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1. Introduction

Let k£ be a number field and A be the ring of adeles of k. Let O,, be the orthogonal
group associated to a non-degenerate quadratic k-vector space X of dimension m. Let x
be a quadratic character of A*/k*. By means of the spinor norm, one may view x as an
automorphic character of O,,(A). We denote by A°(O,,, /k) the set of irreducible cuspidal
automorphic representations of O,,(A), which occur as irreducible subspaces in the space
of cuspidal automorphic functions on O,,(A). For any o € A°(O,, /k), we study in this
paper the location of poles of the partial twisted standard L-functions L (s, 0 ®x), where
S is a finite set of local places of k including all archimedean local places.

By the doubling method of Piatetski-Shapiro and Rallis [5, Part I], the partial twisted
standard L-function L®(s, o ®) has at most simple poles at Re(s) > %, and the possible
poles may occur at s = %m —J > 015,17]. Tt is a program of Kudla and Rallis to
determine the location of the poles of L°(s,0 ® x) in terms of the non-vanishing of the
relevant theta liftings via the regularized Siegel-Weil formula [18,25].
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We recall some basic facts from the theory of the theta correspondence. Let Spy; be
the symplectic group of k-rank [. Then (O,y,, Spy;) forms a reductive dual pair in Spy;,,,
in the sense of Howe [9]. We denote by Mpy,(A) the metaplectic double cover %QZ(A)
of Spy;(A) if m = 2n + 1 or the A-rational points Spy;(A) of Spy; if m = 2n. For a non-
trivial character ¢ of A/k, there exists the Weil representation wy, of %le(AL which
is realized in the Schrédinger model S(A™), where S(A™) is the space of C-valued
Schwartz—Bruhat functions on A™!.

For ¢ € S(A™), we form the theta function

Opp() = D wyl@)(p)(E),

gekmt

on /S‘I/)QWZ(A). There is a natural homomorphism
Oum(A) X Mpyy(A) = Spa,y(A)

with the kernel Cp = {£1}, and the centre of O,,(A) diagonally embedded. We pull the
Weil representation wy, back to Oy, (A) X Mpy; (A). The details may be found in [15], for
instance.

For a o € A°(O,, /k), the integral

0 (g b ) = / 6o (1)05(g. 1) . (L.1)
Om (k)\ Om (A)

with ¢, € V,, defines an automorphic function on Mp,;(A). We denote by Gi,l,m (o) the
space of the automorphic representation generated by all 92{m(g; oy ), as @ and ¢,
vary, and call 93} m(0) the y-theta lifting of o to Mpy, (A).

A basic problem in the theory of the theta correspondence is to determine when the
1-theta lifting 921 m(0) is non-zero. By the Rallis theta tower property [24], if for any
I <lp, the ¢- theta lifting of o, 92l1 1. (o) to Mpy;, (A) is zero, then the y-theta lifting of o,
9210 » (o) is a cuspidal autornorphlc reprebentatlon of Mpy, (A); and if Qilf;n(a) is non-zero
and cuspidal, then for any ls > [y, the space 0 > (o) consists of automorphic functions
on Mpy,, (A), which are no longer cuspidal. In fact by the work of Moeglin [20,21], one
knows that they are orthogonal to the space of cuspidal automorphic forms on Mpy,, (A).
In this case, the integer [ is called the first occurrence of o in the Witt tower of Mp,,; (A),
and is denoted by FOy (o) := 2ly. Furthermore, for a given o € A°(O,, /k), it is proved
in [24] that the first occurrence FO, (o) is a positive integer, which is at most 2m.
It is interesting and important to characterize the first occurrence FOy (o) in terms of
basic properties of o. We remark that for any o € A°(O,,/k), if the first occurrence
FOy (o) = 2ly, then the t-theta lifting of o, 0210 ?,(0) is a non-zero irreducible cuspidal
automorphic representation of Mpy; (A). ThlS is proved in [21] when m is even and
in [15] when m is odd.

The same problem for the first occurrence can be formulated for irreducible cuspidal
automorphic representations of Mpy, (A).

In [18], Kudla and Rallis illustrated their theory for the symplectic groups Spy,;. It is
clear that their arguments work for O,,, and for Mpy; provided that the relevant theories
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for O,,, and for Mp,, are established, respectively. In this paper, we prove the following
orthogonal group analogue of Theorem 7.2.5 of [18] as a consequence of one of the main
results of this paper (Theorem 1.3).

Note that because of the disconnectedness of O,,, there are automorphic sign characters
of O (A) which are trivial on O,,(k). Such characters can be constructed as follows.
Consider the adelic group of the group Zs := {£1} and consider any character € of Zs(A)
which takes the value 1 at all local places v of k, except an even number of local places,
where it takes value —1. such characters of Zs(A) induce automorphic sign characters
of O, (A). For any automorphic sign character € and any o € A°(O,,/k), L(s,0,) =
L%(s,0, ® €,), for all places v. On the other hand, ¢ and ¢ ® € may have different first
occurrences when they are lifted by t-theta correspondence to the tower Mpy,;(A).

It is natural to introduce the notion of the lowest occurrence LO, (o) of o, with respect
to all twists by automorphic sign characters of O, (A), in the tower Mpy,;(A) via 1-theta
correspondence. We define it by

LOy(o) := mein{FO,p(U@)e)}, (1.2)

where e runs through all automorphic sign characters of O,,(A).

We prove the following theorem, which is the orthogonal group analogue of Theo-
rem 7.2.5 of [18]. Here, as pointed to us by Moeglin, the choice of a twist by a sign
character is analogous to the choice of a Hasse invariant in Theorem 7.2.5 of [18].

Theorem 1.1. Let O,, be the orthogonal group attached to a quadratic k-vector space
of dimension m, and let x be a quadratic character of k*\A* and o € A°(O,, /k).

(1) If the partial L-function L (s, o ® x) has a pole at s = 3m — j > 0, or if m is odd
and the partial L-function L°(s,0 ® x) does not vanish at s = %, ie. j= 2[%m],

then there is an automorphic sign character € of O,,(A), such that the 1-theta

lifting of (0 @ x) ® € to Mpy;(A), does not vanish, that is, LOy (0 ® x) < 2j.

(2) If the lowest occurrence of c®x, LOy (0 ®x) is 2jo < m, then the partial L-function
L%(s,0 ® x) is holomorphic for Re(s) > $m — jo.

(3) If (in (2)) 2jo = m, then the partial L-function L(s,0 ® x) is holomorphic for
Re(s) > 3.

This theorem will be proved in §4, by using Theorem 3.1, which is a preliminary
step towards the main theorem in this paper (Theorem 1.3 below). We remark that in
Theorem 1.1(2), it is not known if the partial L-function L°(s,o ® x) has a pole at
§ =859 = %m — jo. We state it as a conjecture.

Conjecture 1.2. Let O,, be the orthogonal group attached to a quadratic k-vector
space of dimension m, and let x be a quadratic character of k*\A* and o € A°(O,, /k).
The partial L-function L°(s,0 ® x) has a pole at so = %m — jo > 0 and is holomorphic
for Re(s) > sp, or LS(%,U ® x) # 0 when m = 2n + 1 and jo = n, if and only if the
lowest occurrence LOy (0 ® x) = 2jo.
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It is clear that new ideas are needed in order to determine the intrinsic relation between
the precise location of the possible poles of L (s, ®x) and the first occurrence of o ® x,
FOy (o ® x), or more naturally, the lowest occurrence LOy (0 ® x) as defined in (1.2).

It was Moeglin’s idea [20,21] to replace the partial L-function L%(s,o ® x) by the
Eisenstein series E(g; ¢ogy;S) o Opi2(A) attached to the cuspidal datum (@1, x ® o),
where the Levi part of 1 is GL; X O,,. The precise definition of E(g; ¢rgy,s) is given
in §§2 and 4. The key point in using this Eisenstein series is that the constant term of
E(g; ooy, ) along the maximal parabolic subgroup Q) is closely related to L (s, o ® ).
We refer to §§2 and 4 for more detailed discussion.

We denote by P(c®x, Q1) the set of positive poles of the Eisenstein series E(g; oy, S)-
As in [20] and [21], for m even, one can prove that for a given cuspidal datum (Q1, x®0),
if the set P(c ® x, Q1) is non-empty, then the maximal member in the set P(o ® x, Q1)
must be of form %m — 7 > 0. In this case, there is an automorphic sign character €, such
that the ¢-theta lifting of (0 ®x)®e to Mpy;(A) is non-zero. Hence the lowest occurrence
LOy (0 ® x) < 2j.

One of the main results in this paper is to show, that for any orthogonal group O,, and
for any o € A°(O,, /k), if the set P(0 ® x, Q1) is non-empty, then the maximal member
so = $m — jo > 0 yields the exact information on the lowest occurrence LOy (0 ® X).
More precisely, we have the following theorem.

Theorem 1.3. Let O,, be the orthogonal group attached to a quadratic k-vector space
of dimension m, and let x be a quadratic character of k*\A* and o € A°(O,, /k). Assume
that the set P(o ® x, Q1) as defined above is non-empty. Then the maximal member in
P(o ® x,Q1) is of the form sy = %m — jo > 0, where jo is a positive integer, if and only
if the lowest occurrence LOy (0 & x) is 2jo.

This theorem is a combination of Theorem 3.1 and Theorem 5.1, which are proved in § 3
and §6, respectively. Theorem 1.3 will be proved in §5. Theorem 3.1 will be proved by
following the same arguments as in [20] and [21], for m is even. Theorem 5.1 determines
the existence of the pole of E(g; ¢ogy,s) in terms of the first occurrence FOy (0 ® x).

It should be mentioned that Theorem 5.1 contains also a result for sg = %m — 70 <0.
This is new and is a result of the application of the Arthur truncation method in the
content of theta correspondence. More precisely, we apply the Arthur truncation to the
Eisenstein series E(g; ¢ogy,S) and show that if the first occurrence FOy (0 ® x) = 25 <
m, a certain period of the truncation of the Eisenstein series E(g; ¢sgy,s) has a pole at
s = %m — j. In particular, the Eisenstein series E(g; ¢oxy,s) has a pole at s = %m - 7.
When %m — j > 0, we prove that all the integrals are absolutely convergent. However,
when %m — 7 < 0, we impose the condition that 6 < m and %m < j < m—2to avoid the
technical complication of proving absolute convergence of certain integrals in this case.
See Theorem 5.1 and its proof in §6 for details.

Based on this, when %m —j > 0, we apply again the Arthur truncation to the residue
of the Eisenstein series E(g; oy, S) at s = %m— j and show that such periods converges
absolutely and can be expressed in terms of the similar periods of the cuspidal datum
0 ® X (Theorem 6.6). In particular, if the first occurrence FOy (0 ® x) = 2j < m, then

1

the residue at s = m — j of the Eisenstein series E(g; ¢ogy,s) has a non-zero period
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over a certain (smaller) orthogonal group (Theorem 5.3). This is also a new feature that
the Arthur truncation method is applied in the content of theta correspondence.

We prove Theorems 5.1, 5.3 and 6.6 in §6.

In case the Eisenstein series is holomorphic for Re(s) > 0, i.e. the set P(c ® x, Q1) is
empty, we have the following conjecture.

Conjecture 1.4. The set P(o ® x, Q1) is empty if and only if the lowest occurrence
LOy (0 ® x) is equal to 2[2m] + 2.

In one direction, when m = 2n + 1 is odd, if the set P(oc ® x, Q1) is empty, then the
L-function L(s,0 ® x) is holomorphic for Re(s) > % We expect, in this case, that the
lowest occurrence LO, (0 ® x) is equal to 2n if and only if LS(%, o®x) #0.

When O,, is a k-split even orthogonal group and o is an irreducible, automorphic, cusp-
idal representation of SO,,(A), and assumed to be generic, i.e. has a non-zero Whittaker—
Fourier coefficient, it is proved in [6] that L°(s,o ® x) is holomorphic for Re(s) > 1.
Furthermore, it is proved in [6] that L°(s,0 ® x) has a pole at s = 1, if and only if
the first occurrence of o ® x, FOy (0 ® x) is m — 2; otherwise, the first occurrence of
0 ®x, FOy (o ® x) is m. Here, the notion of first occurrence for the pair (SO,y,, Sp,,,)
is defined in the same way. When O,, is a k-split odd orthogonal group and, as above,
o € A°(SO,, /k) is generic, it follows from the Langlands functorial transfer from SO, to
GLy,—1 [4] that L9(s,0 ® x) is holomorphic for Re(s) > 1. It is proved in [14] and [15]
that L%(s,0 @ ¥, %) # 0, if and only if the first occurrence of o ® x, FOy (0 ® x) is
m — 1; otherwise, the first occurrence of o ® x, FOy (0 ® x) is m + 1. In this case, the
non-vanishing of L%(s,0 ® x) at s = % is equivalent to the existence of the pole of
E(g; dooy,s) at s = 3. Hence both Conjectures 1.2 and 1.4 hold for irreducible generic
cuspidal automorphic representations ¢ of k-split orthogonal groups SO,,. See §7 for
more details.

Combining the above results with those in [13], [14] and [15], we can deduce the
following interesting consequences, which may be deduced from the Arthur conjecture (or
Arthur’s Theorem assuming the availability of various types of the fundamental lemmas)
on the basic structures of the discrete spectrum of automorphic forms [3].

Theorem 1.5. Let SO,, be the special orthogonal group attached to a quadratic k-
vector space of dimension m, and let x be a quadratic character of k*\A* and o =
®y0y € A°(SOy, /k). If there is a local place v, such that SO, (k,) is k,-quasi-split and
the v-local component o, is (locally) generic, then the partial L-function L (s,0 ® x) is
holomorphic for Re(s) > sg, where so = 1 if m is even and sy = % if m is odd.

Next, we consider a special case when SO, is the k-split odd orthogonal group (m =
2n + 1), and o is an irreducible, automorphic, cuspidal representation of SOg,,y1(A),
with Bessel model of special type. Recall that the Whittaker—Fourier coefficients are the
Fourier coefficients attached to the regular nilpotent orbit, while the Bessel model of
special type may be viewed as certain Fourier coeflicients attached to the subregular
nilpotent orbit, which have a non-trivial period along a certain subgroup, isomorphic
some SO3. See §7 and [14] for details.
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Theorem 1.6. Let SOs2,41 be the k-split odd special orthogonal group. Assume that
0 = ®yu0oy, € A°(SO2y,41 /k) has a non-zero (global) Bessel model of special type. If there
is a place v, such that the v-local component o, is (locally) generic, then o is nearly
equivalent to an irreducible generic (globally) cuspidal automorphic representation o’ of
SO2p41(A).

