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Similarity solution for oblique water entry of an
expanding paraboloid

G. X. Wu† and S. L. Sun
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Similarity solutions based on velocity potential theory are found to be possible in the
case of an expanding paraboloid entering water when gravity is ignored. Numerical
solutions are obtained based on the boundary element method. Iteration is used
for the nonlinear boundary conditions on the unknown free surface, together with
regular remeshing. Results are obtained for paraboloids with different slenderness
(or bluntness). Flow features and pressure distributions are discussed along with the
physical implications. It is also concluded that similarity solutions may be possible
in more general cases.

Key words: waves/free-surface flows, wave–structure interactions

1. Introduction
Fluid–structure impact is a very common phenomenon in nature (e.g. violent wave

or tsunami impact on offshore or coastal structures, ship slamming in rough seas,
the landing of seaplanes) and has a wide range of practical applications. Extremely
large fluid loading can be created during impact. In some cases, consequences can be
catastrophic, causing loss of lives and wrecking of structures. Impact usually occurs
within a very short period of time, over which both the fluid velocity and the fluid
pressure change rapidly with time and location. This is accompanied by large and
rapid deformation of the liquid surface. Such behaviour poses great challenges in fluid
mechanics.

In most cases, fluid–structure impact based on velocity potential theory is a
fully transient problem. In other words, the spatial and temporal variables in the
mathematical analysis are fully independent, and the flow pattern and free-surface
shape at one instant have no resemblance to those at another instant. However, there
are many cases in which the flow is self-similar. When gravity is ignored under the
condition of W/g�T , where W is the impact speed, g the acceleration due to gravity
and T the time that the impact has lasted, well-known examples in two dimensions
include those studied by Cumberbatch (1960) for a liquid wedge impacting on a
flat wall and Dobrovol’skaya (1969) and Zhao & Faltinsen (1993) for a solid wedge
entering a calm water surface. Other publications on two-dimensional (2D) problems
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Water entry of an expanding paraboloid 399

include the papers by Semenov & Iafrati (2006) for water entry of an asymmetric
wedge, Xu, Duan & Wu (2008) for oblique water entry of an asymmetric wedge,
Wu (2007) and Duan, Xu & Wu (2009) for impact between a liquid wedge and a
solid wedge, and Semenov, Wu & Oliver (2013) on the impact of two liquid wedges.
A related self-similar 2D problem is the one investigated by Keller, Milewski &
Vanden-Broeck (2002), which involves the merging of two liquid wedges with the
surface-tension effect. For axisymmetric cases, self-similar problems include the one
studied by Shiffman & Spencer (1951) for water entry of a cone, through expanding
the free-surface elevation into a series. This problem was also solved by Battistin &
Iafrati (2003) and by Xu, Duan & Wu (2011). In three dimensions, Sun & Wu (2013a)
considered the oblique water entry of a cone and subsequently (in Sun & Wu 2013b)
solved the problem of water entry of non-axisymmetric bodies with varying speed.

While the above research on self-similar problems has provided significant insight
into fluid–structure impact phenomena, the shapes of the solid surface in all these
works are limited. In particular, the body surface has no curvature in two dimensions
or, for three-dimensional (3D) problems, in the plane of a given azimuth of the
cylindrical system, although some work has been done in the time domain, including
the papers by Zhao & Faltinsen (1996) and Battistin & Iafrati (2003) for 2D problems,
by Faltinsen & Zhao (1997) for an axisymmetric problem and by Korobkin & Scolan
(2006) for a 3D problem. The present work considers the self-similar flow for a
more general body shape, an expanding paraboloid entering water at a constant speed.
Problems of this kind do not seem to have been solved. Part of the reason may be
that the fluid flow generated by a rigid paraboloid entering a liquid surface is not
self-similar, as there is no geometric similarity in the shapes of the body at different
time steps. However, as we shall show in this paper, if the paraboloid expands in a
prescribed way to achieve geometric similarity, self-similar flow can become possible.
The solution of this problem can then provide some new insights into fluid–structure
impact behaviour.

