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ABSTRACT

We investigate families of minimal rational curves on Schubert varieties, their
Bott—Samelson desingularizations, and their generalizations constructed by Nicolas
Perrin in the minuscule case. In particular, we describe the minimal families on small
resolutions of minuscule Schubert varieties.

1. Introduction

Lines in flag varieties have been extensively investigated. In particular, for a homogeneous space
X = G/P where G is a semi-simple algebraic group and P a maximal parabolic subgroup, the
lines in X passing through the base point x form a smooth projective variety £, on which P
acts with one or two orbits. When P is associated to a long simple root, £, is the P-orbit of the
Schubert line in X'; moreover, the homogeneous space £, is minuscule (see [CC98, Str02, LMO03]
for these results).

The variety L, features prominently in work of Hwang and Mok establishing rigidity prop-
erties of X (see e.g. [HMO02]). Its analogue for a smooth Schubert variety Y of X is an important
ingredient in the study of the deformations of Y within X, by Hong et al. (see [HM13, Honl5,
HK19]). But little seems to be known about lines in possibly singular Schubert varieties. The
latter admit natural resolutions of singularities, the Bott—Samelson varieties and their general-
izations introduced by Sankaran and Vanchinathan (see [SV94, SV95]), and by Perrin in [Per07].
For these generalized Bott—Samelson resolutions, the notion of lines (which depends on a pro-
jective embedding) may be replaced with the intrinsic notion of minimal rational curves. In
loose terms, a family of rational curves on a projective variety X is minimal if the subfamily of
curves through a general point x € X is non-empty and proper. The minimal families and the
associated varieties of minimal rational tangents (consisting, in loose terms again, of the tangent
directions at x of the curves through that point) play an important role in the geometry of X,
see e.g. [Hwal4].

In this paper, we make the first steps in the investigation of lines in Schubert varieties, and
minimal families in their generalized Bott—Samelson resolutions. Given a Schubert variety Y in
X = G/P with P maximal, it is easy to show that Y is covered by translates of the Schubert
line (see Lemma 3.6 for details). If in addition P is associated to a long simple root, then
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the Chow variety of lines through a general point y € Y is a union of Schubert varieties in £,
(Proposition 3.7); it may be reducible (Example 3.9).

For Bott—Samelson resolutions, the minimal families turn out to be very restricted: there are
only finitely many minimal rational curves through a general point (see Theorem 4.3 for details).
This may be explained by the fact that Bott—Samelson resolutions are big (i.e. some fibers have
a big dimension) and not canonical (indeed, the action of the connected automorphism group of
the Schubert variety need not lift to the resolution; see [CKP15, § 7] for explicit examples).

By contrast, generalized Bott—Samelson resolutions include the small resolutions of minus-
cule Schubert varieties constructed by Zelevinsky (see [Zel83]), Sankaran and Vachinathan, and
Perrin in full generality (see [Per07, Corollary 7.9]). These resolutions are obtained as towers
of locally trivial fibrations, with fibers being minuscule homogeneous spaces. We describe their
minimal families in terms of lines in these homogeneous spaces (Theorem 4.10). This relies on a
structure result for minimal families on generalized Bott—Samelson resolutions (Proposition 4.7),
and on two combinatorial properties of these resolutions (Propositions 5.7 and 5.13). Both prop-
erties were first proved in the companion article [BK19] via case-by-case arguments using reduced
decompositions in Weyl groups. Then Perrin came up with uniform proofs based on the com-
binatorics of minuscule quivers developed in his papers [Per05, Per07, Per09]. Subsequently, we
obtained somewhat shorter uniform proofs, which are presented here.

Our results are obtained over an algebraically closed field of arbitrary characteristic, whereas
the setting of most earlier works is complex geometry. In particular, the theory of minimal
rational curves seems to have been exclusively developed over C so far. Thus, we only rely on
foundational material from [Kol99, Chapter II] (see also [Deb01, Chapter II]). The facts that we
need are gathered in §§2.1 and 2.2.

Section 2.3 contains auxiliary results on almost homogeneous varieties, i.e. those on which
an algebraic group acts with an open dense orbit; this class includes Schubert varieties, their
(generalized) Bott—Samelson resolutions, and some naturally associated varieties. In this special
setting, we obtain analogues of important general results on the existence and properties of free
rational curves, which hold over C but generally fail in positive characteristics (see Remark 2.2).
For this, we develop methods from [BF15, §2].

In §§ 3.1 and 3.2, we set up notation and recall basic facts on flag varieties and their Schubert
varieties. The minimal rational curves on the former are described in § 3.3, whereas § 3.4 explores
the families of lines on the latter. An essential role is played by the curves which are stable by a
maximal torus T' of G. Our results are most complete for minuscule homogeneous spaces; these
may be characterized by the condition that every T-stable curve is a line.

The minimal rational curves on Bott—Samelson desingularizations are considered in §4.1.
In §4.2, we survey the construction of their generalizations, due to Perrin in [Per07, §5]. The
structure of their minimal families is investigated in §4.3; again, T-stable curves form a key
ingredient in all these developments. We illustrate our results on the simplest example of a
singular Schubert variety: a quadratic cone of dimension 3 (Examples 3.9 and 4.12). Further
examples, also involving exceptional groups, can be found in [BK19].

The final §5 is devoted to combinatorial properties of generalized Bott—Samelson desingu-
larizations. In § 5.2, we obtain an inequality involving certain positive roots; an equality of Weyl
groups of isotropy groups is proved in §5.3.

Our approach raises many open questions: for example, to parameterize the families of lines
in a Schubert variety in combinatorial terms, and to characterize those families that contain
lines consisting of smooth points. Also, it would be interesting to extend our results to the
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setting of cominuscule homogeneous varieties, or to the horizontal Schubert varieties introduced
in [KR17].

1.1 Notation and conventions

The ground field k is algebraically closed, of characteristic p > 0. By a scheme, we mean a
separated k-scheme S; points of S are k-rational points unless otherwise stated. A wvariety is an
integral scheme of finite type over k. A curve is a variety of dimension 1.

An algebraic group is a group scheme of finite type. Given an algebraic group G, a subgroup
scheme H and a scheme Y equipped with an action of H, we denote by G x Y the quotient of
G x Y by the H-action via h - (g,y) := (gh™!, hy), if this quotient exists as a scheme. We then
have a cartesian square

pry

GxY G

T

GxHy — G/H

where pr; denotes the first projection and ¢,r are principal H-bundles. As a consequence,
f is faithfully flat. Moreover, the G-action on G x Y via left multiplication on G descends to a
unique action on G x'Y, and f is G-equivariant. We may view f as a homogeneous fibration
with fiber Y.

By [MFK93, Proposition 7.1], the associated fiber bundle G xHY exists if Y admits an
ample H-linearized line bundle. We will freely use the following observation: if X is a scheme
equipped with an action of G and an equivariant morphism 7 : X — G/H with fiber Y at the
base point of G/H, then there is a unique G-equivariant isomorphism X ~ G x Y identifying
m with f.

2. Rational curves on almost homogeneous varieties

2.1 Spaces of rational curves

Let X be a projective variety. The scheme of morphisms Hom (P!, X) is equipped with an action
of Aut(PP!) that stabilizes the open subscheme Homy;, (P!, X) consisting of morphisms which are
birational to their image. Moreover, this action lifts uniquely to an action on the normalization

7 : Homp, (P!, X) — Homy,, (P!, X)

By [Kol99, Theorem II.2.15], there is a natural commutative diagram of normal schemes

P! x Hom{, (P!, X) Univ(X)

l H l (1)

Hom}, (P!, X) RatCurves(X)

where the horizontal arrows are principal Aut(P!)-bundles. As a consequence, the above diagram
is cartesian; moreover, p is a Pl-bundle.
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In view of [Kol99, Definition I1.2.11], there is another natural commutative diagram

)

Univ(X) Chow(X) x X

) l l 2)

RatCurves(X) L Chow (X)

where Chow(X) denotes the Chow scheme. Moreover, ~ is finite over its image, which is the
locally closed subscheme of Chow(X) parameterizing irreducible, geometrically rational 1-cycles;
also, 9 is finite over its image, which is the universal Chow family over the above subscheme. By
composing § with the second projection, we obtain a morphism

p: Univ(X) — X (3)

such that the morphism p x p : Univ(X) — RatCurves(X) x X is finite.
The morphism (3) can be constructed alternatively as follows: composing the evaluation map

P! x Homp (P!, X) — X, (4, f) — f(t) (4)
with the map id x 7 : P! x Homp, (P!, X) — P! x Homy, (P!, X), we obtain a morphism
e : P! x Hom}, (P!, X) — X.
One may check that ¢ is the composition of the quotient map
A P! x Homp,, (P, X) — Univ(X)

with p. In particular, for any x € X, we have a principal Aut(P!)-bundle e~!(x) — p~1(x)
between (scheme-theoretic) fibers. The first projection pry : e~ !(x) — P! is Aut(P!)-equivariant,
and P! may be identified with the homogeneous space Aut(P!)/Aut(P',0). This identifies ¢~ (z)
with the associated fiber bundle Aut(P!) xAut(®.0) pr; 1(0). Also, note that

prfl(()) ~ n_l(Hombir(]P’l, X;0— 1))

equivariantly for Aut(P',0), where Homy; (P!, X;0+ x) is the closed subscheme of
Homyp;, (P!, X) consisting of those morphisms f such that f(0) = x. Putting all of this together,
we obtain a principal Aut(P!,0)-bundle

7~ (Homp, (P!, X;0 — z)) — = (x). (5)

We may view p~!(z) as the space of rational curves on X through z.
Another space of rational curves on X through z is constructed in [Kol99, Theorem I1.2.16].
More specifically, there is a natural commutative diagram of normal schemes

P! x Hom}}, (P!, X;0 — 2) Univ(z, X)

- |

Homy; (P!, X;0 +— ) RatCurves(z, X)
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where the horizontal arrows are principal Aut(P!,0)-bundles and the vertical arrows are P!-
bundles. (Here Hom} (P!, X;0+ x) denotes the normalization of Homp; (P, X;0 +— z).) In
general, the relation between p~!(z) and RatCurves(z, X) is not clear to us. But we will see
that both share a common smooth open subscheme, consisting of the free curves through z; these
may be defined as follows.

Let f € Homy,, (P!, X), and C its image. We say that f is free if C' is contained in the smooth
locus Xy, and the vector bundle f*(Tx,,, ) is generated by its global sections, where T'x_ denotes
the tangent bundle of Xgp,.

Every free morphism f satisfies H'(P!, f*(Tx,,,)) = 0. Thus, the above notion of freeness
coincides with that of [Kol99, Definition I1.3.1] when X is smooth. By [Kol99, II.1, I1.3], the free
morphisms form a smooth open subscheme Homg (P!, X) of Hom(P!, X); its dimension at the
point C'is —Kx_, - C + dim(X), where Kx_, stands for the canonical class of the smooth locus.
We denote by RatCurvesg (X) the corresponding smooth open subscheme of RatCurves(X).

We also have H* (P!, f*(Tx.,.)(—1)) = 0 when f is free. As a consequence, the free morphisms
that send 0 to z form a smooth open subscheme Homg, (P!, X;0 — ) of Hom(P!, X;0 — z), with
dimension at C' being —Kx_, - C (see [Kol99, Theorem II.1.7 and Proposition I1.3.2] for these
results).

Thus, any free morphism f yields a smooth point C' of RatCurves(X). Since the evalua-
tion map (4) is smooth along P! x f (see [Kol99, Corollary I1.3.5.4]), u~!(x) is smooth at C
as well. As a consequence, p~!(z) and RatCurves(z, X) share a common smooth open sub-
scheme RatCurvesg (2, X), the quotient of Homg (P', X;0 — 2) by Aut(P!,0). The dimension of
RatCurvesg (7, X) at C equals —Kx,_, - C — 2.

