism ¢: (a,b) — R such that ¢ and ¢~! are locally Lipschitz. Then the
mapping f: R — Z, f(t) = f(¢~1(t)), satisfies the conditions of Theorem 3.2. There-
fore, there exists a sequence (g,)3%; of continuous functions §,: R — Z such that
limy, o0 Gn(t) = f(t,1) and 32°° [Gni1(t) — Gu(t)|z < oo for every t € R. Then the
sequence (g,,)22; of continuous functions g, : X — Z, gn(z) = gn(e(x)), pointwise con-
verges to g on X and Yo~ |gn+1(2) — gn(x)]|z < oo for every z € X.

(b) Now let X = [a,b). According to (a) there is a sequence (h,)2; of continuous
functions h,, : (a,b) = Z such that lim, o by (z) = g(x) and Yo |hnt1(z) — hy(z)] <
oo for every x € (a,b). We choose a convergent to a monotone sequence (a,)5 ; of real
numbers a,, € (a,b) and for every n € N let g,: X — Z be a continuous mapping such
that g,(a) = g(a) and g,(x) = h,(x) for every x € [an,b). Then (g,)52; pointwise
converges to g on X and Y |[gn+1(z) — gn(z)| < oo for every z € X.

(¢) For the case in which X = (a,b] or X = [a,b] we argue analogously to the proof
of (b). O
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4. The characterization of diagonals of separately absolutely continuous
functions

Proposition 4.1. Let X be a metric space, let Z be a normed space, let f: X — Z
be a continuous mapping and let € > 0. There then exists a locally Lipschitz mapping
g: X — Z such that || f(x) — g(x)|| < € for every x € X.

Proof. For every x € X we choose an open neighbourhood U, of x in X such that
diam f(U,) < e. Using [4, Theorem 4.4.1], we choose an open locally finite refinement &
of (Uy: x € X). Thus, U is a locally finite cover of X by open non-empty sets U with
diam f(U) < e. For every U € Y and z € X, by ¢y (z) we denote the distance from z to
X\U. Let oy = v /Yy ¢y v for every U € U. Note that (py: U € U) is a partition
of unity on X, all the functions ¢y : X — [0,1] are locally Lipschitz and supp oy = U.
Moreover, for every U € U we take zy € f(U). Consider the function g: X — Z,
9(x) = > peupu(x)zy. It is easy to see that || f(z) — g(x)| < e for every x € X. Since U
is locally finite and the yy are locally Lipschitz, g is locally Lipschitz. O

The following example shows that the analogue of Proposition 4.1 for locally convex
F-spaces Z is not valid.

Example 4.2. Let 0 < p < 1, let X = R be a space with the Euclid metric, let Z =R
be a space with the metric |z —y|z = |z —y|?, let f(z) = x for every z € X and let € > 0.
Since every locally Lipschitz mapping g: X — Z is a constant, sup{|f(z) — g(z)|,: = €
X} > e for any locally Lipschitz mapping g: X — Z.

Proposition 4.3. Let g: [a,b] — R and h: [a,b] — R be Lipschitz functions with
a constant K, let ¢: [a,b] — [0,1] be a Lipschitz function with a constant L and let
lg(z) — h(z)| < M for every x € [a,b]. Then the function

f(@) = e(@)g(z) + (1 — ¢(z))h(x)
is Lipschitz with the constant C = K + LM on [a, b].

Proof. Let x1, 25 € [a,b]. Then we have

|f(z2) = f(21)] = [(p(22) — @(21))(9(22) — h(z2)) + p(z1)(g(22) — g(z1))
+ (1= ¢(z1))(h(z2) — h(z1))|
< LM |z — 21| + @(21) K |22 — 21] + (1 — (21)) K |w2 — 21
— (K + LM)|zs — 21].

O

Proposition 4.4. Let Z be a metric space, let f: [a,b] — Z be a continuous mapping
and let (a,)32, be a strictly increasing sequence such that a1y = a, lim,_,o0 an, = b.
Let, for every n € N, the mapping [ be Lipschitz with a constant C,, on [a, an1]
and, moreover, let the series Y~ Cy(ant+1 — ay,) be convergent. Then f is absolutely
continuous on [a, b].
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Proof. Fix ¢ > 0 and choose m € N such that ) . Cp(an1 — a,) < €/2. Set
0 =¢/2max{Cyp: 1 <n < m}. Let

a<u <vp Sup <vp < KUy <V Ky K U1 < Vigr oo S Uigy < Vg Kb

with 277 (v, — ug) < 8. Then

i+J 7 i+

S 1f ) — Flz = S If ) — Folz + S o) = fue)lz

k=1 k=1 k=i+1
<max{Cp:1<n<m}- Z(v;C — ug) + Z Cn(ant1 — an)

k=1 n>m
< %5 + %6
=ec.
Now let

a<u <vy <<y <v; Kb

with Zzzl(vk —ug) < 0 and k < i such that a,, € (ug,v;). Using the above-obtained
estimation, we have

i k—1
Z |f(v5) = f(uy)lz = Z [f(v5) = f(us)lz + [ f(am) = fur)] + [f(vr) = f(am)]

+ > 1) = fu)lz

j=k+1

N
)

O

Theorem 4.5. Let X C R be an interval, let Z be a normed space and let g: X — Z
be an absolute Baire-one mapping. There then exists a separately absolutely continuous
mapping f: X? — Z such that g(z) = f(z,) for every z € X.

