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Abstract

We study an affine two-factor model introduced by Barczy et al. (2014). One component
of this two-dimensional model is the so-called «-root process, which generalizes the well-
known Cox-Ingersoll-Ross process. In the o = 2 case, this two-factor model was used
by Chen and Joslin (2012) to price defaultable bonds with stochastic recovery rates. In
this paper we prove exponential ergodicity of this two-factor model when o € (1, 2). As
a possible application, our result can be used to study the parameter estimation problem
of the model.
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1. Introduction

In this paper we study a two-dimensional affine process (Y, X) := (¥;, X;);>0 determined
by the following stochastic differential equation (SDE):

dY; = (a — bY,)dr + JY,_dL,, t >0, Yo > 0 almost surely,

(1.1
dX; = (m — 6X,)dt + /Y, dB;, t>0,

wherea > 0,b > 0,0,m € R, o € (1,2), (L;);>0 is a spectrally positive «-stable Lévy
process with the Lévy measure Coz 1@ 1{;>0ydz with Cy := (al"(—a))’l, and (B;);>0 is
an independent standard Brownian motion. Note that if (Yo, Xo) is independent of (L;, B;):>0
then the existence and uniqueness of a strong solution to SDE (1.1) follow from [4, Theorem
2.1]. We remark that the two-factor model (1.1) is actually well-defined for an arbitrary real
constant b (see [4]), while in this paper we restrict ourselves to the so-called subcritical case
(b > 0).

The process (Y;, X;):>0 given by (1.1) was introduced by Barczy et al. [4]. There, it was
proved that (Y;, X;);>0 belongs to the class of regular affine processes (with state space R~ xR).
The process Y is the so-called -root process (sometimes referred as the stable Cox—Ingersoll—
Ross (CIR) process, shortened to SCIR; see [22]) and is also an affine process (with state
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space R>). It can be considered as an extension of the CIR process. The general theory of
affine processes on the canonical state space R”, x R" was initiated by Dulffie et al. [8] and

further developed in [7]. An affine process on R”, x R" is a continuous-time Markov process
taking values in R”, x R", whose log-characteristic function depends in an affine way on the
initial state vector of the process, i.e. the log-characteristic function is linear with respect to the
initial state vector. Affine processes are particularly important in financial mathematics because
of their computational tractability. For example, the models of Cox et al. [6], Heston [13], and

Vasicek [32] are all based on affine processes.

Animportant issue for the application of affine processes is the calibration of their parameters.
This has been investigated for some well-known affine models; see, e.g. [1]-[3], [28], and [29].
To study the asymptotic properties of estimators of the parameters, a comprehension of the
long-time behavior of the underlying affine processes is very often required. This is one of the
reasons why the stationary, ergodic, and recurrent properties of affine processes have recently
attracted many investigations; see, e.g. [4], [9], [15]-[17], and [20]-[22].

Concerning the two-factor model defined in (1.1), it was shown in [4] that (Y;, X;);>0 has
a stationary distribution. Using the same argument as in [19, p. 80], it can easily be seen that
the stationary distribution for (¥;, X;);>0 is actually unique. If one allows o = 2 and replaces
(Lt)¢>0 in (1.1) by a standard Brownian motion (W;);>0 (independent of (B;);>0), then the
process Y becomes the CIR process; in this case, the ergodicity of (Y;, X;);>0 was proved
in [4]. However, the ergodicity of (¥;, X;);>0 in the 1 < o < 2 case is still not known.

In this work we study the ergodicity problem for the two-factor model in (1.1) when 1 <
a < 2. As our main result (see Theorem 6.1 below), we show that (¥;, X;);>0 in (1.1) is
exponentially ergodic if @ € (1,2), complementing the results of [4]. Our approach is very
close to that of [15]. The first step is to show the existence of positive transition densities of the
a-root process Y;. To achieve this, we calculate explicitly the Laplace transform of Y;. Through
a careful analysis of the decay rate of the Laplace transform of Y; at co, we are able to show the
positivity of the density function of Y; using the inverse Fourier transform. The positivity of
the density function of Y; plays an essential role in the proof of the exponential ergodicity for
(Y:, X1)s>0, since it enables us to show that the Lebesgue measure is an irreducibility measure
for the skeleton chains of (¥, X;);>0. We would like to remark that our approach of proving the
existence of a positive density function for Y; is purely analytic. In the literature there are some
probabilistic methods to study the positivity of densities for jump-diffusions; see, e.g. [10]. Itis
an interesting question if the method of [10] can be applied in our case. In the second step, we
construct a Foster—Lyapunov function for the process (Y;, X;);>0. Using the general theory in
[24]-[26] on the ergodicity of Markov processes, we are then able to obtain the exponential
ergodicity of the process (Y, X;);>0 in (1.1).

Finally, we remark that the exponential ergodicity for a large class of affine processes on
R0, including the a-root process (¥;);>0, was derived in [22] by a coupling method. We do
not know if a similar coupling argument would work for the two-dimensional affine process
(Yz, Xt)r=0 in (1.1).

The rest of the paper is organized as follows. In Section 2 we recall some basic facts
on the process (¥;, X;);>0. In Section 3 we derive the Laplace transform of the o-root
process Y. In Section 4 we prove that the o-root process Y possesses positive transition
densities. In Section 5 we construct a Foster—Lyapunov function for the process (¥, X;);>0.
In Section 6 we show that the process (¥, X;);>0 is exponentially ergodic.
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2. Preliminaries

In this section we recall some key facts on the affine process (Y, X) := (Y;, X;),;>0 defined
by (1.1), mainly due to [4].

LetN, Z>0, R, R0, and R ¢ denote the sets of positive integers, nonnegative integers, real
numbers, nonnegative real numbers, and strictly positive real numbers, respectively. Let C be
the set of complex numbers. For z € C \ {0}, we denote by arg(z) the principal value of its
argument and by Z its conjugate. We define the following subsets of C:

_={ueC: Reu <0}, U4 :={u € C: Reu > 0},
U® :={u cC: Reu < 0}, UG :={u € C: Reu > 0},

and
O =C\{—x:x eRxp}.

For z € C\ {0}, let log(z) be the principal value of the complex logarithm of z, i.e. log(z) =
In(|z|) +1iarg(z). In this paper we define arg(x) := & for x € (—o0, 0). For 8 € R, define the
complex power function z# as

2 =exp{Blogz}, zeC\{0}. Q2.1

By C%(S,R), C2(S,R), C2(S,R), and C>(S, C), we denote the sets of R-valued or C-
valued functions on S that are twice continuously differentiable, that are twice continuously
differentiable with compact support, that are bounded continuous with bounded continuous
first- and second-order partial derivatives, and that are smooth, respectively, where the space S
canbe R, R>o x R, or R>p x R>o x R in this paper.

We assume that (2, ¥, (¥7):>0, P) is a filtered probability space satisfying the usual con-
ditions, i.e. (2, ¥, IP) is complete, the filtration (F;);>¢ is right-continuous, and ¢ contains
all P-null sets in ¥ .

Let (B;);>0 be a standard (§;);>0-Brownian motion and (L;);>0 be a spectrally positive
(F7)i>0-Lévy process with the Lévy measure C,z 1@ 1{;~0;dz, where 1 < o < 2. Assume
that (B;);>0 and (L;);>0 are independent. Note that the characteristic function of L is given
by

Efef1] = exp {/ (" — 1 —iuz)Coz 17 dz}, u €R.

