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Let D be a domain in R" with bounded complement and let n # 2. For the
initial-boundary value problem
Au—9u+u? =0 in D x(0,00),
Ou(z,t)
on
u(z,0) =uo(z) 20 in D,
we prove that there are no non-trivial global (non-negative) solutions if

0 < n(p—1) < 2 and there exist both global non-trivial and non-global solutions
ifn(p—1) > 2.

=0, (z,t) €D x(0,00),

1. Introduction

We consider the questions of global existence and finite-time blow up for the fol-
lowing semilinear parabolic Neumann initial-boundary value problem:

Au—0wu+uP =0 in D x (0,00),
ou(x,t)

on

=0, (z,t)€ dD x (0,00), (1.1)
u(z,0) =ug(x) 20 in D,

where A is the Laplacian and D is a domain whose complement is a bounded
Lipschitz domain in R™ for n # 2. /0n is the outward normal derivative with
respect to z, which is well defined on 0D almost everywhere.
The corresponding initial Dirichlet problem on exterior domains was first studied
in [2]. There, the authors considered the following problem:
Au—0ww+uP =0 in D x (0,00),
u(z,t) =0, (z,t) € dD x (0,00), (1.2)
u(z,0) =ug(x) 20 in D,
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where D¢ is a bounded smooth domain in R™. They showed that (a) problem (1.2)
possesses no global non-trivial non-negative solutions if 1 < p < 1+ 2/n; and
(b) problem (1.2) has global positive solutions if p > 1+ 2/n. More recently, in [10,
12], it was shown that if n > 3, then 1+2/n is in the blow-up case (a). These studies
were motivated by the earlier work of Fujita, who proved the following result for
the Cauchy problem:

u(z,0) = ug(x) 20 inR", (1.3)

Au—0w+uP =0 inR" x (O,oo),}
(a) If 1 < p <1+ 2/n and up is non-negative and non-trivial, problem (1.1)
possesses no global non-negative solutions.

(b) If p > 1+2/n and uy is smaller than a small Gaussian, then (1.1) has global
positive solutions. It was later shown that 1 4+ 2/n belongs to case (a).

Since Fujita’s work, several authors have considered similar questions for other
problems. See [9] for a survey of the literature prior to 1990.

In view of the above results, it is a logical question to consider the initial Neu-
mann problem (1.1). At first glance, it might seem easy to find a blow-up result
for (1.1) when p < 1+ 2/n. One can argue that any non-negative solution of (1.1)
dominates a solution of (1.2). However, in the existing literature concerning the
blow-up properties of (1.2), some extra assumptions on the growth of solutions
near infinity are always made. Therefore, we can not quote these results directly.
In this paper we will take a direct approach without making any a priori assump-
tions on the solution. We should add that Pinsky [11] has proven blow-up results for
Cauchy problems of the equation in (1.2) without any assumptions on the growth of
solutions near infinity. However, we are not aware of any similar results concerning
initial-boundary value problems.

The establishment of global existence is also subtle. In general, it is difficult to
find a super solution of a nonlinear equation with Neumann boundary conditions
because the value of the function on the boundary is unknown a priori. Existence
results of (1.2) are not helpful because solutions of (1.1) dominate those of (1.2).
It is also difficult to compare solutions of (1.1) to those of the Cauchy problem.
Therefore, we take a different approach as described in remark 1.6 below.

DEFINITION 1.1. Given 7 € (0,00], a continuous function v = u(x,t) defined in
D x (0,7) is called a solution of problem (1.1) if

t t 81/] t
//qu dyds—// u—dSyder/ / lu[P~tuy dy ds
0D o Jop On 0 /D
t
[ [ o ayas— [ fut. 00 .0 = w0l (. 0)1dy = 0
o Jp D

for t € (0,7) and all ¥ € C%(R™ x [0,7]) such that ¥ is compactly supported in
R™ x [0, 7]. If 7 = o0, then u is called a global solution.

The above definition is fairly standard. It includes solutions which may change
sign. When 0D and ug are smooth, solutions thus defined are classical. It also has
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the advantage that no assumptions on the growth of solutions near infinity are
required.
In this paper we establish the following result.

THEOREM 1.2.

