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Abstract  We study a class of parabolic equations which can be viewed as a generalized mean curvature
flow acting on cylindrically symmetric surfaces with a Dirichlet condition on the boundary. We prove
the existence of a unique solution by means of an approximation scheme. We also develop the theory of
asymptotic stability for solutions of general parabolic problems.
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1. Introduction

The motion of surfaces by their mean curvature flow can be described as follows. Let S(0)
be a compact, convex and n-dimensional surface without boundary, which is smoothly
embedded in R"*! n > 1. Let S(0) be locally represented by a diffeomorphism ug : Q —
R where Q C R and u(2) C S(0). For each ¢t > 0 the problem of finding the maps
u(.,t) :  — R satisfying the equation

u(x,t) = —2H (z,t)v(z,t), (z,t) € Qx(0,T),
{() (z, v(z,t), (x,t) € Q2x(0,T) 0

u(z,0) = up(x), =€Q,

has solutions wu(.,t) which represent locally manifolds S(¢). Here, H(.,t) is the mean
curvature of S(¢) and v(.,t) is the unit outward normal vector to S(t) at time ¢.
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If one assumes that the moving surface has axial symmetry with respect to one of the
coordinate axis, say x1, denoted hereafter by simply z, equation (1) transforms into

Uy n—1
- : (2)

T 1+ (uy)? u

Ut

Local existence for (1) has been proved in [7,10,14]. In [15] it has been proved that
the equation (1) possesses a smooth solution on a finite time interval [0, T') and that S(¢)
converges to a single point as t — T~ , see also [13]. The equation of a graph parametrized
surface moving according to its mean curvature flow with a non-homogeneous Dirichlet
boundary condition has a classical solution that converges to a solution of the minimal
surface equation as ¢ — 0o, see [16]. The curve shortening in the plane has been addressed
in [10,12], as well as convexity properties of the evolving curve. The evolution of curves
on a surface has been dealt with in [2-4]. The mean curvature flow on axially symmet-
ric surfaces without boundary conditions has been studied in [1,24] and with Dirichlet
boundary condition in [5,8]. Periodic solutions have been found in [21]. Formation of
singularities of the mean curvature flow have been addressed in [6,17-19, 24]|. Equation
(1) is important in material sciences, image processing and differential geometry, see [11].

In the present paper, we are interested in studying a more general equation with non-
homogeneous Dirichlet boundary condition, namely

Ug g N
ug = T+u2  u’ (z,1) € (=a,a) x (0, T),

w(—a,t) = By u(a,t) = fo, € (0,T), )

u(z,0) = up(x), € [—a,a,
where 0 < o < 1 and N > 0. The constants
0<f < fo (4)

will be precisely determined in Lemma 1.1. The initial datum is non-decreasing and has
regularity as

ug : [—a,a] — (0,00) belongs to Hsyy, for some 0 < ng < 1 and ug > 0. (5)
The space Hs4p, is defined in (18). We also assume the compatibility condition

u)(—a) N — 0 and uf (a) N
1+ (ug(=a))*  ug(—a) L+ (up(a))®  uf(a)

—0. (6)

We prove the existence of a solution of (3) by perturbing the equation as follows

N

u®’

up = (P(ug))s
u(—a,t) = Bi,u(a,t) = Ba, te(0,T), (7)

u(z,0) =up(x), =€ [—a,al.

(x,t) € (—a,a) x (0,T),
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We proceed to describe in detail what kind of function ® we need in (7). Let £ > 0 be a
positive constant such that

max _ug(x) < /¢
z€[—a,a]

and let ®, be the function,

Dy(s) = [ ¢e(z)da, (8)
0
where
1
1+ 82’ sl < £,
P =0 plsl), £< sl < 2L, ®)
p(20), |[s| > 2,
and p: R — R is the polynomial defined by
1 —3+ 2 . 4 302 -7 3
pls) =5 st- 2 s
202(304 + 46 41+ 30?) 3(1 42024 04)6(1 4 ¢2)
1202 — 20 5 (1602 — 16)¢ 1510 —116° + 6

tareermar e’ (1221’ s arep
Let g(s) = (1/(1 + s?)). The polynomial p satisfies
) =g(0), PO =40, P'O)=g"0), P(20)=0 and p"(2()=0.

