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Multiple-scales perturbation methods are used to study wave interactions in mag-
netohydrodynamics (MHD), in one Cartesian space dimension, with application to
cosmic-ray-modified shocks. In particular, the problem of the propagation and in-
teraction of short wavelength MHD waves, in a large-scale background flow, mod-
ified by cosmic rays is studied. The wave interaction equations consist of seven
coupled evolution equations for the backward and forward Alfvén waves, the back-
ward and forward fast and slow magnetoacoustic waves and the entropy wave. In
the linear wave regime, the waves are coupled by wave mixing due to gradients in
the background flow, cosmic-ray squeezing instability effects, and damping due to
the diffusing cosmic rays. In the most general case, the evolution equations also
contain nonlinear wave interaction terms due to Burgers self wave steepening for
the magnetoacoustic modes, resonant three wave interactions, and mean wave field
interaction terms. The form of the wave interaction equations in the ideal MHD
case is also discussed. Numerical simulations of the fully nonlinear cosmic ray MHD
model equations are compared with spectral code solutions of the linear wave in-
teraction equations for the case of perpendicular, cosmic-ray-modified shocks. The
solutions are used to illustrate how the different wave modes can be generated by
wave mixing, and the modification of the cosmic ray squeezing instability due to
wave interactions. It is shown that the Alfvén waves are coupled to the magne-
toacoustic and entropy waves due to linear wave mixing, only in background flows
with non-zero field aligned electric current and/or vorticity (i.e. if B-V x B # 0
and/or B -V x u % 0, where B and u are the magnetic field induction and fluid
velocity respectively).

1. Introduction

Wave interactions in magnetohydrodynamics (MHD) and wave propagation in non-
uniform media have wide applications in space and laboratory plasma physics. In
particular, the propagation of linear waves in stratified media has an extensive
literature, ranging from the propagation of radio waves in the ionosphere (see
e.g. Budden 1985), to hydromagnetic wave propagation in the solar atmosphere
(Ferraro and Plumpton 1958) and in the solar wind (see e.g. Heinemann and
Olbert 1980; Barnes 1992). Weakly nonlinear wave interactions and resonant wave
interactions in MHD have recently been discussed by Ali and Hunter (1998).
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Heinemann and Olbert (1980) obtained bidirectional evolution equations describ-
ing the propagation of toroidal Alfvén waves in the solar wind, in which the back-
ward Alfvén wave is coupled to the forward Alfvén wave via large-scale gradients
in the background flow. Zhou and Matthaeus (1990) and others subsequently devel-
oped theories for Alfvénic turbulence in the solar wind that naturally incorporated
the interaction of the fluctuations with gradients in the background flow. In space
plasma physics, this is commonly known as wave mixing (see e.g. Tu and Marsch
1995). Alfvén wave ponderomotive forces have been invoked as an important el-
ement in accelerating the solar wind in both WKB models (see e.g. Alazraki and
Couturier 1971; Hollweg 1973, 1978; Jacques 1977; McKenzie 1994), and non-WKB
models of wave-accelerated winds (see e.g. Heinemann and Olbert 1980; Barkhu-
darov 1991; Lou 1993; MacGregor and Charbonneau 1994; Hollweg, 1996).

Wave interactions also play an important role in cosmic ray astrophysics. Chin
and Wentzel (1972) and Skilling (1975b,¢) considered the role of three-wave resonant
interactions and wave cascades in cosmic ray propagation problems in the galaxy.
A squeezing instability for short-wavelength WKB sound waves in cosmic-ray-
modified flows and shocks was investigated by Dorfi and Drury (1985), Drury and
Falle (1986) and Zank and McKenzie (1987) (see also Berezhko 1986; Chalov 1988;
Webb 1989; and Kang et al. 1992). More general analyses of instabilities of obliquely
propagating modes in cosmic ray modified flows have been investigated by Berezhko
(1986) and Zank et al. (1990). In particular, Zank et al. (1990) showed that the waves
could be destabilized by squeezing and stratification effects, and by particle drifts.

Webb et al. (1997a,b,c; 1999) obtained equations describing the interaction of
short-wavelength sound waves and entropy waves in two-fluid cosmic ray hydrody-
namics, in a non-uniform large-scale background flow. In the high frequency limit,
the equations reduce to the evolution equations for WKB sound waves obtained
by Drury and Falle (1986) and Zank and McKenzie (1987). The equations also
contain the effects of wave mixing, describing the interaction of the waves with
each other due to gradients in the background flow, as well as nonlinear wave in-
teraction effects. The linearized wave evolution equations were used in Webb et al.
(1997a.b,c,1999) to study the effect of wave mixing on the cosmic ray squeezing
instability in cosmic-ray-modified shocks and flows.

Alfvénic models of cosmic-ray-modified shocks in which the Alfvén waves that
scatter the cosmic rays are generated in part by the cosmic ray streaming insta-
bility (Lerche 1967; Skilling 1975a) were developed by McKenzie and Volk (1982),
Volk et al. (1984) and Medina-Tanco and Opher (1990). The cosmic-ray-generated
Alfvén waves in this model were shown by McKenzie and Webb (1984), Zank (1989),
Begelman and Zweibel (1994) and Ko and Jeng (1994) to drive one of the modified
slow magnetoacoustic waves unstable. McKenzie and Voélk (1982) and Vélk et al.
(1984) restricted their attention to parallel shocks, where the role of Alfvén waves
on the shock structure is maximal, whereas Medina-Tanco and Opher (1990) studied
the role of cosmic-ray-generated waves in general oblique MHD shocks. Ko (1992)
and Ko and Jeng (1994) have considered a hydrodynamical generalization of the
McKenzie and Volk (1982) model to include the effects of backward and forward
Alfvén waves and second-order Fermi acceleration effects.

The main aim of this paper is to investigate the role of wave—wave interactions in
magnetohydrodynamics (MHD), with application to cosmic-ray-modified shocks.
We use the MHD model of oblique cosmic-ray-modified shocks of Webb (1983) and
Webb et al. (1986) (see also Jun et al. 1994; and Frank et al. 1994). The model equa-
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tions reduce to those of one-fluid MHD if the cosmic ray terms in the equations are
dropped. Thus the wave interaction equations for standard MHD are obtained as
a limiting case by dropping the cosmic ray terms in the equations. It is important
to note the physical limitations of using a fluid dynamical description, rather than
a collisionless, kinetic plasma description (note that this criticism also applies to
Monte Carlo models). In particular, the model does not incorporate Landau damp-
ing of magnetoacoustic modes due to wave—particle interactions (see e.g. Barnes
1966, 1979). The damping rates v = —S(w)/R(w) (where w is the wave frequency)
of the magnetoacoustic waves in general increase with the plasma beta (see e.g. Fig-
ure 4 of Barnes (1979), where 7, is plotted as a function of the angle 8 between the
wave vector k and the background magnetic field B for the cases 8 = 1 and 8 = 5).
The Landau damping for the fast-mode wave exhibits two peaks associated with
stochastic heating of the thermal protons (6 ~ 10°) and heating of the electrons
(0 = 85-90°) in B ~ 1 plasmas. For perpendicular propagation (6 = 90°), there is
no linear Landau damping of the fast mode (this corresponds to waves propagating
normally to the shock in a perpendicular cosmic-ray-modified shock). In collision-
less plasma theory, the entropy-wave-like modes with ®(w) = 0 are Landau-damped
(Barnes 1979). In general, without carrying out detailed calculations, it is difficult
to assess whether the cosmic ray squeezing instability is sufficiently vigorous to
overcome Landau damping. In a more complete theory, one should also take into
account the full momentum spectrum of the cosmic rays, obtained by solving the
cosmic ray transport equation (see e.g. Parker 1965) consistent with the total mo-
mentum equation for the system, in which the cosmic rays exert a force on the
background flow via their pressure gradient.

The model and equations are presented in Sec. 2. Section 3 provides a discussion
of the eigenvalues and eigenvectors of the MHD equations, which are central to the
derivation of the wave interaction equations. The form of the eigenvectors depends
on the dependent variables, or the state vector used in the analysis. Two state vec-
tors for the MHD background fluid (omitting cosmic ray effects) are used, namely
¥ = (p,u”, BT $)T and the conserved densities state vector ¥ = (p, pu”, B", pS)",
where p, u, B and S denote the density, fluid velocity, magnetic induction and en-
tropy of the MHD fluid. The relationships between the wave amplitudes {a;}, and
the right- and left-eigenvectors, the state vector perturbations, and the eigenvector
symmetries are discussed. The formal derivation of the wave interaction equations
is developed in Sec. 4. Section 5 discusses nonlinear and three-wave resonant in-
teractions, and the relation of the wave equations to previous work on three-wave
resonant interactions of coherent MHD waves (see e.g. Sagdeev and Galeev 1969;
Chin and Wentzel 1972; Ali and Hunter 1998). Section 6 considers the wave mixing
equations, describing the interaction of linear short-wavelength MHD waves in a
large-scale background flow. The wave interaction coefficients describe squeezing
instability effects due to the large-scale cosmic ray pressure gradient (see e.g. Drury
and Falle 1986), cosmic ray damping due to diffusive cosmic ray transport (see e.g.,
Ptuskin 1981), and wave mixing effects due to gradients and time variations in the
background flow. The wave interaction coefficients generalize the corresponding
coefficients obtained by Webb et al. (1997a), describing the interaction of short-
wavelength sound waves and entropy waves in cosmic-ray-modified flows. The rela-
tionship of the wave mixing equations for the Alfvén waves for planar MHD flows to
the equations obtained by Heinemann and Olbert (1980) and Zhou and Matthaeus
(1990) for Alfvén waves and Alfvénic turbulence in the solar wind is delineated. It
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turns out that for wave propagation in one Cartesian space dimension, the Alfvén
waves are coupled to the magnetoacoustic and entropy waves only in flows with
non-zero field-aligned electric current and/or vorticity (i.e. B-V x B # 0 and/or
B-V x u # 0). The form of the wave mixing equations for the degenerate cases
where the wave vectors k || B and k L B are discussed in detail. Numerical simula-
tions of the fully nonlinear two-fluid MHD equations are compared with solutions
of the wave mixing equations for the case of perpendicular cosmic-ray-modified
shocks in Sec. 7. Section 8 concludes with a summary and discussion.

2. Model and equations

We use the two-fluid MHD model for cosmic-ray-modified flows of Webb (1983) and
Webb et al. (1986). The cosmic rays are assumed to be a hot gas with a substan-
tial pressure p., but with negligible mass flux and momentum density compared
with the thermal gas. The cosmic rays are scattered by waves or turbulence in the
background flow, and the phase velocity of the waves is assumed to be negligible
compared with the fluid speed (for further discussion of the two-fluid model for the
non-magnetized case, see also Axford et al. 1977, 1982; Drury and Vélk 1981).

For a model in which the physical variables depend only on the position coordi-
nate x of a rectangular Cartesian coordinate system (z,y, z) and on the time ¢, the
equations governing the system of cosmic rays, thermal gas and magnetic field B
may be written in the form

EJF(,T(;M) =0, (2.1)
%(puz) + a% (puT +petpgt B;jQZBﬁ) =0, (2.2)
%(puy) + % <pumuy Bsz) =0, (2:3)

%(p )+ a% (puwuz Bsz) =0, (2.4)

% n aﬂ(usz u, By) = 0, (2.5)

%B; o Be = u2By) =0, (2.6)

%(ps) + %(pSuz) =0, (2.7)
s  1G R 29

In the above equations p, u, py and S denote the thermal gas density, fluid velocity,
pressure and entropy respectively, p., 7. and k denote the cosmic ray pressure,
adiabatic index and hydrodynamical diffusion coefficient, B denotes the magnetic
field induction, and p is the magnetic permeability. For an ideal gas, the gas entropy

S has the form
S=C,ln (%7) , (2.9)
p g
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where C, is the specific heat at constant volume and v, = C,/C, is the ratio of
specific heats for the thermal gas.
Equations (2.1)—(2.9) can be combined to yield the total energy equation for the

system:
oW  OF,
— + =0 2.10
ot Ox ’ (2.10)
where
, B?
W=E,+E.+pu®+— (2.11)
Z 2/1/
is the total energy density, and
S 1 .
F = (ipu” + E; + pg)u+ —[B>u — (u-B)B] + F, (2.12)
‘ ¢ 1
is the total energy flux. In (2.11) and (2.12)
g,=-te g =P (2.13)
Tl Ye—1
0E.

F.=u(E. +p.) — K

o (2.14)
define the internal energy densities £y and E, for the thermal and cosmic ray gases,
K is the cosmic ray diffusion tensor (note that k = K,,), and F. is the cosmic ray
energy flux.

Note that (2.1)—(2.7) are in conservative form. The system of equations (2.1)—(2.8)
can be written in the form

o OF _ 9p.

Z+ = 6, i=1,...,1, 2.15
ot Oz oz 2 " : (2.15)
9pe | My dp. 0 (My\ 9 ( Ope
+ 2 ypea (2 ) - — =0 2.16
ot p Oz pr@x(p) 81‘(”836 (2.16)
(6% is the Kronecker delta), where M = pu is the momentum density of the thermal
gas and
Y = (p, My, M,, M.,By,B.,0,p.)", o =pS, (2.17)
defines the state vector of the system. The fluxes {F: i =1,...,7} in (2.15) are
F'=M,, (2.18a)
. _ M 1122 2
== > +pg + 505(B, + B3), (2.18b)
. MM ’
F? = Y — b;B, By, (2.18¢)
p
. MM, .
Ft=—"%_¥B,B,, (2.18d)
p
5 M;B,—M,B,
=" V7 (2.18e)
P
s M,B,— M,B,
Fi=—"*—* — =2 (2.18f)
p
- M,
=22 (2.18¢)
p

where by = ~'/? in (2.18).
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Equations (2.15)—(2.18) may also be written in terms of the dimensionless vari-

ables
/7:%7 M:pf“‘/o, pfﬁ, ﬁc:;);), (2.19a)
B:B%’ R = V(/;U S:C%’ 5 =239p, (2.19b)
z:%, f= % (2.19¢)

The characteristic length (L) and time (T) scales and characteristic wave speed Vj

are chosen so that
VT 1/2
oy = (pg") . (2.20)
Po

Equations (2.15)—(2.18) also have the same form in the dimensionless variables
(2.19), provided that we choose

B2 \/2
by = ( : 2) : (2.21)
,UPUV()

In (2.20), V| is the isothermal sound speed.