(a) Global existence. Suppose n # 2 and p > 1+ 2/n. Given 6 > 0, there exists
a constant by > 0 such that for each non-negative ug € C%(D) satisfying
ug(x) < bo(1 + |x|)™"72, for all x € D, there exists a global non-negative
solution of (1.1).

(b) Blow up. Supposen > 1. If 1 < p < 142/n, then the only global non-negative
solution of (1.1) is zero.

REMARK 1.3. It should be remarked that when the initial function is large in a
certain sense, the solution need not be global, even in case (a) in the theorem.
Indeed, it is well known [8] that if the initial potential energy is negative, the
solution cannot be global.

REMARK 1.4. We will prove in remark 2.4 below that (1.1) has a local (in-time)
solution for all p > 1 and all bounded non-negative uyg.

REMARK 1.5. We list a few open problems and questions.
(i) Does (1.1) have global solutions when n =2 and p > 1+ 2/n?

(ii) Suppose the Neumann condition is replaced by the Robin condition

9u +a(x)u=0 ondD,
on

where o > 0. The limiting cases a = 0 and alpha = 400 are included here
and in [10], respectively.

(iii) What is the situation for domains such as cones or other unbounded domains
with unbounded complements?

(iv) There are also corresponding open problems for weakly coupled systems and
other parabolic problems, as discussed, for example, in [9].

REMARK 1.6. Let us briefly discuss the method of proof. First, we use the contrac-
tion mapping principle to prove local and global existence. To do this, we construct
a suitable function space for global solutions and show that the integral operator
defined in (2.4) below will be a contraction if p > 14 2/n and [[ugl| L~ (p) is small
enough. In this respect, the argument is similar to that of Fujita [6]. However, to
establish global existence in the current case, we will need two new estimates for
Green’s function. One of them [5] is a global Gaussian upper bound for Green’s
functions with zero Neumann boundary conditions on exterior domains. The other
is a convolution inequality for Green’s function of the heat equation (see [13]).

To establish the blow-up result, we derive a contradiction by showing that if
there were any global non-trivial solutions, the LP norm of u on certain space-time
cylinders must tend to zero when p < 142/n and then by showing that this cannot
happen on these cylinders (see [3,4] for the elliptic case).
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To conclude this section, we list some of the notation we will use in the sequel.

Let G = G(x,t;y,s) denote Green’s function for the heat equation on D with
zero Neumann boundary conditions.

For any a > 0, we denote the standard Gaussian by

o) = 1 [z -yl
Ga(l‘7t,y,5) = WGXI}(—Q— 5 t>s. (14)

Let up be a non-negative function in L>°(D). With a > 0, we write
halest) = [ Galasti,0)uo(y) (15)
D

fMﬁ—LG@MMw@@~ (1.6)

2. Proof of theorem 1.2 (a)

When n = 1, the exterior domain consists of two half lines [a,00) and (—oo0, —al,
say. The construction of a global solution is easy to carry out. Since p > 3, the
full Cauchy problem has a global solution with initial data e/(1 4 |z|'*?), which
decays like t=*/(P=1) uniformly in z (see [7, theorem 3.8]). Here, € > 0 is small and
0 > 0. Since the initial datum is symmetric in z, a standard uniqueness argument,
using the decay property of such solutions, shows that any such solution is likewise
symmetric in z and hence u,(0,t) = 0. Our desired global solution is then defined
as u(x — a,t) for x > a and u(z + a,t) for x < —a.

When n > 3, the situation is more complicated. First, we present two elementary
propositions, the proofs of which are quite easy (see, for example, [13]).

PROPOSITION 2.1. Given a > 0, let

ho(z,t) = /D Go(z,t;y,0)uo(y) dy, (2.1)
where ug is a bounded non-negative function. The following two statements hold.
(a) Given p > 1, there exists a constant C(p) such that
1t (x,t) < C(p)lluolf= ha(x, 1), (22)
for allt > 0.

(b) If lim|g| oo uo(x) = 0, then limjy o ha(w,t) = 0 uniformly with respect to
t>0.

PROPOSITION 2.2. Suppose 0 < ug(x) < A/(1+ |x[*+) for some A, § > 0. Then

ha(x7t) < C—Aa
L+ [z[

for allt >0, x € R" and some C = C,, s > 0.
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We recall from [5] that when n > 3, there are positive constants C' and b such
that

lz —y|?