The problem of an expanding body considered here is not purely of mathematical
interest. In fact, a well-known case in the free-surface flow problem is Dirichlet’s
ellipsoid (Lamb 1932, § 382). The expansion or contraction of a liquid ellipsoid in
a prescribed way allows the analytical solution to be obtained in a simple explicit
form. Such a solution has played a vital role in the free-surface flow problem.
Longuet-Higgins (1976) also solved a family of self-similar problems for an expanding
Dirichlet ellipse (Lamb 1932, § 382), a hyperbola and other shapes. The mathematical
solutions were found to provide great insight into wave breaking (Longuet-Higgins
& Cokelet 1976; Longuet-Higgins 1980, 1983b) and bubble busting through the
free surface (Longuet-Higgins 1983a). A potential application of water entry of an
expanding body is in the 2D + t theory for a ship (Faltinsen & Zhao 1991). When
calculation starts from a 2D section at the bow and then continues along the ship
length, it is equivalent to the body expanding. Such a practice has in fact been used
by Tassin et al. (2013).

2. Mathematical model and numerical procedure
2.1. The mathematical model

The problem of an expanding paraboloid entering initially calm water obliquely with
constant speed is sketched in figure 1. A Cartesian coordinate system with origin O
and x0, y0 and z0 axes fixed in space is defined, in which the x0–y0 plane lies on the
undisturbed free surface and z0 points vertically upwards. Here x0 is defined along the
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FIGURE 1. Sketch of the problem.

direction of the horizontal velocity U of the body, and W is the vertical downwards
velocity of the body. The fluid is assumed to be incompressible on the basis of small
Mach number and inviscid on the basis of small fluid–structure impact time. The flow
can be irrotational with a velocity potential φ, as there is no initial vorticity. Thus,
from the continuity equation we have

∇2φ = 0. (2.1)

A Cartesian coordinate system with x, y and z axes formed by moving the x0, y0
and z0 axes with the body at the same speed in the horizontal direction is also defined.
Thus x= x0 − Ut, y= y0 and z= z0. Within this coordinate system, the shape of the
paraboloid may be written as

f (x, y, z, t)= x2 + y2 − λs (z+ s)= 0, (2.2)

where s = Wt and λ is a constant. This shows that, as well as moving with the
translational velocity, the radius of the circular horizontal cross-section expands at the
rate of s1/2. On f = 0, (2.2) gives

df
dt
= 0, (2.3)

or

nx
dx0

dt
+ ny

dy0

dt
+ nz

dz0

dt
=− ft

A
(2.4)

where n= (nx, ny, nz) is the normal of the surface pointing into the fluid domain and
can be written as

nx = fx/A, ny = fy/A, nz = fz/A, A=
√

f 2
x + f 2

y + f 2
z . (2.5)

We note that the left-hand side of (2.4) is the normal velocity of the body surface,
which must be equal to the fluid particle velocity in the same direction based on the
impermeable kinematic condition. Thus

∂φ

∂n
=− ft

A
. (2.6)

On the free surface z= ζ , the following dynamic and kinematic boundary conditions
must be satisfied:

φt −Uφx + 1
2(φ

2
x + φ2

y + φ2
z )= 0, (2.7)

ζt = φz − ζx(φx −U)− ζyφy, (2.8)

where the acceleration g due to gravity has been omitted from (2.7) on the basis of
W/g� T , with T being the total impact time of interest.
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2.2. Self-similar solution
As the body being considered is axisymmetric, it is convenient to introduce a polar
coordinate system

x= r cos θ, y= r sin θ. (2.9)

We seek self-similar solutions of the form

φ(x, y, z, t)= sWϕ(α, θ, β), α = r/s, β = z/s. (2.10)

Here, the temporal variable has been incorporated into α and β, and ϕ no longer
depends explicitly on time in the new system. To ensure that such a solution is
possible, it is necessary to verify that the governing equation and all the boundary
conditions for ϕ do not contain s explicitly. This is clearly true for Laplace’s equation
in (2.1). In the new system, the body shape given by (2.2) becomes

α2 − λ(β + 1)= 0. (2.11)

The body-surface boundary condition in (2.6) can be written as

∂ϕ

∂n
= ε cos θnα − nβ − (β + 1)nβ (2.12)

where ε=U/W and

nα = 2α√
4α2 + λ2

, nβ =− λ√
4α2 + λ2

. (2.13)

The first two terms on the right-hand side of (2.12) represent the normal velocity
caused by the translational motion of the body, and the last term denotes the
contribution from the body expansion. In the new system, the dynamic and kinematic
boundary conditions on the free surface, (2.7) and (2.8), can be written as