We will give the proofs for Theorem 1.5 and Theorem 1.6 in § 7, when v is a finite place
of k. When v is an archimedean place of k, the proofs are similar, and we omit them. We
remark that Theorem 1.6 was proved in [14] with an additional requirement on the place
v. Theorem 7.1 provides a domain of holomorphy of the L-functions in terms of the first
occurrence in the theory of local Howe correspondence. As consequences of Theorem 7.1
and Theorem 1.3, we prove Theorem 1.5 and Theorem 1.6.

We expect that the first occurrence of irreducible admissible representations in the
theory of the local Howe correspondence could be expressed in terms of generalized
Gelfand—Graev models, which are generalizations of the Whittaker models used in The-
orem 1.5; and also the determination of the domain of holomorphy of L-functions could
have a deep impact on the estimate of the Satake parameters at the unramified places.
These topics will be included in our forthcoming work. In connection with the CAP
conjecture [14], the following theorem can be proved as applications of Theorem 3.1
combined with [14] and [15].

Theorem 1.7. Let G be the k-split group SOag,y1. Assume that o € A°(G/k) has a
non-zero Fourier coefficient attached to the subregular nilpotent orbit of the complex Lie
algebra of G. Then the following hold.

1) The partial L-function L°(s,o ® x) is holomorphic for Re(s) > 2, for all quadratic
( 2
characters x of k*\A*.

(2) If the partial L-function L (s,c®Y) has a pole at s = %, for some quadratic charac-
ter x of k*\A*, then o is a CAP representation. More precisely, o is either a CAP
representation with respect to the generic cuspidal datum (Pi;x| - [Y/? ® o0p_1)
where Py is the standard parabolic subgroup, whose Levi part is isomorphic to
GL; x SOs9,,_1, and o,_1 is an irreducible generic cuspidal automorphic represen-
tation of SO, _1(A), or a CAP representation with respect to the generic cuspidal
data

(Praix|- 2@ x| M2 @ on2),

where Py is the standard parabolic subgroup, whose Levi part is isomorphic to
GL1 x GL; x SOs,,_3, X' Is a certain quadratic character attached to the Fourier
coefficient, and o,,_5 is an irreducible generic cuspidal automorphic representation
of SOang(A).

Under the assumption that ¢ has a non-zero Bessel model of special type, Theorem 1.7
was proved in [14] and [15]. We think that the formulation of Theorem 1.7 serves as a
model to understand the CAP conjecture for general cuspidal automorphic representa-
tions of general classical groups. We will give a sketch of the proof in § 7.3. More complete
theory will be included in our forthcoming work [8].
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2. Poles of certain Eisenstein series

Let k be a number field and A be the ring of adeles of k. Let (X, b) be a non-degenerate
quadratic k-vector space of dimension m, where b is the corresponding symmetric form.
Denote its k-Witt index by 7 and hence r € {0,1,...,[2m]}. Without loss of generality,
we assume that m > 2 in this paper.

For any non-negative integer a, denote by

Ho =0 @l (2.1)

the polarization of the 2a-dimensional quadratic k-vector space H,, which is the direct
sum of a-copies of the hyperbolic plane. Then we define

X, =X L (far)). (2.2)

This is a non-degenerate quadratic k-vector space of dimension m + 2a, with k-Witt
index a+1r. Take Q, = M, N, to be the maximal parabolic k-subgroup of the orthogonal
group O(X,), which preserves ¢ ; its Levi subgroup is

M, = GL(£) x O(X) = GLg x O, . (2.3)

The elements of M, will be denoted by m(z, h), with x € GL, and h € O,,.
Let K, =[], Ko, be a (good) maximal compact subgroup of O(X,)(A), such that
the Iwasawa decomposition
O(Xa)(A) = Qa(A)Ka (24)

holds. For instance, K = Oumt2q(Os), the v-integral points of Opyt2q, When O,y,q0, is
k,-split. Then the Langlands decomposition of Oy, 42,(A) is

Om+2a(A) - Na(A)M(}A:K(La (25)

where A, is the (split) centre of M,. The unique reduced root in &+(Q,, A,) can be
identified with the simple root «,. As normalized in [26], we denote

Qq = <anaO‘a>7poa7 (2.6)

where pg, is half of the sum of all positive root in N, and (-, -) is the usual Killing-Cartan
form for the root system of O,;,42,. We let

an, = Homg(X(M,),R),  a}, = X(M,) ®R, (2.7)

where X (M,) denotes the group of all rational characters of M,. Since @, is maximal,
ajy, 1s one-dimensional. We identify C with a}, ¢ via s+ sa,.
Let Hy : My(A) — aps, be the map defined as follows, for any x € aj, ,

Ha (m)(x) = [ ] Ix(ma)lo (2.8)
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for m € M,(A). It follows that H, is trivial on M}. This map H, can be extended as a
function over Oy, 124 (A), via the Iwasawa decomposition or the Langlands decomposition
above. By direct computation, we know that

Ho(m(z,h))(s) = |detzl*,  Ha(m(z,h))(pq,) = |deta| "+ /2 (2.9)

where s € C and m = m(x,h) € M, (A), with € GL,(A) and h € O,,(A).

We denote by A°(O,, /k) the set of irreducible, automorphic, cuspidal representations
of O,,(A), occurring as subspaces in the space of cuspidal automorphic forms on O,,(A).
For o € A°(O,, /k) and a quadratic character x, of A* /k*, we denote by &, , the space
of smooth C-valued functions ¢g,0, on Ng(A)M,(k)\ O(X,)(A) satistying the following
properties:

® (a0 is right K,-finite;
o for any z € GL,(A) and g € O(X,)(A),

¢a;a,x(m(xa IX)g) = X(det ‘T) : |det z|(m+a71)/2 . ¢a;a,x(g);
and

e for any fixed t € K,, and for any h € O,,(A), the function
h = ¢a;or(m(ly, h)t)

is a smooth and right K, N M!-finite vector, in the space V,, of the irreducible, auto-
morphic, cuspidal representation o, realized in the cuspidal spectrum on O, (A)
(in the o-isotypic component of the cuspidal spectrum if there is multiplicity).

For any s € C and @g.0 € Ea;0,y, define

D,(g; ¢a;a,x) = Ha(g)(5)¢a;a,x(g)' (2.10)

It is clear that for g = nm(z, h)t € Qq(A) - K4, we have
P5(9; Pasox) = X(det(x))|det($)|s+((m+a_1)/2)¢a;0,x(m(1aa h)t). (2.11)

Equivalently, one may identify @ (g; ¢a;0,y) as a smooth section of the normalized induced
representation
Omt2aq(A
I(s;.0) = Indg2 ™ (x - |det |* ® o). (2.12)
Attached to such a function @,(g; ¢a:0,y), We define an Eisenstein series, on Op,424(A),
by
E(g; basony: 8) = > P5(79; Pazox)- (2.13)
YEQa (k)\ Om+2a (k)
By the Langlands theory of Eisenstein series [22], this Eisenstein series converges abso-
lutely, for Re(s) > %(m + a — 1), and has a meromorphic continuation to the whole
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s-plane, with finitely many possible poles for Re(s) > 0, which in this case, turn out to
be real.

We denote by P(o @ x,Q.), the set of positive poles of the Eisenstein series
EQa(g; Gaso,x:S), When ¢g.p Tuns in &,y . Hence, if so > 0 is a number in the set
P(o ® X, Qq), there exists a ¢a;0y € Eaio,y such that E%(g; ®aox>S) has a pole at sg;
and if sp > 0 is the maximal number in the set P(o ® x, Qa), then for all ¢a.5,y € Eayoy s
the Eisenstein series E94(g; a.0.y, ) is holomorphic for Re(s) > sq. As in [20] and [21],
we have the following proposition.

Proposition 2.1. Assume that P(oc ® x, Q1) is non-empty, and let sg be its maximum.
Then, for all integers a > 1, s, := 89 + %(a — 1) lies in P(oc ® x, Qa)-

The proof is the same as that in §1.1 of [20]. We omit the details here.

Proposition 2.2. Assume that the partial L-function L°(s,0 ® x) has a pole at s =
so > 0, and is holomorphic for Re(s) > sg. Then, for all integers a > 1, the Eisenstein
series E9*(g; $a;o,y, s) has a pole at s, :=so + 3(a — 1).

Proof. The proof is the same as in §1.2 of [20]. We sketch some details here for com-
pleteness. By the Langlands theory of the constant terms of Eisenstein series, one has
to calculate the constant terms of E%(g; ®a;0,x> ) along various parabolic subgroups of
Oumt2q. As in §1.2 of [20], since s = s¢ is the maximal pole of the partial L-function
L%(s,0 ® ), it is enough to consider the poles of the intertwining operator attached
to the longest Weyl group element w, in @\ Omt24/Qq. By the Gindikin—Karpelevich
formula at unramified finite places, when m is even, the product of partial L-functions
reads

ﬁLS(s—%(a—l)—i-i—l,U@)() H ¢@2s—a+i+j—1)

y " (2.14)
i LG-zle-D+iocey) o C@s—atit))
and when m is odd, it reads
ﬁLS(s—%(a—l)—i-i—l,a@X) H ¢S(2s—a+i+j—1) (2.15)

LS(s—i(a—1)+i,0®%) S(2s—a+i+3j)

i=1 1<i<i<a
Here, ¢¥(s) is the partial Dedekind zeta function of k. After cancellation, when m is

even, it reduces to

LS(s—3a-100x) JIYIc5@s—a+2i) (2.16)
LS(s+ i(a+1),02x) Hzl'l:_[iaJrl)/Q] ¢S(2s—a+2i+1) '
and when m is odd, it reduces to
L5(s = g(a—1),0 ) [IT " ¢5(2s —a + 20 - 1) (2.17)
LS(S+ %(a+ 1)7U®X) H;’l:[a/Z]—i-l CS(257G+2Z) .

https://doi.org/10.1017/51474748009000097 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748009000097

702 D. Ginzburg, D. Jiang and D. Soudry

Now we evaluate the products of partial L-functions at s = s, = so+ % (a—1) and obtain
the following. When m is even, it reads

rese—s, L%(s,0 @ x) TT/7 ¢5(250 — 1+ 2i)

" —; (2.18)
L3(so +a,0 ®x) [Tz (1) /2 €5 (250 + 2i)
and when m is odd, it reads
res,—s, L° (5,0 @ X) HE(:aiH)/?] ¢%(2s0 + 2i — 2) (2.19)

L5(so+ a,0 @ x) Ilizja/z41 6% (250 +2i = 1)

In both cases, the residue ress—g, L3(s,0 ® x) cannot be cancelled by the denominator.
Hence the product of local intertwining operators at finite unramified places has a pole
at s = s, = So + %(a — 1). We remark that since sg is the maximal pole, it cannot
be cancelled by the possible poles from the intertwining operators attached to other
Weyl group elements. Therefore, the constant term of E®e (9; Paso,x, ) has a pole at
5=8,=50+3(a—1). O

Note that by [17], the possible positive poles of the partial L-functions L°(s, o ® x)

are at s = %m — 7 > 0. We want to prove the following proposition.

Proposition 2.3. Let sg be the maximum of P(c ® x,Q1). Then sy must be of form
%m — g, with j = 1,2,..., [%(m — 1)], when O(X) is not k-anisotropic. When O(X) is
k-anisotropic, the Eisenstein series E?1(g; 1.y, $) has a pole at s = %
o Is the composition of x with the spinor norm of O(X).

m, if and only if

This is a consequence of Theorem 3.1 in §3, which will be proved by the generalized
doubling method.

3. Generalized doubling method

We consider the generalized doubling method, for general orthogonal groups O,,, follow-
ing the ideas and arguments of Moeglin in § 2.1 of [20], where the case of even orthogonal
groups is studied. See also §3.1 of [15] for the treatment for the case of %Qj. As a con-
sequence, we prove a stronger result than Proposition 2.3.

Theorem 3.1. Let O,, be the orthogonal group attached to a quadratic k-vector space

of dimension m, and let x be a quadratic character of k*\A*, and o € A°(O,,/k). If

the Eisenstein series E91(g; ¢1.5.y,5) has a pole at s = sg > 0 and is holomorphic for

Re(s) > sq, i.e. sg is the maximum of P(o ® x, 1), then sy = %m — 4, for some integer

j, and there is an automorphic sign character € of O, (A), such that the v-theta lifting

G?pj’m((a ® x) ®€) of (6 ® x) ® € to Mpy;(A) is non-zero, i.e. the lowest occurrence
LOy (0 @ x) < FOu((c ® x) ®€) < 2.

Moreover, we also have 25 > r, where r is the Witt index of the quadratic form b, which
defines O,,,. In particular, if O,, is k-split, then 2j > [%m]
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This theorem was proved by Moeglin in [20], for even orthogonal groups. The proof for
m odd is similar. For completeness, we review the proof, in general, following Moeglin’s
argument. To prove Theorem 3.1, we recall the generalized doubling method. We keep
using the notation introduced in § 2.

Let (X',V) := (X, —b) be the quadratic k-vector space obtained by taking the same
vector space as X, but with the non-degenerate symmetric bilinear form b = —b. Take
W =X L X', the ‘doubled’ k-vector space, and define, for any non-negative integer a,

Wo=X, LX' =W L{fal])=W L H,, (3.1)

where X,, ¢F and H, are given in (2.1) and (2.2). One may call W, the generalized
doubled k-vector space. Define

XA ={(r,+x) eW |z € X} and XDF=X>Faqit (3.2)

Then we have
W=X4"aX% and W,=X>T@Xx5". (3.3)

These are the polarizations of W and W,, with respect to the maximal totally isotropic
subspaces X% and XaA’i7 respectively. In particular, both W and W, are k-split
quadratic k-vector spaces.