— ) = CGy(z, t;y, s), (2.3)

C
G(SL‘,t; Y, S) < m exp(—b

forallt > s and z, y € D.
For any constants a > 0 and M > 1, we define the space

S = S(ug) = {u(z,t) € C(D x [0,00)) | 0 < u(z,t) < Mhy(z,t)},

where the function h, is given by (1.5). To give S a metric space structure, we
endow it with the sup norm in D X (0, 00). We define the integral operator

Tu(x,t) (z,t) / / Gz, t;y, s)uP(y, s) dy ds. (2.4)

for u € S. Here, G is Green’s function for the heat equation on D with zero Neu-
mann boundary conditions. Solutions of (2.4) are sometimes called ‘mild’ solutions
of (1.1).

Obviously, not every function in S satisfies du/dn = 0 on the boundary 9D X
(0, 00). Indeed, this is the case for some of the elements of of S in T'(.S). However, we
claim that every fixed point of T'(+) is a solution of (1.1) in the sense of definition 1.1.

This can be shown as follows. Suppose w is a fixed point of T. Then u € S
is uniformly bounded by the choice of S. By [5], G is bounded from above by a
Gaussian. From this, a standard argument via integration by parts shows that u
satisfies definition 1.1.

Hence it only remains to show that T has a fixed point in S.

We fix the number a, 0 < a < b, where b is the constant in the Gaussian upper
bound for G. This choice of a is critical for the proof of the theorem below. Since
a < b, we have

G(SL‘,t;y,S) < CGb(x7t;yaS) < CGQ(SL‘7t;y,S),
h(z,t) < Chy(z,t) < Che(x,t).

To invoke the contraction mapping principle, we check the following conditions.
(i) S is non-empty, closed, bounded and convex.

(i) TS C S.

(iii) T is a contraction.

(i) It is clear that S is convex. It is closed and bounded in the sup norm given above
because
0 S ufz,t) < Mha(z,t) < CM|lug] -,

since

Ga(z,t;y,0)dy < C.
DC
(ii) Next we show that 0 < Tu < Mh, when 0 < u < Mh,.
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Since p > 1+ 2/n, we can write p = p; + p2 such that p; > 1 and py > 2/n. For
any u € S, u < Mh,. Since |Jug| =~ < by, from proposition 2.1 (a), we obtain

uP'(y,8) < CMP [luo|[7 ha(y, s) < CMP ™ ha(y, 5)- (2.5)
Similarly, from proposition 2.2,
C bz
) < ) < | [ < v o)
Y
for all s > 0, where
1
Viy) = ——F——.
(y) 1 + |y|p2n

Therefore,
u?(y,s) < CMP*V (y).

Recalling the definition of h, in (2.1) and using the previous inequalities, we have
uP(y, s) = uP (y, s)uP*(y,s) < CMpbgl_lV(y)/ Ga(y,s:2,0)up(z)dz.  (2.7)
D
Using the upper bound given in (2.7) and Fubini’s theorem we obtain
Tu(z,t) < h(z,t)
t
JrCMpbgl_l/ / / G(z,t;y,9)|V(y)|Galy, s; 2,0) dy dsug(z) dz.
pJo /D

(2.8)

Using (2.3), we have
t
ffG(Lt;y,S)lV(y)lGa(y,S;z,O)dyds
0 D

t
<Cf f Gy(2,t;y,8) |V (y)|Galy, 5;2,0) dy ds.
0 D

From [13], we have that given b > a > 0 and any Borel measurable function
V = V(z,t), there exist positive constants ¢, C, j such that

t
/ Go(x,t;y,9)|V (y,8)|Galy, s;2,0)dy ds < CyupNe,oo(V)Gal(z,t;2,0), (2.9)
0 JR"

forallt > 0, z, y € R", where

*bupff (y,8)|Ge(, sy, s) dy ds
+bup/ / V(z,t)|Ge(z,t;y, s) dz dt.