The cosmic rays may be scattered both by resonant wave—particle interactions
and by random walk of the field lines (see e.g. Jokipii 1971). The general form of
the energetic particle diffusion coefficient k., in the kinetic transport equation for
cosmic rays (see e.g. Krymsky 1964; Parker 1965; Skilling 1975a) is of the form

kpw = ol cos’ Op, + k| sin’ 0Bn, (2.22)

where k) and k1 are the particle diffusion coefficients parallel and perpendicular
to the background magnetic field B, and 0p,, is the angle between the background
magnetic field and the z axis, or shock normal. The parallel diffusion coefficient &
is determined by resonant wave—particle interactions, whereas the perpendicular
diffusion coefficient x is determined both by resonant wave—particle interactions
and by random walk of the field lines. For slab turbulence, in which the magnetic
fluctuations are perpendicular to B, x| is determined by random walk of the field
lines. In this case, one finds r) o< 1/P,, where P, = (6B)?/87 is the Alfvén wave
pressure, whereas the perpendicular diffusion coefficient x is proportional to the
power at zero frequency. The hydrodynamically averaged diffusion coefficient & is
an average of ky; over the energetic particle momentum spectrum (see e.g. Drury
and Volk 1981). Drury and Falle (1986) note that if resonant wave—particle inter-
actions are the main scattering mechanism then the hydrodynamically averaged
diffusion coefficient k  1/P,,. From the compression of pre-existing Alfvén waves
in the highly supersonic flow upstream of a cosmic-ray-modified shock, P,, oc p*/2,
suggesting that x oc p~?/% for the case where k,, is dominated by ). However,
Alfvén wave excitation by the resonant streaming instability will also contribute
to P, (see e.g. McKenzie and Volk 1982).

On the other hand, in a quasiperpendicular shock, k;, ~ k1 (0p, ~ %7? in (2.22)).
If k, is dominated by random walk of the field lines (Jokipii 1971, equation (65)),
one can show that x; o (§B/B)% From the wave mixing equations for Alfvén
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waves (see e.g. Zhou and Matthaeus 1990), one can show that 6B o p in a quasi-
perpendicular shock. Because both 6B « p and B  p, it follows that x ~ const in
a quasiperpendicular shock.
These arguments suggest that
K = K(p) (2.23)
is a function of the background density p. It turns out that the squeezing instability
for short-wavelength sound waves in cosmic-ray-modified shocks, first investigated

in detail by Drury and Falle (1986), is sensitive to the form of k(p). More specifically,
the squeezing instability depends on the value of the parameter

_Olnk

¢= Olnp’

(2.24)

The instability growth rate also depends on the cosmic ray pressure gradient, and
is substantially enhanced for a low-temperature background thermal gas. This is
discussed in further detail in the following analysis.

In the following analysis, we take the hydrodynamical, cosmic ray diffusion co-
efficient k = k(p), and we use the dimensionless variables (2.19), but, in an abuse
of notation, we omit the overbars on the dimensionless variables.

3. The magnetohydrodynamic eigenequations

Before proceeding with the derivation of wave interaction equations for the two-
fluid MHD cosmic ray model, it is useful to have at hand the eigenvalues and
eigenvectors of the MHD equations. The MHD eigenvectors depend on the state
vector (i.e. dependent variables) used in the analysis. We consider two different
state vectors that are useful in deriving the wave interaction equations in Sec. 4.
We consider the state vector
~ / m

¥ = (p,us,uy, s, By, Bz, S)', (3.1)
and the conserved densities state vector

¥ = (p, My, M,, M., B,,B.,0)", (3.2)

where M = pu is the mass flux and o = pS is the conserved entropy density. The
eigenvalues and eigenvectors are obtained in Sec. 3.1. Section 3.2 provides formulae
relating the wave amplitudes to the total perturbations of the MHD fluid. The rela-
tionships between the wave amplitudes and the individual wave mode contributions
to the total perturbations are discussed. Section 3.3 discusses discrete symmetries
that map eigenvectors onto eigenvectors. These symmetries imply symmetries be-
tween the wave interaction coefficients obtained in Secs 5 and 6.

3.1. Eigenvalues and eigenvectors
In terms of ‘i’/, the MHD equations may be written in the form

o L ov
o el =0, (3.3)
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where
Uy p 0 0 0 0 0
agp”' uy 0 0 b B,p~! B.p~' pyp!
0 0 Uy 0 —b3Byp! 0 0
oA = 0 0 0 Uy 0 —bByp~! 0 . (3.4)
0 B, —-B,; 0 Uy 0 0
0 B, 0 —B,; 0 Uy 0
0 0 0 0 0 0 Uy

The right-eigenvectors {R}} and left eigenvectors {L.} of the matrix .o/’ satisfy the
eigenvector equations

L. (o' — \I) =0, (3.5a)
(o' — XI)-R, =0, (3.5b)

where the eigenvalues { s} satisfy the eigenvalue equation
det(e/’ — AI) = 0. (3.6)
The eigenvectors are normalized so that
/ /I _ ¢S o~
L,R; = 6%, (3.7)

where 6% is the Kronecker delta.
Evaluating the determinant (3.6) yields the eigenvalue equation in the form

det(sf’ — \I) = =MX* = B2)[ A — (a] + )N +abi] = 0, (3.8)
where A = X\ — u, denotes the phase speed of the waves in the fluid frame, and
; . by B byB
2 _ 32 4 72 _ 90Dz _ bob .
b= =10, +b7, bﬂ’_pl/z’ l_p‘/Q' (3.9)

In (3.9), b, is the phase speed of the Alfvén wave in the fluid frame. In general,
there are seven distinet solutions for A in (3.8), namely

Al = ug — cy, Ao = Ugp — by, A3 = Uy — Cs, Ay = Ug, (3.10a)
A5 = Ug + Cg, Ag = Ug + by, A7 = ug + cy, (3.10b)

where ¢y, ¢; and b, denote the fast magnetoacoustic, slow magnetoacoustic, and
Alfvén speeds respectively. The fast and slow phase speeds ¢y and ¢y satisfy the
magnetoacoustic dispersion equation

¢t —(al + %) +ab; = 0. (3.11)
The eigenvalue Ay = uy in (3.10) corresponds to the entropy wave, or contact dis-
continuity eigenmode.

Following the approach of Brio and Wu (1988), Zachary and Colella (1992) and
Roe and Balsara (1996), we normalize the right- and left-eigenvectors {R,} and
{L;} so that a well-defined set of eigenvectors is obtained for the degenerate cases
of parallel propagation for which B = (B,,0,0)" and perpendicular propagation for
which B = (0, By, B,)". 1t is useful to use the notation

R/ =R, R,=R;, R;=R;, R,=R, (3.12a)
R,=R!, R;=R7, R;=R7, (3.12D)
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and a similar relabelling of the left-eigenvectors, where the subseripts f, s, Aand e
denote respectively the fast magnetoacoustic, slow magnetoacoustic, Alfvén and
entropy wave eigenmodes, and the superscripts — and + denote the backward
and forward waves.

The matrix (3.4) has non-normalized right- and left-eigenvectors for the
magnetoacoustic modes of the form

byb b !
fma) = (€ DaDL = 0 3.13
' ( ol (S =BR)p (=)' 2 (319
1/ (ma) p (& choby by a? (3.14)
= — —,C, —— p - =y 14
a? \p' 7 =0 (= b3)p' P

where the superscript (ma) denotes the magnetoacoustic mode, a = a4 is the gas
sound speed, by = bye, + b.e, is the same as in (3.9), and ¢ denotes one of the
solutions of the magnetoacoustic dispersion equation (3.11). To obtain a well-
defined set of normalized eigenvectors for the degenerate cases of parallel (k || B)
and perpendicular (k L B) propagation, we consider the eigenvectors

R/(ma) = fry/(ma) (315&)

)

L/(ma) = ply/(ma) (3.15b)

The eigenvectors {R'™@} and {L'™»} form an orthonormal set for the magnetoa-
coustic modes if we choose
a’|c? — b2

Kk = Ay
QCZ(C§ —c2)

(3.16)

(see also Roe and Balsara 1996). The condition (3.16) for the fast and slow modes
yields the equations

kiky = 303, kiki = o, (3.17)
where oy and o are defined by the equations
2 2\ 1/2 2 2\ 1/2
a~ —c c a
O‘f:<2 3) ; Oés:(f; 2> : (3.18)
Cf — Cg Cf —c

The parameters oy and «, are the same as those used by Roe and Balsara (1996).
They satisfy the auxiliary equations

aftai=1, o= E (3.19)
f 5
Note also that cres = alby|.
The choices
Kp=ap, ky=lay, K=o, Kk =la, (3.20)

yield well-defined eigenvectors (3.15) for the degenerate cases. Using the normal-
ization constants (3.20), we obtain

T
afcs Qs asaf
R+ = <a L 2555 on(b,) B ,“,0) , (3.21)
! P p T bypt
1 agcrp pascssgn(bs) ,  boptasBy agp
Llj: [ + fef < 3.22
f 2 (Oéfy (12 y T a2 BJ_) a ) ')’g ( )
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for the fast-mode eigenvectors, where

B
2L = Ble, + Bies, (3.23)

BJ_:BL

e;, e, and e, are unit vectors along the x, y and z axes, and sgn(b;) denotes the
sign of b,. Similarly, we find

"
- QsCs | QfCy agaP
RS = (Oésai P) 7:‘37 Sgll(bx)ﬁl,wv()) ) (3.24)
vt =L (o220 ety o bolPaby o) g
2 a? a? a Vg
for the slow-mode eigenvectors.
A well-defined set of eigenvectors for the Alfvén modes is
b buf3 '
R’ = (0,0, Fo £ B ﬂy,0> : (3.26)
pZ p2
1 18, | p?
L’i:, 0,0,:Fp ﬂ 7:l:p2/6ya/8m7ﬁy,0 . (327)
2 bo bo
Similarly, for the entropy wave,
T
R, = (1,0,0,0, 0,(,—79) : (3.28)
P
L, = L (0,0,0,0,0,0,1) (3.29)

Yg

are the normalized eigenvectors.

Now consider the form of the eigenvectors for the case where the state vector is
the conserved densities state vector (3.2). In this case the MHD equations may be
written in the form

v ov
—to - — =0. 3.30
ot Oz (3:30)
The matrix o/ in (3.30) is given by the formula
i OF!
o = — 3.31
o (331)

where the {F?} are the MHD fluxes in (2.18). Using (3.31), the matrix .o is given
by

0 1 0 0 0 0 0
a?] —u? — opgp_2 Uy 0 0 bﬁBy b B, pgp_l

— Uz Uy Uy Ug 0 —0B, 0 0
of = — Uy U U, 0 Uy, 0 ~b2B, 0
—(ug By — uyBx)pf1 Byp*l —B,p~! 0 Uy 0 0
—(ugB, —u.Bg)p~" B.p~! 0 —B,p! 0 Ug 0
—cugp ! ap~! 0 0 0 0 Uy

(3.32)
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The matrix .o/ in (3.32) is related to the matrix .o/’ in (3.4) by the transformation

A=Q- P, Q=P (3.33a)
v o
pof = b= = 3.33b
o & @ 10h 4 ( )
In the perturbation analysis in Sec. 4, we use perturbations of ¥ and ¥’ of the form
¥ =¥+ 0, ¥ =¥V +0E (3.34)
where
7 7
¥ =Y aR,, ¥YO=dR, d=a, (3.35)
s=1 o=

and e is a small parameter ordering the perturbation expansion. In (3.35), the wave
amplitudes as and a), are chosen to be the same. For a’, = as, the eigenvectors of
the matrix ./ are related to those of the matrix .« by the equations

R,=Q- R, (3.36a)

L; = L}-P. (3.36Db)
Note that the {L;} and the {R,} satisfy the orthonormality conditions L;-Rs = &7.
The matrix P in (3.33) has the form

1 0O 0 0 00 0
—ugp~t pt 0 0 0 0 0

—Uy p' 0 p" 0 0 0 0
P=| —u.p! 0 0 pt 0 0 0 (3.37)
0 0 0 0 1 0
0 0 0 0O 01 0
op~? 0O 0 0 0 0 p!
Similarly, the matrix @ = P~! has the form
1 00 0 0 0 0
U, p 0 0 0 0 0
u, 0 p 0 0 0 O
Q=] u, 0 0 p 0 0 1. (3.38)

0 0001 00
0 000010
S 00000 p

Using the transformation matrices (3.37) and (3.38) and the eigenvectors (3.21)
and (3.22) in (3.36b), we obtain the conserved densities eigenvectors for the fast
mode in the form

R? = (af, af(ug £cp), apuy F oscs sgn(by) By, apu, F ascy sgn(by) Bz,

-
asaﬁy O‘saﬁz o «
bop!/?’ bop'/? ,afS) ’ (3-39)
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1 S QfCru asCs sgn(by)
Li:* 1- 2 fCef :L’:l: sCs i . ’
! 2<af( 'Yg) i a? a? buom

afc ascs sen(by asCs son(by
S Gl + = el
b 1/2 b 1/2
L0l g, 2P af), (3.40)
a a Vg
where ay, as and B, are given by (3.18) and (3.23), and
u; = uye, +use;. (3.41)

Similarly, the slow-mode eigenvectors have the form
RE = (as, s (Ug £ C5), sty £ ayeysgn(by) By, asu, & apey sgn(by) Bz,

T
70¢faﬂy 7afaﬁz .
bop'/27 byp!/? a5 ) (3:42)

1 S QsCsll arcrsan(b
LE (as<1—):|: sCstla o aycrsgnbe)g

52 Vg a? a?
:I:asfs,:l:afcf an(bm)ﬁy,:l:afcf an(bm)ﬂz,
a a
b 1/2 b 1/2 .
— g, g, “‘). (3.43)
a a Vg
The Alfvén eigenvectors are
R‘i = (Oa 07 :Fb()pl/2ﬂ.2a ib()pl/zﬂya ﬂza _ﬁy7 O)Tv (344)
1 ([ ufy —uyf B g
Lt =- Y I z _ +B,.—06,,0]). 3.45
42 < bop!/? ’:Fb()Pl/w b{)P]/Q’ﬂ Py (3:49)
The entropy wave eigenvectors are
R‘e = (lvuwvuy7uza07075_7g)’r? (346)
1
L.=—(5,0,0,0,0,0,—-1). (3.47)

Vg

The above eigenvectors are in general well defined as B, — 0 (parallel propagation
limit), provided that we specify the manner in which B, and B, tend to zero.
Both sets of eigenvectors (3.21)—(3.29) and (3.39)—(3.47) corresponding to the
state vectors ¥ and ¥ (see (3.1) and (3.2)) may be used in the perturbation anal-
ysis in Sec. 4. The wave interaction coefficients of physical interest turn out to be
independent of which state vector is used in the perturbation analysis, provided
that the wave amplitudes as are chosen to be the same in both cases (see Appendix

A).

3.2. Wave amplitudes and eigenvector relations

In this section, we relate the wave amplitudes {a; : j =1,...,7} to the total MHD
fluid perturbations, which have the form

59 = (6p, 6u$,6uy,6uz,63y,63z,65)T = e(pl,ui,ui,ui,B;,Bi,SI)T. (3.48)
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Using the orthogonality relations L;»-R; =67, and (3.35) yields the formulae

~ / _m
a; =L - W =L, (o', ul,uy,ul, B, B, S") (3.49)
for the wave amplitudes {a;}. The total perturbations s may in turn be split
up into contributions from the different wave modes, by noting that

ajR; = (pj,ujx,ujy,ujz,Bjy,sz,Sj)l s j = ],...,7. (350)
In (3.50), the p;, u;, B; and S ; denote the density, velocity, magnetic induction and
entropy perturbations due to the different wave modes. There are two degenerate
eigenvalue cases, namely when B = (B,,0,0)" and B = (0, By, B.)". Particular care
needs to be exercised for the case B = (B,,0,0)" for which k || B, since in this case
one of the magnetoacoustic modes becomes incompressible, and behaves like the
Alfvén mode, but with a phase shift in the eigenrelations between éu; and 6B .