Let N(ds, dz) be a Poisson random measure on R>0 with intensity measure given by
Coz 1™ “1y;>0y ds dz and N(ds, dz) its compensator. Then the Lévy—Itd representation of L
takes the form

¢ t
L; =yt +/ / zN (ds, dz) +[ / zN (ds, dz), t >0, 2.2)
0 J{lzI<1} 0 J{lz|=1}

1
y = —IE[/ / ZN (ds, dz)]
0 Hlzl=z1}

and N(ds, dz) := N(ds, dz) — N(ds, dz) with N(ds, dz) = Caz~'"% 1,0y ds dz, is the
compensated Poisson random measure on R? < o that corresponds to N (ds, dz). We remark that
-/ Jua=1) zN(ds, dz) and

f / zN(ds, dz) + yt, t >0,
0 J{lz[>1}

where
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is thus a martingale with respect to the filtration (#;);>¢. It follows from [4, Theorem 2.1] that
if (Yo, Xo) is independent of (L;, B;);>0 and P(Yp > 0) = 1, then there is a unique strong
solution (¥, X;)r>0 of SDE (1.1) with

' '
Y, = e_b’(Yo + a/ ebs ds + / ebs oy, dLs>,
0 0

and
t t
X, =e " (Xo +m/ e ds +/ e Y, dBS)
0 0

for all t > 0. Moreover, (Y;, X;);>0 is a regular affine process, and the infinitesimal generator
A of (Y, X) is given by

9 9 1 3?2
ANGx) = (@ =by) o= f (3. 0) + (m = 0x) - f(y. %) + 5y75 f(y. x)
y ox 27 0x
o0 9
+ yfo <f(y +z,x)— f(y,x) — Z@f(y, x))Caz_l_“ dz, (2.3)

where (y, x) € Rso x Rand f € C2(R>g x R, R).

3. Laplace transform of the a-root process Y

In this section we study the «-root process (Y;);>o defined by
dY; = (a — bY,)dr + Y,_dL,, t>0, Yo > 0 almost surely, 3.1

wherea > 0,b > 0, a € (1, 2), and (L;);>0 is a spectrally positive ¢-stable Lévy process with
the Lévy measure Coz !~ 1{;~0; dz. Without any further specification, we always assume
that Y is independent of (L;);>0.

We remark that we have allowed a = 0 in (3.1), which is different as in (1.1). In this case,
SDE (3.1) becomes

dY; = —bY;dt + JY;_dL;, t>0, Yo > 0 almost surely, (3.2)
and, by [12, Theorem 6.2 and Corollary 6.3], a unique strong solution of (3.2) also exists. The
a-root process Y is thus well-defined for all @ > 0. From now on and till the end of this section,
we assume temporally thata > 0.

The solution of SDE (3.1) depends obviously on its initial value Yy. From now on, we

denote by (¥;);>0 the a-root process starting from a constant initial value y € R, i.e.
(Y] )1>0 satisfies

dy) = (a —bY))dr + Y, dL,, t >0, Yy =y. (3.3)

Since the a-root process is an affine process, the corresponding characteristic functions of
(Yt’ )t>0 are of affine form, namely,

E[e" ] = PGyt eqq (3.4)
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The functions ¢ and ¥, in turn, are given as solutions of the generalized Riccati equations

ol
3, w) = F@ (@t u), ¢0,u) =0,
(3.5)

0
ET//(LM)ZRW(I,M)), YO0, u) =uecU_,
with

F(I/t) = au and R(M) — —bu n (—u)a;
o

see [4, Theorem 3.1]. Anequivalentequation for ¢ (see (3.6) below) was studied in [4, Theorem
3.1]. In particular, it follows from [4, Theorem 3.1] that (3.6) below has a unique solution.
However, the explicit form of the solution to (3.6) was not derived in [4]. In order to study the
transition densities of the «-root process, we will find the explicit form of the solution to (3.6)
in the following theorem.

Proposition 3.1. Leta > 0, b > 0. Define v;()) := —(t, —1), L € R.g. Then v;(A) solves
the differential equation

a 1
&vt()‘) = —bv;(A) — ;(vz(k))“, 1=0,  wd) =4, (3.6)
where A € R. . The unique solution to (3.6) is given by
1 1—a |\ b(a—1)t 1 =
vV =|—+2 e - — , t > 0. 3.7
ab ab
Moreover, the Laplace transform of Y,y is given by
V t
E[e_)‘yf ] =-exp { — a/ vy(A) ds — yvt(k)} forallt > 0 and ) € R.y. (3.8)
0

Proof. Equation (3.6) is a Bernoulli differential equation which can be transformed into a
linear differential equation through a change of variables. More precisely, if we write u;(X) :=
(v, N1 then

%ut(k) =b(a — Du;(A) + (1 —a™ b, t>0, up(h) = A1, (3.9)

By solving (3.9), we obtain, for # > 0 and A € R.,

1 1\ V-
v () = (e )17 = ((E + )»1_“>eb(°‘_1)’ - E) :

Moreover, by (3.4) and (3.5) and noting that v; (1) = — (¢, —)), we obtain (3.8). O

We remark that we have assumed A € R. ¢ in Proposition 3.1. However, (3.8) holds for the
trivial A = 0 case as well, which can be seen by taking the limit A | 0.

Let
1 1 1/(1—a)
o1t A, y) i=exp —y[ [ — + a1l )eble—Dr — — ’
ab ab

(1 1\ /-
@a(t, M) :==expy — a/ — 4+ Ao |ebla=Ds _ as b
0 \\ab ab

Then E[exp{—AY,y H =1, A, y)p2(t, 1). Keeping this decomposition of the Laplace trans-
form of ¥;” in mind, we take a closer look at the following two special cases.

https://doi.org/10.1017/apr.2017.37 Published online by Cambridge University Press


https://doi.org/10.1017/apr.2017.37

Exponential ergodicity of an affine two-factor model 1149
3.1. The special case a = 0
To avoid abuse of notation, we use (Z; );>0 to denote the strong solution of the SDE
dz) = —bZ} dt + VZ,_dL,, 120, Z)=y=0. (3.10)

According to (3.8), the corresponding Laplace transform of Z; coincides with ¢ (t, A, y).
Noting that b > 0, we obtain

1 1/(1-a)
lim v, (1) = <—(eh(“_1)’ — 1)) =:d(1), (3.11)
A—>00 ab
where d(t) € (0, co) for all t > 0. Furthermore, by the dominated convergence theorem, we
have
e Y40 = Jim e7u® (3.12)
r—00
= lim E[e %]
A—00

. _ y _ y
= lim Ele™ 171+ Ele™7 170 0)])

=P(Z] =0)
>0 forallt >0andy > 0. (3.13)

3.2. The special case y =0
Consider (Yto),zo that satisfies

YY) = (a—bY¥dr + JY° dL,, t>0, Yy =0. (3.14)

In view of (3.8), we can easily see that the Laplace transform of Y,0 is equal to @o (¢, A).
Summarizing the results in Subsections 3.1 and 3.2, we have the following proposition.

Proposition 3.2. Let a > 0 and b > 0. Consider the processes (Yy),>o and (Zy),>0
defined as the unique strong solutions of SDEs (3.3) and (3.10), respectively. Let Ky and
Wz be the probability laws of Y; and Z; induced on (R=q, B(R>0)), respectively. Then
Wyy = Hy0 * [z, where ‘x’ denotes the convolution of measures.

4. Transition densities of the «-root process Y

In this section we show that the a-root process Y has positive and continuous transition
densities. Our approach is essentially based on the inverse Fourier transform.

Recall that the function v, (-) given by (3.7) is defined on R. . By considering the complex
power functions, the domain of definition for v;(-) can be extended to C \ {0}. Indeed, the
function

1 1 1/(1-a)
vi(z) = ((— +z1“>eb<“‘>f - —) . zeC\{0}, 4.1)
ab ab

is well defined, where the complex power function is given by (2.1).
We next establish two estimates on fot v5(2) ds. Since the proofs are of pure analytic nature,
we postpone them to Appendix A.
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Lemma 4.1. Let T > 1. Then there exists a sufficiently small constant ey > 0 such that
t
Re</ vs(2) ds) > —C) + G|z (4.2)
0

when |arg(z)| € [n/2 — eo, /2 + €] and T-! <t < T, where Ci,Cy > 0 are constants
depending onlyon a, b, a, gy, and T.