Since max,e[—q,q) uo(z) < £, it follows from the definition of the function ®, that the
compatibility condition (6) can be rewritten in the form
N N
——— =0 d @) (uy v(a) — —— = 0. 10
ug(ia) an Z(uO(CI’))uO (a) US“ (a> ( )
Henceforth, ® and ®, denote the same function. If necessary, we write ®, to make
explicit the dependence on ¢. We list a few properties of the function ®. Note that

@) (up(—a))ug (—a)

® : R — R belongs to C3. (11)
There exists a constant v > 0 such that v < ®’(s) < 1 for every s € R. (12)

® is an odd function; (13)

®' <0 in (0,00); (14)

@' >0 in (—o0,0); (15)

and there is a constant B > 0 such that — B < ®”(s) < B for every s € R.  (16)

The best constant in (16) is B = [®”(0)] = | — 2| = 2.
We remark that equations (2) and (3) are not exactly particular cases of (7), since one
has arctan’(s) = 1/(1 + s?) — 0 as |s| — oo, and ®’(s) does not tend to 0 as |s| — oo.
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We obtain a solution of problem (3) by, roughly speaking, cutting off ®. In this way we
first show the general Theorem 1.2, which ensures existence of solution for (7). We show
that the solution u of (7) has bounded derivative |u,| < ¢ and, since ®(s) = arctan(s) for
|s| < ¢, then u is also a solution of (3), and Theorem 1.7 is proved.

By a solution of (3) and (7) we mean a function v : [—a,a] x [0,T) — R belonging to

C*((~a,a) x (0,7)) NC°([~a,a] x [0,T))

for some 0 < T' < oo which satisfies the problem for every (z,t) € (—a,a) x (0,T).
We denote by I" the parabolic boundary

I'=((=a,a) x{0}) U ({—a,a} x [0,T)). (17)

The norm of a point in (—a,a) x (0,T) is denoted by |(z,t)| = max{|z|, [t|'/2}. It is worth
defining the following spaces when 0 < n <1 and k > 1:

P ((—a,a) x (0, 7))
={u: (—a,a) x (0,T) = R : 3D DIu € C°((—a,a) x (0,T)) for i +2j < k}
and
Hipy((—a,a) x (0,T)) = {u € C*F/?((—a,a) x (0,T)) : Julgsy < o0}, (18)
where [k/2] is the integer part of k/2,

|ulpq = Z sup |D;D§u| + [ty + (W) ktn
i+2j<k (—a,a)x(0,T)

with
Wan= 3 sup (CaDEumd) = DoDiuly,o)
! i+2j=k (z,t)#(y,9) |(1‘, t) - (ya 5)‘77
and
D D}u(x,t) — DL Diu(y, s)
<U/>k+ = sup z 7t ’ x ) )
! m];g_l (@.0)#(y.5) |t — s|(+m/2
The corresponding spaces of functions u(x) defined on an interval D = [~a,a] are the
following
1724,_77 = {U : \u|§+n < oo}7 (19)
where
|u|2D+77 = |u|1D+n + |uzz|77D
with
ul e, = lul) + Jual
and

D |u(z) — u(y)|
ul,” = sup |u(x)| 4+ sup —————.
R T
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Analogously, we define
Hyy(D) = {u: [ulf, < oo}
where
|u‘3D+n = |u|3D+n + ‘uxwxb?

We state next that (7) has a stationary solution V' satisfying

(@(Va)e — g =0, € (~aa),
V(z) >0, z¢€][—a,al, (20)
Ve(—a) =0,

V(—a)=p1, V(a)=ps.
Lemma 1.1. Let 55 > 0 be a positive constant and ® satisfying (8), (9) and (12).

(a) If « =1, there exists a; > 0 such that for 0 < a < a1, there are exactly two con-
stants 31 and (] with $y < (2, 8] < B2 and ] < (1 such that (20) has exactly
one solution W with boundary values W (—a) = 3] (instead of $1) and W (a) = (s,
and exactly one solution V' corresponding to 31 and (s, that is, V(—a) = 31 and
V(a) = P2. Moreover, W <V in (—a,a), W(—a) =0 < 1 =V(a) and W(a) =
B2 = V(a). In addition, 0 « (3{(a) < B1(a) — B2 as a — 0F.

If a = ay, there is exactly one 1 < B2 such that the problem (20) has exactly one
solution V.
If a > ay there is no solution of (20).

(b) If 0 < o < 1, there exists ag > 0 such that for 0 < a < ag, there is exactly one [,
such that the problem (20) has exactly one solution V.
In all items, 31 and (] depend on a, 2 and «. The functions V and W belong to
C?|—a,a).

Throughout the paper we will work with the stationary solution V.
We suppose a condition relating ug and V,

up(x) > V(x) for every x € [—a,al. (21)
Theorem 1.2 deals with the existence of a solution for the general problem (7), which
is obtained by proving the existence of a solution for an auxiliary problem, see Lemma

1.3 below. The regularity of the solution follows from Lemma 1.4.