3.2.1. Case B # (B,,0,0)". Use of the left-eigenvectors (3.22), (3.25). (3.27) and
(3.29) in (3.49) yields the formulae

— — — + _ — _ + o =
ay =ag, a; = ay, as =ag , as = ag, (3.51a)
as=ay, ag=ay, Q4= Qe (3.51b)

for the different wave modes, where

1 r 5«1 b 1/2 s 1/2
af = 5 |ay (p' + /;) + a];ifp“i + Opa “op, - (Bi F C(Z)o ui)} , (3.52)
L g
1T gl bapl/2 1/2
asi = 5 Qs (pl + /1'7> + OéZC;Pu; . opa aflh' (B‘l F Cfa'?)(,ull>] . (3.53)
L g
1 B pl/Q
ai = 5 [(B:By = B,B2) F 5~ (Buy — By
1 1/2
=50 B, x <B]L + /)b ui) ) (3.54)
0
511
ay=a, = -2 (3.55)
Vg

give the wave amplitudes for the fast, slow, Alfvén and entropy waves in terms of
the total MHD fluid perturbations.
Using the right-eigenvectors {R;} and (3.50), we obtain the formulae
p1 = Qpar, Py = Qsaz, Py T a4y, P3 T QA3 P7 T Qpdg (3.56)
for the density perturbations of the fast and slow modes (py, p3, p5, p7) and the
entropy wave (py) in terms of the wave amplitudes {a;}. Similar formulae for the
fluid velocity, magnetic induction and entropy perturbations {u;,B;, S;} may also
be obtained from (3.50).
Similarly, for the Alfvén modes, (3.50) yields the results
Bjy = B.a5,  Bj. = —Bya;, (3.57a)
aj = B:Bjy — ByBj. = ey - (B X By), J=2,6, (3.57b)
relating a» and a¢ to the magnetic field perturbations B, and Bg.
The formulae (3.51)—(3.57) also apply for the degenerate-eigenvalue case where
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B, = 0 (i.e. k L B). It is straightforward to determine the special form of the
eigenrelations (3.51)—(3.57) for the degenerate-eigenvalue cases for which k || B and
k | B, by taking the appropriate limits in (3.51)—(3.57).

3.3. Higenvector symmelries

The eigenvectors {R;} and {L;} may be regarded as functions of the parameters
y = (c¢, ¢s, by, a). Under the transformation

T, : y=(cf,cs,bo,0a) — (—cp,—cs, —by, —a), (3.58)

the forward wave eigenvectors are mapped onto the corresponding backward wave
eigenvectors. In other words,
Lj(T.y) = Ly (y), Rj(Tay) =Ry (y), J' =8-. (3.59)
There are other maps, similar to (3.58), obtained by interchanging the parameters
y and/or changing the sign of the parameters, that map eigenvectors onto eigenvec-
tors. These maps imply symmetry relations between the nonlinear wave interaction
coefficients (Sec. 5), and the linear wave mixing coefficients (Sec. 6). An alternative
suggestive notation for Ty, is
c c b a
T, = < Foo R0 > , (3.60)
—cyf —c¢s —by —a
where the first row in (3.60) is the domain and the second row is the range.
The map
Tb : Y= (Cf7CS7b()aa’) = (Cf,CS,—b(),_a) (361)
maps the backward Alfvén wave eigenvectors onto the forward Alfvén wave eigen-
vectors, but leaves the magnetoacoustic eigenvectors invariant, i.e.

R;(Tyy) = Ry(y), j=2,6, j ' =8—7j (3.62a)
R;(Tvy) = R;(y), J+2,6. (3.62b)

Similarly,
T.:  y=(cr,cs,b0,a) — (—cp, —cs, by, a) (3.63)

maps the forward magnetoacoustic eigenvectors onto the backward magnetoacous-
tic eigenvectors, but leaves the Alfvén and entropy wave eigenvectors invariant.
Thus
R;(T.y) =Rj(y), j=+2,6, j =8-4 (3.64a)
R;(Tey) = Rj(y), J=2,4,6. (3.64b)
A further interesting map is
Td : Y= (cfa Cs, b07 a) = (CS7 —Cf, _b(h a)' (365)

T, maps the slow magnetoacoustic eigenvectors onto the fast magnetoacoustic
eigenvectors and vice versa, in the manner

Ri(Tay) = Rs(y),  Rs(Tay) =Ra(y), Re(Tay) = Rs(y),  Rs(Tay) = Ru(y).
(3.66)
The map Ty maps the backward Alfvén wave onto the forward Alfvén wave eigen-
vectors, and vice versa:

Ry (Tay) = Re(y), Rs(Tay) = Ra(y). (3.67)
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Other maps can be constructed by composition of Ty, Ty, T, and Ty. For example,

T2 = ( Cé” CZ lb’“ Z > =T, (3.68a)
—Cf —Cg 0

3 — (&3 Cs b() a B

(o b)), -

It is of interest to note that

22 _ g2 _gpd_ [ Cf Cs bp a ) _
T =T, =1 =T, ( ¢; es by a ) =1, (3.69)
where | is the identity map. The left-eigenvectors {L;} transform in the same way
as the right-eigenvectors in (3.62)—(3.69).

4. Short-wavelength waves in non-uniform flows

In this section, we use the method of multiple scales to derive equations describing
weakly nonlinear wave interactions, and linear wave mixing for short-wavelength
waves in a non-uniform large-scale background flow. A similar study of wave propa-
gation for the two-fluid cosmic ray model, without MHD effects, was carried out by
Webb et al. (1997a). We emphasize that wave interactions for the pure MHD case
are obtained by simply dropping the cosmic ray terms in the equations. At lowest
order in the perturbation analysis, one finds that cosmic ray pressure perturbations
play no role in the analysis. At the next order, one obtains the standard eigenvalues
and eigenvector solutions of ideal MHD. At the following order, one obtains wave
evolution equations describing linear wave mixing of the different eigenmodes due
to the non-uniform background flow, instability and damping terms due to the
cosmic rays, and nonlinear interaction effects.

From (2.15) and (2.16), the equations governing the system can be written in the
matrix form:

oY oY 0 |4 oY
a-hsz{(‘l’y%—% [K(‘l’)'ax] =0, (4.1)
where the matrix
K = g6’ (4.2)

represents the effects of cosmic ray diffusion. As discussed in (2.23) et seq., we take
R = R(p) in the following analysis. The 8 x 8 matrix A in (4.1) has components:

. . QF?
A”:&/”:a%, i,j=1,...,1, (4.3a)
AB=Ct=¢,, i=1,...,1, (4.3h)
A¥ =pIi  j=1,...,8, (4.3¢)
where
C=(0,1,0,0,0,0,0)",
D = (—a’u,,a?,0,0,0,0,0,u,), (4.4)
and

1/2
ae = <%pc> (4.5)
p

defines the ‘cosmic ray sound speed’ a..
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The Jacobian matrix o/ in (4.3) contains the MHD effects in the model, and is
given by (3.32). The MHD eigenvalues and eigenvectors of the matrix .o/ are given
in (3.32) et seq. These play an important role in the following analysis.

4.1. The perturbation expansion

Consider the evolution of weakly nonlinear short-wavelength waves, with length
scale Ly and time scale T} in a large-scale background flow, with length and time
scales L and T', where L » L, and T' > T). We develop a weakly nonlinear geo-
metrical optics expansion for the waves in the perturbation parameter

) 0<e<l), (4.6)
L T
of the form
Y=+ w4 2P 4 (4.7)

where the background state yO = _‘l‘((')(a"sf) depends on the slow variables (Z,)
whereas the wave perturbations {¥"(z,#:£,7) : i > 1} depend on both the slow
variables Z and ¢ and on the fast variables:

é‘:

The normalized diffusion coefficient & = O(1) in (2.19). Using the derivative trans-
formations

o | &
(OS]

, T= (4.8)

9_0 .19
of  of €Ot
0 3+18

0z 01 c0E

and the perturbation expansion (4.7) in (4.1) yields the equations

(4.9a)

(4.9h)

0 10 (s
Kat‘ + 687> +[Ag+ (P + EPP 4 L) VyA

+1 (P + WY + ) (P + EPP 4 L) Ve VeA+ L (88_ +
X

1
€
(9 1O\ [ W) 4 2¢@ TR (0 .19
<6f+€8€>{[K0+(6\I] +eP +..0) - VeK+ .. ] ai‘+€6§

P + e + EPE + ) =0. (4.10)

As in Webb et al. (1997a), the O(1/€%) balance of terms in (4.10) is automatically
satisfied, since ¥ is independent of . The O(1/¢€) balance in (4.10) requires that
/ipL ¢ = 0, and since we require pl to be sublinear in £ for a uniform expansion, it
follows that

pl=0 (4.11)
is the appropriate solution for p!. The balance equations at O(1) may be split up
into the equations

o) =0 (4.12)

v v 9 /. ovY
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for the non-uniform background state ¥ and the O(1) balance for the wave

perturbations
owt ort 9 m . (ov"”  ov"
T e et vk (G )
(1) 2)
+k(,.<28‘81‘2 +a‘av§ )} S0 (413)

Taking into account the form of the diffusion term in (4.1), and introducing the
state vector

Y= (p, Mx7MyaMzaByaBZaO->T (4.14)
for the MHD background thermal fluid, the first seven equations in (4.13) reduce
to:

g (1) g (1)

oY oY

Sty —— =0, 4.15
or 0 ¢ (4.15)

where the matrix .7 = .o/ (¥"") is given by (3.32). The eighth equation in (4.13),
R LA
Fepe 92 T 9p 0¢ Ox ’

couples the second-order cosmic ray perturbation p? to u'.
Following the approach of Majda and Rosales (1984) and Webb et al. (1997a),

< (1 - (2
the solutions for ¥ and ¥ are expanded in terms of the eigenvector solutions
associated with the matrix .o/ of the form

(4.16)

¥ =3 a@,E0)R,, (4.17)
s=1
¥ =3 0,286, 7R, (4.18)
s=1
where {as} and {bs} determine the wave amplitudes, and
= ki —wr, A=, (4.19)

are the phase and phase speed of the sth wave mode. The matrix .7 is given by
(3.32). The phase velocities {A\; : s =1,...,7} in (4.19) are the MHD wave eigen-
velocities listed in (3.10). The right-eigenvectors {R,} and left-eigenvectors {L;} of
the matrix .7 are given in (3.39)—(3.47).

At O(e), the first seven equations in (4.10) yield the matrix equation

@) 5 (2)

oX 4 FoN 4

JRSE— [, = i

87’ ,52{() 85 G (), (4 20)
where
) ) 2 iy (0) 5, (1)
oY oY op> (1) opd - oY’ oY

= —— 4.y + ¥ VO —4+Y¥Y VoL | —+—— . (4.21
G= 5 vz 70 oE Vel Vi or ¢ (+21)
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The eighth equation in (4.10) at O(e) is

2 2) (1 () M
. (a\v L 0¥ >+\If“>.wn. <8‘I’ L oY >

or o0& loky ox o0&
o ( op;  OrOp\ O [ (9p;  Op}
—— | R tp ——== | — = |F — +
oz o€ dp 0% 103 o 0€
OF Op? ,OF ,O?R\ op .
1~ c 2> 1, 1,27 ™ cl| — A ¢
+p Op ¢ + (p p +35(0) 8p2> 81} 0. (4.22)

The vectors C and D in (4.21) and (4.22) are defined in (4.4).

Substituting the solution ansatz (4.17) and (4.18) for ¥ and ¥ in (4.20),
and multiplying (4.20) on the left by the left-eigenvector L;, yields the system of
equations

abj (eja 7)

87']‘
where 0/07; = (0/07)lg,. As in Majda and Rosales (1984) and Webb et al. (1997a),
we require that b;(0;,7)/T — 0 as T — oo in order that the perturbation expansion
remain uniform for times 7 = O(1/¢). Using this latter condition, and integrating
(4.23) with respect to 7, with 0; held fixed, yields the averaged evolution equations:

(L;-G); =0, j=1,...,7, (4.24)

+L;-G=0, j=1,...,7, (4.23)

governing the short-wavelength wave modes on the long time scale. The averaging
in (4.24) is defined by

] T
(f); = lim f/ flo,dr’, (4.25)
T—oo T Jo

(i.e. the average defined in (4.24) is carried out with ¢; held fixed). The averaged
wave equations (4.24) are integro-differential evolution equations of the type ob-
tained by Majda and Rosales (1984) describing three-wave resonant interactions
for weakly nonlinear hyperbolic waves.

4.2. Wave evolution equations prior to averaging

The wave evolution equations prior to averaging may be written in the form

0b;(0;,7) ; . - ,
JaTJ +T;”+T;2):0, j=1,...,1, (4.26)
where
= (1) = (1) s
oV oV op> <) op!
™" =1L,- — + .l SRV R v e
i J 6t 0 8"2 ag V‘l‘ 3:%
(0)
< (1) oY
¥ Veod  —— |, 4.27
¥ oz > (427
@) < (1) o'
T; ﬂ%<W~VW%é%>. (4.28)
Next, note from (4.16) that
pd  pad . COp | ~=[pa _, ¢ apl)
= Plc 1 5Yc 1 _ ©(R? —uyR') — 2 =<R!|a,, 4.29
6T R poet = 2| R~ g (4.29)
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where ¢ = d1Ink/d1n p (see (2.24)) and R denotes the jth component of Rg. Using
(4.29) and the eigenexpansion (4.17) for ¥ in (4.27), we obtain
m _ 99

a 7
T = = +%(Ajaj)+;/\jsas (4.30)

for the linear wave mixing term (4.27), where

g0

OAs OR OR oY
Aje=—22880 41, |2 o NS R, Ve -
J 5:63 7| ot A T s or
op? a? 5 1 ¢ op? 1
R V€= +C| (R, —u.R,) — >R, 4.31
R, WCag‘c C(R(Ré Uz Ry) p@iR5 (4.31)

are the wave mixing coefficients. The nonlinear wave—wave interaction term (4.28)
may be written in the form

) 7 7 da
T =322 Timtagg (432)

p=1 ¢g=1
where the interaction coefficients I'j,, are given by
Ijpg =L - Ry - Vwot - Ry,). (4.33)

Noting that the MHD fluxes F'“ in (2.18) have continuous second partial deriva-
tives, and, using /P = 6F°‘/8‘-i’5 ((4.3)), one finds that the nonlinear interaction
coefficients I'j,q in (4.32) and (4.33) are symmetric in the indices pg. The I'j,, are
in general asymmetric if one does not use the conserved densities state vector (3.2)
in the perturbation analysis. In particular, the wave interaction coefficients I';p,
obtained in Webb et al. (1997a) are non-symmetric in the last two indices p and
q. However, after averaging (4.23) to obtain (4.24), many of the nonlinear terms
have a zero average, and the remaining terms can be described by wave interaction
coefficients fqu, which are symmetric in the last two indices p and gq.
By differentiating the right-eigenvector equation

(o —Ad) R, =0 (4.34)

in the directions of the right-eigenvectors, the interaction coefficients I';p, in (4.33)
can be written in the form

Lipg = 67, Rg - Vi, + (Ap — Xj)L; - (Rg - VyRy). (4.35)

From (4.35), we find

Ljji = Rj - Ve, (4.36a)
Ljjg =Rg-Vwk;, g+, (4.36h)

for the nonlinear interaction of the jth wave with itself and with the qth mode
(q+7) - S

Using the fact that /" = 0F"/0¥7, the term involving V.o/ in (4.31) may be
written in the form

OR,

PO o,
T o

Ly (R~ Vet ) - S = 560+ (A = AL

(4.37)
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Using (4.37) and noting that C? = &%, (see (4.3)), in (4.31) results in the expressions

9
Ajs = L+ <8R o, 0Rs )+L [(R R e _ S0P g (4.38)
K

ot 0T p 0T

for the wave mixing coefficients. The relatively simple form of the wave mixing
coefficients in (4.38) is a consequence of using the conserved densities state vector
V¥ of (3.2). The formulae (4.38) are central results of this paper, and are used to
determine the wave mixing coefficients in Sec. 6.