Consider again f € Homy;, (P!, X) with image C. We say that C is embedded if f is an
immersion into Xgy,. This is an open property in view of [Kol99, Lemma I1.1.10.1], and hence the
embedded free curves form an open subscheme RatCurvesey (X) of RatCurves(X).

LEMMA 2.1. For any x € Xgy, the natural map p, : u~!(x) — RatCurves(X) restricts to an
immersion on the smooth open subscheme consisting of embedded free curves.

Proof. By the above discussion, we may view p, as the natural map
7 : Homepg (PY, X;0 — 2)/Aut(P*, 0) — Homepg (P!, X)/Aut(P!)

with an obvious notation.

We check that 7 is injective on k-rational points. For any fi, fo in Homeme (P!, X;0 — )
such that fo = f1 0 ¢ for some ¢ € Aut(P!), we have z = f2(0) = f1(¢(0)) = f1(0), and hence
©(0) = 0 as desired.

Next, we check that the differential of 7 at any k-rational point f € Homepme (P!, X;0 — )
is injective. We have a commutative diagram (with an obvious notation again)

0 LieAut (P!, 0) LieAut(P!) TPt — 0
0 HO (P, Tpi (1)) HO(PL, Tp) TPt — 0

| s

0 —= HOP!, f*(Tx,,)(-1)) —= H(P!, f*(Tx,,)) — ToX —=0
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where dfy is injective. So the induced map
HO(PY, f*(Tx.,,)(~1)))/LicAut(P',0) — H(P', f*(Ty,,))/LieAut(P")

is injective as well, as desired. g

2.2 Families of rational curves
The normal scheme RatCurves(X) is the disjoint union of open and closed normal quasi-
projective varieties. These (connected or irreducible) components are called the families of
rational curves on X. Every such family K comes with a universal family U := p~}(K) — K,
where U is a component of Univ(X). For any x € X, we denote the fiber of u: U — X by Uy,
and let IC;, := p(U,); then the induced morphism p, : U, — K, is finite. The family K is covering
if p is dominant, i.e. K, (or equivalently U, ) is non-empty for a general point z. If in addition
K. (or equivalently U,) is projective for x general, then K is called a family of minimal rational
curves, or just a minimal family for simplicity. Examples of minimal families include the covering
families of lines in some projective embedding of X; also, note that lines contained in the smooth
locus yield examples of embedded curves.

For any family of rational curves KC as above, there exists a unique irreducible component
Z of Homy,; (P, X) together with a principal Aut(P!)-bundle Z® — K, where Z" denotes the
normalization. Let Zy denote the smooth open subscheme of Z consisting of free morphisms;
then Z is stable under Aut(P'), and hence we obtain a principal Aut(P')-bundle Zg — Kg,
where K C K denotes the smooth open subscheme of free curves. We may view the points of
Kt as (possibly singular) rational curves in X. For any such curve C, the fiber of p at C is a
projective line, and the restriction of p to this fiber yields the normalization map of C. Also,
given x € Xgy,, the morphism p, : U, — K, restricts to an isomorphism on the open subscheme
Kemfr,» consisting of embedded free curves (Lemma 2.1). Moreover, by assigning to each such
curve its tangent direction at x, we obtain a morphism

T=TX;: ’Cemfr,:(: B P(TxX)a (6)

where P(7,X) denotes the projectivization of the tangent space. If char(k) = 0 and the point
x is general, then 7 extends to a finite morphism from the normalization of K, (see [Keb02,
Theorem 3.4]).

Remark 2.2. Assume that X is smooth. If char(k) = 0 then every covering family contains a
free curve, as follows from [Kol99, Proposition I1.3.10] together with generic smoothness. But
this fails whenever char(k) = p > 0, as shown by the following example adapted from [Ko0l99,
Example V.1.4.3]. Consider the hypersurface X in P? x P? with homogeneous equation

Toyh + 21y} + z2yh =0,

where xg, 21,2 (respectively yo,y1,y2) are homogeneous coordinates on the first (respectively
second) copy of P2. Then X is smooth, the geometric fibers of the first projection pr; : X — P?
are all non-reduced, and their reduced subschemes are lines. For the corresponding family of
rational curves, U is the hypersurface in P? x P? with equation zoyo + x1y1 + z2y2 = 0, and
KC = P?; in particular, K is minimal. Also, the morphism p is the first projection, and

,u,([xo sy xa, Yoty yg]) = ([1:8 cal s ab) [yo yg]).
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In particular, all the geometric fibers of u: U — I are fat points of multiplicity p, and hence
K contains no free curve. Note that X is homogeneous under an appropriate action of Aut(IP?),
and the stabilizer of any = € X is not reduced (or equivalently, not smooth). So X is a variety of
unseparated flags in the sense of [HL93|; one can show that any such variety admits a minimal
family which contains no free curve.

We now discuss covariance properties under a morphism 7 : X — Y, where Y is a projective
variety. Let IC be a family of rational curves on X, and Z the corresponding irreducible component
of Homy; (P!, X). Assume that there exists f € Z such that the composition 7o f : P! — Y is
free. Then 7o f is a smooth point of a unique irreducible component W of Homy (P!, Y),
which defines in turn a family of rational curves £ on Y. The composition of natural morphisms
7" — Z — Hom(P!, X) — Hom(P!,Y) is Aut(P')-equivariant and its image contains a smooth
point of W. This yields a rational map

Ty IC --+ L,

which is defined on the open subset consisting of those free curves that are sent to free curves
inY.

In the opposite direction, given 7 and K as above, we say that m contracts some Cy € K if the
composition p~1(Cp) £, X "5 Y is constant. Then 7 contracts all C' € K: indeed, choose an
ample line bundle M on Y and let L := p*7*(M). Then the degree of L on p~1(C) is independent
of C (as follows e.g. from [Ful98, Proposition 10.3]), and this degree is 0 if and only if C is
contracted by .

Based on this observation, we now describe the minimal families in a product of varieties.

LEmMA 2.3. Let Y, Z be projective varieties, and X :=Y x Z with projections m: X — Y, ¢
X - Z.

(i) The pull-back morphism
7 : Hom(P,Y) x Z — Hom(PL, X), (f,2) — (t — (f(1),2))

induces a closed immersion RatCurves(Y) x Z — RatCurves(X) with image a union of
components.

(ii) The morphism 7* sends covering (respectively minimal) families to covering (respectively
minimal) families.

(iii) A family of rational curves K on X is the pull-back of a family on Y if and only if ¢ contracts
some curve in K.

(iv) Every family of minimal rational curves on X is the pull-back of a unique family of minimal
rational curves on Y or Z.

Proof. One may easily check that the ‘constant’ morphism

c:Z — Hom(P', Z), z+— (t— 2)

128

https://doi.org/10.1112/50010437X20007629 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X20007629

MINIMAL RATIONAL CURVES ON GENERALIZED BOTT—SAMELSON VARIETIES

is a closed immersion; moreover, the diagram

Hom(PYY) x Z Z

Hom (P!, X) Hom(P!, Z)

is cartesian, where the top horizontal arrow is the projection, and the bottom horizontal arrow is
the composition with ¢. Thus, 7* is a closed immersion as well. Also, 7* sends Homy;, (P!, Y) x Z
to Homp;, (P!, X), and its image (considered with its reduced scheme structure) consists of those
morphisms f such that deg ¢*f*(M) = 0 for a given ample line bundle M on Z. This readily
yields the assertions (i), (ii) and (iii).

(iv) Let K be a minimal family on X, and 2 € X such that U, is non-empty and projective.
Choose f € Homy,, (P!, X;0 — ) with image C such that C is also the image of a curve in U,.
Write 2 = (y,2) and f = (g, h), where g € Hom(P!,Y;0 — y) and h € Hom(P*, Z;0 — 2). We
may view f as the composition

Pl pl P Zhy x 7,
where § denotes the diagonal embedding. If both g and A are non-constant, then g x A is finite.
Since the image of § degenerates in P! x P! to (P x {0}) U ({0} x P!), a reducible curve through
(0,0), this yields a degeneration of C in X to a reducible curve through z. But this contradicts
the minimality of K. Thus, we may assume that g is constant; then (iii) implies that K is the
pull-back of a minimal family on Y. O

2.3 Almost homogeneous varieties

We now assume that the projective variety X is equipped with an action of a connected alge-
braic group G. Then G acts on Hom(P', X) via its action on X, which commutes with the
action of Aut(lP!) and stabilizes the open subscheme Homy;, (P!, X). This yields actions of G on
Homp, (P!, X), RatCurves(X), Univ(X) such that the diagram (1) is equivariant. Also, G acts
on the Chow scheme and the diagram (2) is equivariant as well. Thus, so is the morphism (3).
Since G is connected, every family of rational curves on X is stable by G.

Next, assume that there exists a point z € X such that the orbit X° = G -z is open in X,
i.e. X is almost homogeneous under GG. Then there exist covering families of rational curves on
X, since G is a rational variety. We assume in addition that the (scheme-theoretic) stabilizer
H = (G, is smooth and connected.

Consider a family K of rational curves on X. Let U° := p~1(X?); this is an open G-stable
subset of U. Since p: U — K is flat, p(U°) =: K" is a G-stable open subset of RatCurves(X);
it consists of those curves in K that meet X°. We also have a smaller G-stable open subset
K(X?), consisting of those curves that are contained in X°. This yields a commutative diagram
of G-varieties

UXO) — 10 —= Y

b ‘

K(X0) — k0 — K

~—
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where the horizontal arrows are open immersions, the left and right vertical arrows are P!-
bundles, and the middle vertical arrow is smooth.

LEMMA 2.4. With the preceding notation and assumptions, K is covering if and only if U, is
non-empty; equivalently, IC, is non-empty. Under these assumptions, U, is a normal variety and
Ky is a variety.

Proof. The morphism j restricts to a G-equivariant morphism 0 : 4° — X with fiber at z
being U,. By identifying X° with the homogeneous space G/H, this yields a G-equivariant
isomorphism U° ~ G xH U, and in turn a cartesian square

G X Uy G
Uuo G/H

where the vertical arrows are principal H-bundles. Since U4 is a normal variety and H is smooth
and connected, it follows that U, is a normal variety as well. Moreover, U, is non-empty if and
only if so is U, or equivalently K°; this completes the proof. O

LEMMA 2.5. Let K be a family of rational curves on X, containing a curve C which consists of
smooth points and meets XVY.

(i) The curve C is free.
(i)
(iii) The variety U, is smooth at C, of dimension —Kx_, - C — 2.
(iv)

The family K is covering and U, is a normal variety.

The variety U, is isomorphic to a component of RatCurves(z, X).

Proof. (i) The smooth locus Xy, is G-stable and contains the open orbit X ~ G//H. Thus, the
tangent bundle Tx_ is equipped with a space of global sections: the image of the Lie algebra g
of G. Since H is smooth, this space generates Txo. Thus, the induced map Op1 @ g — f*(T'x..,)
is generically surjective, where f : P! — C denotes the normalization. Using the fact that every
vector bundle on P! is a direct sum of line bundles, it follows easily that f*(T,,) is globally
generated.

(ii) This is a consequence of Lemma 2.4.

(iii) This follows from the properties of free morphisms recalled in §2.1.

(iv) By (ii) and (5), there is a principal Aut(P!,0)-bundle n=!(Y) — U, for some irreducible
component Y of Homy, (P!, X;0 + x); moreover, n71(Y) is a normal variety. By the universal
property of the normalization, this yields a finite morphism

o (Y) — Homfl, (P', X;0 - x),

which restricts to an isomorphism on the open subset of free morphisms. Thus, ¢ yields an
isomorphism to a component of Homp, (P!, X;0 +— x). As ¢ is Aut(P!, 0)-equivariant, it descends
to the desired isomorphism. ]

Next, we consider covariance properties of covering families, building on the observations
after Remark 2.2. Let X be as above, and m: X — Y a surjective morphism, where Y is a
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projective variety. Assume that Y is equipped with a G-action such that 7 is equivariant (this
assumption holds if 7,0x = Oy in view of Blanchard’s lemma, see e.g. [BSU13, §4.2]). Let
y:=n(z) and Y° := Gy; then Y° = 7(X?) is open in Y. Finally, let K be a covering family of
rational curves on X.