ϕ − αϕα − βϕβ = ε cos θϕα − ε sin θϕθ/α − [ϕ2
α + (ϕθ/α)2 + ϕ2

β]/2, (2.14)
β − αβα = ϕβ − (ϕα − ε cos θ)βα − (ϕθ/α + ε sin θ)βθ/α. (2.15)

Far away from the body, the fluid is assumed to be undisturbed and we have

ϕ→ 0,
√
α2 + β2→∞. (2.16)

It can then be seen that the governing equation and all the boundary conditions on ϕ
do not involve s explicitly. This demonstrates that a self-similar solution is possible
for the case of an expanding paraboloid entering water.

2.3. Solution procedure
Through Green’s identity, the differential equation in (2.1) can be converted to the
integral form

A(p)ϕ(p)=
∫ [

1
Rpq

∂ϕ(q)
∂nq

− ϕ(q) ∂
∂nq

(
1

Rpq

)]
dsq, (2.17)
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where A(p) is the solid angle at point p on the surface of the fluid domain and Rpq
is the distance between points p and q. The integration is performed over the whole
boundary of the fluid domain, including the free surface, the body surface and the
control surface away from the body. These surfaces are discretized into many small
elements, and ϕ is approximated by a shape function in each element (Sun & Wu
2013a). We note that the shape of the free surface on which the conditions (2.14)
and (2.15) are imposed is unknown before obtaining the solution. One obvious way
to resolve this issue is to use an iteration method. We can start with ϕ = 0 on the
undisturbed free surface, or β = 0. Using the potential ϕ on the free surface and the
normal velocity ϕn on the body surface, (2.17) can be solved to obtain the unknown ϕn
on the free surface and ϕ on the body surface. Then the free surface together with the
potential there can be updated by using (2.14) and (2.15) in an integral form similar
to that used by Wu, Sun & He (2004) for a 2D problem. Remeshing is applied if the
elements have been significantly distorted (Sun & Wu 2013b). Equation (2.17) is then
solved again. The process is continued until convergence has been achieved based on
the pressure

Cp =−2ϕ + 2αϕα + 2βϕβ + 2ε cos θϕα − 2ε sin θϕθ/α −∇ϕ · ∇ϕ, (2.18)

which is non-dimensionalized by ρW2/2, where ρ is the density of the fluid.

3. Numerical results and discussions
3.1. Verification through a convergence study and comparison for a cone

We first consider the problem of a cone entering water. The cone’s surface can be
written as

f (x, y, z, t)=
√

x2 + y2 − λ(z+ s)= 0, (3.1)

or

α − λ(β + 1)= 0. (3.2)

This gives

nα = 1√
1+ λ2

, nβ =− λ√
1+ λ2

, nθ = 0. (3.3)

Because the cone is not undergoing expansion, the last term of the body-surface
boundary condition in (2.12) should be dropped while the normal components are
replaced by those in (3.3).

Figure 2 panels (a) and (b) show, respectively, the free-surface elevation of and
pressure on the cone, obtained with different meshes. The smallest element is used
around the jet root defined on the free surface with the largest curvature shown in
figure 2(a). Its size then increases at a rate of 1.02 away from the jet root. The meshes
used to obtain these results correspond to the smallest element sizes of 0.02, 0.04
and 0.06. The deadrise angle, defined as the angle between the cone surface and the
undisturbed free surface, is π/3, which corresponds to tan−1(λ) = π/6. The results
for vertical entry obtained from these three meshes are in good agreement. Figure 3
panels (a) and (b) show further comparisons of the results for oblique entry obtained
from the present similarity solution with a mesh size of 0.04 and those given by the
time domain solution of Sun & Wu (2013a). Good agreement can be observed.
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FIGURE 2. Convergence study using different meshes for vertical entry of a cone into
water, with λ= tan(π/6): (a) free-surface elevation of the cone; (b) pressure on the cone.
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FIGURE 3. Pressure on the cone, with λ= tan(π/6), at (a) y= 0 and (b) x= 0.