In the pure MHD case, when there are no cosmic ray effects (i.e. if p. = 0), the
wave mixing coefficients have the form

dR .
Ajs = Lj : dts s (4.39)
where
d 0 1o}
+ As— 4.4
dt 8t 0z (4.40)

is the time derivative along the sth wave mode characteristic. If the background
flow is an MHD simple wave associated with A = A, then the background state

= (0 = (0 . o
vector ¥ e )(<p) depends only on the simple wave phase ¢ satisfying the
unidirectional wave equation

[ [
+ A =0 441
ot "Pox (4-41)
(see e.g. Boillat 1970; Webb et al. 1998). Because the eigenvectors depend only on

©, we find

Ajs =L -

dR, (a‘p TL dR, 9p (4.42)

— s | = (As = Ap)Lj - —
dp \ Ot 89‘0) As = Ap)Ly dp 0z

Thus if the background flow is a simple wave associated with the pth eigenmode
then Aj, = 0, and the small-amplitude waves of the pth family do not contribute
to the evolution of the other small-amplitude wave modes with A; F A,.

4.3. Averaged wave evolution equations
From Webb et al. (1997a), the wave evolution equations (4.24) after averaging may
be written in the form

da; L9 0

57 T 5 Niai) + Agja +Z Ajslas) + (T, =0, j=1,...,7,  (4.43)

where 37’ , denotes summation over the index s for all modes except s = j. The
mean wave amplitudes (as) depend only on the slow variables T and . The wave
interaction coefficient A;; used above differs from that used in Webb et al. (1997a),
where the wave interaction equations equivalent to (4.43) were written in a slightly
different form. The mean nonlinear interaction term (T;z>>j can be expressed in
both a non-conservative form

2 ~ 8a
<Tg( )> Ljjja; 80J + Z jjq @q j + Z Z Ljpg( aq (4.44)

r<q ¢
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and a conservative form
2) 0 ai / I N _
(T30 = kigg-\ iy * > Tijglaga; +> > Tipglagay); ), (4.45)
J q p<q q

where the interaction coefficients I'jpq, I'jpq and I'jp, are given by

Cjpg = EpLjpg, (4.46a)
Uipg = Ujpg — tpjal jap = Ep(Ap — Aj)Lj-[Rg, Ry |, (4.46D)
l;qu = E(qupfqu + /‘ququp)
b
Ao — AV (Ap — A
= & ( A;)( ) L, (R, R, (4.460)
and
[R,.R,| =R, VyR, — R, VyR,. (4.47)

In (4.44) and (4.45) we use the notation a;, = da,(6,)/00,, and assume that A, + A,.
Note that the coefficients I';;, are given by (4.36).
In (4.46), the coefficients {1;,q} are given by

kj(Aj = Ap) _ vpj
N Ao B It 7] 4.48;
Hia kg(Ag = Ap) Vg (h480)
Vpg = (Ap — Ag)kpky. (4.48Db)

For three-wave resonant interactions of the jth, pth and gth wave modes (j # p +
q), the resonance conditions may be written in the form
05 = ttjpgty + HiqpOyp (4.49)

(see e.g. Anile et al. 1993; Webb et al. 1997a; Ali and Hunter 1998). Since 6; =
ki€ —w;T, (4.49) imply the equivalent equations

Wj = HipgWq T HjgpWps (4.50a)
kj = tjpakq + tiqpkp, (4.50b)

where
wj =kjN;,  wp =kpAp,  wg = kg, (4.51)

are the dispersion relations for the waves (see (4.19)). The condition for periodic
hyperbolic waves with frequencies and wavenumbers (wp, k,) and (wq, kg) to reso-
nantly interact in (4.49) is that p;,q and p;4, should be rational.

The means (aqay,); in (4.45) are defined by

1 /7 k,0; +v;,T k0 +vi,T
= lim — a% " Viq (5 T Vi 4
(aay); T%TA aq( k; )%< k; ) !

1 ajptTyp (l/ 0+ v 0
= hHl _ a w) a,, (0 )d@ 5 (452)
|Tjp|—o00 ij ip ! Vip Pep ?
where
Ty, k,0; ~
T S
] J

The means (aqa,) are defined similarly, but with a;, replaced by a, in (4.52). The
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double summations over p and g in (4.44) and (4.45) are over all wave modes p, ¢
with p < ¢ and p # ¢ # j. The nonlinear wave interaction terms in (4.44) and (4.45)
split into three types, namely the interaction of the jth wave with itself (the I';;;
term), the interaction of the jth wave with the mean wave field of the other waves
(the I'j;4 terms), and the three-wave resonant interaction terms (the fqu terms).
In (4.52), the phase 6, of a4 is given by

Oq = Hapjti + 1qjptp, (4.54)

which is precisely the condition for three-wave resonant interaction.

The conservative wave—wave interaction coefficients fqu in (4.46) are symmetric
in the indices p and ¢. If one uses the state vector ¥ of (3.2) in the perturbation
analysis then the interaction coefficients {I'j,,} are also symmetric in the indices
p and g. In this latter case, (4.46) yields

Fqu = Fqu. (455)

However, if one uses a different state vector, for example ¥ = (p,u", By, B,,S)",
then the interaction coefficients I'’ = calculated using (4.33) are in general asym-
metric in the indices p and g (see also Webb et al. (1997a) for the gas dynamical
case). In Appendix A, it is shown that both the wave mixing coefficients {A;,}
and the nonlinear wave interaction coefficients I';;, and I jpg are invariant under a
change of state vector of the form ¥ = ®(¥), provided that the wave amplitudes
as are chosen to remain the same (i.e. a), = as).

5. Nonlinear and resonant wave interactions

An early discussion of three-wave resonant interactions in MHD was given by
Sagdeev and Galeev (1969). More recently, Ali and Hunter (1998) have developed
three-wave resonant interaction equations for magnetohydrodynamic waves in one
Cartesian space dimension. In the present section, we discuss how the Ali and
Hunter equations arise in the present development. We also discuss the Alfvén
wave decay instability (see e.g. Sagdeev and Galeev, 1969) due to the three-wave
resonant interaction between two Alfvén waves and a slow magnetoacoustic wave
in a low-beta plasma.

a.1. Wave interaction equations

From (4.43) and (4.45), the averaged wave evolution equations (4.43) may be written
in the form

Oa; 0 !
87; oz iag) + Agjag + > Ajslas)

0 a2 ’ / N
*kigg (Fm; + Y Tijglagia; +> Fqu<aqap>j) =0, (5.1)
J q

r<q ¢

where 1 < 7 < 7. The equations given in Ali and Hunter (1998) are equivalent to
(5.1), when the wave mixing coefficients A;; and A, are set equal to zero, and the
mean wave interaction terms (the I';;, terms) are set equal to zero. In this case,
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(5.1) reduces to

da; , 0 9 a , o e -
af+ag_c(xjaj)+kj89j( jii s Z:Zq: olaqga,) )0, j=1,...,7, (5.2)

In the present discussion, we emphasize the symmetry properties of the interaction
coefficients, and consider the more general case where the waves have non-zero
means. Our interaction coefficients reduce to those of Ali and Hunter when we use
their wave amplitudes and eigenvectors.

In (5.1) and (5.2), the nonlinear interaction processes consist of the Burgers self-
wave interactions (the I'j;; terms), mean wave field interactions (the I';;, terms
with ¢ # j) and three-wave resonant interactions (the fqu terms). As noted in
(4.54) et seq., the interaction coefficients may be determined by using either the
conserved densities state vector ¥ in (3.2) or another appropriate state vector (e.g.
¥ = (p, uT,By,BZ7 S)Ty in the analysis.

The Burgers interaction coefficients {I';;;} and mean wave interaction coeffi-
cients {I'jjq : ¢ * j} may be determined from (4.33) or (4.36). Using the compu-
tational algebra language Maple (see e.g. Char et al. 1992), the Burgers self wave
interaction coefficients {I';;;} may be written in the form

' = _2re Br, Ta=0, Iz = *%557 (5.3a)
Py =0, Tsss =T33, T =0, T7r7 =Ty, (5.3b)
where
By = %[(7 + l)af + 3a? o Bs = 2[(7 + l)a + Saf] (5.4a)
2 1/2 2 1/2
oy = (Z;:Zg) , Qg = (Z;_Zg) . (5.4b)

Note that the compressive magnetoacoustic, self wave interaction coefficients I'1y1,
I's33, I's55 and I'777 are non-zero, whereas the Alfvén and entropy wave coefficients
Ia90, Te6 and T'yyy are zero. One can show that the interaction coefficients {I';;p}
are antisymmetric with respect to reversal of the wave speeds, namely

Cijp=—Ljj, 3 =8-4, p'=8-p, (5.5)

where 1 <7< 7and 1 <p<7.
The non-zero mean wave ﬁeld interaction coefficients {I'j;, : p # j} for j < 4
are given by the equations

Qg Cf
Ting = ——[(Bf —2)c +esl, Tnu =55, (5.6a)
10 ! 5
Qg arce(Br — 2 _
s = —?[(ﬁf —2)cy — ¢, 'z = —%f); (5.6b)
ar(|bg] — 2¢ as(|be| — 2¢s -
ooy = W, [ooy = Ma (5.6¢)
p 2p
b as(lbg| + 2¢, ar(|by] + 2¢ _
Dogy = |;x|, F225:7‘(| d ), F227:7f(‘ x' f), (5.6d)
2p 2p 2p
(% C -
33 = —f[(ﬂs =g tep], Ty = = (5.6¢)

%a
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asCs(Bs — 2 « )

335 = _wa [y37 = —*f[(ﬁs = 2)es — ey, (5.61)
P 4

afc QsCy _

Iy =~ L f, Ty = — ) (5.62)
P P
QugCy arc _

| T ) Iyr = A (5.6h)

P P

For j > 4, the non-zero mean wave interaction coefficients may be determined by
using the results (5.6) in conjunction with the symmetry relations (5.5).
The three-wave resonant interaction coefficients {I'j,,} may be determined from
(4.46). An alternative expression for the I';,,, using (4.46), is
9T pg + ir

A Aj— A Ap— A
Jjpq — Ap* p*/\q Jjap>

= Y jpa T (5.7)

where I'j,, is given by (4.33). Using the result (5.7) and (4.33), the non-zero three-
wave resonant interaction coefficients for j < 4 are given by the equations

A arcrb? A arce(Bs — 1 . ascr(Br — 1 _
26 = —%, s = —%7 Iy = —%7 (5.8a)
g
. R . -1
Iy = —Cl, s = a cf(ﬁf ), (5.8b)
2p p
r ay|bg| F s |be | e |bz| -
| ag = — oug = — 5.8
216 2 ) 36 2p ) 246 2 ) (5.8¢)
7 s |by | F O‘f|bx| -
Fos6 = , 267 — p , 5.8d
256 2) 6 2 (5.8d)
. arcs(Bs — 1 - ascs(Br — 1 . ascsb?
15 ! (i ), 7 = (pf ), D6 = — 202 %, (5.8¢)
g
A Cs A arcg(Bs — 1
Dy = =5, Iusr = sés(P ) (5.81)
2p P

The resonant wave interaction coefficients I'y,, in the entropy wave evolution equa-
tion are all zero. The non-zero resonant wave interaction coefficients {I';,,} for
j > 4 can be obtained by using (5.8) and the symmetry relations

Cipg=—Tjpg, §'=8—4, p=8-p d=8-g¢ (5.9)

associated with interchanging the roles of the backward and forward waves. The
non-conservative, asymmetric interaction coefficients I';,4 in (4.46) may be ob-
tained by using the relations
3 _ k(A = Ag) 2 =
Ujpg = Wrg‘pq (5.10)

and the results (5.8) and (5.9) for f‘qu. The resonant wave interaction equations
presented in Ali and Hunter (1998) were written in terms of the asymmetric inter-
action coefficients I';p,.

9.2. Examples of three-wave resonant interactions

There are a variety of resonant triads governed by the wave interaction equa-
tions. In order for three-wave resonant interactions to occur, two conditions must
apply, namely the resonant wave interaction coefficients I'j,, must be non-zero
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and the resonance conditions (4.50) for the wave triad must be satisfied. Ali and
Hunter (1998) point out that only four types of resonant triads are possible: slow—
fast magnetoacoustic wave interaction; Alfvén—magnetoacoustic wave interaction;
Alfvén—entropy wave interaction; and magnetoacoustic-entropy wave interaction.
For the case of resonant periodic waves, the coefficients {4} in the resonance
conditions (4.49) and (4.50) must be rational numbers, i.e.

wj =mwgtnwy,  kj =mkq +nky,  ppg =m, pijep =mn,  (5.11)

where m and n are rational numbers. The simplest resonance conditions are ob-
tained by taking m and n to be integers, and the wave amplitudes {as} are taken
to be 2m-periodic functions of the wave phases 6. We discuss two resonant triad
examples below. We restrict our discussion to the pure MHD case, in which there
are no cosmic ray effects, and assume a constant background state.

5.2.1. Alfvén—magnetoacoustic wave interaction. As an example of resonant wave
interactions, consider the interaction of the backward and forward Alfvén waves
with the forward slow magnetoacoustic wave in a low-beta plasma, in which b, > a,.
We first consider the strictly hyperbolic case when all the wave speeds are distinct,
and then consider the degenerate case when B = (B,,0,0)", in which the Alfvén
and fast magnetoacoustic speeds coincide.

(a) The strictly hyperbolic case. From (5.11), the tri-resonance condition occurs

when
ws = Mwg + Nws, ko = mkg + nk;. (5.12)
Using (4.48b)—(4.51), the resonance conditions (5.12) are satisfied for
by — 2b
ky = _Mkﬁ7 ks = —ikﬁ. (5.13)
by + ¢ (by +cs)n
In particular, for the case m = —1 and n = 1, we have
b, —c 2b
ko = a Ski;, k];zizk;, 9 = W5 — Weg- 5.14
2 e o W = W5 — W (5.14)

(Galeev and Sagdeev (1969) have considered a similar example, in which a large-
amplitude Alfvén wave (with frequency wg), interacts resonantly with a small-
amplitude sound wave (with frequency w;), and with a small-amplitude Alfvén
wave (of frequency ws). Because b, > c5, the resonance conditions (5.14) imply
that wg > w5 > 0 and wg > |ws| (note that we < 0). Under these circumstances, the
backward Alfvén wave (as) and the forward slow magnetoacoustic wave (as) are
subject to an instability (Galeev and Sagdeev 1969). For the resonant interaction
case described by (5.12)—(5.14), the wave interaction equations (5.1) reduce to

Oas Oas 0 ([ as(by +2c¢s) by

i S -y e (L R sag)2 ) =0, (5.15
ot ar 206, < 5y ()02 = 5 = (a5a6):2 (5-15)
Oas Oas 0 [ascsBs 5  ascsby

. 2 290 0a4)5 ) = 0, 5.16
ot “ oz '89;,( 2p U3 Taay (®wia) =0 (5.18)

ot ox

where we assume a constant background state, with u, = 0. Using (3.56) and (3.57),

Oag Oag 0 [ozs(2cS —by)

gy
+ 5. 1 YN 5 ; + QoY | = :’
by ko 55, 3 (as)ag 2 <a,,a2>h] 0, (5.17)
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we obtain the equations

Bgy = 52112, BQZ = 7ﬂya2, (518&)
By = B-as, Bg, = —5ya67 (5.18b)
P5 = Qsas (5.18¢)

relating the magnetic field perturbations By and Bg for the backward and forward
Alfvén waves and the density perturbation p; for the slow magnetoacoustic wave
to the wave amplitudes a2, a5 and ag.