As shown in [13], N. (V) is a finite number for V(y) = 1/(1 + |y[P>") since
pan > 2 by our choice of ps. Indeed, for n > 3,

o0 C
Ge(z,t;y,0)dt = ————.
/o (@%9,0) |z —y[n—2
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As V is time independent, we have

1
Neoo(V éCsu/ dy < o0,
VIS O | o e

since pan > 2.
Combining (2.9) with (2.8), we obtain

Tu(z,t) < h(z,t) + C'Mpbgl_lcabec’oo(V)/ Ga(z,t;2,0)up(z) dz,
D

which yields
Tu(z,t) < (C+ CMPY " CoyNe oo (V) ha(z, t). (2.10)
Taking M > 2C and by suitably small, we find that
0 < Tu(z,t) < Mho(z,t). (2.11)
Thus condition (ii) is satisfied.

(iii) Given uy and ug in S, we have, by (2.4),

T =Tu)e ) = [ [ Glatislids) =g dyds. (212)
Now,

|u€(y, S) - ug(ya S)| < pmax{uf_l(y, S)a ug_l(ya S)}|u1(ya S) - UQ(y, S)|

Using the assumption that 0 < uy, ug < Mhg, ug(y) < bo(1+|y|)™™?, and applying
proposition 2.2 with A = by, we have, for i = 1, 2,

CboM
0 < uy < Mha(y, s) < ———.
L+ [yl
Consequently,
p—1 (p—1)
g1 < CM—bo_1
(1 + [y[™)P
It follows that
oo M1

|uf(y,s) _Ug(yasﬂ < ( |U1(y,5) _u2(ya5)|'

1+ |y[p2m)(e=1)/p2
Thus
W} (y,s) = ub(y, 5)] < O~ MP~HV ()] P~V /P2 us (y, ) — ua(y, s)|.
Substituting this last inequality in (2.12), we obtain
t
| Tuy — Tzl e < OO MP™|uy — us| oo f f G(z, iy, s)[V(y)]P~/P dyds
0o /D

< OB MP ™Y ug — ual| o Ny oo (VPTD/P2),
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for some computable constant C. Since p = p; +po and p; > 1, we have p — 1 > po.
Noting that V(z) < 1, we have Nj, o (V®P=D/P2) < N, o (V), which is a finite con-
stant. For by sufficiently small, 7" will be a contraction. Since, as remarked above,

a mild solution is also a weak solution, the fixed point is thus a global solution
of (1.1). O

REMARK 2.3. The referee remarked that the above argument still holds if the
L norm is replaced by the weighted norm |Jwul|z~, where w = 1 4 |2[?*9.

REMARK 2.4. We conclude the section by proving the claim of local existence made
in remark 1.4. We use the same notation as before. By (2.3), we have

f G(z,t,y,0)dy < C.
D
Therefore, for some positive C; and Co,

0 < Tu(w,t) < Ciluoll e + Cutull? ., (2.13)
(Tus(2,t) = Tus ()] < Cotmax{llud |22, us|52 Hlur =z, (2.14)

Next, define, for a fixed M > 2C ||ug|| L,
Sy ={ueC(Dx]0,s]) ] ||ul-L>® < M}.

Selecting s > 0 so that CysMP~! < 3 and sCoMP™! < £, then, from (2.13), for
u € Sy, it follows that

0<Tu(z,t) <3M+CisMP <IM+iM =M
when ¢ € [0, s]. By (2.14), for w1, us € S,
[ Tuy (2, t) — Tug(z, )] < glluy —us||pe.
Hence T is a contraction from Sps to Sys, a closed bounded set in C(D x [0, s]).
This establishes the local existence for all p > 1 and all L* initial data.
3. Proof of theorem 1.2 (b)

In this section we establish the blow-up result for problem (1.1) when p < 1+ 2/n.
Let R be so large that D¢ C Br(0) = {z | |z| < R}. Define

Qr = (B2r(0) N D) x [0,2R?].

Notice that these sets increase with R and UgsoQgr = D X [0, 00).
We construct a cut-off function of the form

Y r = ¢r(z)nR(t),

where we define ¢r, nr as follows. We define nr € C°°[0,00) such that nr(t) =1
for 0 <t < R% nr(t) =0fort >2R% 0<nr <1 and

C
e < np(t) <O0.
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Likewise, we define ¢ € C§°(D) such that ¢r(z) = 1 when z € Br(0) — D¢,
¢r(x) =0 when € Bog(0)° and 0 < ¢gr(x) < 1 when z € Byg(0) — Br(0). We
can also choose ¢r(x) to be radial in the ring Byg(0) — Br(0) and to satisfy

d¢r| _ C Por| _ C
<% 3w )
and
9r(@) _ (3.2)
or

when |z| = R or |z| = 2R. The constants above can be chosen independent of R
(greater than or equal to 1) by first constructing ¢, n for R = 1 and then letting