3.2. Water entry of an expanding paraboloid
3.2.1. Vertical water entry

To consider vertical entry, we first take ε= 0 in (2.12), and then θ will not affect
the results. To gain some insight into the variation of Cp along the body surface, we
introduce at each point a local coordinate system (ξ , η), with axes perpendicular and
tangential to the body surface, respectively, such that

ξ = αnα + βnβ, η=−αnβ + βnα. (3.4)

Equation (2.18) can be written as

Cp =−2ϕ + 2ξϕξ + 2ηϕη −∇ϕ · ∇ϕ. (3.5)

Thus
∂Cp

∂η
= 2(ξ − ϕξ )ϕηξ + 2(η− ϕη)ϕηη. (3.6)

Equations (2.11) and (2.12) give

ξ = ϕξ (3.7)

on the body surface. Thus, from (3.6), the tangential derivative of pressure at a point
(ξ, η) on the body surface can be written as
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FIGURE 4. Variations of β, Cp and η− ϕη, in the cases where (a) λ= 2, (b) λ= 1.

∂Cp

∂η
= 2(η− ϕη)ϕηη. (3.8)

For this axisymmetric case with ε = 0, the free-surface boundary condition in (2.15)
can also be written as

η− ξηξ = ϕη − ϕξηξ . (3.9)

On the intersection of the body surface with the free surface, (3.7) and (3.9) can be
combined. This gives

η= ϕη. (3.10)

Equations (3.7) and (3.10) mean that ϕα = α and ϕβ = β, the same as the relations in
(2.11) of Semenov et al. (2013), which were obtained based on an argument involving
the distance moved by the particle initially at the tip of the body to the intersection.
Equation (3.8) gives ∂Cp/∂η = 0 at the free-surface and body-surface intersection as
well as at the lowest point of the paraboloid with α = 0, i.e. the tip, as η = ϕη
there. These are the local extremum points of the pressure. However, as Cp is at the
intersection, it is unlikely to be the global maximum point. The tip of the body, where
Cp=−2ϕ+ 1 after the conditions ϕα= 0 and ϕβ =−1 are applied, could be the global
maximum point, depending on whether ∂Cp/∂η= 0 is satisfied on other parts of the
body surface.

Results for the variations of η− ϕη and Cp when λ= 2 along the body surface are
given in figure 4(a). It can be observed that there is a point with η = ϕη, marked
by A. Correspondingly, there is a local pressure peak, which in fact is the global
maximum. Notice that the intersection of the undisturbed free surface, i.e. β = 0, with
the body surface is at α=√λ=√2. It is interesting to see that this point, marked by
B, is roughly where the horizontal coordinate of point A is. We further note that for
the point marked by C, which is the location corresponding to the point on the free
surface with the lowest α value, its tangential direction is parallel to the β axis. The
figure shows that the points A, B and C are close to each other. Around this region,
the pressure changes rapidly, and beyond this region towards the intersection with the
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FIGURE 5. Water entry of paraboloids with different λ: (a) free-surface elevation and
pressure Cp; (b) the force coefficient Cf .

free surface, the pressure is nearly zero. Physically, when the body enters water, point
B has to move up but its path is blocked by the body, so it has to move away and also
do a sharp turn to move along the body surface. This causes a large local pressure
gradient. When the fluid turns, it moves with large velocity along the body surface
but in a thin layer. The pressure across the thin layer varies little, and the pressure
on the body surface and that on the free surface are almost the same.

The results for λ= 1 are given in figure 4(b). The body in this case is less blunt,
and it is expected that the impact will be less severe, as demonstrated by the pressure
curve which is lower in this figure than in figure 4(a). In particular, no inner point
with η = ϕη is observed. The global maximal pressure occurs at the tip of the body.
However, similar to the case of λ = 2, the pressure drops rapidly around the region
of points B and C and is nearly zero beyond this region.

Figure 5(a) gives the pressure distribution on the body surface and free-surface
elevation for different λ values. Notice that the focus of the paraboloid is at λ/4− 1.
As λ decreases, the body will become more slender and the normal velocity of the
body surface becomes smaller because of the smaller magnitude of nβ in (2.13). The
pressure is therefore expected to be smaller, as can be seen in figure 5(a). However,
(2.13) also shows that nβ = −1 at α = 0, i.e. at the tip of the body, which is
independent of λ. This suggests that away from the tip, the magnitude of nβ changes
more quickly when λ is smaller. This leads to a more rapid change of pressure near
the tip, as shown in figure 5(a). At the tip, however, the slopes of the pressure curves
for all λ are zero, as discussed in (3.8). This differs from the results for a cone
shown in figure 2(b), where the slope of the pressure curve at the tip is very steep,
clearly caused by the discontinuity in the normal to the body surface at this point.
The vertical force coefficient Cf in figure 5(b) is defined as

Cf =
∫

Cpnβ ds. (3.11)

It increases rapidly with λ.