Equations (5.15)—(5.17) show that the waves are coupled to each other, both by
the mean wave field of the slow magnetoacoustic wave and also via the resonant
wave interactions (the (a,a,); terms). The Burgers self wave interaction term (a3)
for the slow mode wave in (5.16) results in the generation of higher-order harmonics
as the wave steepens, and considerably complicates the nature of the wave interac-
tions. However, if one considers the initial value problem for (5.15)—(5.17) in which
as = 0, as + 0 and ag + 0 at time ¢ = 0, and assuming (a5) = 0, then at early
times (5.15)—(5.17) may be approximated by the three-wave resonant interaction
equations

8ag 8&2 0 Ozsbw
— by — ky—— 5a6)2 | =0, 5.19
ot ox 90, ( 2p a‘>2> (5.19)
Odas Oas 0 [ ascsb?
~ + co— +t ks : 5| =0, 5.20
ot “ox o0, ( 2a7 (1200 (5.20)
8&6 8a6 0 asbz
AL R e sas)e | =0 5.21
ot dr 090, ( op @ “2>°> (5:21)
To analyse (5.19)—(5.21) further, we use the phase representation

aj = Ajexp(it) + Aj exp(—ibt;), j =2,5,6, (5.22)
for the wave perturbations, where the complex wave amplitudes A; depend only on
the slow variables x and t. Using the representation (5.22) now allows the determi-
nation of the resonant interaction terms (apaq); in terms of the wave amplitudes
As. Thus, for example,

1
27
= A5 Af exp(ibs) + A Ag exp(—ibs), (5.23)

<a5a6>2 =

27
/ a;(92 + 9(;)&(5(95) d@ﬁ
0

where we have used the resonance relation 85 = 6, + 6 for the wave phases. Using
similar results for (asag); and (asaz)e in (5.19)—(5.21) yields the three-wave resonant
interaction equations

8512 b 8621:2 - ikra;zm A5 A5 =0, (5.24)
0A; 0A; ascsb?

ey ik Ay Ag = 0, 5.25
ot “ow T2z 22
A‘ A sbz

%" + bm% + ikGO‘QTAsA; =0 (5.26)

for the complex wave amplitudes {4;}.
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The three-wave resonant interaction equations (5.24)—(5.26) (or modified versions
thereof) have received considerable attention in the mathematical physics litera-
ture, since the equations comprise an integrable Hamiltonian system, in which the
initial value problem may be solved by the inverse scattering method. In the present
application, we are interested in the evolution of the waves for the case where Az = 0
at time ¢ = 0. At early times, the resonant interaction term A5 A} in (5.26) may be
neglected, and (5.26) has a general solution of the form Ag = Ag(x + b,t). Taking
Ag = const, (5.24) and (5.25) may be reduced to the linear wave equation

th + cS;:C) (gt - bzaax> — kzk;-,o‘ic;‘g’””miﬁ Ay = 0. (5.27)
Equation (5.27) admits solutions of the form Ay x exp|i(Kx — vt)], provided that
v satisfies the dispersion relation

V4 K(by — co)v — K2byes + C|Ag]* = 0. (5.28)
In (5.28). the parameter ( is given by

o (bz — Cs)azbwcs 2

6

b
C:

20, + ca)Ppatn (529
where we have used the resonance relations (5.14), and p is the magnetic perme-
ability. Equation (5.28) has complex solutions for v for long-wavelength waves with
wavenumbers

4¢| Al
(bs +cs)*
Hence long-wavelength waves for A, and Aj; satisfying (5.30) are unstable, and
experience wave growth. In the long-wavelength limit (K = 0), (5.28) has solutions

v = +i"?| 4y, (5.31)

K? < (5.30)

showing that the instability growth rate increases with the Alfvén wave amplitude
|Ag|. Similar results are discussed by Sagdeev and Galeev (1969), who emphasize
that it is necessary that wg > |ws|, |ws| for the instability to occur. Sagdeev and
raleev (1969) interpret the latter results quantum mechanically in terms of con-
servation of energy for the wave quanta involved.

(b) The non-strictly hyperbolic case B = (B,,0,0)". Now consider the interaction
of the forward slow-mode wave (a5) with the backward and forward Alfvén waves
(az and ag), in a low-beta plasma (b, > a4), for the degenerate case where B =
(B:,0,0)". As B = (B2 + B2)"/? — 0, the fast and slow magnetoacoustic speeds
reduce to

cf =bz, cs=ay. (5.32)
In this limit, the fast mode is incompressible and the fast-mode wave speed cy and
the Alfvén speed b, coincide. Thus for B = (B,, 0, ())T and b; > a4, the eigenvalues
are

Al = X2 = ugp—by, A3 = Ug—Aag, Ay = Ug, >\5:Um+agv A6 = A7 = up+bs.

(5.33)
The parameters oy and oy, and the parameters 3y and (3, (see (5.4)), describing
the Burgers self wave interactions have the values

ap=0, a;=1, Br=3 [Bi=1(y+1). (5.34)
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Because of the degeneracy of the eigenvalues, both the Alfvén and fast-mode waves
can have the same phases. It is straightforward to write down the most general
system of equations (5.2) having three resonant phases 62, 5 and 6 involving the
wave amplitudes {a;, as, as, as, a7 }. Using the complex magnetic field perturbations

B_ - B]y + BQy + Z(B]z + BZZ)
= (By +1if:) <b pCk laz) , (5.35)
B" = By + Bry +i(Bg, + Br,)

= (By ﬂﬂz)( 724 iae) (5.36)

and p; = a5 as the wave perturbation variables, the wave interaction equations
(5.2) reduce to

0 0 _ by, O N o om
9 9 9 (gt hay » b;z) — ot +
stk e T % 2 K g-gr 4 grRY | =0, (5.
<8t ag 8 ) Ps kO 695 |: 8p p.) 4@9 < >< ( (O 38)
5‘ 5 + by 0 oy L -

where the asterisk denotes the complex conjugate. In (5.37)—(5.39), the wave am-
plitudes are assumed to have zero means (i.e. (as) = 0), and u, = 0 is assumed. Tt is
of interest to note that (5.37)—(5.39) allow for the possibility of circularly polarized
Alfvén waves, whereas the non-degenerate equations (5.15)—(5.17) for constant (,
and (3, apply to plane-polarized Alfvén waves.

The above completes our discussion of resonant wave interactions in magnetohy-
drodynamics. A more complete classification of three-wave resonant interactions
in MHD is given in Ali and Hunter (1998).

6. Wave mixing equations

For linear wave propagation in inhomogeneous media in which nonlinear and
second-order terms are negligible, (4.26) and (4.30) yield the linear wave mixing
equations

Oa;
0y 2

) o -
T /\a]+;/\jsas_,, j=1,...,1, (6.1)

describing the interaction of the waves with each other due to the inhomogeneous,
large-scale background flow. From (4.38), the wave mixing coefficients in (6.1) are
given by

9 d s p oz
where d/dt; = 0/0t + A\;0/0x is the time derivative along the sth wave mode
characteristic. Explicit formulae for the {A,s} are presented in Sec. 6.1. The eigen-
vector symmetries discussed in Sec. 3.3 are used to obtain symmetry relations for

Ajs = Lj- (6.2)
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the Ajs. Section 6.2 discusses the form of the wave mixing equations for planar
MHD flows, in which B = (B,, B,,0)" and u = (uy, u,,0)". In this case, the Alfvén
waves are decoupled from the magnetoacoustic and entropy waves. The degenerate-
eigenvalue cases where (a) B = (B,,0,0)" and u = (u,,0,0)T, ,
(b) B = (0,B,,0)" and u = (ug,0,0)", for which k L B, are also discussed. Al-
ternative forms of the wave mixing coefficients (6.2) can be obtained by using the
background flow equations (2.1)—(2.8) to eliminate time derivatives.

6.1. Wave mixing coefficients

Using the formulae (3.39)—(3.47) for the right- and left-eigenvectors {R;} and {L; }
in (6.2) yields the wave mixing coefficients for the backward fast-mode wave equa-
tion in (6.1) in the form

2 9 -
Au:l _afffduz+dllla+ é d n a.) +ﬁdS
2 a~ dt] dt] dt] pl/‘ Yg dt]
2 2 2
Q Oszg du afo a. ¢ Ope
+ + <+ = 6.3a
Py dt, a? Kk pcg Ox )]’ (6-3a)

bop'ag(a + ) dB, dB,
Ay = ——————=2~ - B, —
? 2B2 ¢ Y dt, dt,

b()pl/Qas (CL + Cs)

= e (b,B-V x B — B,B-V x u), (6.3b)
1| asager dug aZe dua;  asapcpes d Cs
A = — | — —— 4+ 5 =+ 2 Inl =
B9 { az  dity a2 "t dty a? dts n cf
o L p ey o d (o
s fdtg pl/2 a? s fdtg ayf
4459 s + asafgcfcs C + = ¢ Ope (6.3¢)
Vg dts a? Kk pcs O
1 du, du_ ¢ Op .
Ay = 5% (—ozfcfd; + asesB - T +agpep Y c) (6.3d)
1 asagcy dug e, du;  asagpcpes d Cs
Ais == |— + = - =222 __In|l=
R { a?  dt; a? P dts a? dt; n cr
N B G T W e 7L O Sy .14
° fdt: p1/2 a? f Sdt5 af
L Qsay ds N ozsaf‘cfcs <_ S 3pp>} (6.3¢)
Vg dts a? Kk  pcs Ox
bop'ag(a — cg) dB, dB
Ag=————"|B - B,
16 ZBiaz Y dt(; dt(;
1/2 _
= _bras@c) b G ut BV X B), (6.30)

2B a?
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1 a?cf du; dlna 5 d a QsQfC du
A= —|— . — 271 + S f id L
17 2 |: a? dt7 dt7 %s dt7 " p]/z a? I}L dt7
o dS e 2 d
N i (_%+< pc)]. (6.32)
g dt7 a kK pcy Ox -

In (6.3), we have provided two alternative forms for A2 and Aj4. The expressions
for A2 and Ay involving B-V x u and B- V X B are obtained by using Faraday’s
law (2.5) and (2.6) to eliminate time derivatives.

In order to assess the role of cosmic ray squeeezing instabilities (see e.g. Dorfi
and Drury 1985; Drury and Falle 1986; Zank and McKenzie 1987) it is useful to
eliminate the du,/dt; terms in the {A;,} by using the normal momentum equation
(2.2). Thus, for example, the expression for Ay; in (6.3) can be written in the form

1 (a2 /g2 +1 0p. AT 1 9 B2 Oy
(S 28 ()2
a K pcy Oz a pcy Ox 21 ox

d , d a ot dS  asage du |
t—Ina+ai—In( -0 | + L2 4 2 Cg TELE 6.4
o mat oz n(pl/z) R } (6.4)

TFor steady flows, we may replace d/dt; by A\;0/0x in (6.4). The expression (6.4) for
Ay suggests that if the cosmic ray pressure gradient dp./dz is sufficiently large
and negative, i.e.

a; , C+10p

k  pcy Ox

<0, (6.5)

then the backward, fast-mode wave can be driven unstable. Similar instability cri-
teria were obtained by Dorfi and Drury (1985), Drury and Falle (1986) and Zank
and McKenzie (1987), for short-wavelength sound waves in the supersonic low up-
stream of a cosmic-ray-modified shock.

The wave mixing coefficients {Ass} for the backward Alfvén wave in (6.1) are
given by the formulae

1 du du dB dB
Aoy = ———— B, (B.—%-B,— )+ +c) | B,—2L - B,—=
2T Mep 2B [O‘f + ( T ) as(atcs) ( dt, Y dh )]
1
= W{[aszbj_ — Oés(a/ + CS)Cf]B . V X B
+las(a+¢s)By —agBics|B-V xu}, (6.6a)
1dlnp 10
Az =7 = — o (us — 2bg), 6.6b
2T At 48x(u ) (6.6b)
1 du du dB dB
Aoy = ———|asBy | B.—L — B,—~ | — + B.—Y - B 2
23 Qbopl/zBi [04 € ( dis y dtg) af(a Cf) < dts Y dts )}
1
= W{[O{Sbwbl + Oéf(a, + Cf)CS]B -V xB
—[asesBi +ay(a+cp)By|B-V x u}, (6.6¢)
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1 du du
Apy=————|B,—2—-B z
T by 2By ( dt TVt )
b()Bz
1 du du dB dB
Ay = ——la,B, (B2 B, %) + —a)(B. LY B, 2=
2 2,p' 2 B2 [04 1 ( dts y dt;,) ag(cy a)< dt Y it )}

1
— b.by + —a)|]B-VxB
Qb()p]/zBi {[O[S V1L O[fCS(Cf a)] X

+ascs Bl + aj(cy —a)By|B-V xu}, (6.6¢)
1dlnp
Nog = ——
T dt
10
= -5 (U + 2bz 9 ‘- )
Lo (ia + 20) (6.6
1 du du dB dB
Ao = ——— B, |B.—2-B,—Z ) +asa—c) | B,—~ —B £
27 Qb(;pl/zBi |:0Zf €L ( dt, y dt7) as(a — cg) < dts Y dt- >:|

1
= S 1m0 bbb, + —c)erB-V xB
Qbop]/zBi{[af 0L Oés(a Ck)cf] X

+HagrerBi + as(a —cs)By|B-V x u}. (6.62)
In (6.6), the wave mixing coefficients linking the Alfvén wave to the entropy wave
and the magnetoacoustic waves are in general non-zero if the background flow has

non-zero field-aligned current (B-V xB = 0) and/or non-zero field aligned vorticity
(B-V xu % 0). For purely one-dimensional flow, dependent on (z, t),

9B, OB,
. Ouy ou,

For planar MHD flows in which the background magnetic field B = (B, B,,0)"
and fluid velocity u = (ug,uy, 0)" are restricted to the (z, y) plane, B-V x B =0
and B-V x u = 0. For such flows, the Alfvén wave evolution equations in (6.1) are
decoupled from the magnetoacoustic and entropy waves. Webb (1983) and Webb
et al. (1986) used a planar MHD model to describe cosmic-ray-modified shocks.