LEMMA 2.6. Assume that there exists a curve C' € K° such that C C Xgu, 7|c is birational onto
its image D, and D C Ygn. Then D € L for a unique covering family L of rational curves on Y.
Moreover, w induces a G-equivariant rational map m, : K --+ £ which is defined at C' and such

that m.(C) = D.

Proof. The assumptions make sense, since every rational curve on X meeting X° and contained
in Xgn is free (Lemma 2.5). The statement follows readily from the discussion at the end of §2.2,
with the exception of the equivariance of 7, which is easily checked. O

Remark 2.7. Under the assumptions of the above lemma, 7, restricts to an H-equivariant ratio-
nal map m, =y, : Ky --» L. (Indeed, replacing C' with the translate gC for some g € G, we
may assume that € C', and hence y € D.) Moreover, we have a commutative diagram of rational
maps

Ko — — > P(T,X)
| |
T | | dmy (8)
\i \i

Ly - = P(Tyy)

where the horizontal arrows arise from the tangent maps (6).

The assumptions of Lemma 2.6 hold if 7 is birational and K(X") is non-empty; then T,
restricts to an isomorphism K (X?) — £(X?), and hence is birational. The assumptions also hold
when 7 is birational and X, Y are smooth; then 7, is an injective morphism.

LEMMA 2.8. Let I :== G, D G, = H and F := n~'(y); assume that I is smooth and connected.
Then F is a projective variety equipped with an action of I and containing an open orbit
FO=Tx~1T/H.

If in addition m contracts some curve in K, then K, = L, for a unique covering family of
rational curves £ on F. Moreover, K = GL£°, and K is minimal if and only if so is L.

Proof. Note that 77(Y?) is a G-stable open subvariety of X; in particular, it contains the open
orbit XY. Moreover, 7 restricts to a G-equivariant morphism 771(Y?) — Y° ~ G/I with fiber F
at y. This yields a G-equivariant isomorphism 7~ *(Y?) ~ G x! F, and in turn the first assertion
by arguing as in the proof of Lemma 2.4.

If w contracts some curve in K, then it contracts all curves in this family, as seen at the end
of §2.2. Thus, every curve in K, is a rational curve on F. The second assertion follows readily
from this. O
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3. Minimal rational curves on flag varieties

3.1 Flag varieties

Let X be a projective variety, homogeneous under the action of a connected linear algebraic group
G. Choose = € X and assume that the stabilizer G, is smooth. Then G, is a parabolic subgroup
of GG, and hence is connected. Moreover, replacing GG with its largest semi-simple quotient and
then with its simply-connected cover, we may and will assume that G is semi-simple and simply-
connected. We identify X with the homogeneous space G/P, where P := G,. The Lie algebras
of G,G,, P, ... will be denoted by g,¢.,p,....

Choose a Borel subgroup B C P and a maximal torus T' C B. Let R denote the root system
of (G,T), and R the subset of roots of (B, T); then R* is a set of positive roots of R. Denote
by R~ the corresponding set of negative roots, and by S = {ay,...,a,} C RT the set of simple
roots. The Weyl group W = Ng(T')/T is generated by the associated simple reflections sq, .. ., sp.
For any w € W, we denote by w € Ng(T) a representative. Also, for any 3 € R, we denote by
Us C G the corresponding root subgroup. Let Gg C G denote the subgroup generated by Ug and
U_g; then G is a closed semi-simple subgroup of rank 1, normalized by T'. For any w € W, the
conjugation by w sends Ug to U,g), and Gg to Gy (g)-

We also have the coroot system RY with simple roots af,...,a,; these form a basis of
the cocharacter lattice X, (7). The dual basis of the character lattice X*(7") consists of the
fundamental weights @, ..., w,. More intrinsically, for any simple root «, we will denote by
w, the fundamental weight with value 1 at o, and 0 at all other simple coroots. Let p :=
w1 + -+ + wp; then p = (1/2) Y cp+ @ The height of any § € RY is ht(8) := (p, §); this equals
the sum of the coordinates of 8 in the basis of simple coroots.

Consider the Levi decomposition P = R, (P)L, where L is a connected reductive subgroup of
G containing T'; then By, := BN L is a Borel subgroup of L. Denote by R; C R the root system
of (L, T), with subset of positive roots R = R, N R* and subset of simple roots [ := Ry N S.
Then P is generated by B and the $,, where a € I; we write P = Py and L = Lj.

The character group X*(P) is identified via restriction to the subgroup of X*(7T') with basis
the w,, where v € S\ I. Also, every A € X*(P) defines the associated line bundle Lg/p(A) on
G/ P; moreover, Lg,p()) is ample if and only if A has positive coordinates in the above basis.
The assignment A — Lg/p()) yields an isomorphism X*(P) ~ Pic(G/P). In particular, G/ P has
a smallest ample line bundle, namely Lg,p(@), where @ = w; 1= S\I Pa- Every ample line
bundle on G/P is very ample, and hence defines a projective embedding G/P — P(V(\)), where
V(A) := H°(G/P,Lg/p(N))*, and P(V) denotes the projective space of lines in a vector space V.
This embedding is equivariant for the natural action of G on G/P, and its linear representation
in V()\) (a highest weight module, see e.g. [Jan03, §11.2.13]). In particular, we have a ‘smallest’
projective embedding

G/P — B(V(=)). (9)

Also, recall that the canonical class of X satisfies
O(Kx) =~ Lgyp(=2(p — p1))- (10)
The parabolic subgroup P is maximal if and only if I is the complement of a unique simple

root o. We then write P = P®. More generally, we will use the notation PS\! for P; whenever
this is convenient.
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3.2 Schubert varieties

We keep the notation and assumptions of the previous subsection. The Weyl group Wy =
Np(T)/T is generated by the simple reflections s,, where a € I; we also denote this group
by Wr. Let W denote the subset of W consisting of those w such that w(a) € R* for all a € I;
equivalently, R;r C w™}(RT). Then W1 is a set of representatives of the coset space W/Wr,
consisting of the elements of minimal length in their right coset (for the length function ¢ on
W relative to the generators si,...,s,). Note that w € W/ has length 1 if and only if w = s,
for some a € S\ I. On the other hand, the unique element of maximal length in W7 is wowWo, 1,
where wq (respectively wp ;) denotes the longest element of W (respectively Wr).

For any w € W, the point wz € G/P is independent of the choice of the representative w;
we thus denote this point by wz. Recall that the wz, where w € W/, are exactly the T-fixed
points in G/P; moreover, G/P is the disjoint union of the B-orbits Bwx. The stabilizer By,
is generated by T and the root subgroups Ug, where 8 € RT Nw(R"); in particular, B, is
smooth and connected. The closure of Bwx in G/P is the Schubert variety X (w); we have
dim(X (w)) = dim(Bwx) = ¢(w). In particular, the Schubert varieties of dimension 1 are exactly
the X (s4), where a € S\ I. Note that X (so) = Paz = Loz = Gox = U_4x is a T-stable curve
in G/P with fixed points x, sy.

We now collect some basic properties of T-stable curves, which are essentially known (see
[FW04, §§3 and 4]); we will provide proofs for completeness.

LEMMA 3.1.
(i) The T-stable curves in G/P through the T-fixed point wz are exactly the curves
Cu,p = Ggwzr = U_gwz,

where 8 € w(RT \ R}) (so that X (sa) = C1,o for any a € S\ I).
(ii) The T-fixed points in Cy, g are exactly wx and sgwz.
(iii) We have Cy, 5 ~ PL.
(iv) For any A € X*(P), we have

Lep(A) - Cug = (A w ' (8Y)).
(v) We have
~Kgp - Cup = 2{p—pr,w " (8Y)) = ht(w™ ' (8Y)) + ht(wo,rw ™" (8Y)).
In particular, —Kg/p - X (sa) = ht(wo 1(a”)) + 1.

Proof. Using the action of Ng(T') on G/P which yields a transitive action of W on T-fixed
points, we may reduce to the case where w = 1.
By the Bruhat decomposition, we have a T-equivariant open immersion

Il vs—a/p (99— <Hgﬁ>x,
BERT\RY B

where the product is taken in any order. Thus, x has an open T-stable neighborhood in G/P,
isomorphic to an affine space on which T acts linearly with weights being the roots —f3, where
B € RT\ R}; moreover, each such weight has multiplicity 1. It follows that the T-stable curves
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in G/P through x are exactly the closures of the T-stable lines in this neighborhood, i.e. of
the orbits U_gx; moreover, the orbit maps U_g — U_gz are isomorphisms. Since z is fixed by
G N B, a Borel subgroup of G, we have

01”3 = U_ﬁx = Ggaj ~ Gﬁ/(B N Gﬁ)

This implies (i), (ii) and (iii).

(iv) The restriction to C1p of the G-linearized line bundle Lg/p(A) is the Gg-linearized
line bundle 'CGg/(BmGB)()\) =: L. Moreover, T'N G is a maximal torus of Gz, the image of the
coroot Y : G,, — T; the scheme-theoretic center of Gz~ SL(2) is the image of the 2-torsion
subgroup scheme po C Gy, under 8Y. Also, 8" acts on the fiber of £ at = (respectively sgx)
via the weight (), 3") (respectively (sg(\), 3Y) = —(\, V). Identifying Cy g with P!, it follows
easily that £ ~ Opi(n), where n := (A, 5Y).

(v) The first equality follows readily from (iv) in view of the isomorphism (10). As p —
wo,1(p) = 2pr, we obtain 2(p — pr) = p + wo 1(p); this implies the second equality. O

By Lemma 3.1, every one-dimensional Schubert variety X (s,) satisfies
Lyp(w) - X(s0) = (w,a’) =1,

that is, X (sq) is a line in P(V(w)). We thus say that X (s,) is a Schubert line.

Also, note that every T-stable curve in G/P is a line if and only if we have (w, V) <1 for
all 3€ R™, i.e. the dominant weight w is minuscule. Then the parabolic subgroup P is also
called minuscule; it is maximal if G is simple. The projective homogeneous space G/ P is called
minuscule as well. Moreover, the weights of 7" in V(w) are exactly the w(w), where w € W3 as
a consequence, the G-module V' (w) is simple.

3.3 Lines on flag varieties
We still keep the notation and assumptions of §3.1, and consider a minimal family K on X =
G/P.

LEMMA 3.2.

(i) The family K consists of free curves.
(ii) The subfamily K, is a smooth projective variety containing a unique Schubert line X (s,,),
where a € S\ I. Moreover, dim(K;) = ht(wp ;(a")) — 1.
(iii) The subfamily K, consists of the lines in the orbit Pr ;@ through z.
(iv) The family K consists of those lines in G/P that are contracted by the natural morphism

o G/P=G/P; — G/Pry(ay-

Proof. (i) This follows from Lemma 2.5.

(ii) The scheme K, is projective by assumption. It is smooth in view of (i) and §2.2, and
irreducible by Lemma 2.4. Moreover, K, is equipped with an action of P = G,. By Borel’s fixed
point theorem, it follows that K, contains a B-fixed point, and hence a Schubert line X (s4).
The assertion on the dimension follows by combining Lemmas 2.5 and 3.1(v).

The morphism 7, contracts the Schubert line X(s,) and sends any other Schubert line
isomorphically to its image. As a consequence, every curve in K is contracted by m,, and I,
contains no other Schubert line.
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(iii) and (iv) By (i), the lines in G/P form a disjoint union of minimal families. Thus, K is
the unique family of lines such that K, contains X (s, ). This yields the two assertions by using
Lemma 2.8. U

With the notation of Lemma 3.2, we have

Prugay® =~ Prugay/Pr =~ Lisgay/(Pr0 Liggay)-

Moreover, the scheme-theoretic intersection Py N L4y is smooth (see [Bor91, Corollary 13.21]),
and hence is a maximal parabolic subgroup of the connected reductive group Ly q}. So this
lemma reduces the description of minimal families on G/P to the case where P is maximal; then
there is a unique such family, and it consists of the lines in G/P C P(V (w,)), where P = P*. We
may further assume that G is simple; if in addition the simple root « is long, then we have the
following result, which is known over the field of complex numbers (see [HM02, Proposition 1]
and [LMO03, Theorem 4.8]).