Let P, be the maximal parabolic subgroup of O(W,), stabilizing the maximal totally
isotropic subspace X, aA’Jr of W,. Then we write P, = Mp, Up, as the Levi decomposition
of P,, with the Levi part Mp, = GL,,1,. It is clear that the unipotent radical Up, is
abelian. There is a maximal compact subgroup K/, of O(W,)(A) such that

K, N O(X)(A) = K, and  O(W,)(4) = Pa(A)K, (3.4
where K, is the maximal compact subgroup of O(X,)(A), as defined in (2.4). Let
t=11 X t2: 0(X,) x O(X") — O(W,) (3.5)

be the natural embedding according to (3.1).
Replacing o by ¢ ® x, we may assume that y = 1.
As in [20], we denote by Ey, ; the space of automorphic forms f on

Up, (A)Mp, (F)\ O(Wa)(A),

such that
fm(z)g) = |det(2)[38.° (m(x)) £ (9),

where
z 0
= Mp, (A
m() (0 ) € My, (4)
with © € GLy,14(A), g € O(Wo)(A). For f € Ef ; (i.e. s = 0), define

fs(g) = [hp, (9)] - fl9), (3.6)
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where hp, is the same as the function H,, defined in (2.8), replacing the parabolic sub-
group @, there by the parabolic subgroup P, here It is clear that f; defines a section

in the normalized induced representation Indg(x (|det\ . We define the Eisenstein
series attached to fs by
E(g; fo) == > fs(v9). (3.7)
YEPa (K)\ O(Wo)(k)

In [17], the possible positive poles of the Eisenstein series EZ=(g; f,) are proved to be in
the following set

{3(m+a—-1)—j|j=0,1,2,...,[5(m+a)] -1} (3-8)
For any o € A°(O(X)/k), we define, for any ¢, € V,, f € Ef, 5 and g, € O(X,)(A),

the following function

Fonlga) = / £o(t2(9 90))60 (g) dg, (3.9)
O(X)(A)

where fs is given as in (3.6). We have the following results, which extend § 2.1 of [20] to
cover both even and odd orthogonal groups. For Sp,;, it is Proposition 3.3 of [15].

Proposition 3.2. With the notation above, the following hold.
(1) The integral defining f,, s(go) converges absolutely for Re(s) > 2(m +a — 1).

(2) The integral defining f,_ s(9.) has meromorphic continuation to the whole complex
plane C, with possible poles contained in the set of poles of the Eisenstein series
E™(g; (fs)low)a)), which is

where (fs)|ow)a) denotes the restriction of fs to the subgroup O(W)(A).

(3) The function fg, S(ga) is a Ky-finite section in the normalized induced represen-
tation I(s; o) = Ind, (X )(A (|det|®* ® o) of O(X,)(A) as defined in (2.12).

The proof of Proposition 3.2 is exactly the same as in §2.1 of [20], which is for even
orthogonal groups. The same result for é?)gj is in Proposition 3.3 of [15]. We omit the
details here. By using the section f,, s(ga), we define the Eisenstein series E9%(g,; f4, )
as in (2.13). As in Proposition 2.1 of [20] and in Theorem 3.5 in [15], we consider
the maximal parabolic subgroup P, o of O(W,), which stabilizes the maximal totally
isotropic subspace X2~ (see (3.3)). Let 8 be an element in O(W,,) such that

00 Paa - 5_ =P,.
Then as in (3.6) of [15] or in §2.1 of [20] we define

fé/}(g) = fs(50 : g)'
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Then f! is a section in Indgivza)(m (A)(|det xa.- [*), and we have
Ef2(g; f1) = BT (80 - g; f)- (3.10)

We have the following result, the proof of which is the same as in §2 of [20] and §3
of [15], and we will omit the details here.

Proposition 3.3. For any section f/ in Indgyz/&()&)ﬂdet)(f,— |*), and ¢, in the space of

o € A°(O(X,)/k), the following identity holds

/ ET2(u(ga, 9); f) 90 (9) dg = BV (ga; fo,.5)-
O(X) (k) O(X)(4)

The only thing we want to discuss here is that, for a large enough, the section
fe,,s is general enough to detect the poles of the Eisenstein series corresponding to
I(s;0) = Indgg)((g))(mﬂdet |* ® o). This is important for the determination of the possi-
ble poles of the Eisenstein series E%(g,; $ai0,S) in terms of the possible poles of the
degenerate Eisenstein series EX+2(g; f7) or EF«(g; f,). We do this as in §2 of [20].

By (3.9), the integral which defines the section f,;_ s can be viewed as an O(X,)(A)-
intertwining mapping from

Ind (8™ (|det |*) © V,,

to I(s; o), as defined in (2.12). We want to show that this intertwining mapping produces
arbitrary sections in I(s; o). It is clear that one has to prove this for every local place v
of k.

Let P? = Mloga - Up, be the subgroup of the Siegel parabolic subgroup P, = Mp, - Up,,
with MIOJQ = SLta- Let Q¥ = MY - N, be the subgroup of the maximal parabolic sub-
group Qq = M, - N,, defined in (2.3), with M9 = SL(¢}) x Iy, and = diag(t,I,_1) €
GL(¢]) for t € k). We have the following natural projection,

o > #1700, (1) ?0u(g7 ") pu(tgga) d*t dg, (3.11)
ki xO(X) (ko)
from the space, C°(Q%(k,)\ O(X,)(ky), Vs, ), consisting of all V,,, -valued, smooth, com-
pactly supported functions, to the induced representation I(s;o,). It is clear that this
projection is an O(X,)(k,)-intertwining map. As in §2 of [20], after the normalization
by a product of local L-functions defined by o, (3.11) produces arbitrary holomorphic
K, ,-finite sections in I(s;0,), if @ is sufficiently large (depending on ¢ only). The con-
dition on «a is needed only when o, has ramification.
By applying the argument used in the original doubling method, we know, from (3.5),
that the natural embedding

it (k% Qalko)\ O(Xa) (ko) — (kS x Py (ku))\ O(Wa)(ku) (3.12)

gives the Zariski open orbit of the action of O(X,)(k,) x O(X)(k,) on the generalized
flag variety P,(k,)\ O(W,)(k,). Hence functions in C°(QY(k,)\ O(X,)(k,)) can be nat-
urally extended to functions in C°(P(k,)\ O(W,)(k,)). Moreover, it is easy to check
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that K, ,-finite functions in C£°(QY (ky)\ O(Xa)(ky)) extend to K} ,-finite functions in
C*(PY(k,)\ O(W,)(ky)). Via the natural isomorphism, we have

O (Qa(ko)\ O(Xa)(k0) © Vo, = C2(Q4(ko)\ O(Xa) (kv), Vo, )

One can also check that this isomorphism carries

O (Qa(k)\ O(Xa) ko), Vi, ) Ko o-finite
into

O (Qako)\ O(Xa) (ko)) K, -finite @ Ve,

This is clear when v is a finite place of k, since the smooth functions are locally constant.
At an archimedean place v of k, for any ¢ in C2°(Q%(k,)\ O(X.)(ky), Vs, ), we write

= Z ©n(ga) - Vn
n=1

where {v, | n =1,2,...} forms a countable orthonormal basis in the unitary completion
of the representation o,. If ¢ is K, ,-finite, with K, ,-type p, and orthonormal basis
©1,...,@f in py, then for k € K, ,, we have

;
(gak) = D _{pu(k), 1) - i(ga)

?

va 907902 Z@zn ga *Un
f

(Z K)o, pi)ei v(ga)) Un.

i=1

i %8 “

It follows that ;

on(gak) = Z<Pv(k)907 ©i)Piw(ga)-

i=1
Hence the K, ,-finite ¢ can be approximated by elements in

Ogo(Qg(kv)\ O(Xa)(kv))Ka,u—ﬁnite ® Vs,

This space is embedded, by the explanation right after (3.12), inside the space
C°(PY(ky)\ O(Wy,)(ky)) @ Vo, . As in (3.11), there is a natural O(W,)(k,)-intertwining
projection from C°(P?(k,)\ O(W,)(k,)) onto
O(W,
Ind () ® (|det ).

Therefore, the local version of (3.9) produces arbitrary holomorphic K, ,-finite sections
in I(s;0,) for each place v, as long as a is sufficiently large (depending on the local
ramification of o), and so we obtain that for a sufficiently large, the integral (3.9) pro-
duces arbitrary global holomorphic K,-finite sections in I(s; o). This proves the following
proposition.
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Proposition 3.4. For a sufficiently large, the family of FEisenstein series formed by
the integrals (3.9) has the same set of poles as the whole family of Eisenstein series
corresponding to I(s; o).

Now we can prove Proposition 2.3, which is the first part of Theorem 3.1. (We keep
the assumption y = 1.)

Let s > 0 be the maximal number in P (o, Q1), i.e. the Eisenstein series E?(g; ¢1.0, 5)
is holomorphic for Re(s) > sg, and has a pole at sg. Then, by Proposition 2.1, for all
integers a > 1, s, = S0+ 3(a — 1) is in P(0, Q,), i.e. the Eisenstein series E?=(g; ¢g;0, 5)
has a pole at s,. By Propositions 3.4 and 3.3, for a sufficiently large, there is a holomorphic
K -finite section f, in E, , such that the Eisenstein series £ (g; f;) has a pole at

s=8,=50+3(a—1).

On the other hand, by [17, (3.8)], there exists an integer j > 0 such that s, = %(m +
a — 1) — j. Hence, we must have
So = %m — 7.

When j = 0, the residue at s = %(er a— 1) of the Eisenstein series ET=(g; f,) generates
the trivial one-dimensional automorphic representation of O(W,)(A). In order to get a
non-zero residue at s = %(m + a — 1), via the identity in Proposition 3.3, o must be
the trivial representation. Thus, the Eisenstein series E9¢(g; ¢.0, $) is holomorphic at
s = %(m + a — 1) when O(X) is not k-anisotropic. In this case, by Proposition 2.1,
the Eisenstein series E?!(g; ¢1.,,s) must be holomorphic at s = %m. When O(X) is
k-anisotropic, the assertion of Proposition 2.3 follows also from Proposition 3.3. This
proves Proposition 2.3.

We continue to complete the proof of Theorem 3.1 below, by using a certain version
of the regularized Siegel-Weil formula for the case under consideration.

Let sg = %m — j be the maximum of P(0,@Q1). Then by Proposition 2.1, for all
integers a > 1, s, = £(m +a — 1) — j is a pole of the Eisenstein series E9(g; ¢q:0, 5).
By Propositions 3.3 and 3.4, for a sufficiently large, the following integral (period)

/ rese_s, P (1(gar 9), fo)bo(9) dg (3.13)
O(X)(k)\ O(X)(A)

is non-zero for some choice of data. To understand res,—s, E¥%(1(ga,9), fs), we use the
idea of the regularized Siegel-Weil formula of Kudla and Rallis [18]. In this particular
case, we follow §3 of [20] and §2 of [15]. By §3.1 of [20], the space generated by the
square-integrable automorphic forms ress—s, EX(:(ga, g), fs) is contained in the following

direct sum

@ Hl,ea
where the representation IT; . is as defined in §3.1 of [20], with n = 1. Now by §3.2
of [20] and §2 of [15], for a given f, there are automorphic sign characters € and ¢, in

S(W,(A)7) such that

ress—s, B (h, fs) Z e - €(det h / 9:”“" (Lo Jore (h,z)dz, (3.14)
SPzJ(k)\ SP2J (A)
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where ¢, is a non-zero constant as given in the regularized Siegel-Weil formula. In the
integral, ¢ is the fixed character which defines the Weil representation wy, on S(W,(A)7),
and o, is a Hecke algebra element at a finite place vy, depending on the section f,.
This Hecke algebra element v, regularizes the theta function 6 (g, =), so that it decays
rapidly on the variable z and so that the integral converges absolutely. Formula (3.14) is
the version of the regularized Siegel-Weil formula for the non-connected group O,, and
will be used below in the proof of Theorem 3.1.

By (3.14), the non-vanishing of (3.13) implies that there is a sign character e, as above,
such that the following integral does not vanish identically:

Wopyy (1,00 )o
/ / 600 P (g g), 2)e(det ) (g) dudg.  (3.15)
O(X)(k)\ O(X)(A) JSpy; (k)\ Spa; (A)

Consider the separation of variables in the Weil representation, and obtain

Wy o O WX M, ) iy @y FME L (3.16)
One may choose ¢ = px, ® px so that one gets
07((9a:9), ) = 057 (g0, 2)05 (9, ). (3.17)
Hence the integral (3.15) can be written as
Jopme e gy [ 67O g myeldet )6 (g) dgda, (3.18)
z g

where the dz-integration is over Spy;(k)\Sp,;(A), and the dg-integration is over
O(X)(k)\ O(X)(A). Now the non-vanishing of (3.15) implies the non-vanishing of (3.18),
and hence implies the non-vanishing of the inner integration

/ ezlp?)o(l,a/vo)oipx (g, )e(det g) o, (g) dg. (3.19)
O(X)(k)\ O(X)(A)

Since o is cuspidal, integral (3.19) converges absolutely for all theta functions 95’{ (g, )
with all Schwartz—Bruhat functions ¢x in S(X(A)7). Hence the following integral

/ 0% (g, 2)e(det 9)6, (9) dg
O(X)(k)\ O(X)(A)

does not vanish for some choices of data. This is equivalent to saying that the 1-theta
lifting of o ® € to Mpy;(A) is non-zero. Finally, let FOy (0 @ €) = 24'. Then 25" < 2j.
Denote 7 = 6}; 2 m(0 @ €). This is a cuspidal representation of Mp,; (A). By the theorem
in §2 of [21] and by Theorem 1.2 in [15], 7 is irreducible and o ® e = 0" . ,, (7). Write
m = mg + 2r, where r is the Witt index of the quadratic form b. Then 1t is known that
always, sznof;l; (m) # 0. Since FOy-1(m) = m, we conclude that m < mg+4;’, and hence
r < 25 < 24. The proof of Theorem 3.1 is now complete.
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4. Proof of Theorem 1.1

The proof of Theorem 1.1 can be carried out exactly as in [17], using the doubling method
directly for O,,,, where the role of the regularized Siegel-Weil formula is played by (3.14).
This will prove the theorem except one case, namely when O,,, = Os,, 11, L% (0 ®Y, %) #0
and L¥(o @ x, s) is holomorphic for Re(s) > 3. So, as in Theorem 3.1, we consider again
the maximal positive pole sy (assuming it exists) of the Eisenstein series E? (g; ¢1.5., 8)-
As in the previous section, we may assume that y = 1, since we can replace o by o ® ¥.
Since we only consider case a = 1 in the rest of this section, we redenote E?! (g; 105 5)
by E(g; $1.0, ). We now prove Theorem 1.1.