For pure MHD flows (with no cosmic rays), one of the simplest background flows
that has non-zero field-aligned current and vorticity is an Alfvén simple wave. It
is of interest to note that the magnetoacoustic simple waves are characterized by
zero field-aligned current and vorticity. This suggests that a study of wave mixing
phenomena in which the background flow consists of an MHD simple wave should
provide further insight into the wave mixing process. It should be emphasized that
there are other MHD flows and equilibria besides the Alfvén simple waves that have
non-zero field-aligned current and vorticity.

The wave mixing coefficients {Ay;} for the backward slow magnetoacoustic wave
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are given by the equations

1 osapcg dug Oé?vcf du;  asafcees d cr
Aoy = — - A —— )
3 2[ a?  dt a? B dt, a? dt, Cs
d a a’ +cges d af
OéOéfdt 1n< l/2>+a/2afasdtlln(oés>
2
Lasap d8  asaperes (@t ¢ o 65
g dt a? Kk pcy Ox
bop'as(a+ cp) dB, dB,
Ayp = ——————|B,— —B
32 QBZ 0,2 dtz Y dt_)
—MBB.V _bB-VxB 6.8b
= QBj_az (Ba Xu x x B), (6.8b)
A _1 _aicsdum+dllla+a2i]n a +a ds
3 2 a? dtg dtg fdt 1/2 Vg dtg
asages oo duy aics . S 9Ope )
— - C— - 6.8¢
a? BL dts a? K pcs ox (6.8¢)
1 duty du ¢ Ope
A‘:i —QgCsg™— — '7+ssf ) ‘-d
37 503 ( AsCs = oapcP Rl » Ox (6.8d)
1 aZegdu, dlna 5 d a Qsapcy du
Ass = = |——= EE—Y In({ —= | — .
BT [ o dts  dts  Tdi ( pl/z) e dts
2 19 2.2 /s 2 Ope
JORdS ol (ac ¢ p ﬂ (6.8¢)
Vg dts a? K pcg Ox
bopl/zozf(a —cf) dB dB,
Agyy=—-—— 21— 1B —Y_B
36 QBiClQ dtﬁ Y dt(;
b{,pl/zozf(a —cf)
=——25 5 (0:B-VxB+B,B-V xu), (6.81)
2B a
1 Qs0fpCs dug Oé?ccf duy  asagpcpes d cy
Ag; = = |— , — ———— = In[ =
3 2[ a2  dity a? B dty a? dt; " Cs
d a a® — cscf d af
—Qg afdt ln< 1/2> + azasafdt71n<as>
a0y 45 asasere, (az _ Capc)]_ (6.8¢)
Vg dt a k  pcf Ox i

The above formulae for {Ass} are similar in form to those for the backward fast
magnetoacoustic wave, {As} in (6.3) (see also (6.9) et seq. for a discussion of a map
between the {A;s} and the {Ass}).

The wave mixing coefficients for the entropy wave, {A4s}, are given by

__erd8 _ apes 05
H Yo dty vy Ox’

(6.9a)
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as dS ey 675’

Ay =———= , 6.9b
* Vg dts Vg Oz ( )
o dS ascs 0S5
Az = —— =_=2__ 3.9¢
+ g dts vy Oz (6-9c)
A= 01d8 _ aser 05 (6.90)
! Yg dt vy Oz’
A42 = A44 = A46 =0. (696)

Thus the entropy wave is modified by the magnetoacoustic waves only if
0S5 /0x # 0. Note that the entropy wave is not affected by the Alfvén waves, because
Ay = Ay = 0.

6.1.1. Mixing coefficient symmelries. For j > 4, one can use the wave speed reversal
symmetry T, in (3.58)—(3.59) for the eigenvectors, coupled with the formula (6.2),
to obtain the results

Ajs(y) = Aj/sl(—Cf, —Cg, —b(), —a), jl =8 — j, S/ =8 —s. (610)

Equations (6.10) give the wave mixing coefficients {A;s} for j > 4, where y =
(cf,cs,bo,a), in terms of the mixing coefficients for j < 4.

From (3.61), Ty, : y = (cy, s, —by, —a) maps the Alfvén wave eigenvectors onto
the reverse Alfvén wave eigenvectors, but leaves the entropy wave and magne-
toacoustic wave eigenvectors invariant. This map, coupled with (6.2), yields the
symmetry relations

Ars(y) = A2(Tvy),  Ase(y) = As2(Thy),  As(y) = Awe(Tpy),  (6.11a)
Aso(y) = Asa(Try),  Azely) = Ana(Thy) (6.11b)
for the wave mixing coefficients.

From (3.63) and (3.64), T, : y +— (—cf,—cs,bo,a) maps the magnetoacoustic
eigenvectors onto the reverse magnetoacoustic eigenvectors. Using this map in (6.2)
yields the symmetry relations

Ass5(y) = Asg(—cy, —cs, by, a),  Asz(y) = Aar(—cy, —cs, by, a), (6.12a)
Ags(y) = Ags(—cy, —cs,bo,a),  Agr(y) = Aei(—cy, —cs,bp,a),  (6.12b)

for the Alfvén wave mixing coefficients {Ass} and {Ags}.

From (3.65)—(3.67), Ty : y + (cs, —cf, —by, a) maps the slow-mode eigenvectors
onto the fast-mode eigenvectors, and vice versa, and maps the Alfvén wave eigen-
vectors onto the reverse Alfvén wave eigenvectors. This map applied to (6.2) yields
the symmetry relations

An(y) = Ais(Tay),  Asely) = Ais(Tay),  Asz(y) = An(Tay), (6.13a)
Asy(y) = Ais(Tay),  Ass(y) = An(Tay),  Ase(y) = Az(Tay),  (6.13b)
Asi(y) = Ais(Tay)- (6.13¢)

Hence the backward slow-mode wave mixing coefficients may be obtained from the
backward fast-mode coefficients by using (6.13). By using the map T, one can also
derive the relations

A(y) = Aa(Tay),  Awly) = Aw(Tay),  Auly) = As(Tay) (6.14)
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for the entropy wave mixing coefficients.

The symmetry relations (6.11)—(6.14) for the wave mixing coefficients {A;}, as-
sociated with the maps T}, T, and Ty, may be verified directly from (6.3), (6.6),
(6.8) and (6.9). One can check the validity of the formulae (6.3)—(6.14) for the wave
mixing coefficients by using the linearized conservation equations (2.1) and (2.3)—
(2.7).

6.2. Planar MHD flows

In this subsection, we consider the form of the wave mixing equations for the case
of planar MHD flows, in which B = (B,, B,,0)" and u = (u, u,,0)". In this case,
B-VxB=0,and B-V xu =0, and the Alfvén wave mixing equations in (6.1)
decouple from the mixing equations for the magnetoacoustic and entropy waves.
We first consider the non-degenerate case where all the eigenvalues are distinct
(Bz # 0. By # 0), and then consider the degenerate-eigenvalue cases (a) k || B,
where B = (B, 0,0)" and u = (u,, 0,0)", and (b) k L B where B = (0, B,,0)" and
u = (ug,0,0)7".

6.2.1. The non-degenerate case B, #+ 0 and B, =+ 0. In this case, the magnetoacoustic
and entropy waves satisfy the wave mixing equations
Oa; 0 . o 4 & - .
a—tﬂ + g(xjaj) + Z Ajsas =0, j=1,3,4,51, (6.15)
542,6
where the sum over s in (6.15) is for s = 1, 3,4, 5,7 corresponding to the magneto-
acoustic and entropy waves.

The Alfvén waves satisfy the separate wave mixing equations

Oa 0
87752 + %()\20@) + Agpas + Agsag = 0, (6.16)
Ja 0
aitﬁ + %()\Gaﬁ) + Asgas + Aggag = 0, (6.17)
where
Asy = —1Dg(uy — 2b;),  Asg = 1Dy (uy + 2b,), (6.18a)
Ag2 = %Dz(ur — 2b,), Ags = 7%DI(’U% + 2b,), (6.18b)
and D, = 9/0z.
Using (3.54) and the right-eigenvectors (3.26) yields the equations
3
as = 7% sgn(B5y) (B; + 'Z ul) = —sgn(By) Baz, (6.19a)
0
— 1 1 P% 1) — .
ag = —5 sgn(By) (BZ — buz> = —sgn(By) Bs. (6.19b)
0

for the Alfvén wave amplitudes as and ag, in terms of the total magnetic and velocity
fluctuations B! and ul. In (6.19), By, and Bg, are related to the corresponding
velocity fluctuations us, and ug, by the eigenequations

s = bop~*Bas, e = —bop~'/*By.. (6.20)
Using the alternative notation

(SB; = Bgz, (57,&; = U2z, (SB;r = B(jz, 6”: = Ugz, (621)
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the Alfvén wave mixing equations (6.16) and (6.17) may be written in the more
compact form

95B* | 0

e+ o l(us + be)B*]+ 4 Dy — 20,)8B™ F 1D, + 20,)5B" =0, (6.22)

x

where 6BE = (0,0,6BF)", and the superscripts — and + refer to the backward and
forward Alfvén waves respectively.

It is of interest to compare the evolution equations (6.22) with the transport

equations
+
5 TFVa) VZE+ 1V . (ut2Vy)Z*
VB
for Alfvénic turbulence in the solar wind obtained by Zhou and Matthaeus (1990),
where
byoB .
Zi=:6uj:é%53 by = (4m) /2, (6.24)

define the Elsisser variables ZF; Qi are nonlinear source terms for the short-scale
turbulent fluctuations, and V4 = B/(47p)'/? is the Alfvén velocity. The transport
equations (6.23) for planar MHD flows, with QT = 0, reduce to
0Z* 0Z*
i@r+Wum$bﬁ15—~+£DﬂuziQhﬁZiA—fDAu$inﬁZ$::Q (6.25)
x
where ZE = (0,0, ZF) in the present case. Using the eigenrelations (6.20), it is
straightforward to verify that the wave mixing equations (6.22) are equivalent to
the Elsédsser variable wave mixing equations (6.25).

6.2.2. Canonical energy equation for Alfvén waves. Consider the form of the Alfvén
wave mixing equations (6.22) for the special case of a steady background flow. In
this case, the mass continuity equation, and the fact that B, is constant, yield the
results

1/2
Uy = uxi)ﬂy bz = bao (p0> y (626)
P P

relating the  component of the fluid velocity u, and the Alfvén speed b, to the
density p (note that uz, po, and by are constants). Following the approach of
Heinemann and Olbert (1980), the Alfvén wave mixing equations (6.22) may be
written in the form

af of _

ot (ux - ba:)% - (ux - boc)w:cga (627)
Og g .
—= + +b,)== = + p
o7 (e T ba) o= = (e e f, (6.28)
where
f =8B (uz —b)p*, g =8Bl (us +b)pt, = {Inp. (6.29)

Equations (6.27)—(6.29) show that the backward and forward waves are coupled
owing to the gradients in the background flow.
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The wave mixing equations (6.27) and (6.28) may be combined to yield the canon-
ical wave energy equation for both backward and forward Alfvén waves in the form:

0 ' I? 9, 2
— - +—(g"— f7)=0. 6.30
8t<uw+bx w5 ) a9y ) (6.30)
Equation (6.30) may be written in the more suggestive form
0 0
e (w_&!; + wwz/z) + %[(uqc —by)w_ ol g+ (ug + by)wiol 4| = 0, (6.31)
where the equations
E:t
A% = w—f‘ Wy = tkby,  wi = k(ug +by), (6.32)
+

define the Alfvén wave action densities .o/ xﬂj in terms of the physical wave energy
densities
(8BZ)?
47
and !y and wy denote the wave frequencies measured in the fluid frame and the
fixed frame respectively. In a quantum mechanical interpretation of (6.31), &/i
correspond to the number densities of wave quasiparticles for the backward and
forward Alfvén waves, and hwi&ii are the corresponding canonical wave energy
densities, where i = h/27, and h is Planck’s constant (see also the discussion in
Heinemann and Olbert 1980). The canonical wave energy equation or generalized
wave action equation (6.31) can be generalized to the case of a time-dependent
background flow, but in that case there are further terms on the right-hand side of
the equation, dependent on time derivatives of the background variables.

Ef =

(6.33)

6.2.3. The degenerate case k || B. For the case where k || B (i.e. k = (k,0,0)" and
B = (B,,0,0)") one of the magnetoacoustic speeds coincides with the Alfvén speed
|bz|. In the limit as [B.| — 0 (BL = (0, By, B,)"), there are two possibilities to
consider, namely

a> by s —|bs|, cf—a (6.34a)
a<lbzl: cs—a, cp— b (6.34b)

Note that there is a triple degeneracy in the eigenspeeds when a = |b;|, which has
interesting implications for nonlinear wave interactions between the Alfvén and
magnetoacoustic waves at this point (see e.g. Brio 1989; Hada 1993; Webb et al.
1995). The form of the wave mixing coefficients depends on the manner in which
|BL| — 0. For the sake of definiteness, we consider the limiting case where

B= (B, B,,0)", a>|b|, c¢s— b, c¢5—a, (6.35)

and By — 0. The background flow velocity is assumed to be directed along the x
axis (i.e. u = (uz,0,0)7). In the above limit, the eigenvalues are

Al = Uy — a, A2 = A3 = uy — b:m Ay = Uy, (6363)
)\5 = )\6 = U, t+ b$7 )\7 = Uy, +a, (636[))

where we agsume b, > 0. Thus the slow magnetoacoustic and Alfvén speeds coin-
cide, and the fast magnetoacoustic speed equals the gas sound speed a.
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The wave mixing equations (6.1) in the above case split into three separate, non-
interacting subsystems in the limit as B, — 0. The first subsystem describes the
interaction of the backward and forward sound waves (p; and p7) and the entropy
wave (p4); the second system describes the backward and forward Alfvén waves,
and the third describes the backward and forward slow magnetoacoustic waves.
The sound waves and entropy wave satisfy the wave mixing equations

9, 0

+ — (A1) H Anpr + Awps + Aizpr =0, (6.37a)
ot or
op. 0
% + %()\4&;) + A_ﬂpl + A44p4 + A47p7 = O, (637[))
op7 1o}
P2t Z(apr) + At + Anapy + Azzpy = 0, (6.37¢)
ot ox

where p;, py and p; are the wave density perturbations (note that oy = 1 and s = 0
in the present case). The wave interaction coefficients in (6.37) may be written in
the form

1 /33— Sz 2 +1 dp,
An =t (B2l oS e (10 (6.384)
2 2 Yg—1 & pag Ox
A _
ho- Y[R b cron
2 2 Yg(vg—1)  pag Ox
1 dug ¢ Ope
=—-———+ 6.38b
2a, dt  2pay Ox’ ( )
1 -3 — 2)ayS, + 1 Op. 2
Aps = — [79 Ry + 09 =D | C+10p: QC} (6.38¢)
2 2 Yg(vg — 1) pag Oxr K
Se
Ay = —Ay, = 2927 (6.38d)
Vg
Ay =0, (6.38e)
1 [y —3 — 2)aySy +10p. a?
An == ['Yg R! — (79 JagSe ¢ Pe ac] (6.38f)
2 2 Yg(vg — 1) pag Ox K
Az = =AMy, (6.38g)
1/3— S. _a;  C+109p.
A= 2 (Bdopy g foBe y 0e 1 100) (6.38h)
2 2 -1 K pag Ox

where ¢ = dlnk/d1n p (see (2.24)), du, /dt = Ou, /Ot +u,Ou, /Ox is the x component
of the fluid acceleration vector, and
2ag

R* =, +
Yo — 1

(6.39)

are the Riemann invariants of isentropic gas dynamics. The wave mixing equations
(6.37) and wave mixing coefficients (6.38) are the same as those in Webb et al.
(1997a) for two-fluid cosmic-ray-modified flows in which the magnetic field plays
no dynamical role.