ProproOSITION 3.3. Let P = P“, where « is a long simple root. Denote by L the family of lines
in G/P, and by L, the subfamily of lines through x.

(i) The subfamily L, is the L-orbit of the Schubert line X (s).
(ii) The tangent map (6) yields an immersion of L, into P(T,X).
(iii) The (scheme-theoretic) stabilizer of X (so) in L is the parabolic subgroup L N P, , where

at = {8 € S|{B,a") =0}.

Proof. By §2.1 and Lemma 3.2(i), we have dim(L;) = —Kx - X(sq) — 2. Using Lemma 3.1(v),
this yields

dim(L,) = 2(p — pr,a") =2 = =2(pr, ") == > (B,a").
BeRT

Note that 0 < —(3,a") <1 for all 8 € R}, since « is a long simple root and differs from all the
simple roots occurring in 3. As a consequence,

dim(L,) = #(R} \ R}_.). (11)

INnat

Next, observe that the tangent map yields a morphism 7 : £, — P(T,X), since £, consists of
embedded free curves. Also, T, X ~ g/p and this identifies 7(X (s,)) with [g_,], the image of the
root subspace g_, C g in P(g/p). Since 7 is P-equivariant, we have the inclusion of stabilizers
Lx(s.) C Lig_,]- We now show that

LX(sa) = L[gfa] =LNPFP,. (12)

The Lie algebra [[g_ ) of Lig_ ) is a subalgebra of [ containing the Borel subalgebra b N[, and
hence is generated by b N [ and the g_g, where 5 € I and g_g stabilizes [g_,]. The latter condition
is equivalent to [g_3,9—a] C g—a +p. But [g_3,9-a] = g—a—p by a result of Chevalley (see e.g.
[Hum?72, §25.2]), and g_o—p3 = 0 if —a— (3 is not a root. In any case, —a — (3 is not a root of P.
Thus, the Lie algebra [|g_ ) is generated by b N[ and the g_g, where 8 € I and 9-5,0-a)] =0;
equivalently, 3 € a-. In other terms, [ =I[Np,r. On the other hand, L N P, stabilizes

X (sq) and hence [g_q]. Thus,

[

LNP,. C LX(sa) C L[g—a]
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and equality holds for the corresponding Lie algebras. Since L N P, 1 is smooth, this easily implies
the equalities (12). In turn, this yields (iii) and also the inequalities
dim(L;) > dim(LX (sq)) = dim(Ly/(Lr N P,1)) = #(Rf \ R} ).

INnat

By (11), it follows that £, = LX(s,), proving (i). Finally, (ii) follows from (i) and (12). O

Remark 3.4. We still assume that G is simple and P = P¢.

(i) Assume in addition that G is simply-laced, i.e. all the roots have the same length. Then
a is long and —a is a minuscule weight of L; we denote by Vi (—«) the corresponding highest
weight module. By Proposition 3.3 and its proof, £, is a minuscule homogeneous space under L;
moreover, the tangent map is an immersion onto the closed L-orbit in P(Vy(—a)) C P(T,X).
One can show that the T-weights of Vi (—a) are exactly the roots —f3, where 3 € RT and
B=a+ Zaie S asa i for some non-negative integers n;; these form a unique orbit of Wiy,
Moreover, P is minuscule if and only if V;(—«a) = T, X; equivalently, W, acts transitively on
R~ \ Ry,

On the other hand, if G is not simply-laced, then there exists a short root « such that the
variety of lines through z in G/P“ is not homogeneous under P%; see the main theorem of
[CCI8] for a more specific result, valid over an arbitrary field, and [Str02, LMO03] for further
developments.

(i) When G is simply-laced, the minuscule homogeneous spaces G/P and their varieties of
lines are exactly those in the following table:

Type of G @ X Type of L Ly

A, O Gim,n+1) Ap_1xA, ., (PP H*xpr—m
Dn a QQn—Q Dn,1 QQn—4

D, Olp—1, Oy, Sn(n-1)/2 A, G(2,n)

E6 a1, Qg X16 D5 SIO

E7 (674 X27 EG X16

Here G(m,n + 1) denotes the Grassmannian of m-dimensional linear subspaces of k"*!, and
Q" c P"*! the n-dimensional smooth quadric. Also, S"("~1)/2 gtands for the spinor variety of the
corresponding dimension, and X'6, X27 are two exceptional varieties of the corresponding dimen-
sions again. The simple roots are ordered as in [Bou08, Chapter VI|, and the list of minuscule
weights is taken from [Bou08, §4 and Exercise 15].

When G is not simply-laced, one obtains in addition the pairs (B, o) and (Cp,a1). The
associated minuscule varieties are isomorphic to those of the pairs (D41, ) and (Ag,—1, 1)
respectively, that is, S"("1t1)/2 respectively P2"~1. Moreover, this identifies the Schubert varieties
of the former pairs to those of the latter ones. Thus, we may assume that G is simply-laced when
studying Schubert varieties in minuscule G-homogeneous spaces.

3.4 Lines on Schubert varieties
We keep the notations and assumptions of §§ 3.1 and 3.2, and start with the following observation.

LEMMA 3.5. The T-stable curves in X (w) through the base point wx are exactly the C,, g,
where 8 € w(RT)NR™.
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Proof. The Bruhat decomposition yields a T-equivariant open immersion

II U—Xw), (99— (H%)wx
B

BeRTNw(R™)

with image Bwz, where the product is taken in any order. The assertion follows from this by
arguing as in the proof of Lemma 3.1. g

Our next result implies that every Schubert variety is covered by translates of Schubert lines
(see also [HM13, Proposition 3.1]).

LEMMA 3.6. The following are equivalent for w € W! and o € S\ I:

(i) w(a) € R™;
(ii) X(w) is covered by G-translates of the Schubert line X (s,).

Proof. (i) = (ii) The translate wX(s,) is a T-stable curve with T-fixed points wz,wsyz. By
Lemma 3.1 or a direct argument, it follows that wX (sa) = Cy(a)- S0 WX (sa) C X (w) in view
of Lemma 3.5. We conclude that the translates bwX (s,), where b € B, cover X (w).

(ii) = (i) By assumption, there exists g € G such that gX(s,) meets Bwx and is contained
in X(w); equivalently, Bwz N gX(s,) is dense in gX(sq). The Bruhat decomposition yields
that g = bob’ for some b,b’' € B and v € W; then Bwz NvX(s,) is also dense in vX (s,). Since
Bwx NvX(sq) is closed in Bwz and stable by T, it contains wx. Thus, vX(s,) is a T-stable
curve through wz in X (w); in particular, we have either wz = vz or wz = vs,x. Replacing v
with vs,, we may assume that v(«a) € R™; then vs, < v for the Bruhat order in W, and hence
in W/W;. So we must have wx = vz, i.e. w = vu for some u € W;. Then wu~'(a) € R™; as
w(RF) C R, it follows that w(a) € R~ as well. O

Next, assume that P = P® where « is a long simple root. Let K be a family of lines on X (w),
and /Cy,; the subfamily of lines through wz. It will be convenient to consider the translate w~t/C,
a family of lines in w~'X (w) through the base point x. Recall from Proposition 3.3 that the
family £, of lines in G/P through z is the minuscule variety LX (so) ~ L/(L N P,1).

PROPOSITION 3.7. With the preceding notation and assumptions, w™/Cy, is a Schubert subva-
riety of L,. Moreover, the Schubert subvarieties obtained in this way are exactly the BrvX (s,)
where v € W, wuv(a) € R™, and v is maximal for this property.

Proof. By Lemma 2.4, K., is a projective variety equipped with an action of BN wPw™!.
Thus, w1 K, is a projective variety equipped with an action of w™!'Bw N P, and hence of By,.
Moreover, there is a quasi-finite equivariant morphism

v willcwac — Lg,

since we may view £, as the Chow variety of lines in G/P. Since L, is a flag variety under L, it
has only finitely many Br-orbits by the Bruhat decomposition; also, the By-isotropy groups are
smooth and connected. As a consequence, w™ '/, contains an open orbit of By,; moreover, the
stabilizer of a point C of this orbit is contained in the stabilizer (B[,)(c), and both have the same
dimension. Since (BL),(c) is smooth and connected, both stabilizers must be equal and hence
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is birational. Using the normality of Schubert varieties, it follows that ~y is an isomorphism. This
proves the first assertion.

For the second assertion, recall that every Bp-orbit in £, contains a unique T-fixed point;
moreover, these fixed points are exactly the v.X(s,), where v € Wi. Also, vX(s4) = C y(a) as
v(a) € RT. By Lemma 3.5, it follows that vX (so) C w™ !X (w) if and only if wv(a) € R=. O

Remark 3.8. Let P = P“ as above and assume in addition that P is minuscule. Then every
minimal family K in X (w) consists of lines. Indeed, Iy, is a projective variety equipped with a
T-action, and hence contains a T-fixed point; also, every T-stable curve is a line.

Further, note that the smooth locus of X (w) is covered by lines. Indeed, we may choose
B € S such that sgw < w for the Bruhat order in W; equivalently, w™1(3) € R™. Then X (w) is
stable by the minimal parabolic subgroup Pg; moreover, we have C,, 3 C Pgwz C X (w)sm and
hence the B-translates of C, _g cover X (w)sm.

Given 3 as above, we have w™!(3) € R~ \ Ry. In view of Remark 3.4, it follows that there
exists v € Wy, such that w™!(8) = —v(a); equivalently, wv(a) = —3. Then Cy, 5 = wvX (s4);
this realizes C,, g as a translate of the Schubert line.

Ezample 3.9. We illustrate the results of this subsection in the case where G := SL(4) (with
simple roots a1, ag, as), and I := {aq, az}; then the parabolic subgroup P = P; = P®? is minus-
cule. Let w := s15352; then w € W/ and ¢(w) = 3. The T-stable lines through wz in X (w) are
exactly

Cp = Cw,foqy Cy = Cw,fozlfagfagv Cs3 = Cw,fag-

Moreover, C7 = Gy, wx, Co = 5152Ga,wz and C3 = G wz. Since sjw, s3w < w, we see that
C1,C5 are contained in the smooth locus of X (w). But Cy contains x, which is the unique
singular point of X (w).

The family £, of lines in G/P through = satisfies £, = LX (s2) ~ P! x P!; this isomorphism
identifies X (s2) with (co, o0). Moreover, the Chow variety of lines in w~! X (w) through z is iden-
tified with (P! x {oo}) U ({oo} x P'), the union of two lines meeting at the point corresponding
to X(s2) = w~'Cy. These lines are the Bp-orbit closures of w™'Cy, w™'C3. As a consequence,
there are exactly two families of minimal rational curves on X (w); those through wz are the
w-translates of the above lines.

These results can also be obtained by direct geometric arguments, since X = G(2,4) is embed-
ded in P(V(ws2)) = P(A%k*) ~ P’ as a quadric; moreover, X (w) is the intersection of X with a
tangent hyperplane. Thus, X (w) is the projective cone over Q? ~ P! x P! with vertex z. This
cone contains two families of planes (the projective cones over the two families of lines in P! x P!)
and the lines in these planes form the two minimal families.