Proof. See Appendix A. O

Lemma 4.2. Let ¢y be as in the previous lemma. Then, for eacht > 0, we can find constants
C3, C4 > 0, which depend only on a, b, o, €9, and t, such that

t
‘ / vs(2) ds
0

when arg(z) € [7/2 4 &9, 7] and |z| > 0.
Proof. See Appendix A. ]

< C3 + Cylz>

Now consider the process (Y,O)zzo given by (3.14). As the Laplace transform of Yto, the
function u +— E[exp{—u Y,O}] is continuous on U4 and holomorphic on UG . On the other
hand, the function z — v;(z) given in (4.1) is continuous on U, and holomorphic on US. for
each ¢t > 0 as well. Therefore, we have

t
Ele™] = exp{ —a f vs(u)dS}, ue Uy, (4.3)
0

Indeed, (4.3) holds at least for u € R. ¢ by (3.8). This and the identity theorem for holomorphic
functions (see, e.g.[11, Theorem I11.3.2]) imply (4.3) forallu € U+, since both sides of (4.3) are
functions that are continuous on U and holomorphic on US.. In particular, the characteristic
function of Yto with t > 0 is given by

t
0

Remark 4.1. Recall that the process (Zty )i=0 1s given in (3.10). By repeating the same
arguments as above for Z; , we see that its characteristic function is given by

E[% ] = expl—yu(-i6)}, £ eR.

In the next lemma we obtain the existence of a density function for ¥ when ¢ > 0. Note
that by [4, Theorem 2.1], we have Y,0 > 0 almost surely for each ¢ > 0.

Lemma 4.3. Assume that a > 0 and b > 0. Then, for each t > 0, Yto possesses a density
function fY,O given by

1 o0 . t
fyo(x) == —/ e ixé exp{ —a/ vx(—ié)ds} de,  x>0. (4.4)
! 27 J oo 0
Moreover, the function fY,O (x) is jointly continuous in (t,x) € (0, 00) x R>o, and fY,O(') €

C*®(Rx>o, C) foreach t > 0.
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Proof. Let T > 1 be fixed. By Lemma 4.1, there exist constants ¢y, co > 0 such that

exp{ —a /t vy (—i§) ds} = exp { Re(—a /t Vg (—i€) ds)} <c exp{—cz|$|2_°‘} 4.5)
0 0

forall £ € Randt € [1/T, T], which implies that £ +— exp{—a fo vy (—i€) ds} is integrable
on R. Therefore, by the Fourier inversion formula, Y has a density fyo given by (4.4). The
joint continuity of the density fYo (x) in (¢, x) follows from (4.4), (4. 5) and the dominated
convergence theorem. The smoothness property of fY,O( -) is a consequence of (4.5) and [30,
Proposition 28.1]. ]

We remark that for each r > 0, the function fYO (x) given in (4.4) is actually well defined
also for x < 0, although fyo (x) =0forx <0, which is due to the fact that YO > (0 almost
surely. Next, we would like to know if fY,O (x) > 0 when x > 0. The next lemma partly
answers this question.

Lemma 4.4. Assume that a > 0 and b > 0. For each t > 0, the density function fY,O ) of Yt0
is almost everywhere positive on Rx.

Proof. Basically, the idea of the proof is as follows. We will show the following.

Claim 4.1. The function x +— fYo (x),x € R.g, can be extended to a holomorphic function
on UY.

If this claim is true then the set A, := {x > 1/n: fYrO (x) = 0} with n € N must be discrete,
i.e. foreach x € A,,, one can find a neighborhood of x whose intersection with A, is equal to x;
otherwise, the identity theorem for holomorphic functions (see, e.g. [11, Proposition II1.3.1])
implies that fY," (x) = 0 for x > 0. As a consequence, A, is countable, which implies that
A := |, ey An is also countable and thus has Lebesgue measure 0.

Let x > 0 be fixed. We will complete the proof of the above claim in five steps.

Step 1. We derive a simpler representation for fYtO (x). We have

e¢] t
fyo(x) = L/ e ixE exp { — a/ vs(—i&) ds} d&
! 27 Joo 0

1 0 . t
= el¥é exp{ —a/ vs(ié)ds}dé
27 Jox 0

0 t
+ i e ¥ exp { —a / Vs (—i€) ds} dg. (4.6)
2 0
For & < 0, we have vg(—i§) = v (1&‘), which implies that
t t
e~ exp { —a / Vs (—i€) ds} = el*¢ exp { — a/ vs(1€) ds}. 4.7
0 0
By (4.6) and (4.7), we obtain
0 t
fyo(x) = Ree / e ¥ exp { —a / vy (—i€) ds} ds). (4.8)
! —00 0

For simplicity, let

= —/ exp{ /t vs(—ié)ds}dé. (4.9)
0
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Step 2. We calculate I by contour integration. By a change of variables z := —i&, we obtain
—i [ioo t
I =— e”exp{—a/ vs(z)ds}dz
T Jo 0
—i ik t
= lim — e*“exp { —a / v5(2) ds} dz. (4.10)
K—oo m Jig-1 0

Define two paths I'y x and I'p g by

I () = Kei?, 9 e [%n} Dk (@) = K le?, e I:%rri|

According to (4.1), we see that the function

t .
7> eyzexp{ —a/ vx(z)ds}, z€ 0] := {,06101 p>09¢€ [%,n”,
0

can be extended to a holomorphic function on 97 := { ,oeil9 :p>0,9 € (0,37/2)}. Therefore,
we have

iK t
/ e exp { —a / v5(2) ds} dz
iK1 0
—-K t t
:/ e”exp{—a/ vs(z)ds}dz—/ e”exp{—a/ vs(z)ds}dz
—-K-! 0 'k 0

t
+/ et exp{ —a/ v5(2) ds}dz. 4.11)
1SN 0

Since lim,_, ¢ e** exp{—a fé vs(z) ds} = 1, it follows that

t
lim e**exp { - a/ V5 (2) ds} dz =0. (4.12)
Ik 0

K—oo

To estimate the second term on the right-hand side of (4.11), we divide the path I'j g into
two parts, namely,

T T

272

[ x(@) :=Kel?, »9e [ 5

+80], Tk = Ke’, 0e [E +80,7r:|,

with &9 > 0 being the constant appearing in Lemmas 4.1 and 4.2. Then

t
/ e“exp{ —a/ vs(z)ds}dz
'k 0
t t
:/ e”exp{ —a/ vs(z)ds}dz+/ e”exp{ —a/ vs(z)ds}dz
Ik 0 Ik 0

=1(K) + L (K).

If we can show that limg _, oo 11 (K) = 0 and limg _, oo Ip(K) = 0, then it follows from (4.10)—
(4.12) that

_j [~ t
I =— e exp { —a / vs(2) ds} dz. (4.13)
T Jo 0
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Step 3. We show that limg o [1(K) = 0. If ¥ € [7/2, m/2 4 &¢] then
|exp{xKei’9}| = exp{Re(xKem)} = exp{xK cos(¥)} < 1.

By Lemma 4.1, we obtain

7 /2+€0 . ! .
/ iK exp{iv} exp{xKe'” } exp { - a/ vs (Ke'?) ds} dz?‘
b4 0

/2
7/24+€0 t )
§K/ exp{—a/ vs(Kem)ds}
72 0

< Kegexp{aCy — aCrK>™%),

h(K)‘ =

do

which implies that limg o |11 (K)| = 0.
Step 4. We show that limg .« I[(K) = 0. In the ¥ € [7/2 + &9, ] case, we have

| exp{xKeiﬁ}| = exp{Re(xKem)}
= exp{x K cos(v)}

< exp {xK cos(% + s())}

= exp{—xK sin(ggp)}.