It turns out that both the slow magnetoacoustic and Alfvén wave mixing equa-
tions in the limit as By, — 0 (assuming a > b;) can be written in the form (6.22),
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where §B* = (0,0,6B%)" for the Alfvén modes, but $B* = (0,6B:5,0)" for the
slow-mode waves. Note that the equations for 5Bi (Alfvén modes) are decou-
pled from the equations for 5B;E (slow mode waves). Similarly, one can show that
the Elsédsser variable wave mixing equations (6.25) also apply to both the Alfvén
(Zi = (0,0, ZF)") and the slow-mode (Zi = (0, Zyi,())"') waves.

6.2.4. The degenerate case k L B. For the case where B = (0, By, 0)", u = (uy,0,0)"
and k = (k,0,0)", with k | B, the eigenvalues are
Al = ug — ¢y, A7 = ug + ¢y, A= A3 = Ay = A5 = A = Uyg. (6.40)
The slow-, intermediate- and fast-mode wave speeds are given by the equations
=0, b,=0, c¢f=(a®+b)"% (6.41)

Because by = ¢s = 0, the slow magnetoacoustic, Alfvén and entropy wave have the
same phase speed A = u,, but have distinct eigenvectors. The above flow config-
uration corresponds to a cosmic-ray-modified perpendicular shock (see e.g. Webb
1983; Webb et al. 1986). The parameters oy and o, in (3.18) reduce to
a b
ap=—, oy =—, (6.42)
cf cf
where cy is given by (6.41).
From (6.3), the non-zero wave mixing coefficients for the backward fast-mode

wave reduce to
AH_I[ af dug dlna 2d1n<a)

2 a dtl dtl 'sdtl p]/Z
a 2
opds (“C 4 Capc)], (6.43a)
79 dt, Kk pcy Ox
as [ dug d ¢ 8]%
Ay = = |——— tara—l + 2 .4
" Qa[ dt dt n( a? ) p Ox (6.43b)
1 dugz ¢ Op.
Ay = |———+= 5.4
Y ( dt  p Ox > ’ (6.43¢)

Qg dug; d B Capc
5= — | — + — Y42
Az 2a { at ln< a? ) p Ox ]

= AlSa (643(,[)
Ll ay duy d d a
Ay == — —Ia+ad>—In| —
I 2[ a dt;  dt; Tt “(,01/2)
a d 2 -
oy d3 <“C _ cap,)]' (6.43¢)
vg dt k  pcy Ox

From (6.8), the corresponding non-zero interaction coefficients for the backward
slow-mode wave simplify to

oasaf | d P 1 dS
Ag = —In{ =— | + — 44
T {dtl ”(B) o dty (6.442)
_1[|dlna ,d a .
Agy = 5 { 7 + ozf£ In <p1/2)] , (6.44Db)
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1 dlna o d a .

Ag;j = § |:—dt + Oéf& ln(pl/z):| 5 (6440)

ofa, | d 0 1 dS )
Ag; = In(=— | +— . 6.44d
T [dt7 ”(By> Yo dtz (6.44)

From (6.9), the non-zero interaction coefficients for the entropy wave are
af dS a 85 =
Ap=———-=——+ 6.45a
41 e dti 7 Oz (6.45a)
45 _

Ay =45 ad5 (6.45D)

The non-zero wave mixing coefficients {A;s} for j > 4 may be obtained by use
of the wave speed reversal symmetry (6.10), used in conjunction with the mixing
coefficients (6.43)—(6.45).

The wave mixing equations for the Alfvén waves reduce to (6.22), but with b, = 0,
ie.

+
868}: + % (uz6B%) £ 1D, (u,)6B™ F 1D, (u,)6B* =0, (6.46)
where §BE = (0,0, 8BF)". The Elsisser variable form of the wave mixing equations
(6.25) and the canonical wave energy equation for Alfvén waves in steady flows also
apply, but with b, = 0.

It is of interest to note that if the background flow is a steady cosmic-ray-
modified perpendicular shock, in which S/0x = 0 at a generic point in the flow
(i.e. S = const), then Ag; = A3; = 0, because both 5/0z = 0 and B, « p in a
steady perpendicular shock (see e.g. Webb 1983; Webb et al. 1986). Similarly, be-
cause 0S/0z = 0, the entropy wave interaction coefficients Ay; = Ay; = 0. This
implies that in a steady perpendicular shock, the slow magnetoacoustic waves are
unaffected by the fast-mode waves and the entropy wave. Even although the slow
magnetoacoustic waves are unaffected by the other waves, they act as source terms
in the fast magnetoacoustic wave equations. Similarly, the entropy waves are un-
affected by the other waves, but contribute as a source term in the fast magnetoa-
coustic equations. Wave interactions in a perpendicular cosmic-ray-modified shock
are explored numerically in the next section.

7. Numerical examples

In this section, we present examples of wave interactions in a perpendicular, cosmic-
ray-modified shock. A typical steady, smooth transition, perpendicular cosmic-ray-
modified shock is depicted in Fig. 1, which shows the variation of (p,u”, B', pg,pC)T
in the shock frame, for a shock transition in which the long-wavelength Mach
number M, = uxo/(a‘_?,{, +aZ) + Vj(,)]/z = 10, peo = pgo = po = 1 far upstream
(x — oo far upstream). The adiabatic indices of the cosmic ray and thermal gases
Yo = L5 and v, = :; and the hydrodynamically averaged diffusion coefficient
k = 1 was assumed. Note that a constant diffusion coefficient is appropriate for
a perpendicular shock configuration, when the particle diffusive transport across
the magnetic field is due to random walk of the field lines (see (2.22) et seq.). The
shock transition in Fig. 1 was obtained by solving the steady-state shock structure
equation for cosmic-ray-modified shocks (see e.g. Webb 1983; Webb et al. 1986).
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Figure 1. A steady-state, smooth-transition, perpendicular cosmic ray modified shock in
which the fluid velocity u = (ug,0,0)" and magnetic field induction B = (0, B,,0)" are
perpendicular to each other throughout the shock transition. The figure shows the profiles

of (p, uT,BT,pg,pC)T throughout the shock. The diffusion coefficient k = 1, 74 = 3 and

Ye = 1.5. Far upstream, the long-wavelength Mach number M;y = 10, and pey = pgo = 1 are
the values of p. and py far upstream as x — oo.

Note that uy, = u, = 0 and B, = B, = 0 throughout the shock transition. We
study how a single wave mode, initially present in the upstream medium, generates
and interacts with the other wave modes. The waves are assumed to have their
wave vectors k = (k;,0,0)T along the z axis, perpendicular to the background
magnetic field B = (07By,())'lv. For this configuration, the slow magnetoacoustic
phase speed ¢s; = 0 and the Alfvén phase speed by = 0, but the corresponding
group velocities Vg5 = Fab/(a* + v?)!/%e;, for the slow modes and Vga = £b for
the Alfvén modes are non-zero, where e, is the unit vector along the magnetic
field.

Both spectral code solutions of the wave mixing equations (6.1) and analytical
solution results for the Alfvén and slow-mode waves are compared with fully non-
linear numerical solutions of the two-fluid MHD cosmic ray model equations (2.1)—
(2.8). The basic strategy in solving the initial value problem for the time-dependent
model equations (2.1)—(2.8) consists of two steps:

a) solve the cosmic ray energy equation (2.8) for p. for a given flow velocity profile
. gy €q g Y1
for example by using a Crank—Nicholson scheme or by using an explicit scheme
ple by . g p
with subcycling);
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(b) solve the MHD equations (2.1)—(2.7) using the Zeus-2D MHD code (Stone and
Norman 1992a.b). suitably modified by the inclusion of the cosmic ray pressure
gradient.

For the smooth transition shock in Fig. 1, the gas entropy S is constant through-
out the structure. In this case, the wave mixing equations (6.1) split up into four
subsystems, namely the Alfvén wave interaction equations

Oas 0 1 Ouy
— + —(Uuzpa2) + ———(as — =0, 7.1a
o " ar) gy T ®) \7.12)
Oag 0 1 duy,
—— + ——(uga) + — ———(as — ag) = 0, 7.1b
ot &r(u ) 4 Oz (a2 — a) ( )
the slow magnetoacoustic subsystem
Oa; 0
% + %(Uxa:z) + Agzaz + Agsas = 0, (7.2a)
Oa; = 0
;t' + %(Uxas) + Aszaz + Assas = 0, (7.2b)
the entropy wave equation
804 0
—— + —(ugay) =0, 7.3
ot " ox (7.3)

and the fast-mode equations:

day + 9 (AMar) + Anay + Azag + Agay + Aisas + Ajza; =0, (7.4a)
ot ox

8a7+£()\a)+Aa+Aa+Aa+A az + Araz = 0 (7.4D)
315 6‘:p 7T 7101 73W3 7404 75Wh5 w7 — U, .

The detailed forms of the wave interaction coefficients in (7.2)—(7.4) are given by
(6.43)—(6.45) and by the wave reversal symmetry relations (6.10). From (7.1)—(7.4),
the Alfvén waves, the slow magnetoacoustic waves and the entropy wave are unaf-
fected by the fast-mode waves. The slow magnetoacoustic and entropy waves act
as source terms in the fast-mode equations (7.4), and hence the fast-mode waves
can be generated from the slow-mode waves and the entropy wave by wave mixing.
However, the Alfvén waves cannot generate fast-mode waves by linear wave mixing,
since there are no Alfvén wave source terms in the fast-mode equations (7.4).

For the above configuration, the solutions for the Alfvén waves and slow-mode
waves can be obtained in closed form. Noting that b, = 0 in a perpendicular shock,
the Alfvén wave mixing equations (6.27)—(6.29) reduce to

% + uxg—i = uxg—qig, (7.5a)
99 99 o

a{-uz%:ux%f, (/.Ob)

where ¥

==

< In p and

f=6Bu.p'?, (7.6a)
g = 6B uyp'/*. (7.6D)
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The general solutions of (7.5) are
[ =AW+ B@O)p~ ", (7.7)
g=A@O)p"* = B@O)p~'/", (7.8)

where A(f) and B(0) are arbitrary functions of the phase variable

e:w(t—/mff> (7.9)

(see Appendix B), and w is a constant frequency. It is of interest to note from (7.7)
and (7.8) that

f?—¢*=2AB, (7.10)
and hence f? — g* is constant if B(6) oc 1/A(). Equation (7.10) is clearly related to
the wave action equation (6.30), where g*> — f? is the wave action flux. From (7.6),
the magnetic field perturbations § BE for the backward and forward Alfvén waves
are of the form

§BE = A(0)p ¥ B(0)p'*, (7.11)
where
p=L =t (7.12a)
Po p
. A - B(6
Aoy =29 B = %)ﬂ (7.12D)
Uz U0
and x = xy is a fixed point in the flow. In particular, the choice i=B= %63;, sin 6
in (7.11) and (7.12) yields the solutions:
6B; = L18B  sin0(p + p'/?), (7.13a)
6B% = 16B sin0(p — p'/?), (7.13h)

for 6B; and 6B;.

Figure 2 shows an example of a spectral code solution of the Alfvén wave mixing
equations (7.1), for the case where 6 B; = By, is initially specified at time ¢t = 0 as a
sine wave profile far upstream of the shock of Fig. 1 (top panel). The solutions for Bs,
and Bg, are shown at two later times t5 = 0.03 = 17.24t4 and t3 = 0.09 = 51.71t,4,
where t4 = &/ ufh is the convection diffusion time scale and uyg, is the shock speed,
or upstream flow speed relative to the shock frame (lower two panels). The lower
panels show the interaction of the forward Alfvén wave By, with the backward wave
Bs, due to wave mixing. The amplitudes of both waves increase and the wavelengths
decrease as the waves pass through the shock transition into the downstream region.
Far downstream (bottom panel), both backward and forward waves have constant
wave amplitude and wavelength, and are advected downstream with the flow.

From (7.13), the ratio of the wave amplitudes far downstream of the shock is
given by

- 1/2
e *1 (7.14)
(SBzd ’I"c/_ -1
where r. = pg/py is the shock compression ratio, and the subseripts u and d refer to
the upstream and downstream states. For the shock in Figs 1 and 2, § B4 = 0.0336,
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Figure 2. Spectral code solutions of the Alfvén wave mixing equations (7.1) for the case
where the backward Alfvén wave B, = §B; is initially specified (at time ¢t = t; = 0) far
upstream of the shock of Fig. 1 (top panels). The magnetic field perturbations Bs. and B
for the backward and forward Alfvén waves are shown at times t2 = 0.03 and t3 = 0.09.
Numerical solutions of the two-fluid equations (2.1)—(2.8) with the same initial conditions
yield solutions for By, and Bg. that are indistinguishable from the spectral code solutions.

0B, = 0.0124 and the ratio 6B_,;/6B], = 2.71. The shock compression ratio r, =
4.74. Hence the spectral code solutions yield a value for §B_,/6B], that agrees
with the analytical solution result (7.14). The local length scale of the sinusoidally
varying profile in (7.13) is given by [ = 0! = u, /w, and hence

lg= (7.15)

gives the downstream scale length [; in terms of the upstream scale length [, and
the shock compression ratio r.. The ratio {5/l = 0.21 from (7.15), is in reasonable
agreement with the spectral code solution results (I = 0.0215 and [,, = 0.105). The
decrease in the wavelength as the fluid compresses is apparent in the spectral code
solutions in Fig. 2.

The spectral code solutions of the wave mixing equations (7.1) were also compared
with numerical solutions of the two-fluid MHD cosmic ray model equations (2.1)—
(2.8). The numerical solutions are also plotted in Fig. 2, but the differences between
the two solutions are very small, and are not apparent in the figure.

Figure 3 shows spectral code solutions of the wave mixing equations (7.1)—(7.4)
for the case where the initial data consists of a backward slow-mode wave train
far upstream of the shock in Fig. 1. The left panels show the density perturbations
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Figure 3. Spectral code solutions of the wave mixing equations (7.1)—(7.4), for the case where
a backward slow-mode wave (p3) is specified far upstream, at time ¢t = ¢; = 0, of the cos-
mic-ray-modified shock in Fig. 1. The left panels show the density perturbations p; and
ps for the backward and forward slow-mode waves at times o = 0.03 (middle panel) and
t3 = 0.06 (bottom panel). The density perturbations p; and p7 for the backward and forward
fast-mode waves are shown in the right panels.

ps and ps for the backward and forward slow-mode waves at times ts = 0.03 and
ts = 0.06, whereas the right panels show the fast-mode wave density perturbations
p1 and p; that have been generated by wave mixing. The wave coupling coefficients
(6.43) for the backward fast-mode wave (p;) and the corresponding coefficients for
the forward fast-mode wave (p7) indicate that fast-mode waves generated from
the slow-mode waves are subject to the cosmic ray squeezing instability, and to
wave damping due to the diffusing cosmic rays, and are modified by MHD wave
mixing effects. The backward fast-mode wave is amplified owing to the cosmic
ray squeezing instability, which is similar to the results obtained by Webb et al.
(1999) for the case of backward-propagating sound waves upstream of a cosmic-
ray-modified shock, in which the magnetic field plays no dynamical role, and for
which k = const. Note that the forward fast-mode solution p; is approximately %7‘(
out of phase with the backward fast mode solution p;.