3.2.2. Oblique water entry
If the paraboloid enters water obliquely, the problem is no longer axisymmetric

and becomes a fully 3D problem. Figure 6 panels (a) and (b) show the free-surface

ht
tp

s:
//

do
i.o

rg
/1

0.
10

17
/jf

m
.2

01
4.

11
1 

Pu
bl

is
he

d 
on

lin
e 

by
 C

am
br

id
ge

 U
ni

ve
rs

ity
 P

re
ss

https://doi.org/10.1017/jfm.2014.111


406 G. X. Wu and S. L. Sun

(b)(a) 3.0

2.5

2.0

1.5

1.0

0.5

0

–0.5

–1.0

2.0

1.5

1.0

0.5

0

–0.5

–1.0
–4 0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0–3 –2 –1 0 1 2 3 4

FIGURE 6. Free-surface elevation for the λ = 1 case: (a) in the y = 0 plane; (b) in the
x= 0 plane.
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FIGURE 7. Pressure on the body surface for the λ= 1 case: (a) in the y= 0 plane; (b) in
the x= 0 plane.

profiles in the planes y= 0 and x= 0, respectively, and figure 7 panels (a) and (b) plot
the pressure for the paraboloid with λ= 1. These figures show that the effect of the
horizontal velocity on the free-surface elevation is much smaller than the effect on the
pressure. Due to the horizontal velocity in the x direction, the slope of the pressure
curve in the y= 0 plane is no longer zero at the tip, as shown in figure 7(a), while it
is still zero in the x= 0 plane, clearly because of the symmetry about the y= 0 plane.
In contrast to the discontinuity and sharp variation at the tip of a cone (Sun & Wu
2013a), the pressure here is finite and continuous at the tip. In the vertical entry case,
the peak pressure for λ= 1 is at the tip of the body, as shown in figure 5(a). When
there is a horizontal velocity and water is being pushed away by the body surface,
the counter-action of the water leads to a pressure increase on the front side and the
peak pressure moves away from the tip, as shown in figure 7(a). Correspondingly, the
pressure on the back side decreases.

Figure 8 plots the 3D pressure contours on the body surface. For vertical entry with
ε= 0 in figure 8(a), the contours are all circular lines as the problem is axisymmetric.
The peak is at the tip, and the pressure decreases as the radius of the circle increases
for the case of λ= 1. With ε = 0.3 or 0.6, the centre of the curve has been pushed
to the right and all the circles have been twisted. Near the centre the curves are very
dense on the front side, indicating a larger pressure gradient. Moving along the curve
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FIGURE 8. Pressure contours on the body surface, for λ= 1, with (a) ε= 0; (b) ε= 0.3;
(c) ε= 0.6.

to the back side, the curves become less and less dense, and the pressure gradient
becomes smaller and smaller. All these features become more evident as the horizontal
velocity increases, as shown in figure 8(c).

4. Conclusions

Self-similar solutions are found to be possible for entry of a body with curvature
into water if the body expands in an appropriately prescribed way. Numerical solutions
have been obtained for an expanding paraboloid entering water. It has been found that
for vertical entry of a slender body, the pressure peaks at the tip of the body and then
drops rapidly away from the tip. As the body becomes less slender, the pressure at
the tip increases but its gradient drops; more importantly, the peak pressure moves
away to a location close to the intersection point of the undisturbed free surface and
the body surface. Near this intersection, the vertical path of the fluid is blocked. The
flow is pushed away and turns sharply along the direction of the body surface. This
leads to a very large pressure gradient. Beyond that region, the pressure on the body
surface is nearly zero. In the case of oblique entry, the circular shape of the pressure
contour is destroyed. As the horizontal velocity increases, a new pressure-peak centre
will form. The contour is highly dense on the front side of the peak and becomes less
dense as one walks along a pressure line towards the back side.
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