So
T . . ! .
L(K)| = / iKel” exp{xKe”’}exp{ —a/ vS(Ke"’)ds}df}'
/2480 0
b4 t .
< K exp{—xK sin(gg)} exp {a / vy (Kel?) ds }dﬂ.
/240 0

By Lemma 4.2, we obtain
lim |[(K)| < lim K(z - 80> exp{—xK sin(gg)} exp{aC3} exp{aC4K2’°‘} =0.
K—o0 K—o0 2

Step 5. Finally, we prove that x +—> fYtO (x) is holomorphic on UG. By (4.8), (4.9), and
(4.13), we have

s p—00 t
fro(x) = Re(—]/ e*t exp{ —a/ v5(2) ds}dz)
! T Jo 0
o0 t
= l/ e‘”{—lm(exp{ —a/ vs(—z)ds})}dz.
7 Jo 0

Let xo > 0 be fixed. Consider x € C with Re(x) > xo and (x,,) C C such that Re(x,) > xo
and x, — x asn — oo. For z € R>(, we can use Lemma 4.2 to obtain

t t
Im(exp { - a/ vs(—2) ds}) exp { - a/ vs(—2) ds}
0 0

< ze" " explaCs + aCylz|*~*}, (4.14)

Ze*XOZ S Zeixoz
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where the right-hand side of (4.14) is an integrable function (with the variable z) on R>(. Note
that | exp{—x, z} —exp{—xz}| < zexp{—xoz}|x, — x| for z > 0. By the dominated convergence
theorem, we see that the function

1 o0 t
X —/ e”{—lm(exp{—a/ vs(—z)ds})}dz, x e U,
7 Jo 0

is holomorphic, which means that x fY,O (x) has a holomorphic extension on U . (]

With the help of the previous lemma, we are now able to prove the main result of this section.
Recall that the process (Yty)tzo is given by (3.3).

Proposition 4.1. Assume thata > 0 and b > 0. Then, foreach'y > Oandt > 0, Y; possesses

a density function inv given by

t
Jyp () = —/ eXP{ /O vs(—ié)ds—yvz(—ié)}dé, x>0, (415

where fY,y(') € C®°(Rxo, C) and fYty (x) > 0 for all x > 0. Moreover, the function fY;" (x) is
Jjointly continuous in (t, y, x) € (0, 00) x R>¢ x R>o.

Proof. In view of Proposition 3.2, we have
oy . Ly t
Eww]=mﬁﬁmwﬂﬁ=mﬂ—a/lwAQM—ymaa} (4.16)
0
where & € R. It follows from (4.5) that

IE[eY )] < [E[e¥7]] < c1 exp{—ca]€]*™%} forallé e Randt € [1/T, T],

where T > 1 and ¢1, ¢; > 0 are constants depending on 7. It follows that, for > 0, ¥; has
a density fy» given by (4.15). Proceeding in the same way as in Lemma 4.3, we obtain the
desired continuity and smoothness properties of fyy

We next show that if # > O then fYy (x) > 0 for all x > 0. According to (4.16), we see that
the law of Yty , denoted by u Y is the convolutlon of the laws of Z; Y and Y, 0 which we denote
by u z) and My0s respectlvely So Wyy = Jbzy * fLyo. From this we deduce that for all x > 0,

fﬂﬂi&)M@ﬂwﬂ@+MMMﬂW~ *.17)

By Lemma 4.4, the density function fYo (x) of Y is strictly positive for almost all x > 0. In the
following, we consider a fixed x > 0 and dlstlngulsh between two cases.

Case 1I: fyo (x) > 0. It follows from (4.17) that fY> (x) > fyo (X)Mz‘ {0}) > 0, since
Wz o} = IP’(Zy 0) > 0, as shown in (3.13).

Case 2: fY,O (x) = 0. Then x € A, for a large enough n, where the set A, is the same as in
the proof of Lemma 4.4. Since A, is discrete, we can find a small enough § > 0 such that

frotx —=2) >0 forall z € (0, 8], (4.18)
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We next show that Mz (0, 8]) > 0. By (3.11), (3.13), and L’Hospital’s rule, we obtain
Jim (Elexp{—A(Z] — 8)}] — Elexp{~4(Z] — )}z ])
= )\lim e’\‘s(E[exp{—AZ,y}] —P(z] =0))
—00
= lim e (exp{—yv, (1)} —e ™)
A—00
= lim 57"e"y exp{—yv, ()} (v ()" exp{b(e — Dr}a™
—00

= 0. (4.19)

Suppose that P(Z} € (0, §]) = 0. Then we can use the dominated convergence theorem to
obtain

[lim (Elexp(~2(Z] = §)}] = Elexp(=(Z] = )} 177_q)])
= Ali)n;O(E[exp{—k(Zty — N Loz ]+ E[exp{—A(Z] — 8)} Liyros)
=0,

which contradicts (4.19). Consequently, the assumption that IP’(Zty € (0, 8]) = 0 does not hold
and we thus obtain IP(Z,y € (0, 8]) > 0. Now, by (4.17) and (4.18), we have

fy,«" (x) = / fyto (x — Z)IILZ}V (dz) > 0.
(0,41

Summarizing the above two cases, we have fY,’ (x) > Oforall x > 0. O

5. A Foster-Lyapunov function for (Y, X)

We now turn back to the two-dimensional affine process (Y, X) = (Y;, X;);>0 defined
in (1.1). Our aim of this section is to construct a Foster—Lyapunov function for (¥, X).

For a functional ® (Y, X) based on the process (¥, X), weuse E(, [P (Y, X)] toindicate that
the process (Y, X) considered under the expectation is with the initial condition (Yy, Xo) =
(¥, x), where (y,x) € Rso x R is constant. The notation P, »)(®(Y, X) € -) is similarly
defined.

Lemma 5.1. Leth € C*(R, R) be such that h(x) > 1 forall x € R and h(x) = |x| whenever
|x| > 2. Define
V(y,x) =By +h(x), y=0,xeR,

where B > 0 is a constant. If B is sufficiently large then V is a Foster—Lyapunov function for
(Y, X), i.e. there exist constants ¢, M > 0 such that

. M
EqyolV Y, XDl <e “V(y,x) + = (5.1

forall (y,x) e Rsg x Randt > 0.

Proof. We start by checking that RZZO xQ3(s,z,w) = zljz<1y VYs— € Fg’loc and
RZZO X Q23 (s,z,0) > 2l =1 VY- € F;, where the definition of the classes FI%’IOC and F1]7
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can be found in [14, pp. 61, 62]. Let 7, := inf{t € R.o: ¥; > n}, n € N. Noting that

ATy 1 ATy,
E[/ / (z Y, )*Cyz % ds dz:| < co,/ 7 dzEU n?l« ds]
0 {lzl<1} 0 0

— CO‘ tn2/a
2—«

< 00, (5.2)

it follows that R2>0 X Q3 (s,z,w) = <y 2 Ys— € Fg’loc. Similarly, since, for any 0 <

& < a, we have
bt
E,[Y¢] < ci (1 ) exp{—g—}) fort > 0, (5.3)
- o

by [22, Proposition 2.8], where ¢; > 0 is some constant, we obtain

t o0 t
E[/ f 12/Ys_|Cuz 1 7% ds dz} = Ca/ z* dz/ E[VYs_]ds
0 J{lz|=1} 1 0

C ! —b
<c— / 14 Yo'/ exp 22 g
a—1J o?
< 00, 54

which verifies that R2>o X 253 (s,z,w) = Ljz=1y 25— € F;
Define g(z, y, x) := exp{ct}V (y, x), where ¢ > 0 is a constant to be determined later. It is
easy to see that g € C2(Rxo x R>g x R, R). We define the functions g/, g5, g5, and 833 by

/ 8 ct / a ct
g1, y,x) = 5g(t, y,x) =ce" V(y,x), gt y,x) = Eg(t, y,x) = Be”,

Gt 7. ¥) 1= gy, ) = o) 833, y, %) = 8—zg(t ¥, x) =e“8—2h(X)
RACEIV ] . ax s Vo ax ) 3,3\ 0 . axz L) 8x2 .