Assume first, that the partial L-function L%(s,o) has a pole at s = %m -5 > 0.
Consider its maximal pole, say s; = 3m — j, ji < j. Then, by Proposition 2.2, the
Eisenstein series E(g; ¢1,,, s) has a pole at sj = m — jj. Hence there is an sy > $m —
Jjo > 0 such that E(g; ¢1.5,s) has a pole at sp and is holomorphic for Re(s) > so. By
Proposition 2.3, there is jyo < jj < j, such that s = 2m — jo- By Theorem 3.1, there
is an automorphic sign character e, such that the -theta lift 9230 *(c®e€) of o0 ®e to
Mp,;, (A) is non-zero. By the Rallis tower property [24], the - theta lift 92] (0 ®€) to
Mp,;(A) is non-zero, since jo < ] Assume next, that m = 2n 4+ 1, and LS( 1) #0.If
L®(o, s) has a pole at Re(s) > %, then by what we just proved, there is an automorphlc
sign character €, such that 92] (U ® €) # 0, for some j < n, and hence by Rallis tower
property, 92" (o ®e) #0. If LS(O’ s) is holomorphic at Re(s) > %, then we repeat the
calculation (2 19), with @ = 1. In the calculation of the constant term of E(g, 1.0, )
along the unipotent radical of ()1, the associated intertwining operator is applied to a
decomposable section and then evaluated at the identity, and we get

L5(s,0)¢%(25)
LS(s+1,0)(5(2s+ 1)’

up to a function that is holomorphic and non-zero at so = % Since at 5o = 2

29
L5(s,0)¢%(2s)
LS(s+1,0)¢%(2s+1)

has a pole, we obtain that E(g, ¢1., s) has a pole at s = % Then, by Theorem 3.1, there
is an automorphic sign character e, such that 92" ' (0 @ €) # 0. This proves part (1) of
the theorem.

Part (2) follows from part (1). Assume that the lowest occurrence LOy (o) is 2j9 < m. If

the partial L-function L (s, o) is not holomorphic for Re(s) > so = 1m — jo, then there
is an integer j < jo such that the partial L-function L°(s, o) has a pole at s = %m — 7.

Then by part (1), we know that there is an automorphic sign character g, such that the
1-theta lift Hijm(cr ® €g) of 0 @ €9 to Mpy;(A) is non-zero. Since j < jo, we must obtain
that the lowest occurrence LOy, (o) = 2jo > 2j. This contradiction proves part (2).

Finally, assume that the lowest occurrence LOy (o) is 2jo > m. If the partial L-function

L3(s,0) has a pole at s = %m S %, then by part (1), there is an automorphic sign
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character €, such that the -theta lift Gi)j m (0 @ €0) to Mp,;(A) is non-zero. Hence we
have
m < 2jo <K FOyu (0 ®€) < 25 < m.

This is impossible. This completes the proof of Theorem 1.1.

Remark 4.1. Theorem 1.1 is the orthogonal group version of Theorem 7.2.5 in [18],
which explains the poles of the partial L-function L°(s,o) for Sp,, in terms of theta
liftings to orthogonal groups.

5. Proof of Theorem 1.3
We first state the following theorem, which is important to the proof of Theorem 1.3.

Theorem 5.1. Let O,, be the orthogonal group attached to a quadratic k-vector space of
dimension m. For any o € A°(O,, /k), if the first occurrence of o is FOy(0) = 2jo # m,
with the property that either 2jo < m or 3m < jo < m — 2 with 6 < m, then the

Eisenstein series E(g; ¢1.5,s) has a pole at s = %m — Jo.

Note that in this theorem, we consider the specific first occurrence FOy (o) of o, but
not the lowest occurrence LOy (o) of the family of all twists by sign characters o ® € of
o. In the proof, we have to study a certain period integral of the Arthur truncation of
the Eisenstein series. The condition that %m < jo < m — 2 with 6 < m is imposed to
avoid the technical complication of proving absolute convergence of certain integrals in
this case. See its proof in §6 for details. As result, when 2j, < m, we are going to prove
a result (Theorem 5.3) which is stronger than Theorem 5.1 in this case.

5.1. Proof of Theorem 1.3

Let us show how Theorem 3.1 and Theorem 5.1 imply Theorem 1.3.

We may assume, as before, that x = 1. Assume that the Eisenstein series E(g; ¢1.5, 5)
has a pole at sg = %m — jo > 0 and is holomorphic for Re(s) > sg. By Theorem 3.1,
there is an automorphic sign character €y, such that the i-theta lifting of ¢ ® ¢y to
Mpa;, (A), Gi{%(a ® €9) does not vanish. If the lowest occurrence LOy (o) < 2jg, then
there is an automorphic sign character € (could be ¢), such that the first occurrence
FOy(c ®€) = 2j1 < 2jo. Then by Theorem 5.1, the Eisenstein series E(g; ¢1.00e, S)

1

must have a pole at s = 5m — j1 > sg. Clearly, we have

E(gv ¢1;0®€7 S) = E(det g)E(ga d)l;zﬂ S)

Hence E(g; ¢1.5,5) has a pole at s = %m — j1 > So. This contradicts the assumption.
Hence we must have that LOy (o) = 2j. This proves one direction of Theorem 1.3.

Conversely, assume that the lowest occurrence LOy (o) = 2jo < m. Let ¢ be an
automorphic sign character of O,, (A), such that the lowest occurrence LOy () is achieved
by the first occurrence of o ® ¢, i.e.

FOw(O’ ® 60) =2j0 = LOw(U)
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Then by Theorem 5.1, the Eisenstein series E(g; ¢1.00¢,, ), and hence E(g; ¢1.5, $), has
a pole at sg = %m —jo > 0. If E(g;¢1.6,5) is not holomorphic for Re(s) > sg, then
there is an s; > sp, such that E(g;$1.5,5) has a pole at s1, and is holomorphic for
Re(s) > s1. By Proposition 2.3, there is an integer j; < jo such that s; = %m — j1. Now,
by Theorem 3.1, there is an automorphic sign character €1, such that the i-theta lifting

of o ® €1 to Mpyj, (A), Gi];n (o ® €1) is non-zero. Hence we must have
FOy (0 ®e1) < 251 < 2jo = LOy(0).

This is a contradiction to the definition of the lowest occurrence of o (see (1.2)).
Therefore, Theorem 3.1 and Theorem 5.1 imply Theorem 1.3.

5.2. Periods of certain residues

In order to state Theorem 5.3, we have to recall some basics in the theory of theta
correspondence and define the periods of Eisenstein series and its residue.

We write the elements of the symplectic group Sp,; with respect to the skew-symmetric
matrix Jy;, which is defined inductively as follows:

0 1
J2_j = J;j_Q
-1 0

Consider the unipotent radical U of the Siegel parabolic subgroup @ = LU of Sp,;. We
write the elements of U as

u(S) = <IOJ f) € U C Spy; - (5.1)

Let ¢ := (I1,l2,...,l;) € (k*)? be any j-tuple. For a non-trivial character 1 of A/k,
define a character 1, of U(A) by

¢g(u(5)) = w(llsl,j + 1282,]‘_1 + -+ lj3j71). (5.2)

This is trivial on U(k). Let © be an irreducible, automorphic, cuspidal representation of
Mp,;(A). By a theorem of Li [19], there exists an £ = (I1,la,...,[;) as above, such that
the following 1,-Fourier coefficient

/ o (ug)vy (u) du (5.3)
U(k)\U(A)

does not vanish, for some ¢z in the space of 7.

In the following, for any o € A°(O,,/k), we take 7 = Hi{m(a) and assume that 7 is
an irreducible, automorphic, cuspidal representation of Mp,;(A), i.e. the first occurrence
of o is FOyu(0) = 27, with 1 < j < m. The calculation of the ,-Fourier coefficient of
automorphic forms ¢z in the space of 7 is standard [10,24].
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Let v1,...,v; be vectors in (X,b) (as introduced in §2), with the property that
b(vs,vy) = 0 if s # ¢ for s,t = 1,2,...,7; and b(vg,vy) = Iy for t = 1,2,...,5. Then
the pointwise stabilizer Hy, in O,,, of the subspace generated by vi,vs,...,v;, is a k-
rational form of O,,—;. Note that if j = m, then H; is the identity group. In this case, the
first statement of the next proposition is meaningless, and the meaning of the proposition
is really its second part. Note also, that if j = m — 1, then Hy is isomorphic to the group
of two elements.

Proposition 5.2. Let o € A°(O,, /k). Assume that the first occurrence of o is FOy (o) =

2j, for some positive integer j < m.

(1) There exists an £ = (l1,la,...,l;) € (k*)7, such that the following period

/ ¢o(h) dh (5.4)
He(k)\He(A)

does not vanish, for some ¢, in the space of o.

(2) For any orthogonal subgroup Hy+ of O,,, with a conjugate gH,+g~ 1, g € Oy,
containing H, as a proper subgroup, the following period

/ b0 (h) dh (5.5)
H(H— (k)\H(+ (A)

vanishes for all choices of the data.

(3) The period integrals in (5.4) and (5.5) converge absolutely.

Proof. It is not hard to show that the period integrals in (5.4) and (5.5) are absolutely
convergent. In fact, the cuspidal automorphic form ¢, is rapidly decreasing over the
Siegel domain of O,,(k)\ O,,(A). In particular, it is bounded over the Siegel domain of
O,,, and hence over the group O,,(A). When H; or Hy+ (k) is not the split orthogonal
group in two variables, both Hy(k)\H¢(A) and Hy+ (k)\Hy+(A) are of finite volume with
respect to their canonical Haar measures. This proves that both period integrals in (5.4)
and (5.5) are absolutely convergent.

In case of the split orthogonal group in two variables, we can use a suitable basis to
get that the connected part becomes the diagonal group

and ¢, (t(x)) is rapidly decreasing at infinity. It is also rapidly decreasing near zero, since
if wo is a Weyl element of O,,, which takes () to t(x 1), then ¢, (t(z)) = ¢o (t(x~1)wy).
Thus,

| oottt dre <o,
E*\A*

and clearly this convergence implies the absolute convergence of the period integral along
the split orthogonal group in two variables. This proves part (3) of the theorem.
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The standard calculation of the 1,-Fourier coefficient of automorphic forms ¢z in the
space of 7 [10,24] expresses the period (5.4) as an inner integration of the v,-Fourier
coefficient (5.3). This implies part (1).

The same calculation shows that any period as in (5.5) will occur as an inner integral
of a certain Fourier coefficient of the 1-theta lifting of o to Mp,, (A) with jo < j. Since
the first occurrence of o is 27, the period as in (5.5) must vanish identically.

More detailed arguments and calculations will be given in §6.1 in the proof of Lemma
6.2. O

As in (2.2), we consider X; = X L (¢/{ @ ¢]). We may write

X =tfoXal. (5.6)
Denote the corresponding bilinear form on X; by b;. We choose a basis in X of form

e, T1, ey Ty €g s (5.7)
where x1,...,T,, is a basis for X, and ff =k- e§ with by (e, ey ) = 1.

As in (2.3), for a = 1, we take @1 = M7 N; to be the maximal parabolic subgroup of
O(X1), which stabilizes the isotropic line k - e = ¢. Hence, the Levi subgroup M; is
isomorphic to GL; x O(X) = GL; x O,,. For any £ = (I1,la,...,1;) € (kX)?, we choose,
as before, vectors v1,...,v; in (X,b), with the property that b(vs,v:) = 0, if s # t, for
s, t=1,2,...,7; and b(v,vy) = Iy, for t = 1,2,..., 5. We denote by Y; the subspace of
X generated by vq,...,v;. Then Yj is a non-degenerate subspace of X, and we have

X=Y,127Z,,. (5.8)
As in Proposition 5.2, we have Hy = O(Z,,—;). It follows that
X1 =l X®l, =Y L Zp_ jpo=Y; LU ®Zpj®L7). (5.9)

We set Gy = O(Z,,—j+2). For simplicity, we set here O,, = O(X) and Op,42 = O(X4).

Now we are ready to state a refinement of Theorem 5.1 for the poles at s = %m —j>0
of the Eisenstein series E(g; ¢1.0,5). By a theorem of Langlands [22, §IV.1.11], these
poles have no multiplicity.

Theorem 5.3. Let E(g; ¢1.5,5) be the Eisenstein series on O,,42(A), attached to the
cuspidal datum (Q1,1 ® o), as defined in §2. Assume that o € A°(O,,/k) has the first
occurrence FOy, (o) = 2j for some positive integer j < %m. Then

(1) the Eisenstein series E(g; ¢1,,,) has a simple pole at s = 2m — j > 0;

(2) there is an ¢ = (ly,la,...,1;) € (k*)I, such that the residue at sy = zm — j
of E(g; ¢1,6,5), denoted by &,,/2_;(g; ¢1.0), is Gy-distinguished, i.e. the following

period
/ 5m/2—j(h; ¢1;0) dh (510)
Ge(k)\Ge(A)
is absolutely convergent for all choices of data, and is non-zero for some choices of
data; and
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(3) all residues at other positive (simple) poles sg # %m —j of E(g; ¢1., ) cannot be
G-distinguished.

It is clear that part (1) of Theorem 5.3 is contained in Theorem 5.1 for the positive
poles. In the next section we will prove Theorem 5.1 by studying the period of type (5.10)
for the Arthur truncation of the Eisenstein series. Based on this, we continue to study
period of type (5.10) for Arthur truncation of the residue of the Eisenstein series, which
proves Theorem 5.3.

6. Proof of Theorems 5.1 and 5.3

We start with proof of Theorem 5.1. For any o € A°(O,,/k), we assume that the first
occurrence of o is FOy(0) = 2jo # m, with the property that either 2j, < m or %m <
jo < m — 2 with 6 < m. This is the assumption of Theorem 5.1.

We consider the period of the Eisenstein series

/ E(h; ¢1.5, s) dh. (6.1)
Go(k)\Ge(A)

This integral may diverge. We first regularize this integral by Arthur’s truncation. Then
we show that the period over G, of the truncated Eisenstein series has a pole at s =
sm — j # 0, and hence the Eisenstein series E(g; ¢1,,,s) has a pole at s = 3m — j.
This will prove Theorem 5.1. When 2j, > m, we introduce the restriction on jp and m
to avoid the technical complication of proving absolute convergence of certain integrals
which are introduced in the regularization process via the Arthur truncation method.
Then, when the pole above is positive (i.e. 2jo < m), by applying the Arthur truncation
to the residue &,,/2—;(g; $1,0), we express the period of &,,/2_;(9; ¢1,5) in terms of the
period of the truncated Eisenstein series and deduce (5.10). This will prove Theorem 5.3.