4. Generalized Bott—Samelson varieties

4.1 Bott—Samelson desingularizations

We keep the notation of §§3.1 and 3.2. Let w € W, If w # 1, then there exists a decomposition
w = s;w', where s;, is a simple reflection, v’ € W, and £(w) = ¢(w’) + 1. It follows that the
minimal parabolic subgroup P;, stabilizes X (w), and w’ € W!. Consider the Schubert variety
X (w') € G/P and the associated fiber bundle P;, x? X (w’). This is a projective variety equipped
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with an action of P;, and an equivariant morphism
B / 1
fz'l,w’ 3Pi1 X X(w) — il/B:IP) s

which is a locally trivial fibration (for the Zariski topology) with fiber X (w’). We also have a
P;,-equivariant morphism

T © Py x B X(w') — X(w),

which restricts to an isomorphism above the open orbit Bwz.
The above ‘one-step construction’ can be iterated: given a reduced decomposition

W= (Sil,SiQ,...,sie)

(i.e. a sequence of simple reflections such that w = s;, 54, ---s;, and £(w) = £), this yields a
projective variety

X(w) =P, xPpP,xP...xBP,/B
of dimension /¢, equipped with an action of P;, and two equivariant morphisms,
f:X(®) — Py /B,
a locally trivial fibration with fiber X (@), where @' := (sq,, . . ., 5i,), and
T X (@) — X(w),

which restricts to an isomorphism above the open orbit Bwz. Also, note that X () is smooth,
and hence 7 is a desingularization of X (w).
More generally, for 1 < j < £, we have a fibration

fth(?j)) —>X(SZ'1,...,SZ‘].)

with fiber X(siﬁl, ..., 8;,). In particular, f,_1 is a P-bundle; also, f; = f.

The Bott—Samelson variety X (w) is equipped with a base point Z, defined as the image
of ($iy, 8igs .-, 8,) € Py X P, x -+ x P;,. Moreover, (%) = wz and Bz = By,,. In particular, &
is fixed by T. Denoting by #; the base point of X(s;,,.. ., 8i;), we have f;(¥) = ;. Further,
the fiber of f; at ; is T-equivariantly isomorphic to X (Si;11- -+ 5i) on which the T-action is
twisted by the Weyl group element s;, - - - s;;.

We now recall the description of line bundles on X (@) obtained in [LT04]. For 1 < j < ¢,
consider the natural morphism

Wj:X(Sil,...,Sij) —>G/B

with image the Schubert variety X (s;, ---s;;), and let

Lj = fimiLa/p(wi;).
Then the isomorphism classes of L1, ..., L, form a basis of Pic(f( (w)). Further, for any integers
ni,..., Ny, the line bundle E?nl ® - ® E?W is ample if and only if nq,...,n, > 0; also, every

ample line bund}e on X (w) is very ample. In particular, £1 ® - - - ® Ly is the smallest very ample
line bundle on X ().
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Next, we describe the T-stable curves through # in X (). Let

ﬁl = O‘imﬂ? = Sil(aiz)a .- 'aﬁﬂ =Syt Sig,l(aig)-

Then we have
R*ﬂw(R*) :{ﬂl,ﬂg,...,ﬂz}. (13)

We may now state a version of Lemma 3.1 for Bott—Samelson varieties.

LEMMA 4.1. Keep the above notation.

(i) The T-stable curves in X () through & are exactly the C; := Up,;, where 1 < j < /.
(ii) The morphism 7 restricts to isomorphisms Cj — Cu,—p, for all such j.
(iii) For 1 <j,k <{, we have Ly, -C; =0 if j > k. If j < k then Ly, - C; is the coefficient of oziv]c
in sg, -+ si;., (o), viewed as a linear combination of simple coroots.

i)r v
(iv) We have —K g g - Cj = ht(s;, -- “si; () + 1

W j
Proof. (i) This follows from Lemmas 3.1 and 3.5, since 7 sends BZ (an open T-stable
neighborhood of # in X ()) isomorphically to Bwz.

For (i), note that 7 restricts to a birational morphism C;j — Ci, 3, ~ PL.

(iii) If j > k then C~’j is contracted by fr. This implies the first assertion by using the
projection formula.

If j <k then fi restricts to an isomorphism of C'j onto the jth T-stable curve in
X (Siys--.,5i,) through Zj. Further, the latter curve is sent isomorphically by 7 to the T-stable
curve CSil“'Siky_ﬂj in G/B. Using Lemma 3.1, it follows that

Ly Cj = (miy, —si, -+ 50, (B))) = (@iy, 8ip -+ 51, ().
This yields the second assertion.
(iv) We first determine —K g - C1- Note that G, C P, acts on X (w) and we have C =

Gaili; also, the tangent space of X (w) at Z is a direct sum of T-stable lines with weights
B, ..., 0. Arguing as in the proof of Lemma 3.1(iv), it follows that

_Kj((u;) : él =L+ + BZaaz\‘/1>'
But 51 + -+ B¢ = p —w(p) in view of (13), and hence

_Kf((w) : CNvl = <P - ’U}(p),O[;/l> =1 + ht(_wil(a;i))'
This yields the assertion, since —w™!(ay,) = s, - - 84y (viy )
Next, we determine —K (@) Cj, where j > 2. Then Cj is contracted by f, i.e. we have

éj C F:= f~1f(Z). Since f is a locally trivial fibration, it follows that _Kf(( ) C;=—-Kp- C’j.

w

Recall that F is T-equivariantly isomorphic to the Bott-Samelson variety X (@) on which the
T-action is twisted by s;,, and this isomorphism sends Z to the base point of X (@'). Using an
easy induction argument, this completes the proof. O

Remark 4.2. By Lemma 4.1, we have L, - CN'{: 0for 1<k<#¢ and L;-C;=1. Thus, Cy is a
line in the smallest projective embedding of X (w).
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Also, L; - C'j =1 for 1 < j </{; as a consequence, C’j is a line if and only if Ly - C’j =0
for all j < k. By an easy argument, this is equivalent to the assertion that s;; commutes with

Siiiis-+-y8i,. Then there is an isomorphism of resolutions of X (w)
j+1 ) Op

X(ILD) = X(Silv e ')S’ig) = X(Sila sy Si St Sigys’ij)
which identifies C’j with the line in the right-hand side constructed as above.

Next, we determine the minimal rational curves in X (w) (these include of course the lines
discussed above).

THEOREM 4.3. Every minimal family K on X(d)) satisfies Kz = {C’j} for some 1 < j < {. More-
over, the minimal rational curves in X (w) through & are exactly those C; such that the root
Sip - 8i;, (i) Is simple.

Proof. We argue as in the proof of Lemma 3.2. By Lemma 2.4, K3z is a projective variety;
moreover, JC consists of free curves in view of Lemma 2.5. Since K3 is equipped with an action
of T, it contains a T-fixed point, say C’j.

If j > 1 then C’j is contracted by f. In view of Lemma 2.8, it follows that Kz = Lz for
a unique minimal family £ on the fiber of f at . Since this fiber is a translate of a smaller
Bott—Samelson variety, we may conclude by induction on /.

Thus, we may assume that j = 1; then C) is the unique T-fixed point of Kz. Also, Kz
admits an ample T-linearized line bundle: indeed, it is equipped with a finite T-equivariant
morphism to some Chow variety of X (w), which in turn is equipped with a finite T-equivariant
morphism to the projectivization of a T-module in view of its construction in [Kol99, §1.3]. As a
consequence, Kz admits a T-equivariant immersion in the projectivization of a T-module. Using
[Bor91, Proposition 13.5], it follows that Iz consists of the unique curve Ch.

On the other hand, by Lemma 2.5, C, lies in a unique family of rational curves £ on X (w);
moreover, L is covering and satisfies

dlm(ﬁj> = _Kf((u?) . él — 2.
In view of Lemma 4.1(iii), this vanishes if and only if the root s;, - - - 4, (;, ) is simple. O

Remark 4.4. (i) Since s;, -+ si, ., (,;) = —w™'(f;), the simple roots aj which can be obtained
as i, -+ 8i;,, (i) for some j are exactly those such that w(ay) € R™. Then 7 sends Cj to
wX (sg), a translate of a Schubert line. This relates the minimal rational curves in X () through
Z to the lines in X (w) through wz constructed in Lemma 3.6. In particular, we may take j = ¢,
ie., o, = a,; this just gives back the line Cy (Remark 4.2).

If P = P% is maximal, then we must have a = oy and j = £. Thus, X(ﬂ)) has a unique
minimal family, consisting of the fibers of the P'-bundle f, 1 : X (@) — X (si,, ..., 5i,_,)-

(ii) The condition that s;,---s;,_,(;;) is a simple root, say ay, turns out to be equivalent
to the exchange condition

87;181;2”.82'[:S’il"‘si‘j“'si[‘sk’

where both sides are reduced decompositions of w.
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4.2 Their generalizations a la Perrin

Let w € W. Recall that the set of simple roots a such that s, occurs in a reduced decomposition
of w is independent of the reduced decomposition, and called the support of w. We denote this
set by Supp(w). The subgroup of G generated by the Ui, where a € Supp(w), will be denoted
by Gy; this is the derived subgroup of the Levi subgroup Lgypp(w), and hence is a semi-simple
subgroup of GG, normalized by T" and containing a representative of w.

Denote by P¥ be the largest parabolic subgroup of G such that P* > B and w € W™, then
P% = Prw, where IV := {a € S|w(a) € RT}. Consider the associated Schubert variety X (w) C
G/P", and denote by P, the closed reduced subgroup of G consisting of those g such that
gX(w) = X(w). Then P, is a parabolic subgroup of G containing B, and hence P, = Py,
where I, := {a € S| sqw < w}; here < denotes the Bruhat order on W!* = W/Wjw. Note that
P, NGy is a parabolic subgroup of G, and we have

X(w) = PywP?/P¥ ~ (P, N Gyp)w(PY NGy)/(PYNGy) C Gyw/(PYNGy). (14)
We say that w € W is minuscule if so is G/P"; then one may readily check that G,,/(P* N Gy)
is minuscule as well. Also, note that GG, is simply-laced if so is G. For any minuscule w € W, we
have X (w)sm = (Py N Gw)wz by [BP99, Proposition 3.3]. In particular, X (w) is smooth if and
only if it is homogeneous under P, N G,.
Next, let w = wiw’, where wy,w’ € W satisfy P“* N G,,, C P,; equivalently, we have the
inclusion I'*** N Supp(w;) C I,,. We may then define

X (wi,w') = (Py;, N Gy )wi (P¥1 N Gy, ) xT 0% X ().
This is a projective variety equipped with an action of P,, N Gy, and an equivariant morphism
fwl,w’ : X(’LUI, 'UJ/) — X(U)l),

which is a Zariski locally trivial fibration with fiber X (w’). If in addition ¢(w) = £(w1) + £(w'),
then w’ € WP and hence P¥" > P¥. Thus, if P* is maximal and w’ = 1, then PY = P¥ Under
these assumptions, we obtain another equivariant morphism

Ty w @ X (w1, w") — G/P™.

One may check that m,, . is birational to its image X (w); it restricts to an isomorphism above
the open orbit Bwx. Also, note that

Py, NGy C Py Gy (15)

Remark 4.5. Assume that wy is a simple reflection s,. Then P“! is the maximal parabolic
subgroup P® = Pg\ (4}, and X (w1) is the Schubert line in G/P%. Moreover, we have G, = G,
and Py, = Proyuat- So PY' NGy, = BN Gy is a Borel subgroup of Go. Thus, we have

X (sq,w') = Goq xP% X (w') ~ P, xB X (w'),

with fibration fs, . over Py/B ~ P If in addition ¢(w) = £(w’) + 1, then 7, . yields a bira-
tional morphism to X (w). Therefore, the above ‘one-step construction’ generalizes that of
Bott—Samelson varieties.

This construction can be iterated, under certain additional assumptions that are discussed
in detail in [Per07, §5.2]. We now present some notions and results from [Per07, §5.2]: a finite
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sequence W = (wy, ..., w,) of elements of W is called a generalized reduced decomposition of w,
if we have w = w; - - - wy, and (w) = (w1) + - - - + £(wyy,). Such a decomposition is called good
if in addition w is minuscule and we have

I N Supp(w;) C I C wi USupp(w;) (1<i<m—1),

Wi41" W
where wl-L denotes the set of simple roots a such that s, commutes with w;. Under these
assumptions, (Wi41,...,wWn) is a good generalized reduced decomposition of w;iq - --wy, for
t=1,...,m— 1. Moreover, P*" NGy, C P, for all such 3.