If the process (Y;, X;):>o starts from (y, x), i.e. (Yo, Xo) = (y, x), then we can use the
Lévy-Ité decomposition of (L;);>0 in (2.2) to obtain, for each r > 0,

t t t
Y, =y+/ y{'/stJr/ (a—bYS)ds—i—/ / 2 YY,_N(ds, dz)
0 0 0 J{z|<1}
t
+ / / /Y, N(ds, dz), (5.5)
0 J{lz|=1}
t t
X,=x+/ (m—@Xs)ds—I—/ VY, dBy,
0 0

where y, and N (ds, dz) and N(ds, dz) are as in (2.2). By (5.5) and applying Itd’s formula for
g (see [31, Theorem 94]), we obtain, for each ¢ > 0,

t t
g(tv Ylv X[) - g(ov YO? XO) = /0 (“Cg)(ss YS? XS) dS +/(; gi(sv YS? XS)dS + Ml(g)’ (56)

where

t
M (g) == /0 845, Yy, X)v/Ys dBs

t
+f / (g(s, Yy +2zvYs, X ) —g(s, Y5, Xy ))N(ds, dz)
0 J{zi<y
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t

+ / / (8(s, Yoo + 2¢/¥s—, Xs—) — g(s, Ys—, X;—))N(ds, dz)
0 J{lz|=1}
t

—/ / (8(5. Vs + 2 /75, X) — g(s. Yo, X,))N (ds, d2)
0 J{zI=1}

and Lg is defined by
(L), y. x) = (a — by)gh(t, y. x) + (m — Ox)g5(t, ¥, x) + $yg5 3(t, y. x)
+/{|| 1}(g(t,erzi'/_,X)—g(t,y,x)—zi’/igé(t,y,x))Caz‘l‘o‘dz
zZl<

+‘/{\| | l}(g(t’y+zg/_’x) _g(tv yvx))caziliadZ‘Fngé([,y’x)
zZ|=

for (¢, y, x) € R>o xR xR. By achange of variable z := z ¢/y and an easy computation, we
see that (Lg)(s, Y5, X5) = e“(AV) (Y, X;), where «A is given in (2.3). As a result, it follows
from (5.6) that, for each r > 0,

t

t
8@, Y, Xy) —g(0, Yo,Xo)=/ e"s(eAV)(Ys,Xs)dS-F/ 81(s, Yy, X5) ds + My (g). (5.7)
0 0

The rest of the proof is divided into three steps.

Step 1. We show that (M, (g));>0 is a martingale with respect to the filtration (¥;);>0, where
(F7)s>0 1s the same as in Section 2. To achieve this, we can use a similar argument as in [4].
Define

t
M (g) :=f 8465, Yy, X)V/Y, dB,
0
t
M{(g) :=/ /{ }(8(s, Yoo +23/Ye—, Xs2) — g(s, Yo, X,))N(ds, d2),
0 J{z|<l
t
+/ / (g(S, YS_ +ZaV YS—vxs—) _g(s, Ys—, XS—))N(dS, dZ)
0 J{zI=1}
t
_/0 /{.l | 1}(g(s, Y +z/Ys, X) — g(s, Yy, X,)N(ds, d2),
zlz

where ¢ > 0. By noting that (¢, y, x) — gé(t, ¥, x) isbounded for (¢, y, x) € [0, T] xR0 xR,
where 7 > 0 is constant, we can proceed in the same way as in [4, Theorem 2.1] to prove that
(M tl (8))s>0 1s a square-integrable martingale with respect to the filtration (#;);>0. Note that
g(s,y+2z,x)—g(s,y,x) = Bexp{cs}z. Similarly to (5.2) and (5.4), we see that

Lz <1y (8(s. Yoo 4 29/¥—, X)) — g(s. Yo, Xy0)) = e Lyz<ny 23/, € Fp'°,
1 >13(8 (s, Ys— + VY, Xg ) —g(s, Y, X)) = Be 1711 2V Ys— € F;

Following [14, pp. 62, 63], we see that

t
M; (g) == / f (8(s, Ys— +2v Y5, Xs) —g(s, Y5, Xs ))N(ds, dz), 120,
0 Jzl<1)
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is a local square-integrable martingale with respect to the filtration (¥;);>0 and
13
Ml4(g) = / / (g(sa YS— + Z \/a YS—v XS—) - g(sy YS—’ XS—))N(ds3 dZ)
0 J{lz|=1}

t
—f/ (g0, Yy + 275, X,) — g(s, Yy, X )N (ds, d2), 120,
0 J{lz|=1}

is a martingale with respect to the filtration (¥;);>0. Therefore, (M?(g))zzo = (M,3 (g) +
Mt4 (8))r>0 is a local martingale with respect to the filtration (¥7);>0. It remains to check
that (Mtz(g)),zo is a martingale with respect to the filtration (¥;);>0. Using the Lévy—Itd
decomposition in (2.2), we obtain

t t
M,2(g) =/ / Bz ¥Y,_N(ds, dz)+f / Be“ 7z Ys_N(ds, dz)
0 J{zl<1} 0 JlzI=1}
t
—/ / Be“ 7YY _N(ds, dz)
0 J{lzI=1}
t
:/ Be” Ys_dLg, t>0.
0

We can use [23, Remark 2.5] and Jensen’s inequality to show that, for each T > 0, there exists
some constant ¢ > 0 such that

T 1/a T 1/a
B s M301] = | ([ 1) | za( [ Bentrie) <.
s€[0,T] 0 0

where the last inequality follows from (5.3). Since (Mtz(g)),zo is a local martingale with
respect to the filtration (§7);>0, there exists an increasing sequence of stopping times o,, n € N

with 0, — 00 as n tends to oo almost surely such that (M,zmn (8))s>0 is a martingale with

respect to the filtration (¥7);>0. Then, by the dominated convergence theorem for conditional
expectations, we obtain, forall0 <s <t < T,

EIM;(g) | F]= E[ngngo M2, (s) ‘ }w]
- nll{lgoE[Mf/\m, (g) | F5]
3 2
= nlggo Ms/\arn (g)
= M (2),
showing that M ,2 (g) is a martingale with respect to the filtration (¥;);>0. As a result,

(M ()0 = (M} (g) + M?(g))=0

is also a martingale with respect to the filtration (¥;);>0. This completes the proof of step 1.
Step 2. We determine the constant ¢ > 0 and find another constant M > 0 such that

(AV)(y,x) < —=cV(y,x)+ M forall (y,x) € Ry xR, (5.8)
where 4 is given by (2.3). For the function V, we have V € C Z(RZQ x R, R),

: : . =it >2,
—V©.x) =8, —V(O,x) = —h@x) = { x|
8y ax 0x h/(x) if |X| < 2’
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and
2

ax2

0 if x| > 2,

82
Viy,x) = —h =
. %) = 33hx) {h”(x) if x| <2,

where 1’ and h” denote the first- and second-order derivatives of the function &, respectively.
So

9 1 92
(AV)(y,x) = (a—by)p + (m — 9x)5h(x) + Ey@h(x)

+ y/ (B(&y+2) + h(x) — By — h(x) — zB)Caz ' "% dz
0
2

ad 1 9
=(a—by)B+ (m— Qx)ah(x) + Eyﬁh(x).