6.1. The Arthur truncation method

We recall from [1] and [2] Arthur’s truncation formula, in our special case. Since Q1
is maximal, ag, is one dimensional. We identity ag, with R, as in §2. Let ¢ be a real
number ¢ € Ry C ag,, where R is the set of real numbers, which are greater than
one. Let 7° (¢ € Rs1) be the characteristic function over Rs of the subset R, and
Te = lp., — 7° By §2.13 of [22], the truncation of the Eisenstein series is defined as
follows:

AE(g;b1:0,5) = E(gid1.008) — Y. Eq,(79; ¢1:0, )7 (H(79)), (6.2)
YEQ1\ Omt2

where Eq, (9; $1,0, s) is the constant term of E(g; ¢1,5,s) along the maximal parabolic
subgroup @)1. We remark that we are free to take c as large as we may need. Below we will
need that ¢ > ¢y, for a certain constant cg, which will be specified later. For Re(s) > im,
we have the identity

EQl (97 (ybl;da 3) = st(ga ¢1;a‘) + M(Sa g, wl)(qjs)(ga (rbl;d))
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which holds for all s as meromorphic functions. Here M(s, o, w1 ) is the standard (global)
intertwining operator attached to the maximal parabolic subgroup (1 and the Weyl
element w;, which has the property that wllel_1 = M; and 11)1N1u/1_1 = Ny (the
opposite of Ny).

We remark that the summation in (6.2) has only finitely many terms (depending on g)
and converges. Further, for Re(s) > im, the truncated Eisenstein series may be written

as follows:
AE(gidro,s) = > P95 b1:0)7e(H(79))
YEQ1\ Om+2
— Y M(s,0,w1) (@) (795 P1:0) T (H (79))
’Yte\Om+2
=01(g) — 05(9), (6.3)
where

05(9) == Y. Pu(v9; b1.0)7e(H(79)),
YEQR1\ Omt2

05(9) = Y. M(s,0,w1)(Bs)(vg; b1:0) T (H (79))-

YEQ1\ Omyo

Note that 6§(g) converges absolutely for Re(s) > im, while 65(g) has only finitely many
terms (depending on g). Both have meromorphic continuation to the whole complex
plane.

We will calculate first the period of the truncated Eisenstein series

/ mm%mw@@:/ wm@—/ 0(g)dg.  (6.4)
Ge(k)\Ge(A) Ge(k)\Ge(A) Ge(k)\Ge(A)

The truncated Eisenstein series A°E(g; ¢1,, s) is rapidly decaying over a Siegel domain
of Oppg2(k)\ Om42(A), and hence, by the proof of part (3) of Proposition 5.2, the period
integral on the left-hand side of (6.4) is absolutely convergent. The right-hand side of
(6.4) is a difference of two integrals. We will show that the term with ¢ = 1 converges
absolutely for Re(s) sufficiently large and has a meromorphic continuation to the whole
plane, and we will determine the location of its poles precisely. We will also show that
the term with ¢ = 2 converges absolutely for all s, where the intertwining operator is
defined, provided we take the truncation parameter ¢ > ¢y for some ¢y, which will be

specified later. Put
- | 05(9) dg. (65)
Ge(k)\Ge(A)

For the calculation below, write, for ¢ = 1,2,

059)= Y, &), (6.6)

Y€Q1\ Omq2
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where we have

¢ (g) = {szss(g; $1.0)7e(H(g)) ifi=1,
M(s,0,101)(D,)(g; br1:0)T°(H(g)) i i =2.

We may unfold formally the integral (6.5) as follows:
- | > &G0
Ge(k)\Ge(A) ~EQ1\ Oms2

> / ¢ (vg)dg, (6.8)

YEQL\ Oy /Gy ) GENG(A)

where G} = 77'Q1y N Gy. We will show that each integral in the summation (6.8) con-
verges absolutely. Since there are infinitely many G-orbits in the generalized flag variety
Q1\ Oy t2, we have to show that the series is absolutely convergent. More precisely, we
will show that

/ €5 s(vg)|dg < o, (6.9)
vte\om+2 /G, I GiNGe(A)

for Re(s) sufficiently large, when ¢ = 1, and for all s, where the intertwining operator is
defined, when i = 2, provided ¢ > ¢g. We will show that the integrals in (6.8) are equal
to zero, for all Gy-orbits Q1vGy, except the Gy-orbit with representative v = 1. Hence
the series over v € Q1\ Oy, t2 /Gy has at most one non-zero term. We will compute this
term explicitly.

We first classify the Gy-orbits in the generalized flag variety Q1\ Oy,42. It is clear that
the double coset decomposition @1\ Oy,y2 /Gy is the same as the orbit decomposition of
the right action of G, on the generalized flag variety Q1\ Oy,42, which is isomorphic to
the projective variety Z(X7), which is the isotropic cone in X; consisting of all isotropic
lines in the quadratic vector space X;.

Let x and z’ be two non-zero isotropic vectors in X1, which belong to the same G-orbit.
Then by (5.7), we have by (z,z) = bi(a’,2') = 0 and there is an h € Gy and « € k* such
that ax’ = h~!- 2. Following the decompomtlon (5.9), we write z = y+z and 2’ = ¢/ +2'.
It follows that h ™' -z =y +h~ ' -2 = o/ + a2’ = ax’. Hence we obtain that if z =y + 2
and ' = gy’ + 2’ are two non-zero isotropic vectors in X, which belong to the same
Gy-orbit, then

v =Py and 2 =p-h"'. 2

for some B € k* and h € Gy. For a double coset QQ17Gy, in the double coset decomposition
@1\ Opt2 /G, we denote by k -z the corresponding isotropic line in X4, and similarly,
for an isotropic line k- x in X7, we denote by Q17v,G, the corresponding double coset in
the double coset decomposition Q1\ Oppo /Go.

We decompose the isotropic cone Z(X7) into a disjoint union as follows:

Q1\0m+2 = I(Xl) = 9170 U 9071 U 9171 U 92,2. (610)
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Here (21 consists of all x = y + 2z € Z(X;) such that z = 0; 291 consists of all
x =y+z € I(X;) such that y = 0; {21 1 consists of all = y+ 2z € Z(X;) such that both
y and z are non-zero isotropic vectors; and (25 o consists of all z = y + z € Z(X;) such
that both y and z are anisotropic vectors. It is not hard to check that (2, o, 201, {211
and {2, 5 are all G¢-stable. Hence we have

Q1\ Oy /Gr = [£210/Ge] U [20,1/Ge] U [£211/Go] U [£222/G].

It follows that the series in (6.8) can be written as

> / & (vg)dg = / & o(129) dg
GJ\Ge(A) Gy \Ge(A)

YEQ1\ Omy2 /Gy z€1,0/Ge
= / & s(129) dg
x€820,1/Ge “\Ge(A)
= / & s(129) dg
x€821,1/Ge Gy m\GZ(A
= / & s(729) dg. (6.11)
x€8222/Gy “\Ge(A)

It is enough to prove (6.9) for each of these series.

6.2. The series over §21,0/Gy

For x € (210, we have z = y € Y; with 2 = 0. Then k -y is a Gy-orbit. Since
bi(y,y) = bi(w,x) = 0, there is a v € O,,42(k) such that y~! - el = y. This implies that
T = T, and

Gy =71 Qi-vNGy
={9€Gilg " (k-y) =k y}
—a,.

It follows that v-G¢-y~! C Q1. We choose a representative « for the double coset Q177G
as follows. Let 3’ € Y, be an isotropic vector, which is dual to y, i.e. b1(y,y’) = 1. Then
we choose ¥ € Oy, 42(k) such that v L-ef =y, v Ly=ef, v Loeg =9, 7 1y =eg,
and the restriction of y~! to the subspace Span(y,y’)* NY; & Z,,_; is the identity. It
follows that

1 0

“lc Om = M. (6.12)

v-Geoy

More precisely, we have

V-Gry ' =0(k-y@k-y)® Zmj) CO(X)=Op.
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For such a 7 or a double coset QQ17Gy, the integral in (6.8) can be written as

/ ¢ .(vg)dg = / Cvgr ) dg
GI\Ge(A) GJ\Ge(A)

= / i.s(hy) dh.
O((k-y@k-y" )®Zm— ;)\ O((k-y®k-y' ) B Zm—;)(A)
By the definition of & ((g) (see (6.7) and (2.10), (2.11)), we have
¢ () = D130 (h)Te(H (7)) H (7)(s) ifi=1,
v M(s,0,w1)(d1;0) ()T (H (7)) H(7)(=s) if i = 2.

Hence the dh-integration defines a period of the cuspidal automorphic form ¢, in the
space of o over the reductive subgroup

Ok -y®k-y)® Zm—;)

of O,,12. By Proposition 5.2, it is absolutely convergent. Note that the dh-integration
of H(v)(—4m)|¢1;-(hy)| is bounded, as v varies as above. Note also that, for all
y, y as above, O((k -y ® k - ¢') & Z,,—;) is k-isomorphic to Gy;. We use the fact
that H(y)(—im)|¢1,0(hv)| is uniformly bounded, for h, v as above, and the fact that
Go(k)\G¢(A) has finite measure (since m — j + 2 # 2). Thus, it is enough to consider the
convergence of the series

> ne(H () H () (Re(s) + bm)

z€021,0/Gy
ifi=1; and
> T(H(y:))H(v:)(—Re(s) + 3m)
x€821,0/Gy
if 1 =2.

When ¢ = 1, the series is majorized by the Eisenstein series

Y H(O)(Re(s)+ 3m),

YEQ1\ Omy2

which converges absolutely, for Re(s) large enough. When ¢ = 2, the series above is a
finite sum, due to the presence of 7¢(H(Y)).

On the other hand, by Proposition 5.2, the dh-integrations above must vanish, for all
choices of data because of the assumption of the first occurrence of 0. We summarize
this as the following proposition.

Proposition 6.1. Let 0 € A°(O,, /k) have the first occurrence FOy (o) = 2j, such that
j and m satisfy the condition in Theorem 5.1. Then the series

/ & o(129) dg
2€01 /Gy 7 GET\Ge(A)
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converges absolutely, i.e.

3 / €9 4 (1a9) | dg < oo,
G*\Ge(A)

z€821,0/Ge

for Re(s) sufficiently large, when i = 1, and for all s, where the intertwining operator is
defined, when i = 2. Moreover, the integral in the summation above attached to -,,

/ i s(729) dg,
GI\Ge(h)

is absolutely convergent for all s (where the intertwining operator is defined, when i = 2)
and is identically zero, for all choices of data.

In Proposition 6.1, the only restriction we needed on j was that 7 < m.

6.3. The series over §2;,1/Gy

For x = y + z with z # 0, we have three cases for y:
(1) y =0, which means that z = y + z = z is isotropic, and hence x € 2y 1/Gy;

(2) y # 0 is isotropic, which implies that z is isotropic, and hence z € (21 1/G, (of
course, if b is k-anisotropic, this is impossible and hence {24 ; is empty); and

(3) y # 0 is anisotropic, which means that z must be anisotropic, and hence z €
252/G.

We treat the case (2) in this subsection and cases (1) and (3) in the following subsections.

For x = y+ 2z € £11/Gy, y is an non-zero isotropic vector in Y;. This means that b is
assumed to be k-isotropic. In this case, z is isotropic in Z,,_;;2. It is easy to see that,
for each y, with the above property, the set of isotropic lines of the following type

{k-(y+2)|0#2€ Zp_jt2, bi(z,2) =0} (6.13)

is a Gy-orbit. Note that this also holds for z € {2y 1, i.e. y = 0 case.

When y # 0 (z = y+2 € £1.1/Gy), we may choose the isotropic line k- (y+ed ), as the
representative of the Gy-orbit, and -y is the corresponding representative for Q1vG,. For
h € Gy, which stabilizes the isotropic line k- (y + eg ), we have h- (y +ef) = a(y +ef).
We must have o = 1 and h-ef = e . Hence, the stabilizer of the isotropic line k- (y+eg)
in Gy, G} is contained in QY, where Q) = MYN; C Q1, with M} being defined in (6.12).
It is easy to check that

G) =GinQY.

Next, note that k- (y1 +eg) and k- (y2 + eg) (1, y2 non-zero isotropic vectors in Y;)
lie in the same Gy orbit, if and only if y1, ys are proportional by an element of k*. Thus,
for this family of orbits, y varies in the set of non-zero isotropic vectors of Y;, modulo
k*. Now, we may modify the representative 7, so that 4 has the following additional
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properties. Let 3 be an isotropic vector in Y}, which is dual to y. It is easy to check that
we can choose a v within the double coset QQ1v7Gy, with the following properties:

Tled =ytef,

Thy=—ytey, ATy =

(v +eg),
(_y, + ea)a

2

Q)

o
N N|—=

and the restriction of y~! to the subspace Span(y,y’)* N Y; ® Z,,—; is the identity.
For h € Gy N QY = G), we want to know the action of yhy~' according to the
decomposition of Xi:

Xi=k-ef ®k-y® Zpy_; ®Y;NSpan(y,y ) @k -y Sk e.

Note that yhy~! € Q. Further we have

~1, oF

€0 >

vhoy

vhy !
yhy L2 = 1560 1By +2'(h) (¢ € Zp—j, BEK),
Yy o =wo  (yo € ¥; N Span(y,y)*h),

Yy Tty = tael + tay+ 32+,

Yy ey = tael +tay+3z+ey (a=a(h) €k, 2 =2(h) € Zn_j),

CC

Jr

€o

Y=
!/

and yhy™' - (—y' +e5) = (=Y + ey ). Hence the element vhy™! can be expressed as the

following matrix:
1

10 %6 0 %oc 70
0 1 %[3 ia ia
0 0 W 0 z oz
: (6.14)
00 L., 0 0
0 0 1 0
0 0 0 1

where b/ € O(Z,,—;) = Hy, B is a row vector and z is an appropriate column vector.
Note that in (6.14) we have

1 %ﬂ ia
0o » z
h) := € 0, = 0(X),
=10y o n=0(X)
0 O 0 1

according the following decomposition of the quadratic vector space X:

X=k-y®Z,_;@Y;NSpan(y,y ) @k -y
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It is easy to check that the mapping yhy~! +— g¢(h) is a group homomorphism from
v -G} -y~ ! onto the subgroup Hy ; of O,, = O(X), where H,, ; is defined to be

1 u 0 v
0 n 0 .
= O(X)| h €O(Z,—_,), kM k. 6.15
9={0 0 1., 0| EOX) | ¥ O, uck" ve (6.15)
0 0 0 1

In other words, for any g in (6.15), we have
v lgveGin@) =Gy

Lemma 6.2. Foro € A°(O,,/k), if the first occurrence FOy (o) = 2j, then the following

period
/ o (h) dh
Hy j\Hy,;(A)
is absolutely convergent, and vanishes identically for all automorphic forms ¢, in the
space of 0.

This lemma will be proven later in §6.8. The absolute convergence in the lemma is
clear, using Proposition 5.2. Note that H, ; is a semi-direct product of O(Z,,—;) and a
unipotent group.