The slow-mode solutions p3 and p; in Fig. 3 are similar to the Alfvén wave so-
lutions depicted in Fig. 2. One can show that the solutions of the slow-mode wave
mixing equations (7.2) for the wave density perturbations p3 and p; have the form

ol

ps = — A0 + Bi(0)p™ ], (7.16a)
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Figure 4. Spectral code solutions of the wave mixing equations (7.4) for the backward (p) and
forward (p7) fast-mode wave density perturbations are compared with numerical solutions of
(2.1)—(2.8) for the shock of Fig. 1, in which a forward fast-mode wave (p7) is initially specified
far upstream at time ¢ = t; = 0. The two lower panels show the spectral code solutions (solid
lines) and numerical solutions (dashed curves) at times 2 = 0.03 and t3 = 0.06.

3/2
— as/

ps = [As(0)p'* — By(0)p~ /4], (7.16b)

Upal/?
where A4(6) and By (6) are arbitrary functions of 6. Thus the slow-mode solutions
(7.16) and the solutions for p3 and p5 in Fig. 3 have similar wave forms to the Alfvén
wave solutions in Fig. 2.

Figure 4 shows spectral code solutions of the wave mixing equations (7.4) for the
case where a forward fast-mode wave (p7) is initially specified upstream of the shock
(top panel). The two lower panels show the spectral code solutions (solid lines) at
two later time instants to = 0.03 and t3 = 0.06. For comparison, the dashed curves
show solutions of the fully nonlinear two-fluid equations (2.1)—(2.8) with the same
initial conditions. The fully nonlinear solutions follow the wave mixing solutions
fairly well, except at late times (¢t = t3), where there is some discrepancy between
the solutions in the region > 0.7. There is a significant wave growth due to the
steep cosmic ray pressure gradient in the middle of the shock transition. At late
times ¢t = t3, the generated backward wave is more dominant than the forward
wave. Far downstream, both waves are strongly damped owing to the a?/k terms
in the wave mixing coefficients.
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It is clear from (7.1)—(7.4). that fast-mode waves can be generated from entropy
waves initially present upstream of the shock.

8. Summary and discussion

The main aim of this paper has been a study of wave interactions in magnetohy-
drodynamics, with application to cosmic-ray-modified shocks.

The method of multiple scales has been used to obtain equations describing the
interaction of weakly nonlinear short-wavelength MHD waves in a non-uniform
large-scale background flow. The linear terms in the equations describe the inter-
action of the waves due to gradients and time dependence of the background flow
(wave mixing), wave damping due to the diffusing cosmic rays (Ptuskin 1981), and
squeezing instability terms associated with the large-scale cosmic ray pressure gra-
dient (see e.g. Dorfi and Drury 1985; Drury and Falle 1986; Zank and McKenzie
1987). The averaged wave evolution equations (4.43) also contain weakly nonlinear
interaction terms describing (a) Burgers self wave steepening for the magnetoa-
coustic modes; (b) three-wave resonant interactions; and (¢) mean wave interaction
effects representing the interaction of a given wave mode with the mean wave field
of the other waves.

For the case of a uniform background flow, in which there are no cosmic ray and
mean wave field effects, the equations reduce to MHD wave interaction equations
obtained by Ali and Hunter (1998) (Sec. 5). The wave interaction equations of
Ali and Hunter (1998), consist of coupled integro-differential Burgers equations,
with integral terms describing the resonant interaction of two waves to generate
a third wave (or the decay of one of the waves into two lower-frequency waves), if
the resonance conditions are satisfied. Resonant interactions are more liable to be
significant for long nearly periodic wave trains than for short wave trains or pulses,
since the wave interactions are strengthened the longer the the waves interact.
For wave propagation in non-uniform media, the waves in resonance in a localized
region of (z,t) space will in general pass out of resonance, since the frequencies and
wavenumbers of the waves will detune in a non-uniform medium. Similar equations
were obtained by Majda and Rosales (1984) describing the resonant interaction of
sound waves and entropy waves in one Cartesian space dimension (see also Hunter
et al. (1986) for similar equations describing the resonant interaction of sound
waves, entropy waves and vortex eigenmodes in two or more space dimensions).
Galeev and Oraevski (1963) (see also Sagdeev and Galeev 1969) derived related
equations describing the resonant decay of a high-frequency Alfvén wave into a
lower-frequency Alfvén wave and a lower-frequency sound wave. The equations are
complementary to weak turbulence equations involving resonant wave interactions
(see e.g. Galeev and Karpman 1963; Zakharov et al. 1992).

For linear wave propagation in inhomogeneous media, one obtains wave mixing
equations of the form (6.1), namely

da; 0 ’ ,
§+%<Ajaj)+;/\jsas:o, j=1,.T, (8.1)
where the {a;} denote the wave amplitudes and V,; = \je, is the characteristic
eigen-velocity of the jth wave mode along the x axis. The wave mixing coefficients
{Ajs} in (8.1) depend on the gradients in the background flow, cosmic ray coupling
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effects due to the large scale cosmic-ray pressure gradient, and damping of the
waves due to the diffusing cosmic rays (Ptuskin 1981). The character of the cosmic
ray squeezing instability depends on the large-scale cosmic ray pressure gradient
and also on the parameter ¢ = In k/01n p, where k = k(p) is the effective hydrody-
namical cosmic ray diffusion coefficient and p is the density of the thermal gas. In
the case of MHD wave propagation in the absence of cosmic rays, the wave mixing
coefficients {A;s} coupling the different wave modes have the simple form

dR,
Todty’

In (8.2), the {L;} and {R;} are the left- and right-eigenvectors for the MHD equa-
tions, for the case where the conserved densities ¥ = (p, pu”, By, B, pS)" are used
as the state vector, and d/dt, = 9/0t + A\;0/0x is the time derivative along the sth
wave mode characteristic (the more general form of the A5 when cosmic ray effects
are included is given by (6.2)). For MHD wave propagation in one Cartesian space
dimension, there are 49 wave interaction coefficients in (8.2). The detailed expres-
sions for the {A;s} in (6.3)—(6.10) reveal that the Alfvén waves are decoupled from
the magnetoacoustic and entropy waves for flows in which B-Vxu=B-VxB = 0.
In particular, for planar MHD flows in which B = (B, B,,0)" and u = (uz, u,,0)",
the Alfvén wave equations are a special case of the wave mixing equations for Alfvén
waves, and Alfvénic turbulence in the solar wind (see e.g. Heinemann and Olbert
1980; Zhou and Matthaeus 1990).

The formula (8.2) also reveals the special role of simple wave background flows.
For a simple wave flow of the nth wave mode, dR,, /dt,, = 0, and hence Ajn =0.1In
this case, the nth wave mode does not affect the other modes with j # n. In general,
B-V xu # 0,and B-V xB = 0 for Alfvén simple waves. In this case, the Alfvén waves
are modified by their interaction with the magnetoacoustic and entropy waves, but
the magnetoacoustic waves and entropy waves, in turn, are not affected by the
Alfvén waves. On the other hand, magnetoacoustic simple waves are characterized
by zero field aligned current and vorticity (i.e. B-V xu=B-V x B =0). In the
latter case, the Alfvén waves do not interact with the magnetoacoustic and entropy
waves, since the Alfvén wave interaction coefficients Asj, Aja, Ag; and Aje. j =+ 2,6,
are all zero.

Numerical simulations of the fully nonlinear two-fluid MHD equations (2.1)—(2.8)
have been compared with spectral code solutions of the wave mixing equations (6.1)
for the case of a steady-state perpendicular cosmic-ray-modified shock (Sec. 7).
These calculations complement a similar study of the wave mixing of sound waves
and entropy waves in cosmic-ray-modified shocks by Webb et al. (1999) for the case
where the magnetic field plays no dynamical role. Further simulations are needed
to more fully understand the role of the magnetic field in the wave mixing of the
MHD waves in oblique MHD cosmic-ray-modified shocks.

For wave propagation perpendicular to the magnetic field, the Alfvén waves,
the entropy wave and the slow magnetoacoustic phase speeds are all zero in the
reference frame of the background fluid. For this configuration, the wave mixing
equations split into four separate subsystems, namely (a) the Alfvén wave mixing
equations (7.1); (b) the slow-mode equations (7.2); (¢) the entropy wave equation
(7.3); and (d) the fast-mode equations (7.4). The systems (a), (b) and (c) for the
Alfvén, slow and entropy waves are independent of each other, but the fast-mode
equations (7.4) contain source terms due to the slow-mode and entropy waves.

Ajo=1L 1<j<7, 1<s<T. (8.2)
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It is of interest to note that, for wave propagation exactly perpendicular to
B, the fast-mode waves are not Landau-damped, but the slow-mode waves are
damped (Barnes 1966, 1979). For wave propagation oblique to the magnetic field,
both slow-mode and fast-mode waves are Landau-damped. Landau damping of the
magnetoacoustic waves in general increases with increasing the plasma beta. It is
in general difficult to assess the role of Landau damping of the waves, without
detailed calculations. In a more complete model, one should also take into account
the momentum spectrum of the cosmic rays, but these issues are beyond the scope
of the present paper.
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Appendix A

In this appendix, we show that the wave mixing coefficients {A;s} of (4.31) and
(4.38) are invariant under a transformation of the form:

¥ = o), (A1)

where det(0F'*/0¥?) + 0, provided that the wave amplitudes {a’} are chosen to
be invariant under the transformation (i.e. a’, = as). We also show that the nonlinear
wave interaction coefficients I';;, (4.36), and the symmetric interaction coefficients

I'jpq. (4.46), are also invariant under the transformation, but the coefficients I';p,
in (4.33) are in general not invariant under the transformation.
To prove the invariance of the linear wave mixing coefficients (A’ = Ajs), first

note from (4.31) that

) OR/ OR/ Foa 2]
l':7 Sj_,’_ /,. _s+ i s+ /o, _, /.
A, 5 &, + L { 5 A o R, Vg .o/ o
ap(b az . Cap“
+R. - Ve O =< + ¢ | =%(R? — u,R') — 2=£<R! A2
s b 4 a:z ( 7 ( s u s) P 8:? s ( )

is the general form of the wave mixing coefficients when ¥ is used as the state
vector in the perturbation analysis. Using the results (3.33)—(3.36b), we have the
transformations:

/' =P.o/-Q C=P.C R =PR, L=L-Q (A3

relating .o/", ¢/, R/, and L; to their corresponding forms when ¥ is used as the state
vector. Note € is defined in (4.3), and €’ is the corresponding form for € when ¥ is
used as the state vector.

Using the results (A 3) in (A 2) we find

%" op

, OR, __ OR, ) 0
L L ~LjQ(R, - VgP) (/- =+ 05 ). (Ada)

ior Y ot
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OR/, IR, op"”
AL oz )‘J‘LJ"( oz +Q'(RS'V\PP)'63_C>, (A 4b)
o' 0% o%"
(A4c)
0 0 o 0
L)-(R,- Vg () 82;6 =L;-Q (R, VgP)-C ai:«c’ (A 4d)
L;-¢' = L;-C. (Ade)
Using the results (A4) in (A 2) we find
N, = Ay, (A5)

where Aj is given by (4.31). If the state vector ¥ is the conserved densities state
vector (3.2) then A;; may be reduced to the simpler form (4.38).

To prove that the nonlinear wave interaction coefficients I'; ;4 are invariant under
(A1), we note that

Ui = Ry Vrdj = (P-Rg) - (Vi - Q) =Ry - Vg = T, (A6)
where we have used the fact that Q- P = I. To prove that the symmetric nonlinear

wave interaction coefficient fqu is invariant under the transformation, we first
note from (4.46) that

kj()‘q — )‘j)O\p — >‘j)

F;-pq = U L;- . |R;,R;|. (AT)
Using the transformation (A 3), we find
L} [Ry, Ry = Lj - [Rg, Ry |- (A8)

Using the result (A 8) in (A 7) implies that f;‘pq = fqu. However, the non-symmetric
wave interaction coefficients

F;’pq:L;"(R;'V\i"d/'R;)a (A9)
in (4.33) are in general not invariant under the transformation (A 1). From (4.35),
Lpg = O = \)Lj - Ry - Vy/R)) (A 10)

for p % j. Using the transformation (3.36b) in (A 10), we find
Lipg = Tipg + (Ap = Aj)Lj - Q- (Rg - VP) - Ry, (A1)

3, 1 g / .
and hence, in general, Fqu * Ljpg-

Appendix B
In this appendix, we discuss solutions of the Alfvén wave mixing equations (6.27)
and (6.28). For the case of a perpendicular cosmic-ray-modified shock, we derive
the exact wave mixing equation solutions (7.7) and (7.8).

For a steady background flow, (6.27) and (6.28) for f and g have solutions of the
form

f = Fexp(iwt) + c.c., (B1a)
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g = Gexp(iwt) + c.c.,

where F' and G satisty the ordinary differential equations
dF w
=+
dr  ug — by
dG iw
-~ +
dr  ug +b,

Equations (B 2) can also be written in the form

G = .G,

G = ¢, F.

dF .
T = Y. Gexp(iwe),
0C = o exp(-iwo),

where

F = Fexpliwp_),
G = exp(iwg-),
T odx
oo= [ S e=o o
Equations (B 3) may be combined to yield the integral
|E) —|GP = |F|? — |G)? = const,

(B 1b)

(B 2a)

(B 2b)

(B6)

which is the Fourier-space wave action integral (for the case of Alfvén waves in the

solar wind, see e.g. Heinemann and Olbert 1980).

Because ¢ = % In p is a monotonic function of = in the smoothed upstream fore-

shock of a cosmic-ray-modified shock, (B 3) may be written in the form

dF . .
W G exp(iwe),

% = Fexp(—iwg),

(B7h)

where ¢ is the new independent variable. From (B 7), we find that ' and G satisfy

the ordinary differential equations:

PF dedEF .

PG dg dG .,
awr T apay ¢

(B 8a)

(B 8h)

For the case of a perpendicular cosmic-ray-modified shock, the Alfvén phase
speed by = 0, and hence, from (B5), ¢+ = ¢_ and ¢ = 0. In this case, (B 8) reduce

to
&EF .
i
dip? 0,
PG
a2~ OO
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(B9b)
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From (B7) and (B9), the general solutions for ' and G are
F = Aexp(y) + Bexp(—1), (B 10a)
G= Aexp(ih) — Bexp(—1), (B 10b)

where A(w) and B(w) are arbitrary functions of w. The corresponding solutions
(B 1) for f and g have the form

fu = exp(iwd)[Aw)p'/* + Bw)p~/*] + c.c., (B11a)

g = expliwd)[Aw)p'/* — E(w)p““] + c.c. (B11b)

Linear superposition of the Fourier mode solutions (B11), and use of Fourier’s
theorem, now yields the solutions (7.7) and (7.8) for f and g.
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