By choosing 8 > 0 large enough, we obtain, for all (y, x) € R>o x R,

(AV)(y,x) =ap — bye _ 0x —h( )+ _b + h(x) y —I—m—h(x)
’ 2 2 2a 2
<ap — %ﬂ —O0(h(x) x>0y +h(x) Lx<—2)) + 0+ c3
<af — %ﬂ —0(h(x) L{jx|>2) +h(x) 1{x<2)) + ca
— af — %’3 —Oh(x) + 4
b

=5 Oh(x) + cs,

where we used the boundedness of |A’|, |h”|, and |h|1{x|<2) to obtain the first and second
inequalities. Here c3, ¢4, and c5 are some positive constants. Now we see that (5.8) holds with
c¢:=min(b/2,0) and M := cs.

Step 3. We prove (5.1). Note that (Lg) (s, Y, X;) = exp{cs}(AV) (Y, Xs). By (5.7), (5.8),
and the martingale property of (M;(g)):>0, we obtain

By 0[V(Y, X1 = V(y, x) =Eq 08, Y, X)] — Egy,0[g(0, Yo, Xo)]

B t
= E(y,X) A (ecs(AV)(Yss X5) + CeCSV(YSv X5)) ds:|

B t
= E(y,x) /O € (=cV (Y, X5) + M) 4 ce“ V (Yy, X)) dS]

r ot
=E(y,x) /() Me”dsi|

< Kemj
T c

forall (y, x) € R>o x Rand ¢t > 0, which implies (5.1). (|

Remark 5.1. To see the existence of a function 2 € C*°(R, R) that fulfills the conditions of
Lemma 5.1, we can proceed in the following way: let p € C*°(R, R) be such that p(x) = 1
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forx > 2, p(x) =0forx < 1l,and 0 < p(x) < Il forl < x < 2. Define F: R — R by
F(x):= [y p(r)dr,x € R. Then

0, x <1,
e [0, 1], 1 <x <2,

Fx) = )
X —2—|—/ p(r)ydr, x> 2.

1
Wenow define: R — Rbyh(x) := F(|x|)+2—F(2),x € R. Then A satisfies the conditions
required in Lemma 5.1.

6. Exponential ergodicity of (Y, X)

In this section we prove our main result, namely, the exponential ergodicity of the affine
two-factor model (Y, X) = (Y;, X;)r>o0-
Let || - |ITv denote the total variation norm for signed measures on R>o x R, namely,

lllTv = sup{|u(A)I},

where p is a signed measure on R>o x R and the above supremum is running for all Borel
sets Ain R>p x R.

Let P'(y, x, ) = Py, ((Y:, X;) € -) denote the distribution of (¥;, X;);>0 with the initial
condition (Yo, Xo) = (yo, x0) € R>0 x R.

By [4, Theorem 3.1] and the argument of [ 19, p. 80], there exists a unique invariant probability
measure 7 for the two-dimensional process (Y;, X;);>0. Roughly speaking, if, foreach (y, x) €
R>p x R, the convergence of the distribution P’(y, x, -) to 7 as f — oo is exponentially fast
with respect to the total variation norm then we say that the process (Y;, X;);>¢ is exponentially
ergodic.

The main result of this paper is the following.

Theorem 6.1. Consider the two-dimensional affine process (Y, X) = (Y, X;)s>0 defined by
(1.1) with parameters a € (1,2),a > 0, b > 0, m € R, and 0 > 0. Then (Y;, X;)i>0 is
exponentially ergodic, i.e. there exist constants § € (0, co0) and B € (0, 00) such that

IP'(y, x,) — ity < B(V(y,x) + e
forallt > 0and (y,x) € Ry>o x R.

Proof. We basically follow the proof of [16, Theorem 6.3]. The essential idea is to use the
so-called Foster—Lyapunov criteria developed in [26] for the geometric ergodicity of Markov
chains.

We first consider the skeleton chain (Y,, X,)nez.,, Which is a Markov chain on the state
space R>o x R with transition kernel P"(y, x, -). It is easy to see that the measure 7 is also
an invariant probability measure for the chain (Y, X;)nez.,-

Let the function V be the same as in Lemma 5.1, and the constant B > 0, again from
Lemma 5.1, be sufficiently large. The Markov property, together with Lemma 5.1, implies that

E[VYnt1, Xns1) | Yo, Xo), (Y1, X1), ..., (Yn, Xn)] =/R /RV(y,X)Pl(Yn,Xn, dydx)
>0

e M
e V¥, Xn) + —,
c
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where c and M are the positive constantsinLemma5.1. If weset Vy := Vand V, := V(Y,, X,),
n € N, then

M
E[Vi | Yo, Xo] < e “Vo(Yo, Xo) + - (6.1

and, foralln e N,
e M
E[Vit1 | (Yo, Xo), (Y1, X1), ..., (Y, X)) < eV, + - (6.2)

It follows from (6.1) and (6.2) that Condition (DD4) of [24, p. 564] holds. In order to apply
[24, Theorem 6.3] for the chain (Y, X;)nez.,, itremains to verify the following conditions:

(a) the Lebesgue measure A on R>¢ x R is an irreducibility measure for the chain (Y,
Xn)neZZo;

(b) the chain (Y,, X,)nez., is aperiodic (the definition of aperiodicity can be found in [27,
p- 114]);

(c) all compact sets of the state space R>¢ x R are petite (see [25, p. 500] for a definition).

We now proceed to prove (a)—(c).

In order to prove (a), we will use the same argument as in [4, Theorem 4.1]. It is enough
to check that, for each (yg, xo) € R>¢ x R, the measure P ! (yo, X0, -) is absolutely continuous
with respect to the Lebesgue measure with a density function pi(y, x | yg, xo) that is strictly
positive for almostall (y, x) € R>o xR. Indeed, let A be a Borel setof R>¢ x R with A(A) > 0.
Then

Py (74 < 00) = P (30, %0, A) = /f o0y x | 0, x0) dydx > 0
A

for all (yo,x0) € R0 x R, where the stopping time 74 is defined by 74 := inf{n >
0: (Y, X,) € A}.
Next, we prove the existence of the density p1(y, x | yo, xo) with the required property.

Recall that
1 1
Yy =e? <y0 +a / e ds + / e 9y, dLs>
0 0
and
1 1
X, =e? <xo + m/ e’ ds + / SANAZ dBS>,
0 0
provided that (Yo, Xo) = (30, x0) € R>0 x R. For (y, x) € R>0 x R, we have

Poxe) (Y1 < ¥, X1 < %) = Eyyx0) [Poyo,xo) Y1 < ¥, X1 < x | Y1)l
= Ego.x0) [Eo.x0) 1y <51 1ixy <5y | Y1]]
= E(yo.x0) Ly <5) Eyo.xo) Lixy <5y | Y1l (6.3)
Note that (Y;);>0 and the Brownian motion (B;);>¢ are independent, since (L;);>0 and (B;)s>0

are independent and (Y;),>0 is a strong solution. Therefore, the conditional distribution of X,
given (Y;):e0,1], is a normal distribution with mean xg exp{—6} + m(1 — exp{—6})/0 and
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variance exp{—26} fol Ys exp{26s} ds. Hence, we obtain, for x € R,

E(yquO)[l{XKi} | Y1]
= Eqo.x0) By, 00 [Lix1 <5} | FTo<r<1] | Y1l

X m 1
= E(o,x0) [f Q(r —efxg——(1—e); e / ey, dS> dr
. 9 A

where o(r; 02) = (o+/27)~! exp{—r2/(26%)}, r € R, is the density of the normal distribution
with variance 0> > 0. Note that the assumption a > 0 ensures that Py, ;) ( fo ZQVY ds >

0) = 1. By [18, Theorem 6.3] and considering the conditional distribution of f e?05y, ds,
given Y1, we can find a probability kernel Ky, xy) (-, -) from Rxg to R>¢ such that

Y ], (6.4)

1
P(yo,xo) (/0 C%)SYS ds € - ‘ Y1> = K(yo,xo)(Yla )

and
Kyo.x0) (@ Rsg) =1 forallz > 0. (6.5)

1
E(yo, XO)|: (” —e xo— %(1 —9_0)2 3_29/0 CZQSYS dS) dr Y1:|
olr—ex -2 =e®: e ®w)dr Ko ) (V1, dw)
o 07 % e )i e Tw)dr ) Ky, x) L1, dw
m
=/ </0 Q(r —eVxg — 70 —eY); e—”w)K(m,xO)(yl, dw)) dr.  (6.6)
—00

It follows from (6.3), (6.4), and (6.6) that, for all (¥, x) € R>o x R,

So

Poxe) (Y1 <y, X1 < X)

y px 00 » m » o
- / / / olr—exo——0—¢e7); e 7w )Kgyx(z, dw) fYyo (z)drdz,
0 J—oo\JO 0 ]

6.7)
where f v is given in (4.15). Define
1
oo 0 m 6 20
p1(y,x | Yo, x0) := fyfvo(y)/() Q(x —e xo — 5(1 —e ) e w)Ko-o,xo)(% dw).