¢r(x) = ¢(z/R) and nr(t) = n(t/R?).
We shall argue by contradiction. Let u be a global non-trivial solution of (1.1).
Set
Ir E/ uP(z, )Y % (x,t) dz dt, (3.3)
R

where 1/p+1/¢q = 1. Notice that since

R2
Ig > / / uP(z,t) ds dt, (3.4)
0 BR(O)—DC

since ¥ g = 1 on the region of integration, this inequality tells us that limg_ .., Ir =
0 cannot hold.
From definition 1.1, we have

Ig = / u(z, )Y % (z, 1) %Rz dx
BzR(O)—DC

B fQ u(z, )f(@)an " (Dnp(t) dz di

" O (a)
_/O faDu(m) L (1) S, d

—/ u(x, t)A¢h (z)n}(t) da dt. (3.5)

Therefore, from the definition of ¢ and ng, together with the boundary condition
on u, we obtain

Ir < —/ u(z,0)y 4 (x,0)dz
BzR(O)—DC
— [ wte e () d

R

—/ u(x, t)Adh(z)nk(t) dz dt. (3.6)
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Since u(z,0) > 0, Aph = qo% " Adr + q(qg — 1)¢% *[Vér[?, we have

2R?
In< - f f u(, 6% (2)ans (D () da
0 B2r(0)—Dc

2R?
-] (e, a6l o) @B dedt. (37
0 BzR(O)—BR(O)
Since ¢r is radial on Bar(0) — Br(0), we have A¢pr = ¢ + ((n—1) /1)@y there.
Taking R sufficiently large, we obtain, for |z| > R,

C

|A¢R| < ﬁa

(3.8)

Using (3.8) in (3.7), we have

C 2R?
Ig < _2{/ f u(z, t)¢hnh ' (t) da dt
R BzR(O)—DC

R2
2R?
+f f u(z,t)ph ‘0% (t) da dt} .
0 BzR(O)—BR(O)

Since ¢r, nr < 1, by Holder’s inequality we have

C 2R? 1/pp p2R? 1/q
In < —= [ f f uPY P9 (2 1) da dt} [ f f da dt}
R R? B2r(0)—D¢ 0 Bar(0)—D¢
2R? 1/p
+ %I:/ / upllfﬁ(q_l)(x,t) dxdti|
R*1Jo Bar(0)—Br(0)

2R? 1/q
X [/ / dz dti| ,
0 BzR(O)—BR(O)

which yields

2R?

1/p
I < CRO2/ H[ f uPp P (2 4) da dt}
BzR(O)—DC

R2
2R? 1/p
+CR(n+2)/q—2|: fo fB s (O)upw%(q_l)(x,t)dxdt} . (3.9)
2R — DR

Therefore,
Ir < C,R"7%4, (3.10)

When 1 < p < 1+ 2/n, we have 2¢ > n + 2. Thus, as R — oo, Ig — 0. This
contradicts our earlier statement that Ir — 0 is impossible.

When p = 1+ 2/n, then from (3.10) we see that Ip < C, when R > 1 on [0, 00).
Therefore, by the monotone convergence theorem,

/ / uP(z,t)dzdt < Cp < oo.
o Jp
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Therefore, given any e > 0, there is a compact region F in D x [0, 00) such that
/ uP(z,t)dedt < e.

Taking R sufficiently large, we know that (Bag(0) — D) x [R%,2R?] C E° and
(B2r(0) = Br(0)) x [0,2R?] C E*.
Consequently,

2R 2R’
/ / uP(z,t)dedt — 0, / / uP(z,t)dxdt — 0
R? BzR(O)_DC 0 BzR(O)—BR(O)

when R — o0. Since n + 2 — 2¢ = 0 in this case, from (3.9),
IR — 0

when R — oo. This again is a contradiction. Thus there is no non-trivial global
solutions when p < 1+ 2/n. O

REMARK 3.1. In a recent paper [1], Andreucci and Tedeev obtained an interesting
result in a different but related direction. They considered degenerate equations on
domains with non-compact boundary.
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