Proof. Let (I,)22; be an increasing sequence of segments I, = [an,b,] such that
X =, I,,. Let go(z) = 0 for every z € X. Using the definition of absolute Baire-one
class and Proposition 4.1, we choose a sequence (§,)>2; of locally Lipschitz mappings
Gn: X — Z such that lim, o gn(z) = g(z) and Y7 [|Gnt1(z) — gn ()| < oo for every
x € X. Now, for arbitrary n € N and x € X, let

gn(x), z €Iy,
gn(@) =< Gulan), € XN (—00,a,),
Gn(bn), =€ X N (by,+00).

We then obtain the sequence (g,)5%; of Lipschitz mappings g,: X — Z such that
limy, o0 gn(2) = g(x) and 3207, [|gnt1(2) — gu()|] < 0o for every z € X.
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Let (K,,)5%; be a sequence of real numbers K,, > 0 such that the functions g,—1 and g,
are Lipschitz with the constant K. We choose a strictly decreasing sequence (9,,)52; of
real numbers §,, > 0 such that lim,, . §,, = 0 and ZZO:lKn(Sn < o0.

For every n € Nlet F,, = {(z,y) € X?: |z —y| < 6,} and G,, = {(x,y) € X?: [z —y| <
dn}. We consider the function ¢, : R — [0, 1] defined by

1, [t] > 0,
t—o
SDn(t) = 7”4‘17 5n+1 g |t| g 5”7
571 - 6n+1
0, |t| < (Sn+1.

We remark that every function ¢,, is Lipschitz with the constant L, = 1/(6, — dpnt1)-
We consider the following function f: X2 — Z:

go(z), |z —y| > o1,
f@y) = en(@ = y)gn1(x) + (1 = pn(z —y))gn(2), (2,y) € Fy\ Foya,
g9(z), r=yeX.

Let us show that f has the desired properties. Since for every n € N with | — y| = dp41
we have o (z —y) =0 and pp1(z —y) =1,

f(@,y) = gn(®) = on(® — Y)gn-1(z) + (1 — pn(x — y))gn ().

Therefore,

f(@y) = on(@ = y)gn-1(z) + (1 — pn(z —y))gn(2)
for every (x,y) € F,,\ Gn+1. The continuity of g, and ,, implies that f is jointly continu-
ous on X2\ A, where A = {(x,z): x € X}. Moreover, the equality lim,_, gn(7) = g(z)
for every x € X implies that f is continuous with respect to the first and second variables
at all points of A. Thus, f is separately continuous. Moreover, since all g,, and all ¢,, are
Lipschitz, f is Lipschitz on X2\ G,, for every n € N.

We fix 29 € X and show that the mapping f.,: X — Z, f,(z) = f(z, o), is absolutely
continuous. It is sufficient to prove that the mapping f,, is absolutely continuous on the
intervals X; = X N (—o0,x0] and Xy = X N [z9, +00). Let us consider the case when
the interval X is non-degenerated, i.e. X N (—oo,z¢) # 0. Since X = |J;—, I, and
since (I,,)22; increases and lim,, o d, = 0, there exists a number m € N such that
[€0 — Om, @] C Iy,. Observe that f, (x) = 0 for every z € X N (—o0, zg — 61] and f,, is
Lipschitz on X N [zg — 1,29 — d;n]. Therefore, the absolute continuity of f,, of X is
equivalent to the absolute continuity of fy, on [xg — 0, Zo].

Fix n > m. Notice that g,_1 and g, are Lipschitz with the constant K, , and ¢, is
Lipschitz with the constant L,,. Moreover, for every x € [xg — d,, o — 0n+1] We have

[gn (%) = gn—1(2)[| < [|gn(z0) = gn—1(z0)[| + [|gn(z) = gn(z0)|| + |gn-1(z) — gn—1(z0)l|
< |lgn(z0) = gn-1(z0)|| + 2K0n
— M,

https://doi.org/10.1017/50013091515000103 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091515000103

Diagonals of separately absolutely continuous mappings 443

Hence, f;, is Lipschitz on [zg — 0y, o — dp41] With the constant

5n - 5n+1

by Proposition 4.3. Now we have

Z Cn(0n —0ns1) <3 Z Kyon + Z lgn(20) = gn—1(x0)|| < 0.

n=m n>=m n>=m

By Proposition 4.4, fy, is absolutely continuous in [z¢ — d,, o] and, consequently, on

X;.
The absolute continuity of f;, on X5 and the absolute continuity of f with respect to
the second variable are proved similarly. g

Theorems 3.2 and 4.5 imply the following result.

Theorem 4.6. Let X C R be an interval, let Z be a normed space and let g: X — Z.
Then the following conditions are equivalent.

(i) There exists a separately absolutely continuous mapping f: X? — Z with the
diagonal g.

(ii) There exists a mapping f: X2 — Z with the diagonal g that is continuous with
respect to the first variable and has a finite variation and is continuous with respect
to the second variable at every point of the diagonal A = {(z,z): z € X}.

(iii) g is an absolute Baire-one mapping.

5. Open problems

Question 5.1. Let X = [0,1], let Z be a metric space and let f: X2 — Z be a sepa-
rately absolutely continuous mapping. Is g(xz) = f(x,z) an absolute Baire-one mapping?

Question 5.2. Let X = [0,1], let Z be a metric topological vector space and let
g: X — Z be an absolute Baire-one mapping. Does there exist a separately absolutely
continuous mapping f: X? — Z such that g(x) = f(x,z) for every v € X ?
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