Since fyivo (y) > 0Oforally > 0 and

1 00
0= P ([ ¥t =0) = [ Kopuag 01100 fyn )0

it follows that Ky xo)(y, {0})) = O for all y € R>o \ N, where N is some null set under the
Lebesgue measure. By modifying the definition of the kernel Ky, x,)(y, -) for y € N, we can
make sure that Ky, v)(y,{0}) = O for all y € R, or, equivalently, Ky, x)(y,Rs0) =1
for all y € R>¢. By (6.5) and the fact that fyl,vo (y) is strictly positive for all y > 0 (see
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Proposition 4.1), for each (yo, x0) € R>o x R, the density pi(y, x | yo, xo) is strictly positive
for almost all (y, x) € R>o x R. Moreover, by (6.7), we have

y X
Puoxoy (Y1 <y, X1 <Xx) = / / p1(y,x | yo,x0)dydx forall (y,x) € Rsg x R.
0 —00

So p1(-, - | o, xp) is the density function of (Y;, X;), given that (Yo, Xo) = (o, x0).

To prove (b), i.e. the aperiodicity of the skeleton chain (Y;,, X;,),ez.,, We use a contradiction
argument. Suppose that the period / of the chain (Y, X;)nez-, isfgreater than 1 (see [27,
p. 114] for a definition of the period of a Markov chain). Then we can find disjoint Borel sets
Ay, Ap, ..., A; such that

AA) >0, i=1,...,1 A; =Rso xR, (6.8)
i=1

P'(yo, x0, Aix1) = 1 forall (yo, x0) € Ap, i = 1,...,0—1, 6.9)

and P (yg, x0, A1) = 1 for all (yg, x9) € A;. By (6.9), we have
// p1(y,x | yo, x0)dydx =0, (yo, x0) € A1,
(A2)¢

and, further,
//A p1(y,x | yo,x0)dydx =0, (o, x0) € Ar.
1

However, since, for each (yg, xo) € R>o x R, the density p;(y, x | yo, xo) is strictly positive
for almost all (y, x) € R>o x R, we must have A(A1) = 0, which contradicts (6.8). Therefore,
the assumption that / > 2 does not hold. So we have / = 1.

In view of [24, Theorem 3.4(ii)], to prove (c) it is enough to check the Feller property of the
skeleton chain (Y, X;;),ez.,- By [7, Theorem 2.7], the two-dimensional process (¥;, X;);>0,
as an affine process, possesses the Feller property. So the skeleton chain (Y, X n)neZsq also
has the Feller property. B

Now we can apply [24, Theorem 6.3] and, thus, find constants § € (0, o0), B € (0, c0) such
that

IP"(y,x, ) = xllty < B(V(y,x) + De ™™ foralln € Zs, (v, %) € Rzg x R, (6.10)

For the remainder of the proof, i.e. to extend inequality (6.10) to all # > 0, we can interpolate
in the same way as in [26, p. 536]; we omit the details. O

Appendix A

Proof of Lemma 4.1. We will complete the proof in three steps.
Step 1. Consider p > 2 and ¥ € [7/2 —¢, /2 + €], where ¢ > 0 is a small constant whose
exact value will be determined later. We introduce a change of variables

1 941 bla—1) 1 /=
— - ivyl—o a—ls _ —
L= ((ozb + (o) )e ab)
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and define I'y: [0, 1] — C by

1 ) 1\ V-
To(s) := ((@ + (pe‘ﬂ)l—“)e““—“s - £> , s € [0, 1].

Noting that

/(1—a)
EFO(S) — b (pelﬁ)l o b(O{*l)S i + (peiﬁ)lfﬂt eb(a—l)s - L o o
as ab ab
1 1 1
— bl [ — il—a |\ ba=ls _ ~ , ~ 7%
[ ap TP ) ab | ab
= b(zl )
)
we obtain

t 1 . ba1) 1\ /-
o i —a a—l)s _ d
I <<ab+(pe ) )e ab) g
-1
ZO(
— d
z(z+ ab) Z

t .
f vy (pe?) ds
0

I

|
S| =
—

(A.1)

I

|
S| o=
o~
N

—

+
IS
Q <]
>| L
N——
|

o

IS

Next, we derive a lower bound for Re( fo Vg (,06“9) ds).

Let I'j be the range of I'y. Since I'; C @ and z > (1 + z%~ L/(ab))~'is analytic in O, we
have

Pl -1 ((1/ab+(p exp{iv ) =) exp{b(a—1)t}—1/ab) /1= Pl —1
/ <1 + ) dz = / <1 + ) dz.
To ab pei? ab

(A2)

Here and in what follows, the notation
wy a—1y\ —1
f (1 + < ) dz
w ab
means the integral /r (1 + 721 /(ab))™ 14z, where I'[w, ,wy] 1s the directed segment join-
ing wy and w, and is deﬁned by

Clwiws): [0, 11 = € with Iy w1 () == (1 = r)wy +rwa, r € [0, 1].
By (A.1), (A.2), and the holomorphicity of z — (1 + 221 /(ab))~! on O, we obtain

t ) 1 [rexpliv) a—1\ —1
/ vy (pe'?)ds = —/ <1 + : ) dz
0 b Jexpiiny ab

1 rexplio} Zot—] -1
+ —/ (1 + ) dz.
b J (1 jab+(p explin)) 1 =) explbla—1)1)—1 /ab)!/1- ab
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Since the second term on the right-hand side of (A.3) is continuous in (¢, p, ¥) € [1/T,T] x
[2,00) x [7/2 — ¢, /2 + ¢] and converges to

1 pexpliv} Lol -1
—/ <1 + ) dz
b J(exptba—1)r}—1)/ab)1/(1-e) ab

(uniformly in (¢, 9) € [1/T,T] x [7/2 — ¢, 7/2 + €]) as p — 00, and it must be bounded,

ie.
1 rexpliv} Zoz—l -1
‘—/ <1+ > dz
b J((explbla—1y}—1)jab)!/(0-o) ab

forallt € [1/T,T],9 € [7/2 —¢,mw/2 4+ ¢],and p > 2, where ¢3 = c3(¢, T) > 0 is some
constant.

Now define I'y : [0, 1] — Cby I'y(r) := (1 — r) exp{ivt} + rp exp{iv*} for r € [0, 1], and
let I'§; be the range of I'y. We can calculate the real part of the first integral appearing on the
right-hand side of (A.3) by

pexpliv} 79 1\ -1
Re(/ <l+ ) dz)
expf{iv} ab
a—1 1
—Re( ( (F”(VZ) ) 8r1",3(r)dr>
Re(

])elﬂ )
dr
0 1+(Fﬁ(i’))“ Hab)™!
1
)

(p — De'?
For r € [0, 1], we have

=c3 (A.4)

(p — e q A
°°S<arg<1+(rﬂ<r>>a—1(ab)-1>> noA

arg(1 + (Tp(0)* ' (@b) ™) < arg(l + (Ty (r))* ' (@b)™")
< arg(l + (T (1)* ab)™). (A.6)

L+ Ty () (ab)™!