Given a good generalized reduced decomposition w of w, we obtain a projective variety X ()

i4+1"Wm

equipped with an action of P,, a locally trivial fibration

fiX(@) — X(wn)
with fiber X (wy, ..., w,), and a birational morphism
7 X () — X (w).

Also, X (1) has a base point & such that #(2) = wz and f(#) = w121, where z; denotes the base
point of G/P™.
More generally, for 1 < i < m, we have a fibration

fi: X () — X (w1, ..., w;)

with fiber X(le, ..., Wp,). Further, fl(fc) = f; with an obvious notation, and fl = f

By [Per07, §5.1], the morphism f is Py-equivariant. As a consequence, we have the equality
of stabilizers P, 3 = Py we = Puw N wPYw~!. Thus, P, ; contains the maximal torus 7". Also,
note that P, ; is smooth and connected, in view of the following result.

LEMMA 4.6. Let P,Q be two parabolic subgroups of G containing the maximal torus T'.

(i) The (scheme-theoretic) intersection P N Q is smooth and connected.
(ii) Denote by L (respectively M) the Levi subgroup of P (respectively Q) containing T. Then
P NQ has a Levi decomposition with Levi subgroup L N M.

Proof. (i) The smoothness of P N @ follows from [Bor91, Corollary 13.21], and the connectedness
from [Bor91, Proposition 14.22].
(ii) This is a consequence of [DM91, Proposition 2.1]. O

4.3 Structure of minimal families
We still consider a good generalized reduced decomposition w = (w1, ...,wy,) of a minuscule
element w € W, and set P := P%. Also, we choose reduced decompositions

wi — (Si,la ey SL&‘)
of w; for 1 <i < m. This yields a reduced decomposition of w by concatenation, and hence

a Bott-Samelson variety X (). By using [Per07, §5.3], we obtain a commutative diagram of
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pointed varieties

i) —— (X(w), wz)

(X (@
Ao
(X (w1), 1) — (X(w1),

)
f
wlxl)

where the horizontal arrows induce local isomorphisms at the corresponding base points, and the
vertical arrows are locally trivial fibrations; moreover, the composition 7 o 7 is the Bott—Samelson
resolution 7 : X () — X (w).

By arguing as in the proof of Lemma 4.1, one checks that © and 7 induce isomorphisms
on T-stable curves through the respective base points. Thus, we may index the T-stable curves
through % in X(w) as CA'M, where 1 <7 < /¢; and 1 < j < m. Note that f contracts all the CA'U
with 7 > 2, and sends each C’i,l isomorphically to C,, _g,; in particular, f yields a bijection from
{CA'M, cel, CA’ghl} to the set of T-stable curves through wix1 in X (wq). Also, every minimal family
on X () contains some CA’M, as follows from Borel’s fixed point theorem.

We now assume that X () is smooth; equivalently, X (w;) is smooth for i = 1,...,m. Then
each éw is an embedded free rational curve (Lemma 2.5). Let I = K; ; be the family of rational
curves on X (w) that contains CA'm; then K is covering in view of Lemma 2.4. If j > 2 then by
Lemma 2.8, there exists a unique covering family £ of rational curves on ¥ := X (wa, ..., W)
such that Kz = Ly, where §j denotes the base point of Y'; the above isomorphism is T-equivariant,
where the T-action on Y is twisted by wy. Arguing by induction on m, we may thus reduce to
the case where j = 1.

Assume in addition that G is simply-laced and wy, .. ., wy,, are minuscule; then each X (w;) is
a smooth Schubert variety in the minuscule homogeneous space G/P"¢, and hence is a minuscule
homogeneous space as well (see [BP99, Proposition 3.3]). By combining Lemma 2.6, Remark 2.7
and Proposition 3.3, we obtain two P, z-equivariant rational maps

Tt g ——» L(w)’wl‘a f* B E(wl)wlxl? (16)

where L(w) is a family of lines in X (w), and L£(wy) the family of all lines in X (w).
We may now obtain a qualitative analogue of the description of minimal families in minuscule
varieties (Proposition 3.3 and Remark 3.4).

PROPOSITION 4.7. Assume that G is simply-laced. Let w € W be a minuscule element, and W =
(w1, ...,wy) a good generalized reduced decomposition of w, where wi,...,wy,, are minuscule
and X (w1),..., X (wy,) are smooth. Let K be a minimal family on X ().

(i) The subfamily K; consists of embedded free curves.
(i)

(iii) The subfamily Kz is a minuscule homogeneous space.

(iv) The tangent map (6) yields an immersion of Kz into P(T3X (1)).

The rational maps (16) are immersions.

Proof. (i) By Lemma 2.5, every curve in C; is free. Also, recall that being embedded is an open
property, invariant under the T-action. Since every T-fixed curve in IC; is embedded, this yields
the assertion.
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(ii) In view of Lemma 2.6, f. is defined at any T-fixed point, and hence everywhere by the
above argument. Also, CA’M is the unique T-fixed point of its fiber under f,. By arguing as in the
proof of Theorem 4.3, it follows that this fiber consists of a unique point. Thus, all the fibers of
f* are finite by upper semi-continuity of the dimensions of fibers. So f* is a finite morphism.

Viewing 7 as a morphism to G/P and adapting the arguments of the above paragraph, we
see that 7, is a finite morphism as well. Its image is contained in the variety L., of lines in G/P
through wz, which is a minuscule homogeneous space under wLw ™! (Remark 3.4). We now use
the equivariance of 7, under P, 3 = Py e = Py N wPw™', and hence under wBrw™!, a Borel
subgroup of wLw™!. The image of 7, is a Schubert subvariety of £, with respect to this Borel
subgroup. By arguing as in the proof of Proposition 3.7, it follows that 7, is an immersion.
Likewise, f* is an immersion as well.

(iii) Consider the universal family p: U — K. Then U; is smooth by (i) and Lemma 2.5.
Using (i) again and Lemma 2.1, it follows that KC; is smooth as well. So C; is isomorphic to a
smooth Schubert variety in the minuscule homogeneous space L,,;. This implies the statement
in view of [BP99, Proposition 3.3].

(iv) By (i) and (8), we have a commutative diagram

K P(T3 X (1))

| | o5

LW0)we — P(TypeX (w))

where the horizontal arrows are the tangent maps. Moreover, 7, is an immersion, d7; is an
isomorphism, and the bottom horizontal arrow is an immersion as well by Proposition 3.3. This
yields the assertion. O

Next, we obtain a more quantitative version of Proposition 4.7 under additional assumptions.
We will need the following observation.

LEMMA 4.8. If X (w) is smooth, then Gy, C P,,.

Proof. By [BP99, Proposition 3.3] and the smoothness assumption, X (w) is a unique orbit of
P,. Since z € X(w), it follows that X(w) = Pyx. Thus, we have w = uv for some u € Wy,
and v € Wyw. Using a reduced decomposition of w and the fact that w € W!", it follows that
w € Wi, . Therefore, Supp(w) C I,,. This completes the proof. O

Since X (w;) is smooth, we have G, C P,, by the above lemma. In view of (15), it follows
that G, is a subgroup of P, N Gy; also, f: X () — X (w;) is clearly equivariant under this
subgroup, and sends & to wixi. Thus, we have the inclusion of stabilizers

Gwl,;% C Gwl,wwr (17)

Moreover, Gu, & = Gy, N PY, = Gy, NwPYw™! is the intersection of two parabolic subgroups
of G, ; both contain 77 := T'N G, as a maximal torus. By Lemma 4.6, it follows that G, ; is
smooth, connected, and admits a Levi subgroup containing 77; all these properties also hold for
G, wnzi - We may now state our result.
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PROPOSITION 4.9. Let G be a simply-laced semi-simple algebraic group, w € W a minuscule
element, and w = (w1, ...,wy) a good generalized reduced decomposition of w. Assume that
W1, ..., Wy are minuscule, X (w1),..., X(wy) are smooth, and the inclusion (17) induces an
equality of Levi subgroups contammg T1 Let K be a family of rational curves on X (w) containing
a T-stable curve C which is not contracted by f. Then every a € S such that w; (o) € R™
satisfies w™(a) € R~ and

ht(—w™ (@) = ht(—wy ! (@)). (18)

Moreover, equality holds for some « as above if and only if K is minimal, and then the morphisms
Ta t Ki = L(W)wa, fr: Ki — L(W1)w, 2, are isomorphisms.

Proof We may choose a reduced decomposition (s1,1,...,51¢,) of wi such that & = 1 1. Then
CfC“ where 1 <17 < /5.

Denote by G1 D T the common Levi subgroup to (P, N Gy, )z and (P, N Gy, )wya, - Since
X (wy) is a minuscule variety under P,,, N Gy, it follows from Proposition 3.3 and Remark 3.4(i)
that L£(w1)w,z, 1S a minuscule homogeneous space under G;. Therefore, the T-stable curves
through w21 in X (w;) form a unique orbit of the Weyl group W7 of (G1,T1). So the same holds
for the T-stable curves CA’M, .. .,CA’gl,l. Since K; is stable under (1, it contains all the latter
curves.

As a consequence, we have

dim(K;) = — K

fw) Cin—2=—-K

X(’II}) ’ 0171 - 2'

We now determine —Kg ;) - C1.1. Note that the morphism 7 : X () — X (i) restricts to an
1s0morph1sm over the open orbit of the minimal parabolic Subgroup P, ( subgroup of P,)
in X (w); in partlcular 7 restricts to an isomorphism from C’l G.T to C’1 1. This yields the

equality — ( ) 01 1= —Kg . C}. By using Lemma 4.1(iii), this yields in turn
dim(KCz) = ht(—w ™ (aV)) — 1.

The rational map f, is Gi-equivariant, and hence dominant as L(w1)w, 2, consists of a unique
orbit of G1. Thus,

dim(KCz) > dim(L(w1)wyay )-
But we obtain
dim (L (w1 )y, ) = ht(—wy (¥)) - 1

by arguing as above with the morphism 7, : X () — X (w1). This yields the inequality (18).
If the family K is minimal, then f, is an immersion (Proposition 4.7). It follows that equality
holds in (18) and f, is surjective. Also, 7, is an immersion (Proposition 4.7 again), and is
birational in view of Remark 2.7; thus, 7, is an isomorphism.
Conversely, assume that equality holds in (18); then the dominant rational map f* is gener-
ically finite. Using G1-equivariance and homogeneity of £(w1)qy,z, once more, it follows that f*
is an isomorphism. In particular, Iz is projective, i.e. K is minimal. ]

The assumptions of the above proposition hold for the generalized Bott—Samelson resolutions
obtained by Perrin’s Construction 1 (see [Per07, §5.4]; these yield all small resolutions of X (w)
in view of [Per07, Corollary 7.9]). More specifically, any such decomposition is good and consists
of minuscule elements by [Per07, § 5.4] again. Also, the inclusion (17) induces an equality of Weyl
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groups relative to 77 (see Proposition 5.13, or [BK19, Theorems 4.1, 4.8 and 4.14]), and hence
of Levi subgroups. Using Proposition 5.7, or [BK19, Propositions 4.7, 4.13 and 4.15], we now
obtain a complete description of minimal families in this setting.

THEOREM 4.10. Let G be a simply-laced semi-simple algebraic group, w € W a minuscule ele-
ment, and W = (wy,...,wy,) a generalized reduced decomposition of w obtained by Perrin’s
Construction 1. Assume that X (wi),..., X (wy,) are smooth, and consider a family K of min-
imal rational curves on X (w). Then there exist an integer 1 <i <m and an isomorphism
X(wi, ooy W) =Y X Z, where Y is a minuscule homogeneous space, such that K; consists
of the lines in Y through y. Here X (w;, . .., wy,) is identified with the fiber at & of the fibration

fi_l : X’(u?) — X’(wl, ...,wi_1), and y denotes the image of & under the projection to Y.