The formal calculation of the integral in (6.8), attached to the representative v above,
is as follows:

/ €8 ,(vg) dg = / / €5 ,(vhg) dhdg
GJ\Ge(A) G (A\G((A) JGI\GY (A)
- / / & (vhy ' - g) dhdg
G (A\G((A) JGI\GY (A)

- / / €, (h-vg)dhdg.  (6.16)
GY(A\Gy(A) JHy j\Hy ;(A)

The last equality holds because £ ((ng) = & (g) for any n € Ni(A). By the definition

1,8

of & ,(g) (see (6.7) and (2.10), (2.11)), we have

S (h-~g) = {¢1;a(hvg)Tc(H(vg))H(vg)(S) ifi=1,
M(s,0,w1)(d1,0) (hyg) ™ (H (v9)) H(vg)(—s) if i = 2.

Hence the inner integration in (6.16)

/ is(h-vg)dh
Hy,j\Hy,j (A)

defines a period as in Lemma 6.2. Hence it is identically zero for all choices of data since
the first occurrence FOy (o) is 2j.
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Now we prove that the series

> / / ¢ (h-1g) dhdg (6.17)
7T (A\Ge(A) JHy j\Hy j(A)

x€821,1/Ge

converges absolutely, i.e.

/ / €5 (B - v29)| dhdg < oo,
Gy (W\Ge(h) JH, ;\H, ;(A)

for Re(s) sufficiently large, when ¢ = 1, and for all s, where the intertwining operator is
defined, when i = 2, provided the truncation parameter ¢ > ¢y, which is a constant to
be specified soon. Since each Gy-orbit has representative x = y + ear, we may abuse the

mEQlyl/Gz

notation by setting -y, = vy, for y € Y;. In this case, y must be non-zero and isotropic.

Let us start with ¢ = 1. Put Gg N Q1 = Q1. This is the parabolic subgroup of Gy,
which preserves the line through 60 Clearly, the elements of Q1 can be written umquely
in the form ghg(t), where g € G} and, for ¢t € k*, ho(t Jed = ted, ho(t)eg =t ey, and
the restriction of ho(t) to Z,,—; is the identity. By the Iwasawa decomposition in G¢(A),
it is enough to consider

S OOl kol
7o (H (o)) H (yho(6) (Re(s) + m)

where the summation is over the non-zero isotropic vectors y € Y;, modulo k*. Note
that the matrix form of H, ; is independent of y. Since ¢ is cuspidal and H, ;\H, ;(A)
has finite measure (due to our assumption that m — j # 2, if j > 2) we may bound
H (7 ho(t))(—2m)| 1,0 (hyyho(t))| by a constant (depending on the section). Thus, it is
enough to consider

Z/ [t/ 7e (H (v ho(£))) H (yyho (1)) (Re(s) + 5m) d*t, (6.18)

where the summation over y is as before. Let us use the k-basis for Y/ = kel @ Y; @ ke, ,
{ed,v1,...,v;,e5 } in order to give coordinates on Y’(k,), for all places v, and identify
Y'(k,) = kJ 2, using this basis (see the paragraph after (5.7)). Consider for each place v
the local norm on Y’ (k,) = kJ*2, which is the maximum norm of the coordinates, when v
is finite, the usual Euclidean norm, when v is real, and the square of the usual Euclidean
norm, when v is complex. Define now, for w € Y’(A),

lwl =TT llwsllo-
v

Note that for any non-zero vector w € Y’ (i.e. with rational coordinates), we have
|w|| > 1. Now, in the last integral, by our choice of the representatives v = 7, we
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may think of «, and of ho(t) as elements of the adelic points of the orthogonal group
O(Y") corresponding to Y, because they act as the identity on Z,,_;. Denote by @ the
parabolic subgroup of O(Y”), which preserves the line through eg. The Levi part of Q
is naturally isomorphic to GL; x O(Y;), where the elements of GL; are realized as the

ho(t) above. Denote the unipotent radical of @} by U’ and put (Q})° = O(Y;)U’. Choose
a good maximal subgroup K, of O(Y"),, with respect to Q] and let Kj =[], K. Let
g € O(Y')a and write its Iwasawa decomposition

9= 4"(9)ho(t(9))K'(9),
where ¢°(g) € (Q7)°(A), t(g) € A*, k¥'(g) € K},. We have
lg™ eq Il = [E@)ITH 1K (9) " eg | = H () (=D)IIK (9) " eg I,

and hence
H(g)(1) = llg~ eg 71K () e Il

Clearly, there are positive constants, dy, ds, such that
dy < ||K'ef |l < da,

for all k' € K, hence H(g)(1) is comparable to ||g~ted || =, and so in the integral (6.18)
we may replace H(v,ho(t))(Re(s) + 3m) by

1wy o (1)) g 7RI /2 = e ted 4yl R,

Thus, it is enough to consider the convergence of

3 / 73 ke + g~ R/ 4o,
y VA

where the sum is taken over all non-zero isotropic vectors y € Y;, modulo k*. Note that
lted +y|l = |ly|l = 1. For a finite place v, we have

/ T e 4yl > dt
k%

— > |
It

Now, a straightforward calculation gives

[t|m=7 d*t +/ || 5 Tm/2 0 4t
<yllv [tlo>]lyllv

lo<

ij(m —J)Cu(s — %m +7)
Co(s + %m)

)

/k [t ted +yll, =2 dve = [y, ot
provided Re(s) > %m — 7. (Note that our assumptions on j imply, in particular, that

m — j > 1.) Here, ¢, denotes the local zeta function. We get the same condition, when v
is archimedean. For example, if k, = R, then

[ e +allgmat = [ Qe )

= |ly| e / (It]? + 1)=5/2-m/4 |3 g7,
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1

Now, it is clear that this integral converges absolutely when Re(s) > 3

m — j > 1). Thus, we get, for s € R,

S [ eyl
y A
gv Cv lm+]) _ —q
—H Lna(s) 3 [yl +m/29,

Cols+ im) "

m — j (and

where I, (s) is the product over the archimedean places of the integrals

t m—j t€+ —s—m/2 d*t.
| v 0 Yl
kx

v

Thus, for convergence, we must require that s > %m — j+ 1 (by our assumptions on j,
we have m — j > 2) and that

S llyl et < oo
Yy

For this, fix a non-zero isotropic vector e; € Y. Let R be the parabolic subgroup of O(Y;)
which preserves the line through e;. Recall that in the last sum y varies over the non-zero
isotropic vectors of Y;, modulo k*, thus we may write y = n~'e;, where n € R\ O(Y}),
and hence we consider

S e,

neR\ O(Yj)

This is an Eisenstein series on O(Y}), corresponding to the representation induced from
a character of the form 5}3, where

S/:S_%(m_j_Q)
i~z

and dg is the modular character of R(A). Thus, this series converges when s is sufficiently
large (s is real now). This completes the proof of absolute convergence of the series (6.17)
which is a subseries in (6.8) when ¢ = 1.

The case i = 2 is much simpler. Indeed, as in case ¢ = 1, we have to examine the
convergence of the following series, which is analogous to (6.18),

Z/ [t 7 (H (o (8))) H (vyho () (=5 + 5m) d*t.

Again, we take s real. In the last integral, if 7¢(H (y,ho(t))) # 0, we must have ¢ <
H(vho(t)). Since we have H(g)(1) < da|lg=teg |t for all g € O(Y')a, we get that
(recall that v =y,)

¢ < da|(yyho(t) Meg |71 = daflt T ed +yll T,

https://doi.org/10.1017/51474748009000097 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748009000097

Poles of L-functions and theta liftings for orthogonal groups 725

and hence ||t ted + y|| < dac™t. Since we always have

Iyl < It~ eg +yll,

and also 1 < ||y||, for all non-zero y in Y}, we get that 1 < doc™'. Hence, when ¢ > da,
we always have that

T(H (yho(t))) = 0.

Recall that ¢ > 1 is the truncation parameter. We may take it as large as we want. Note
that dy is of course fixed and depends on j and our choice the basis of Y;. Hence, when
i = 2, every term in the sum over y above is zero when c is sufficiently large. Now we
define the constant ¢y by

co = max{1,ds}.

Proposition 6.3. Let o € A°(O,, /k) have the first occurrence FO,(c) = 2j, such that
j and m satisfy the condition in Theorem 5.1. Then the integral attached to v, = vy,

/ i s(729) dg,
GJ7\Ge(h)

is absolutely convergent and identically zero for all choices of data. Moreover, when i = 1,
the series
> / & s(v29) dg
x€21,1/Ge GP™\Ge(A)
converges absolutely, i.e.
> / €55 (129)| dg < o0,
G

x€821,1/Gy {T\Ge(A)

for Re(s) sufficiently large; while, when i = 2, there is a constant c¢o such that for all
¢ > ¢y, the following holds:

> / 1€2,5(729)| dg = 0
c€1/Gy Y Gem\Ge(B)

for all s where the intertwining operator is defined.

In Proposition 6.3, we need the restrictions that j < m—1 and j # m —2, when j > 2.

6.4. The series over $20,1/Gy

For x =y+z € £2,1/G, with y = 0 and z # 0. By Witt’s theorem, 21/G/ is a single

Gp-orbit. We may choose ea' as a representative in the G-orbit £2 1 /G. Correspondingly,

the double coset is Q1 - Gy, i.e. v = 1. Hence we have GZ = Gy N Q1. Recall that

Gg = O(Zm_j+2) = O(k . 6—0’_ D Zm—j D k- 66)
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Recall that Gy N Q1 = Q1 is the maximal parabolic subgroup of Gy, which stabilizes the
isotropic line k - ear in Zy,—;12. It has Levi decomposition Qg1 = M1 N¢ 1, the Levi part
of which is M1 = GLy xHy = GL1 X O,,—;. The integral in (6.8) attached to v =1 is

/ & s(9)dg. (6.19)
Qe1 (k)\Ge(h)

By the Iwasawa decomposition of G¢(A), G¢(A) = Qe1(A) - Kp1 (Kp1 is a product of
local good maximal compact subgroups, with respect to Q¢ 1) we can write g = nm(t, h)r.
Integral (6.19) equals

/K /H(k)\H (A)/kX\AX f’s(m(t,h)r)ééil(m(t,1))dxtdhdr, (6.20)
2,1 ‘ l

because the quotient Ny 1(k)\N¢,1(A) has volume one.
When ¢ = 1, integral (6.20) equals

/ / ¢1,0(hr) dhdr - / )37/ qxe, (6.21)
Ko JHe(k)\H(A) EX\AX, |t[a<c

and this converges absolutely, when Re(s) > %m — 7. It is easy to see that

Csfrn/2+j

/M < [t a4t = vol (¥ \AY) (6.22)
X ><’ tA\C

s—%m—i—j'

Also the integral
/ / 610 () dhdr
K1 J He(k)\He(A)

converges absolutely, by Proposition 5.2. Hence integral (6.21) and therefore, integral

(6.19) with v = 1 and ¢ = 1 converges absolutely for Re(s) > %m — j, has meromorphic

continuation to the whole complex plane C and has at most a simple pole at s = 2m — j

2
with residue

vol(k*\Al) / / 61,0 () dhdr. (6.23)
Kg 1 J He(k)\He(A)

This residue is indeed not identically zero since by part (1) of Proposition 5.2, there is

¢1,0 such that the period
/ b1.0(hg) dh
Hy(k)\Hy(A)

is non-zero. By the argument in [11] (see also the same argument in [6], [12] or [7]), one
can extend the non-zero period of ¢y, over H, through the compact integration over
K, 1 and obtain a non-zero integral

/ / 1,0 (hr) dhdr.
K1 J He(k)\He(A)
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When i = 2, integral (6.20) equals

|/ M(s,0,00) (61 (br) iy | T Ak (6.24)
K1 J He(k)\He(A) EX\AX [t|a>c

Hence this integral converges absolutely for Re(s) > j — %m, has meromorphic continu-
ation to C, and is equal to

X 1 5~ m/2+j
vol(k \A / / (s, 0,w1)(d1:0) (hr) dhdr, (6.25)
5+ m —J Koy J Hy(k)\Ho (A

as meromorphic functions.
We summarize the above calculation as the following proposition.

Proposition 6.4. Let o € A°(O,, /k) have the first occurrence FOy (o) = 2j, such that
j and m satisfy the condition in Theorem 5.1. Then the integral attached to v = 1
converges absolutely for Re(s) sufficiently large and can be expressed as follows: when
i=1,

5= m/2+j
[ gnd—a—— | / o) anar
G)\Gr(A) S - 7m +J K¢ 1 JHe(k)\He(A
where ¢, := vol(k*\A'); and when i = 2,
c 5~ m/2+j

L sowi-ag— [ | M(5,0,101) (9r.0) ) dh
GI\Ge(hA) s+3m = Jr, . S\ H(8)

These identities provide the meromorphic continuation of the integrals on the left-hand
side to the whole plane. Finally, the integral

/ / ¢1.0(hr)dhdr
Ko JHe(k)\He(A)

is not identically zero.

For Proposition 6.4, we did not use any of our restrictions on j.

6.5. The series over 22 2/Gy

Finally, we consider * = y + z € {232/Gy, which is isotropic lines k - z in X; with
y € Y; and z € Z,,,_j42 not isotropic. In this case, we have

bi(y,y) = —bi(z,2) #0.

For a fixed y € Y}, the following set of isotropic lines in X

{k(y +2) | b1(y,y) = —bi(z,2) # 0}

is one Gy-orbit. We may take k(y + z,) as a representative of this G,-orbit, where

2y = 66’_ - %bl(yay)eo_

https://doi.org/10.1017/51474748009000097 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748009000097

728 D. Ginzburg, D. Jiang and D. Soudry

If h € G, stabilizes the isotropic line k(y + z,), then we have h-y =y and h - z,, = z,.
It follows that Stabg, (k(y + 2,)) = Stabg,(z,). Take 2, = eq + 2bi(y,y)eqy . It is clear

that Span(eg, ey ) = Span(zy, z,) is the hyperbolic plane. Hence we have

Stabg, (k(y + z)) = Stabg, (2y)
= O(Zm_j ® k- Z;)

=O0(2) N Zm—js2). (6.26)
The representative « for the corresponding double coset @1 - v - Gy can be chosen such
that
T e =yt 2y,
1
1 _
Y ey = o (Y — 2y),
0 20y (y,y) v)
771 Y= Z;v

and the restriction of y~! to the subspace y N X is the identity. Then we have

G| = 71 Qq-yN Gy = Stabg, (k(y + 2y)) = O(Zp—; B k- z;),

which is the same as (6.26). We want to write down the explicit embedding of v- G} -y~ *
into O(X).
For h € G} = O(Zm—; ® k- z;), it is easy to check that the following hold

Tyt ef =ef,
Thy ey = eq
YTy =qhzy = (20 + azy) = 20 + oy,

where 29 = zg(h) € Zm—j and « € k; for any z € Z,,_;, we have y~1 - 2 = z since

Zm—j CytnX,and
Yyl z=ah-z =7 (2" + Bzy) = 2 + Bz,

where 2* = z*(h) and 3 = 3(h) € k; and finally, the restriction of YAy~ to the subspace
y* NY; is the identity. According to the following decomposition of X

Xi=kel ®Zm;j®k-yoy-NY; 0k ey,

-1

we can write yhy™ " in matrix form:

1
h* 0
* x 0 , (6.27)
0 O Ij,1
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where h* is the composition of h with the projection from h-z = z* + By to z*. It is easy
to check that the following element from (6.27)

h*  x 0
gh)=|x* » 0
0 0 I,

belongs to O(X) and the set {g(h) | h € G]} is a subgroup of O(X) which is isomorphic
to O(Zm—; &k -y).