Define §y by
89 = (o — DY —arg(l + (M (0)* ' (ab)™)
= (a — Do —arg(1 + @D (@b)™1)
€ (0, (@ — 1)). (A7)
It is easy to see that
arg(1 + Ty () Hab)™) < (@ — 1. (A.8)

Forr € [0, 1], by (A.6)—(A.8), wehavearg(1+(r‘19(r))“‘l(ozb)_l) e [(a—1D—6y, (a—1)D).
As a result,

ar( o >€(<2—a)ﬁ Q- +8]  rel01. (A9
T+ T )T (ab) ! ’ . o |

Note that 0 < 82 < (e — 1)7r/2 by (A.7). Since &y is continuous in @, we see that

. s 4
0 < ﬂgr;l/z{(z —@)) + = Q)+ <
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Setcy :=m/2 — (2 —a)w/2 + 8z2) € (0, /2). Now we choose g9 > 0 small enough such
that, for all 9 € [ /2 — eo, /2 + €0l,

O<(2—a)19<(2—a)19+8,9§%—%4. (A.10)

It follows from (A.9) and (A.10) that, for all ¥ € [7/2 — g9, 7/2 + g9l and r € [0, 1],

(p — e T
cos(arg(1 n (Fg(r))"‘—l(ozb)—l)> > COS(E — §> =:¢5 > 0. (A.11)

In view of (A.5) and (A.11), we obtain
pexpliv} a—1y\ —1 1
Re(/ <l—i—Z ) dz) zcos(z—c—4>/
expliv) ab 2 2/Jo

1 ,0—1
205/ — —dr
o 14+ @y@)*tab)~!|

(p — De”
14+ Ty (r))*=Hab)~!

[ i
> cs dr
o 1+ [Ty (ab)!|

/] g
=c5 dr
o 1+ —=r+rp)*ab)~!

p—1 1
= 65/ A+ @1
0

C5 p—1 1
> dr
1+ (ab)~! /0 (1+rye!
=csab(l1+ab) Q2 —a) 1(p>* —1). (A.12)

Combining (A.3), (A.4), and (A.12) yields

[ .
Re(/ vs(pe'?) ds) > cep’ Y — 7, (A.13)
0

forallp > 2,9 € [7/2—¢€9, /2 +¢egl,and t € [1/T, T], where cg, c;7 > 0 are constants that
depend only on a, b, «, €9, and T'.

Step 2. The case with p > 2 and ¢ € [—7/2 — g9, —7 /2 + &¢] can be similarly treated, and
we thus obtain

[ .
Re( / vs(pe'?) ds) > cgp’ ™% — g (A.14)
0

forall p > 2,0 € [-m/2 —¢9, —/2+ g9l and t € [1/T, T], where cg, cog > 0 are constants
depending only on a, b, o, 0, and T.
Step 3. Since fot vs(pe'?) ds is continuous in (¢, p, ), we can find a constant cjg > 0 such

that .
Re(/ vs(pei”)ds> > —co (A.15)

0
forall0 < p <2,9 € [-n/2 — &9, —/2 + 9] U [n/2 — €0, /2 + &), and t € [1/T, T].
The estimate (4.2) now follows from (A.13)—(A.15). U
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Proof of Lemma 4.2. Let p > 0 and 9 € [7/2 4+ ¢o, w]. Our aim is to show that

t .
/ by(pei?) ds| < C3 + Cap (A.16)
0
for some constants C3, C4 > 0 depending only on a, b, «, €9, and ¢. Using the change of
variables i 1
— | = eiz? -« e17(0171)s -,
¢ ((xb +(pet) ) ab
we obtain
t ) t 1 ) 1\ /-
/ vs(pel?) ds =/ — + (pel?ylmo |ebla=bs _ ds (A.17)
0 o \\ab ab
B 1 (1/ab+(p exp{id ) =) exp{b(a—1)t}—1/ab ) 1\!
= — z z+ — dz.
b(Ot - 1) (pexp{iz?})““ ab
(A.18)

Since ¥ € [w/2 + g9, w], we have (1 — a)? € [(1 — @), (1 —@)(w/2 + &p)], which implies

| sin((1 — a)®)| > min { sin((@ — 1)), sin((a —1) (% + 80))} =:c1>0. (A.19

We first consider the 0 < p < 2 case. Note that, for p € (0,2) and ¢ € [7/2 + €9, 7],
1 . 1

I -+ it\1—a | b(a—1)s _ =

m((ab (pe™) © ab

= p' %P @ Ds i (@ — 1))

that

>

1 ity\1—a )\ b(a—1)s 1
‘(ab +(pe) © ab

> pl-aghla=Ds (A.20)

Then, by (A.17) and (A.20), it follows that, for p € (0,2) and ¥ € [7/2 + &9, 7],

t t 1/(1-a)
i 1
vs(pe”)ds| <
0 0

1 ity l—a |\ b(a—1)s
— - d
(Otb (pe™) © ab y

t
</ M=) bs g
0

1/(1-a) 1 -
=/ —e .

We see that estimate (A.16) holds for 0 < p <2 and ¢ € [ /2 + &9, 7].
We now consider p > 2. Note that z VA=) 4 1/(051)))_l is holomorphic on @. So

we have
(1/ab+(p exp{iv}))' =) exp{b(a—1)t}—1/ab 1\~
/=) (z + —) dz

~/;p exp{iv})! -« ab

(p expliv))! ~*+2 1\!
=/ z”““’”(z—lr—) dz
(p expliv))! -« ab
(1/ab+(p exp(iv})! =) exp{bla—1)r}—1/ab 1\
1/(1-a) _
z <z—|— ) dz. (A.21)

)
(pexpliv))—*+2 ab
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Since

lim
P00 J(pexpliv}) ! —¥+2

(expibla—1)t)—1)/ab 1\!
= f A (z + —) dz,
2 ab

where the convergence is uniform in ¢ € [7/2 + g, w], we can find a constant ¢c; > 0 such

that
(1/ab+(p exp{i}))! =) exp{b(a—1)t}—1/ab 1\~
’/ zl/(l_“)<z+—> dz
(pexplivh!—@+2 ab

4+ —

(1/ab+(p exp{iv)' =) exp{b(a—1)t}—1/ab 1/(l—a)( 1 )—1 ‘
Z 4
ab

<o (A.22)

forall p > 2 and ¥ € [7/2 + &9, 7].
‘We now proceed to estimate the first term on the right-hand side of (A.21). Define I'y ,(r) :=
(pexp{iv)!~* +r, r € [0, 2]. By (A.19), we have

Ip! = 4 p > p1=% 5in((1 — a)?)| > c1p' 77, (A.23)

where r € [0, 2] and ¥ € [7/2 + €9, ]. If € [2p'7%, 2] then

l—ae(l —a)id

+rl=r—p7*> (A.24)

NS ]

lo

It follows from (A.23) and (A.24) that, for p > 2 and ¥ € [7/2 + &9, 7],

. 11—« —
‘/(pexp{u?}) +2Zl/(l—a) <Z N L) ldZ
(pexplin}) !« ab
2 1 —1
/ (T, o (r)) /(1) (rﬂ,w) + —) dr
0 ab

2
< / IPo, (V0= dr
0

2pl— 2
§C3/ (Clpl—a)l/(l—oz) dr+c321/(a—l)/ | Fl/a=a) g,
0 2pl—@

_ a—1
_ 26361/(1 a)pz—a + C321/(a_1)o{ — Zr(z—a)/a—a)

< c4p™% +cs, (A.25)

r=2pl-o

where c3, ¢4, c5 > 0 are some constants. Combining (A.18), (A.21), (A.22), and (A.25) yields
(A.16) for p > 2. O
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