Proof. We argue as in the proofs of Lemma 3.2 and Theorem 4.3. By Borel’s fixed point theorem,
K; contains a T-stable curve, i.e. some curve CA’” If j > 2 then éw is contracted by f. Using
Lemma 2.8, it follows that Kz = L; for a unique minimal family £ on the fiber of f at . As
this fiber is isomorphic to X (wa,...,wy), we conclude by induction on m.

Thus, we may assume that Iz contains a T-stable curve of the form C’“ Also, decomposing
G into a direct product of simple groups yields a decomposition of X (w) into a product of the
associated generalized Bott—Samelson resolutions. So we may further assume that G is simple
by using Lemma 2.3.

By Lemma 5.3, there exists a unique « € .S such that wfl(a) € R™. Using Proposition 4.9, we
obtain that w™'(a) € R~ and ht(—w ™' (a)) = ht(—w; *(a)). If w # w; then we have w; ' (a) >
w~!(a) by Proposition 5.7, which contradicts the above equality of heights. Thus, w = w1; then
X (w) = X (wy) is just a minuscule homogeneous space, and we finish the proof by Proposition 3.3.

O

Remark 4.11. The description of line bundles on Bott—Samelson varieties extends to their gen-
eralized versions obtained by Construction 1 (see [Per07, §6.1]), and Lemma 4.1 can also be
extended to this setting. In particular, X () admits a smallest very ample line bundle, and the
T-stable curves C’Zm are lines in the corresponding projective embedding. In fact, all lines are
obtained by a variant of this construction, as follows from Theorem 4.10.

Also, the canonical class of X (w) is described in combinatorial terms in [Per07, §6.2]. This
yields a formula for the dimension of the family of rational curves on X (w) containing a given
T-stable curve. But we do not know how to deduce the above theorem directly from this formula.

Ezample 4.12. As in Example 3.9, we illustrate the above results in the case where G = SL(4)
and w = s$18352 = $35182. The Schubert variety X (w) admits three generalized Bott—Samelson
desingularizations, displayed in the following commutative diagram,

X(Sla 53, 82) = X(S3a S1, 52)

732 T12
X (s1,5352) X (s3,5152)
i A 32 12 \L A
T 3
X(s1) X(w) X(s3)
147

https://doi.org/10.1112/50010437X20007629 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X20007629

M. BRION AND S. S. KANNAN

where X (s1) ~ P! ~ X(s3) and 71 (respectively 73) is a locally trivial fibration with fiber X (s3s2)
(respectively X (s152)); both fibers are isomorphic to P2. Moreover, X (s1, 83, $2) admits a unique
minimal family, consisting of the fibers of the natural morphism X (s1,83,82) — X (s1,83) ~
P! x P'. Likewise, X (s1,s352) (respectively X (s3, s152)) admits a unique minimal family, con-
sisting of the lines in the fibers of 7; (respectively 7r3). The two latter minimal families are sent
isomorphically to the two families of lines in X (w).

In geometric terms, 732 (respectively 712) is the blowing-up of X (w) along its Weil divisor
X (s3s2) (respectively X (s1s2)), and the composition m = @39 0 32 = 12 © 712 is the blowing-up
at the singular point z. The above diagram gives back the Atiyah flop (see [Ati58]).

5. Some combinatorial results on generalized Bott—Samelson varieties

5.1 A sequence of roots
Throughout this section, we consider a simple, simply-laced and simply-connected algebraic
group G, a minuscule parabolic subgroup P = Py = P®, and a Weyl group element w € W7,

We identify roots and coroots via a W-invariant scalar product (,). For any v € W, we set
Rt (v) :=={y € R" | v(y) € R }; then |[RT(v)| = £(v).

Let @ = (w1, wa, ..., wy) be a generalized reduced decomposition of w obtained by Con-
struction 1 of [Per05, § 5.4]. Choose a reduced decomposition w = (sg,,...,sg.) of w that refines
the above generalized reduced decomposition. We will freely use the associated quiver @Q,,, as
defined in [Per05, §§2.1 and 4.2]. In particular, this quiver has vertices 1,...,r, colored by sim-
ple roots via the map [ :j+— (. The set of peaks Peaks(Qy) is equipped with an ordering
i1 =19 = ... =X i,, that defines the above generalized reduced decomposition. We illustrate this
on two examples which will be reconsidered repeatedly.

Ezample 5.1. Let G = SL5 (a simple group of type Ay) and P = P*2. Then X = G/P is the
Grassmannian G(2,5). Take

W = $2515483S59

so that X (w) is the Schubert divisor in X. We have Peaks(Q.) = {1,3} and 3(Peaks(Qu)) =
{ag, as}. The generalized reduced decomposition associated with the standard ordering ag < ay
of Peaks(Qy,) has w1 = s2s1 and we = s4832. For the reverse ordering, ay <’ aa, we have w} = s4
and w) = $9515352.

Ezample 5.2. Let G = SLg (type Ag) and P = P*; then X = G/P = G(4,9). Take
W = $3825155545352565554535857565554,

then X (w) has dimension 16. We have Peaks(Q,,) = {1, 4,12} and 3(Peaks(Q.)) = {as, a5, as}.
The standard ordering as < as =< ag of Peaks(Q,) has w; = s3s251, wa = $554535256555453,
and ws = sgs7S6S554. For the ordering ag =" a3z <’ a5, we have w] = sg, wh = s3s2s1, and
W = S5545352565554535756S554.

LEMMA 5.3. With the above notation, we have R*(w; ') NS = {31}
Proof. By [Per(07, Proposition 5.13], Q,, has only one peak, namely, i;. On the other hand, we

have B(Peaks(Q.,)) = R (w;') N S. This yields the assertion. O
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By construction, there exists an increasing sequence I =1 <ly <lz < - <lpmy1 =1 of
positive integers such that w; = 53, 5By, and w; = SBi1 " 8B, for all 2 < j < m.

Let v; :=sg,53, ,---5p, (1 <4 <r). Let 75 :=v;(f1) (1 <7 <r); then ~; is a negative root.
In the rest of this subsection, we prove the following.

PROPOSITION 5.4. ;41 < forall1 <i<r—1.
We first obtain two preliminary results.

LEMMA 5.5. Let v € R™. Let v € W be a minimal element such that v(y) = ag, the highest
root. Then for any u € Rt (v), we have {(u,7) = —1.

Proof. By induction on £(v). If £(v) = 1, then we have v = s; for some i and v = s;() = g — a4,

since G is simply-laced. So, {(a;,7) = —1.
Assume that (v) > 2. Choose an integer ¢ such that ¢(vs;) = £(v) — 1. Since v is minimal such
that v(y) = ap, we have (a;,y) = —1. On the other hand by induction, for any p € R*(v) \ {«a;},
U

we have (u,7) = (si(n), si(7)) = —1.

LEMMA 5.6. For any p € R*(w™1), we have (u, 1) > 0.

Proof. We have —w~!(u), —w™1(B1) € RT(w), and hence, a < —w™(p) and a < —w™1(B).
Now, if (u,31) < —1, then pu+ 31 is a root and (wa, —w (i + B1)) > (w4, 2a) = 2, contra-
dicting the fact that w,, is minuscule. Thus, we have (u, 51) > 0. O

We may now prove Proposition 5.4.

Proof of Proposition 5.4. Let v €W be a minimal element such that v(8;) = ap. Then
RY(w™) N R*(v) = 0 by Lemmas 5.5 and 5.6. Therefore, we have ¢(w™tv~!) = f(w) + £(v). In
particular, we have £(v;v~!) = £(v) + 4 for all 1 < i < r. Therefore, (v;o™')"!(Bi11) is a positive
root. Since «g is dominant, we have

(viv™ (o), Bir1) = (a0, (vv™!) " (Bit)) 2 0.
Therefore, for all 1 < i <r — 1, we have
Yit1 = vis1(B1) = vig1v” Hag) = viv~ Hag) — (viv (o), Biv1)Bir1 < viv o) = i

This completes the proof. O

5.2 Root inequality
We keep the notation of §5.1, and prove the following.

PROPOSITION 5.7. Assume that w # wi. Then we have wi*(31) > w™'(31).

Ezample 5.8. With the notation of Example 5.1, we have w; *(az) = —a1 — ag and w™ ! (ag) =
—aj — ag — a3. Therefore, we have indeed w;'(ag) > w™(az). Also, (w})™'(as) = —ay and
wl(ay) = —ag — a3z — ay, so that (w}) " (ay) > w™(ay).
In the setting of Example 5.2, we obtain w; '(a3) = —a1 —ag — ag > — Z?:l a; = w1 (ag)
and (w)) " H(ag) = —ag > — 3%, @i = w(ag).
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Proof of Proposition 5.7. We begin the proof with a preliminary result. O
LEMMA 5.9. We have Supp(w;) = Supp(w; ' (51)).

Proof. Recall that v; = sg, ---sg,. Let [ = I3, then vfl = wy. Thus, it suffices to show that
Supp(v;) = Supp(v;(51)) for all 1 <4 <. As the inclusion Supp(v;(1)) C Supp(v;) is obvious,
it suffices in turn to prove the opposite inclusion.

We argue by induction on i, 1 <4 <[.Ifi = 1, then Supp(v1) = {81} = Supp(v1(51)). Let 1 <
i <1 — 1. By induction, we may assume that Supp(v;) = Supp(v;(f1)) forall 1 < j <i. Ifsg, <
v;, we are done by Proposition 5.4. Otherwise, vit1(51) = vi(81) — (vi(B1), Bi+1)Bit1. Since
Rt (wi)NS = {6} and sg,,, £ v;, we have (v;(B1),Bi+1) > 0. Further, if (v;(31), Bit1) =0,
then we have sg, ,v; = v;sg, . Hence, vi+1(Bi+1) is a negative root. As a consequence, we have
Bix1 € RT (wfl) N S, forcing B;+1 = B1. This contradicts the fact that sg,, % v;. Hence, we have

(vi(B1), Bix1) > 1. Thus, we obtain Supp(viy1) = Supp(vit1(61))- U

We may now prove Proposition 5.7. Since R (w) NS = {a}, there is an integer 2 <t <m
such that wy does not commute with w;. Let 2 < tg < m be the least integer such that w; does
not commute with wy,.

Let s = {4, + 1 and e = {4, 11. Then we have wy, = sg,53,,, - - - 53,. By [Per07, Definition 2.3]
and [Per07, Definition 4.4(i)], it follows that for any ¢ < s, (;, 8s) # 0 implies 7 < s. This is a
contradiction to s being a peak. Therefore, we have (f3;, 35) = 0 for all ¢ < s. So sg, commutes
with w; for all 1 <14 <ty — 1. In particular, sg, commutes with w;.

Let s +1 <k < e be the least integer such that sg,_ does not commute with w;. Since B,
commutes with w; for all s < j < k — 1 and since any two reduced decompositions of w differ only
by commuting relations (see [Ste01, Proposition 2.1]), s, commutes with sg, for all 1 < f <1
and for all s < j <k — 1. In particular, we have sg, £ w;. Since w; commutes with w; for all 2 <
i <tp—1,and sg; commutes with v; = wy ! forall s < j <k — 1, we have v, (B1) = s, (w; * (B1)).

On the other hand, we have

ok (61) =

B (wy
By Lemma 5.9, we have Supp(w )
k) >

sp, % w1, we have (w;(41), B
we have w™1(51) < vp(B1). So, we

YB1) = wi(B1) — (wi—1(B1), Br) Br.-

= upp(w1 (B1)). Since sg, does not commute with wy, and
1. Thus, we have v, (61) < wy *(61). By Proposition 5.4 again,
are done.

5.3 Equality of Weyl groups
We still keep the notation of §5.1, and recall from Lemma 5.3 that Rt (w;) NS = {B;}. Also,
note that we have
Peaks(Qy) = {1,lo + 1,ls+1,...,ln + 1}.