For such a v = ~,, or a double coset Q17Gy, the integral attached to v, can be written
as

/ i s(129)dg = / C(Vegyz Y2) dyg
G7=\Ge(h) GI"\Ge(h)

/ ¢, (hy) dh. (6.28)
O(k-y®Zm—j)\ O(k-y®Zp—;)(A)

By the definition of &f ((g) (see (6.7) and (2.10), (2.11)), we have

€ (hry) = {%;a(h)n(H(v))H(v)(s) iz,
M(s.,0)(r:0) (W7 (H () H () (—s) it i =2

Hence the dh-integration in (6.28) defines a period of cuspidal automorphic functions in
o over the reductive subgroup O(k -y @ Z,,_;) of O,,, which is absolutely convergent (as
in the proof of part (3) of Proposition 5.2). Again, by Proposition 5.2, the integral must
vanish identically for all choices of data because of the assumption of the first occurrence
of 0. Finally, exactly as in the proof of Proposition 6.1, we get that for Re(s) sufficiently

large
> €5 (he)| dh < oo,
r=y+2z,€80222/Gy (kYD Zm—3)\ O(k-y®Zm—;)(4)

where the summation is over the representatives v as above. Similarly, for all s where
the intertwining operator is defined

> 65,0 (h22) . < .

w=y+2,E€022,2/Gy (b y®Zm— ;)\ O(k-y®Zm—;)(A)

Indeed the last series has finitely many non-zero terms. We state this result as the
following proposition.

Proposition 6.5. Let o € A°(O,, /k) have the first occurrence FOy (o) = 2j, such that
J and m satisfy the condition in Theorem 5.1. For v =y + z, € {25 5/G, the integral in
the summation (6.8) attached to 7y,

/ i «(729) dg,
G7\Go(h)
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is absolutely convergent and identically zero, for all choices of data. Moreover, the fol-
lowing absolute convergence

> €5 ()| dh < o

r= y+2yeQ2 2/GZ ky@zm j \O k"y@Zm _/)(A

holds for Re(s) sufficiently large, when i = 1, and for all s where the intertwining operator
is defined, when i = 2.

In Proposition 6.5, we used the restriction j < m — 1.

6.6. Proof of Theorem 5.1

We complete the proof of Theorem 5.1 in this subsection.

By Propositions 6.1, 6.3, 6.4 and 6.5, we have proved that (6.9) holds, that is, each
integral in the summation in (6.8) converges absolutely, and the series in (6.8) converges
absolutely for Re(s) sufficiently large, when ¢ = 1, and for all s where the intertwining
operator is defined, when ¢ = 2 and the truncation parameter ¢ > ¢¢ (which is defined
before Proposition 6.3). Further we prove that all the summands in the expression (6.8)
are identically zero except the summand attached to the representative v = 1. In this
case, the summand is given by Proposition 6.4.

Combining this with formulae (6.4), (6.6), (6.7) and (6.8), we obtain, for Re(s) large,
¢ > c¢g and j satisfying the condition of Theorem 5.1, a formula for the period of the
truncated Eisenstein series

/ AE(g; by, ) dg = IS — I, (6.29)
(K)\Ge(A)
where
Cs—m/2+j
R / / 61,0 (hr) dh dr (6.30)
§—gm~+ 7 JK, JH(k)\He(A)
and
¢S m/2+j7
I5 = cki/ / M(s,o,w1)(P1,6)(hr) dhdr, (6.31)
s+ gm Ko J Hy(k)\He(A)

where the constant ¢, is as in Proposition 6.4. Note that we proved the identity (6.29) for
Re(s) sufficiently large, and since the left-hand side is meromorphic in the whole plane,
then, by (6.30), (6.31) the identity (6.29) holds as meromorphic functions in C. It is clear
that IT has only one pole, and it is the simple pole at s = %m — J. (See also the proof of
Theorem 6.6.)

Assume now, that 2§ # m (j as above). We claim that the intertwining operator
M(s,0,w1)(¢1;,) has a pole at s = £m — j, for some ¢1,,. Otherwise, I§ is holomorphic
at s = %m — j. Then by (6.29), the period of the truncated Eisenstein series has a pole
at s = m — j. In particular, the Eisenstein series E(g; ¢1.,5) has a pole at s = %m -7,
and hence the intertwining operator M(s, o, w1)($1,,) must have a pole at s = %m —J

2
for some ¢1,,. This is a contradiction. This proves that the Eisenstein series E(g; ¢1,0, 5)
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must have a pole at s = %m — j under the assumption that the first occurrence of o
is FOy (o) = 2j, when 2j # m, j < m —1 and if j > 2, then j # m — 2. This proves
Theorem 5.1.

6.7. Proof of Theorem 5.3

In order to finish the proof of Theorem 5.3, we assume that 2j < m, and hence the
pole at s = %m — j > 0 is simple (by the general theory of Eisenstein series due to
Langlands [22]). We will consider the period (and its convergence) of the residue at
s = 2m — j of the Eisenstein series E(g; ¢1,5, s), i.e. the period in (5.10):

/ Emy2—j(h; d1,0) dh. (6.32)
Ge(k)\Ge(A)

Let so > 0 be a positive pole of the Eisenstein series E(g; ¢1.5,5), and denote the
residue by &£,(g; 1.0). It is clear that the constant term of the residue is

gSO,Pl (ga ¢1;0) - ress:so M(sv a, wl)(¢1;a)(g) = MSO (Ua wl)(¢l;a)(g)'

Then the truncation of the residue is

Acgs() (97¢1;0) = 530(9a¢1;0) - Z M, (Uv wl)(¢1;o)(79)7c(H(79))

YEPI\G
= gso (ga (;51;0) - eg(g) (633)

Note that A°Es, (g, P1,6) = ress—s, A°E(g, $1.5). We can repeat the proofs of Proposi-
tions 6.1-6.5, for ¢ = 2, and get, in particular, that |65| is integrable over G(k)\G¢(A).
Note that in Proposition 6.4 so+ m —j > so > 0, and so (6.24) and (6.25) are valid for
05 as well. We conclude from (6.33) that |Es,(g; ¢1.0)| is integrable over G¢(k)\G¢(A).

Now we can express the period of the residue &,,(g; $1,,) over the subgroup G, as
follows:

/ £ry(h, 1) dh = 05() + A0, (1 91.0)]
Ge(k)\Ge(A) Ge(k)\Ge(4)
= / 05(h) dh + resg—s, (I7 — I5). (6.34)
Ge(k)\Ge(A)
We obtain from the proof of the case when ¢ = 2 in Proposition 6.4 that
ress—s, Is = / 05(h) dh, (6.35)
Ge(k)\Ge(4)
since for so > 0, the pole of I§ is also simple. By (6.34), we obtain

/ Eso(h, P1.0) dh = ress—g, I7.
Ge(R)\Ge(A)
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Thus, we see that if sy # %m — 7, then since ress—,, I{ = 0, we have that

/ Eeo(hy P1:0) dh = 0.
Go(k)\Ge(4)

This proves part (3) of Theorem 5.3.
When sg = %m — 7, we have

/ Emay(hy d1so) A = / 61,0 (hr) dhdr, (6.36)
Go(k)\Ge(A) Ky 1 JHe(k)\He(A)

where the constant ¢ is as Proposition 6.4. Finally, the proof of part (2) of Theo-
rem 5.3 follows easily from part (1) of Proposition 5.2 and the identity (6.36). In
fact, when a o € A°(O,,/k) has the first occurrence FOy,(0) = 2j for some integer
j€{1,2,...,[3(m—1)]}, the period

/ 1.0 (hr)dh
He(k)\He(A)

is non-zero for some choice of data, by part (1) of Proposition 5.2. Now it is a standard
argument to extend this non-vanishing property through the compact integration in
(6.36) [7,11,12], so that the right-hand side of the identity (6.36) is non-zero for some
choice of data. This proves part (2) of Theorem 5.3, and hence completes the proof of
Theorem 5.3.

We summarize the above discussion and Proposition 6.4 as the following theorem.

Theorem 6.6. Let E(g; ¢1.5, ) be the Eisenstein series on Oyy,42(A) as in Theorem 5.3.
Assume that o € A°(O,,/k) has the first occurrence FOy (o) = 2j for some integer

j€{1,2,...,[3(m—1)]}. Let so > 0 be a pole of the Eisenstein series. Then the residue
at 80, Esy(9; ¢1:6) of E(g; $1.0, 8) is not Ge-distinguished for all ¢ = (l4,...,1;) € (k*)7,
except for sg = %m —j. At s9 = %m — j the FEisenstein series has a simple pole, and

there is an ¢ = (ly,...,l;) € (k*)7 such that the period of the residue Emja—j(g;¢o) is
non-trivial. This period is expressed by the following formula

/ gm/ij(hw $1.0)dh = ¢y - / / ¢1,0(hr) dhdr,
Ge(k)\Ge(A) K1 JHe(k)\He(A)

where the constant ¢ = vol(k*\Al).

6.8. Proof of Lemma 6.2

The nature of the proof of Lemma 6.2 is essentially the same as that of Proposition 5.2,
where we sketched the main ideas. For completeness, we give here a more detailed proof
of Lemma 6.2.

For a Schwartz—Bruhat function ¢ in S(X(A)~!) and for ¢, in the space V,, the
t-theta lifting of ¢, to Mp,; 5(A) is given by the following integral (as in (1.1)):

0% ~2(g: 6, 0) = / Buo (. ) (1) I, (6.37)
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where g € Mp,;_5(A). The t-theta hftmg of o, which is denoted by 92J 2(0) as before,
consists of all automorphic functions, 6,/ 29— ( i $o, ) With ¢ running in S (X(A)7~1) and
¢, running in V.

To prove Lemma 6.2, we show that if o € A°(O,, /k) has the first occurrence FO,, (o) =
27 with 7 and m satisfying the condition of Theorem 5.1, then the period

/ ¢o(h)dh (6.38)
Hyyj\Hy,j (A)

is identically zero for all choices of ¢, in V, (see (6.15) for the definition of the sub-
group Hy ;). (Recall that we already explained why this integral converges absolutely,
right after the statement of this lemma in the previous subsection.)

In order to obtain the vanishing statement above, we calculate certain Fourier coeffi-
cients of 02] 2(g, ®s, ). More precisely, as in §5, we take the Siegel parabolic subgroup
Q=LU of Spyj_o and take ¢ = (li,...,lj—2,0) with I; € k*. Then we calculate the
p-Fourier coefficient of 0 ( ; @0, ), which is given by

Ve (929 -2()) = 022 (u; by, )0, (1) du. .
FU0Y2()) /U o 2 LY (6.39)

By (6.37), the p-Fourier coefficient (6.39) can be written as
Fewio=[ o ) () Al )
U(R)\U(A) J Om (k)\ Om (4)

/ bo(h / 0o (R, w)tp, * (u) dudh, (6.40)

U(A)

where the dh-integration is over O,,(k)\ O, (A). We consider first the inner integration

[ s e (6.1
U(R)\U (&)
To calculate this Fourier coefficient explicitly, we write

g = (513527' .- agj—l) € inla

and u = u(S) as in (5.1). By definition, we have

Opp(hyu) = D wy(u(S))wy(h)e(©)

€EXI—1 (k)

= Y wy(h) - p(e(3trGr(§) - S J;), (6.42)

£EXT—1(k)

where the matrix J; is defined by
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inductively, and Gr(§) is defined as the (j — 1) x (j — 1)-matrix (b(&:,&s)). Hence the
Fourier coefficient (6.41) can be written as

> wlete) | oy PEEGHO Sy (6.43)

ceXI—1(k)

By the orthogonality relations of characters, we know that the summands parametrized
by £ € X771 (k) may be non-zero only if £ = (&1, &2, ..., &—1) € X771 satisfy the following
geometric conditions: b(&;,&s) = 0if t # s for t,s = 1,2,...,5 — 1; b(&,&) = I, for
t=1,2,...,5—2;and b(§;_1,&j—1) = 0. We denote by Xg;l the subset of all £ satisfying
the above geometric conditions. It is clear from Witt’s theorem that the action of O,, (k) =
O(X)(k) on X" decomposes X] " into two orbits: one is with &;_; = 0 and the second
is with &;_1 # 0 (but isotropic).