By Construction 1, we have Peaks(Q.) N Qw({l; +1}) = {l; + 1}. On the other hand, we have
B(Peaks(Qy)) = RT(w=!) N S. Thus, we have R*(wj_l) NS = {041} Let w' := wow3---wpy,
AsPeaks(Qu) = {lo + 1,13+ 1,... Ly + 1}, we have RT((w')™1) NS = {Biya1, Bist1s -+ Bii1}-

Let T, be the neutral component of 7T'N G,,. Note that T}, is a maximal torus of G,.
Further, we have an isomorphism of Weyl groups W (G, , T, ) = W (Lsgupp(w,)> T')- This identifies
W (G, , Tw, ) with a subgroup of W.

LEMMA 5.10. For any u € W (G, , Tw, ), we have (uw') = £(u) + £(w’).
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Proof. Since £(v) = |R*(v)] for all v € W, it suffices to show that RT((w’)~1) N R*(u) = 0.

Let vy € RT((w')™1). Since RT ((w') ™) NS = {Biy41, Big+1, - - - 31, +1}, there exists an integer
2 < j < msuch that 3,1 < 7. By [Per07, Definition 2.3] and [Per07, Definition 4.4(i)], it follows
that if there is an integer 1 < f < Iy such that (8y, 5;,41) # 0, then we have f < 1+ 1;. This is a
contradiction to 1 + [; being a peak of Q,,. Therefore, 8141, commutes with g, foralll < f <.
In particular, we have £, 41 ¢ Supp(wi), and s,(8;,+1) = B;+1 for all u € Supp(wy). Further,
since u € W (G, , Tw, ), we have Supp(u) C Supp(w1). Therefore, we have u(8, 1) = 8,11 In
particular, the coefficient of 3,1 in the expression of u(7y) is equal to the coefficient of Bi;+1 in
the expression of v, and it is positive since 5,11 < 7.

Thus, we have v ¢ R*(u) as desired. O

Ezample 5.11. With the notation of Example 5.1, the standard ordering of Peaks(Q,,) has w; =
s951 and w' = wo = s48352. Note that RT((w')™!) C {8 € R" | ay < B} and s4 £ wy. Therefore,
for any u € W(Gy,, Tw, ), we have indeed ¢(uw’) = £(u) + £(w").

For the reverse ordering of Peaks(Q,,), we have w| = s4, and w’ = w) = s9515352. Clearly,
for any u € W(Gyy, T,y ), we have again {(uw’) = £(u) + £(w").

Example 5.12. In the setting of Example 5.2, for the standard ordering as =< as < ag of
Peaks(Qy), we have w; = s3s981 and w' = $5548352565554535857565554. As a consequence,
R ((w")™Y) c {Blas < B} U {as}. So, for any u € W (G, , T, ), we obtain £(uw') = £(u) + £(w')
as asserted.

For the ordering ag =" a3 <’ a5, we have w] = sg and w' = $3525155545352565554535756S554.
It readily follows that £(uw’) = £(u) + £(w') for any u € W (G, T )-

PROPOSITION 5.13. We have W (G, 2, Tu,) = W(Guwy wiz1s Lw, )-
Proof. Since f : X () — X (w1) is Gy, -equivariant and () = wyz;, we have
W(Guw, 2, Tw,) C W(Guwywiz1> T )-
Also, since 7 : X () — X (w) is a local isomorphism at & and 7#(%) = wz, we have
W(Gy, 5 Tw) = W(Guwy we, T )-
Therefore, it suffices to prove that
W(Guwywiz1s Tw) € WI(Guwy wa> Ty )-

Let v € W(Gw, wia1> Tw,)- Then vwizy = wix; and hence there exists 7€ W(P“,T) such
that vw; = wy7. Thus, we have w; <wvw; in W(Gy,,Tw,). Note that both v and w; are
in W(Guyy,,Tw,). Therefore, by Lemma 5.10, we have {(vwiw’) = £(vwy) + £(w'). So, we have
w = ww < vwiw =vw. Since w € W, it follows that w <o’ in W/, where v/ denotes the
minimal representative of vw in WY,

On the other hand, we have G,, C G, N P,,. Therefore, v € W (G, N Py, T),). Thus, we have
vX (w) = X (w). Therefore, vw is in a coset uW; with u € W such that v < w. In particular,
we have v/ < w in W/. Thus, we obtain v/ = w. Therefore, we have vwz = wz as desired. O

151

https://doi.org/10.1112/50010437X20007629 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X20007629

M. BRION AND S. S. KANNAN

ACKNOWLEDGEMENTS

We thank Jaehyun Hong for helpful email exchanges, and the referee for a careful reading and
valuable corrections. Special thanks are due to Nicolas Perrin for his insightful comments and
suggestions; as mentioned above, he first obtained uniform proofs of two key combinatorial

results, and the proofs presented here are partly based on his arguments. The second-named

author would like to thank the Institut Fourier for the hospitality during his stay. He also thanks

the Infosys Foundation for the partial financial support.

REFERENCES

Ati58

Bor91

Bou08
BF15

BK19

BP99

BSU13

CKP15

CC98

Deb01
DMO91

Ful98
Fwo4

HL93

Honlb

HK19

HM13

Hum?72

Hwal4

M. F. Atiyah, On analytic surfaces with double points, Proc. R. Soc. Lond. Ser. A 247 (1958),
237-244.

A. Borel, Linear algebraic groups, second enlarged edition, Graduate Texts in Mathematics,
vol. 26 (Springer, 1991).

N. Bourbaki, Lie groups and Lie algebras: Chapters 4—6 (Springer, 2008).

M. Brion and B. Fu, Minimal rational curves on wonderful group compactifications, J. Ec.
polytech. Math. 2 (2015), 153-170.

M. Brion and S. S. Kannan, Some combinatorial aspects of generalised Bott-Samelson varieties,
Preprint (2019), arXiv:1910.06208.

M. Brion and P. Polo, Generic singularities of certain Schubert varieties, Math. Z. 231 (1999),
301-324.

M. Brion, P. Samuel and V. Uma, Lectures on the structure of algebraic groups and
geometric applications (Hindustan Book Agency, New Dehli, 2013), https://www-fourier.
univ-grenoble-alpes.fr/mbrion/chennai.pdf.

B. N. Chary, S. S. Kannan and A. J. Parameswaran, Automorphism group of a Bott-Samelson-
Demazure-Hansen variety, Transform. Groups 20 (2015), 665-698.

A. Cohen and B. Cooperstein, Line incidence systems from projective varieties, Proc. Amer.
Math. Soc. 126 (1998), 2095-2102.

O. Debarre, Higher-dimensional algebraic geometry, Universitext (Springer, 2001).

F. Digne and J. Michel, Representations of finite groups of Lie type (Cambridge University
Press, 1991).

W. Fulton, Intersection theory, Ergebnisse der Mathematik, vol. 2 (Springer, 1998).

W. Fulton and C. Woodward, On the quantum product of Schubert classes, J. Algebraic Geom.
13 (2004), 641-661.

W. Haboush, N. Lauritzen, Varieties of unseparated flags, in Linear algebraic groups and their
representations, Contemporary Mathematics, vol. 153 (American Mathematical Society, 1993),
35-57.

J. Hong, Classification of smooth Schubert varieties in the symplectic Grassmannians, J. Korean
Math. Soc. 52 (2015), 1109-1122.

J. Hong and M. Kwon, Rigidity of smooth Schubert varieties in a rational homogeneous manifold
associated to a short root, Preprint (2019), arXiv:1907.09694.

J. Hong and N. Mok, Characterization of smooth Schubert varieties in rational homogeneous

manifolds of Picard number 1, J. Algebraic Geom. 22 (2013), 333-362.

J. E. Humphreys, Introduction to Lie algebras and representation theory, Graduate Texts in
Mathematics, vol. 9 (Springer, 1972).

J.-M. Hwang, Mori geometry meets Cartan geometry: varieties of minimal rational tangents, in
Proceedings of the International Congress of Mathematicians, Seoul 2014, vol. I (Kyung Moon
SA, Seoul, 2014), 369-394.

152

https://doi.org/10.1112/50010437X20007629 Published online by Cambridge University Press


https://arxiv.org/abs/1910.06208
https://www-fourier.univ-grenoble-alpes.fr/ mbrion/chennai.pdf
https://www-fourier.univ-grenoble-alpes.fr/ mbrion/chennai.pdf
https://arxiv.org/abs/1907.09694
https://doi.org/10.1112/S0010437X20007629

HMO02

Jan03

Keb02
KR17

Kol99

LMO03

LT04

MFK93

Per05
Per07

Per09
SV94

SV95

Ste01
Str02
Zel83

MINIMAL RATIONAL CURVES ON GENERALIZED BOTT—SAMELSON VARIETIES

J.-M. Hwang and N. Mok, Deformation rigidity of the rational homogeneous space associated
to a long simple root, Ann. Sci. Ec. Norm. Supér. (4) 35 (2002), 173-184.

J. C. Jantzen, Representations of algebraic groups, second edition, Mathematical Surveys and
Monographs, vol. 107 (American Mathematical Society, Providence, RI, 2003).

S. Kebekus, Families of singular rational curves, J. Algebraic Geom. 11 (2002), 245-256.

M. Kerr and C. Robles, Classification of smooth horizontal Schubert varieties, Eur. J. Math.
3 (2017), 289-310.

J. Kollar, Rational curves on algebraic varieties, Ergebnisse der Mathematik, vol. 32 (Springer,
Berlin, 1999).

J. Landsberg and L. Manivel, On the projective geometry of rational homogeneous varieties,
Comment. Math. Helv. 78 (2003), 65-100.

N. Lauritzen and J. F. Thomsen, Line bundles on Bott—Samelson varieties, J. Algebraic Geom.
13 (2004), 461-473.

D. Mumford, J. Fogarty and F. Kirwan, Geometric invariant theory, Ergebnisse der Mathematik
und ihrer Grenzgebiete, vol. 34 (Springer, 1993).

N. Perrin, Rational curves on minuscule Schubert varieties, J. Algebra 294 (2005), 431-462.

N. Perrin, Small resolutions of minuscule Schubert varieties, Compos. Math. 143 (2007),
1255-1312.

N. Perrin, Gorenstein locus of minuscule Schubert varieties, Adv. Math. 220 (2009), 505-522.

P. Sankaran and P. Vanchinathan, Small resolutions of Schubert varieties in symplectic and
orthogonal Grassmannians, Publ. Res. Inst. Math. Sci. 30 (1994), 443-458.

P. Sankaran and P. Vanchinathan, Small resolutions of Schubert varieties and Kazhdan—Lusztig
polynomials, Publ. Res. Inst. Math. Sci. 31 (1995), 465-480.

J. R. Stembridge, Minuscule elements of Weyl groups, J. Algebra 235 (2001), 722-745.
E. Strickland, Lines in G/P, Math. Z. 242 (2002), 227-240.

A. Zelevinsky, Small resolutions of singularities of Schubert wvarieties, Funct. Anal. Appl.
17 (1983), 75-77.

Michel Brion Michel.Brion@univ-grenoble-alpes.fr
Université Grenoble Alpes, 100 rue des Mathématiques, 38610 Gieres, France

S. Senthamarai Kannan kannan©cmi.ac.in
Chennai Mathematical Institute, H1, SIPCOT IT Park, Siruseri, Kelambakkam 603103, India

153

https://doi.org/10.1112/50010437X20007629 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X20007629

	1 Introduction
	1.1 Notation and conventions

	2 Rational curves on almost homogeneous varieties
	2.1 Spaces of rational curves
	2.2 Families of rational curves
	2.3 Almost homogeneous varieties

	3 Minimal rational curves on flag varieties
	3.1 Flag varieties
	3.2 Schubert varieties
	3.3 Lines on flag varieties
	3.4 Lines on Schubert varieties

	4 Generalized Bott–Samelson varieties
	4.1 Bott–Samelson desingularizations
	4.2 Their generalizations à la Perrin
	4.3 Structure of minimal families

	5 Some combinatorial results on generalized Bott–Samelson varieties
	5.1 A sequence of roots
	5.2 Root inequality
	5.3 Equality of Weyl groups

	Acknowledgements
	References