We fix a representative &0 := (v1,...,vj_2,0) for the first orbit, and a representative
&Y := (v1,...,vj_2,y) for the second orbit, where v; for t = 1,2,...,j — 2 are given as
in §5. In particular we have that b(vs,v;) = l;. One can check that the stabilizer of the
representative &Y in O(X) is H, ; as in Lemma 6.2. The stabilizer of the representative
€% in O(X) is denoted by Hp,_jio asin §5.2. It is a k-rational form of O,,—;42. Hence
we may write (6.43) and hence (6.41) as a sum of two terms:

> elelen+ > wlg™1e"). (6.44)
g€Hy,;(k)\ Om (k) g€Hm—j+2(k)\ Om (k)
We go back to calculate the ¥-Fourier coefficient F¥* (Hij ~2(.)) via the second integral
in (6.40). We have

FO(6272() = / g eY) / 65 (hg) dh dg
Hy ;(A)\ Om (A) Hy ;(k)\Hy,;(A)

+/<p(g*1£°)/ ¢, (hg)dhdg, (6.45)
Y Hy—jt2(K)\Hm—j12(A)

where the dg-integration in the second summand in (6.45) is over Hy,—j12(A)\ O (A).
Note that each summand in (6.45) converges absolutely as a double integral. This is due
to the fact that ¢ is a Schwartz function, ¢, is bounded over the Siegel domain of O,
and both H, ;(k)\H, ;(A) and Hy,—jy2(k)\Hpm—;t+2(A) have finite measures. Since the
first occurrence of o, FO, (o) = 27, by part (2) of Proposition 5.2, the period

/ ¢o(hg) dh
Hyy—ji2(K)\Hm—j1+2(A)

must be zero identically in V. (The proof for this is a repetition of the calculation (6.43),
where we compute F¥¢ (03&#‘()), for ¢/ = (¢1,...,¢;_2).) Hence by (6.45), if the first
occurrence of o, FOy (o) = 2j, we have

FU9%2()) = / oo eY) / oo(hg)dhdg.  (6.46)
Hy j(A)\ Oy (A) Hy, j(K)\Hy,;(A)
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If the period (the inner integral)

/ ¢s(hg) dh
Hy (k)\Hyd(A)

is non-zero for some choice of ¢, € V., then it is easy to show that there exists a choice
of ¢ in S(X77*(A)) such that the whole integral in (6.46) is non-zero. This proves that
the t-theta lifting of o to Mpy;_5(A), Hi{;ng (o) has a non-zero ,-Fourier coefficient, and
hence Hij;f(o) is non-zero. But this contradicts the assumption that FOy (o) = 2. This
completes the proof of Lemma 6.2.

7. Proofs of Theorems 1.5, 1.6 and 1.7

In this section, we first prove Theorem 7.1 below. Combining this with Theorem 1.3,
and the results in [13], [14] and [15], we prove Theorems 1.5, 1.6 and 1.7. To state
Theorem 7.1 below, we have to introduce some notation from the theory of local theta
correspondence.

Let v be a finite local place of the number field k. We recall briefly from [23] the local
theta correspondence over the local field k,. For a non-trivial character v, of k,, let wy,
be the Weil representation of the reductive dual pair O,,(k,) x Mpy;(k,) acting on the
local Schrédinger model S(X7(k,)). The detailed discussion of the splitting of the double
cover and the related the cocycles can be found in [15]. See [16] for general reductive
dual pairs.

Let (04, Vs5,) (and (7, Vi, ), respectively) be an irreducible admissible representation
of Oy (ky) (and Mpy;(ky ), respectively). If the following space

Homom(ku)XMpzj(ku)(w¢u7 VUU X Vﬁ—v) 75 0, (7.1)

then we say that 7, is a local ,-theta lift of o,, and o, is a local ,-theta lift of
7y. We do not assume that the local Howe duality conjecture holds for the case we are
discussing here. The local Howe duality conjecture was proved by Waldspurger [27], when
the residual characteristic of k is odd. In such a circumstance, the local ,-theta lift is
the same as the local 1,,-Howe lift. We refer to [23] for more detailed discussions.

Our definition of the first occurrence for the local 1),-theta liftings is based on (7.1).
More precisely, we say that the first occurrence of o, is FOy, (0,) = 2jo if the following
space

Homo,, (k,)xMp,,, (k) (Wi, Vo, @ Va, ;)

is zero for all j; < jo and for all irreducible admissible representations 7, j, of Mp,,, (ky),
but there exists at least one irreducible admissible representation 7, j, of Mpy;, (k,) such
that

Homom(kv)XMpg_jo(kv)(wwv 9 VUU ® V"_r'u,jo) 7{ O

We note that the above definition of the first occurrence for the local 1),-theta liftings
can be extended to the archimedean local places. We will not repeat it here.
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In analogy to (1.2), where we defined the (global) lowest occurrence of o, we define
now the lowest occurrence at the v-component of o € A°(O,, /k) (at a local place v of k):

LOy, (¢) :== min{FOy, (), FOy (0, @ det)}. (7.2)

Theorem 7.1. Let 0 € A°(O,,/k). Assume that there is a local place v of k, such
that LOy, (o) = 2jo. If 2jo < m, then the partial L-function L°(s, o) is holomorphic for
Re(s) > $m — jo. If 2jo > m, then L(s, o) is holomorphic for Re(s) > 3.

Proof. Let the (global) lowest occurrence LOy (o) = 247. Assume that FO, (0 ® €p) =
27y for some sign character ¢y of O, (A). Then the t-theta lifting 02“ (0 ®€) is an
irreducible cuspidal automorphic representation of Mp,; (A) [15,21]. In particular, the
local 1),-theta lift of o, ® €g,, to Mpzjl(kv) is non-zero. This implies that 2j, < 241,
ie. jo < J1-

Assume that 259 < m. If the partial L-function L°(s, o) has a pole at Re(s) > m Jo,
then this pole must be at s = 2m — ji with ji < jo. By Theorem 1.1, there is an auto-
morphic sign character ¢, such that the global ¥-theta lift, 9 1(o® e) is non-zero. This
implies that

J1 <41 < jo < g,
which is a contradiction. Finally, assume that 2j, > m. Then 2j; > m, and by Theo-
rem 1.1 L9(s, o) is holomorphic for Re(s) > 1. This proves the theorem. O

Remark 7.2. By Theorem 1.3, we can conclude a stronger result that under the
assumption of Theorem 7.1, the Eisenstein series EQl(g,(bl;U,s) is holomorphic at
Re(s) > $m — jo. We omit the details here.

Remark 7.3. We expect that the lowest occurrence at the v-component, LO,;, (¢) should
be characterized in terms of the generalized Gelfand—Graev models for irreducible admis-
sible representations of O,,(k,). To illustrate this key point, we prove Theorems 1.5
and 1.7 by Theorem 7.1. The general cases will be treated in our forthcoming work.

7.1. Proof of Theorem 1.5

Consider o € A°(SO,, /k), i.e. o is an irreducible automorphic cuspidal representation
of SO,,(A), where SO,, = SO(X) is as before. Assume that there is a place vy, such
that SOy, (ky, ) is ky,-quasisplit and the local vg-component, o, of o has a non-zero local
Whittaker model, i.e. o is locally generic at vg. Then, for any quadratic character x, the
representation o ® y is also locally generic at vq. It is enough to prove Theorem 1.5 for o.

We ‘extend’ o to an irreducible, automorphic, cuspidal representation ¢’ of O,,(A)
as follows. When m is odd, then O,, = SO,, X Zs, where Zy = {£I,,}. We choose a
character p of Zy(k)\ Z2(A), and extend o to ¢’ = g, on O, (A), by letting the central
subgroup Zs(A) act by p. Similarly, we extend the cusp forms in the space of o to O, (A).
It is clear that o'[go,,(a) = 0. When m is even, we fix a € O,,(k), with det(a) = —1.
In thls case, we define Zy = {I,,,a}. Then O,, = SO,,, x Zs. Consider the map T, on
In dsg ‘X) o, defined by

Tf(h) = f(hv 1) + f(Oth, 1)7
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where f is a function in the last induced representation, viewed as a complex function
on O, (A) x SO, (A), such that g — f(h,g) is a cusp form in the space of o, for each
h. Clearly, the image of T, Im(T') is an automorphic, cuspidal representation of O,,(4).
Fix an irreducible summand ¢’ of Im(T"). Note that, for g € SO,,,(A),

Tf(g)=f(1,9)+ fla, %),

where g% = aga. Thus, T flso,, () € 0+ 0.
Assume that the (global) lowest occurrence

Lod,((j) = FOw(O’l & 60) = 2j0.

Then the 1-theta lifting 7 := Qij(;n(cr' ® €g) is an irreducible, automorphic, cuspidal
representation of Mp,; (A) (see [21] for m even and [15] for m odd). Then the local
Yuy-theta lift of o7, @ €00, to Mpyj, (ku,) is non-trivial. Hence oy, [so,,(x,,) has a local
non-trivial ¢,,,-theta lift to Mps;, (kuo)- In case m is odd, this means that Gfpﬁ) m (0vy) # 0.
In case m is even, it is clear that o7, ‘Sorn(k'uo) is either 0., o7} , or the direct sum of these
two representations. Since o,,, is locally generic, we know that the local first occurrence
of oy, (or, in case m is even, consider of; as well; it is also generic) is greater than or
equal to 2[%(m —1)]. When vy is finite, this is [13, Proposition 2.1] for m odd, and by
the local analogue of the global results in [6] for m even. When v is archimedean, the
same result can be shown by adapting in a simple way these proofs to the archimedean

setting. We omit the details. Hence we have
2jo > 2[5(m —1)].

Hence,
1 if m is even,

if m is odd.

(SIS

m—[%(m—l)]Z{

N[ =

If £m — jo > 0, then, by Theorem 7.1, the partial L-function L®(s, o) is holomorphic at
Re(s) > $m — [§(m — 1)]. Similarly, if $m — jo < 0, then, by Theorem 7.1, L¥(s,0) is
holomorphic at Re(s) > 3. This proves Theorem 1.5.

Remark 7.4. As in Remark 7.2, by Theorem 1.3, we conclude a stronger result, that
under the assumption of Theorem 1.5, the Eisenstein series E(g, ¢1.0, $) is holomorphic
at Re(s) > 1 if m is odd and at Re(s) > 1 if m is even.

Here, the Eisenstein series E(g, ¢1.0, 5) is defined analogously on SO,,42(A). It is easy
to see that this family of Eisenstein series, on SO,,2(A), has exactly the same set of
poles as that of the family of Eisenstein series E(g, ¢}.,/,5), on Opm12(A).

7.2. Proof of Theorem 1.6

In this section, we assume that m = 2n + 1 is odd and SOg,11 is the k-split odd
orthogonal group.
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Recall briefly, from § 2 of [14], the definition of Bessel model of special type for cuspidal
automorphic form ¢ on SOsg,,+1(A). Define

0 1
Jont1 = Jon—1 )
1 0

inductively, so that the quadratic vector space (X, b), and SOz, 11 are defined with respect
to Joni1. As in §2.2 of [14], we consider the unipotent radical N»~!, consisting of the
unipotent matrices of following type

u Tz
n(u,x, z) = Is z* | € SO2p41, (7.3)
u*

where u € U,,_1, the maximal upper triangular unipotent subgroup of GL,,_;. Note that
the Levi subgroup, which normalizes N7~! is L7~ = GL}~! x SO3. As in (2.9) of [14],
we define

wn7n—1;)\(n(u7 z, Z)) = '(/}('U/L? + -+ un—&n—l)"p(b(l‘ s UN, en—l)) (74)

for each A € k* mod (k*)% As in (2.10) of [14], the t,, ,,—1.x-Fourier coefficient of
cuspidal automorphic form ¢ is defined by

Frmnoin(g; ¢) = H(19) ¥ 11 (n) dn. (7.5)

/Nl,',’_l(k)\N,’Z_l(A)

This is a Fourier coefficient attached to the subregular nilpotent orbit in the sense of §2
of [14], which is also-called a Bessel-Fourier coefficient of ¢ attached to the subregular
nilpotent orbit. Note that the Whittaker—Fourier coefficient is the one attached to the
regular nilpotent orbit. The connected component of the stabilizer of ¥y, ,—1.x in L1
is isomorphic to a k-rational form of SO(2), which is denoted by D, as in §2 of [14].
We say that a cuspidal automorphic form ¢ has a Bessel model of special type if the
following integral

Bon9) = | Fens (1 6) dh £, (7.6)
Dx(k)\Dx(A)

as in (2.11) of [14].

Let 0 = ®,0, € A°(SO2y,+1 /k) have a non-zero Bessel model of special type. By [15,
Theorem 1.5], o is either nearly equivalent to an irreducible generic (globally) cuspidal
automorphic representation o of SOg,41(A), i.e. the local components o, are isomorphic
to the local component oy , at almost all finite places v of k, or ¢ is a CAP automorphic
representation of SOg,,+1(A). In the second case, by [15, Theorem 1.5] again, the partial
L-function L°(s, Oao @ Xx) has a pole at s = % for some quadratic character x.
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Assume that there exists a place vy, such that o,, is generic. By Theorem 1.5, just
proved above, the partial L-function L°(s,o ® x) is holomorphic at Re(s) > %, and,
in particular, it is holomorphic at s = %, for all quadratic characters x. This implies
that o cannot be a CAP automorphic representation of SOg;,41(A). Therefore, by [15,
Theorem 1.5], 0 must be nearly equivalent to an irreducible generic (globally) cuspidal

automorphic representation oo of SOg,,41(A). This proves Theorem 1.6.

7.3. A sketch of the proof of Theorem 1.7

We sketch the proof of Theorem 1.7 in order to illustrate the idea that the Gelfand—
Graev models for irreducible cuspidal automorphic representations of SOagy,+1(A) deter-
mine the structure of irreducible cuspidal automorphic representations. This idea should
work for other classical groups. The general discussion will be included in our forthcoming
work.

Assume that o € A°(SOgzp41 /k) has a non-zero Bessel-Fourier coefficient as defined
in (7.4). First, we can prove that FOy(c) > 2n — 2. The proof uses just one place v, and
the fact that o, has a non-trivial Jacquet module, with respect to the character at v,
which defines the Bessel-Fourier coefficient. We show that, for 25 < 2n — 2, a local theta
lift from Mp2j(kq,) to SOg,41 cannot have a non-trivial such Jacquet module. Following
the same argument as in the proof of Theorem 1.5 above, we conclude that the partial
L-function L%(s, o ® x) is holomorphic for Re(s) > 2, for all quadratic characters x of
k*\A*. If the partial L-function L%(s,o ® x) has a pole at s = 2, for some quadratic
character x, then the first occurrence FOy (o) must be 2n — 2. Thus, the -theta lift
to Mpy,,_o(A), 93)7’12_712“(0) is a (non-trivial) automorphic, cuspidal representation. We
show that this representation is also generic, with respect to a character, determined
by the Bessel-Fourier coefficient above. Let 7 be an irreducible summand of Hiilzjl%rl(a).
Then o = Qinﬂtz(ﬁ) We calculate directly the Bessel-Fourier coefficient above, for o,
in terms of Whittaker coefficients of 7, and we get that this Bessel-Fourier coefficient
already provides a Bessel model of special type as in (7.5). By [15, Theorem 1.5], ¢ must
be a CAP automorphic representation of SOs,41(A), since L°(s,0 ® x) has a pole at
s = %, for some quadratic character x. Now the conclusion of Theorem 1.7 follows from
Theorem 1.5 of [15]. We omit the details here.

It is clear that Theorem 1.7 restricts the global Arthur parameters for irreducible cuspi-
dal automorphic representations of SOs,,11(A) with non-zero Fourier coefficient attached
to the subregular nilpotent orbit. We expect that this is a general phenomenon. We will
get back to this topic in our future work.
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