Theorem 1.2. Let T > 0, §3 > 0. Assume (5), (6) and (21). Suppose that ® satisfies
(8)—(16) and that a, $1 and V are as in Lemma 1.1. Then problem (7) has a unique
positive solution.
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To prove Theorem 1.2, we first obtain a solution of the following auxiliary problem
with the nonlinearity f(u) instead of —N/u® which is singular at u = 0. Let

up = O (ug)uze + f(u), (2,t) € (—a,a) x (0,00),
u(—a,t) = B1,u(a,t) = Pa, ¢>0, (22)
u(z,0) =ug(z), =€ [—a,al.
We define 6 = min,e[_q,q) V(2), m = (6/4) and
N

——, z2>m,

=4 'y oN (23)

T z<m
(2m —2)®  m>’ asm
Note that the function f: R — R is C!, f(2) < 0 and f'(z) > 0, for every z € R.

Lemma 1.3. Let T > 0 and (B2 > 0 be positive constants. Suppose that ® satisfies
(8)-(16) and that a,(3; and V are as in Lemma 1.1. Assume that the initial datum
ug satisfies (5), (6) and (21). Then the problem (22) possesses a solution belonging to
C?1((—a,a) x (0,7)) NC°([—a,a] x [0,T)) N Hz4, for some 0 < n < 1.

To prove Lemma 1.3 we take advantage of the general theory of the parabolic equations
and use a combination of the existence and the regularity (Theorem 14.24 and Lemma
14.11, respectively, both from the book [20, pp. 371, 382]). For the sake of completeness
we state it below for future reference.

Lemma 1.4. Let F : (—a,a) x (0,T) x R3 — R be a C* function such that:
(i) there are constants k and ¢ such that;
2F(x,t,2,0,0) < k|z|* + ¢ for every (z,t) € (—a,a) x (0,T), z € R;
(ii) there are constants ag > 0 and a; > 0 such that;
ag < Fu(x,t,z,p,7) < ay for every (z,t) € (—a,a) x (0,T), (z,p,7) € R3;

(iii) for every K > 0, there are constants by = by(K), by = ba(K) and 0 < © < 1 such
that;

e
|F(x,t,z,p,7’) - F(yﬂ53w7Q7T)| S [|($,t> - (y35)| + |Z - w| + ‘pf QH [bl + b2|7”|]
holds for every (z,t),(y,s) in (—a,a) x (0,T) and |z| + |w| + |p| + |¢| < K.

Then, for every ¢ € Hs,, there is a solution u € C*'((—a,a) x (0,7)) NC%([—a,a] x
[0,T)) of
—ur + F(z,t,u,uy,uzy) =0 in (—a,a) x (0,T),
4 E )=0 in (~a.0)x (0.7) o
u=¢ inT.

Moreover, recall (6): if —¢; + F(X,$, by, uz) =0 on {—a,a} x {0}, then u € Hs,, for
some 0 < 0 < 1 determined only by by and b;.
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The following two lemmas help us to estimate u, from above and from below, where u
is a solution of (3).

Lemma 1.5. Suppose that ® satisfies (8), (9), (11) and (12) and that a, 31,32 and
V are as in Lemma 1.1, ug is continuous and satisfies (21). If u(x,t) is a solution of (7),
then u(z,t) > V(z) for every (z,t) € [—a,a] x [0,T).

Lemma 1.6. Suppose that ® satisfies (8)—(16) and that a, (31,02 and V are as in
Lemma 1.1, and ug satisfies (5) and (21). Let u(z,t) be a solution of (7), then u(x,t); > 0
for every (z,t) € [—a,a] x [0,T).

We state the existence of a solution for problem (3).

Theorem 1.7. Let T > 0 and 3 > 0. Suppose that ® satisfies (8)—(16) and that a, 51
and V are as in Lemma 1.1. If ug satisfies (5), (6) and (21), then the problem (3) possesses
a unique positive solution.

In the sequel we state the stability of the stationary solutions of (7), in reality they are
solutions of (20). Recall the values of v and B from (12) and (16). Suppose that

there exists M > 0 and A > 0 such that BMX\ — y\? < —4 (25)
and for these fixed M and X\ we assume that
1 Br(a)**!

Note that such a choice of a is possible, since 82 > 0 and by Lemma 1.1 there is 81 (a) < (2
such that lim,_ g+ f1(a) = fo.

The stationary solution V is a stable equilibrium, that is, u is asymptoticaly stable.
The conclusion follows from the theory developed in §4 for a general equation of the
form u; = h(z,t,u, (Ou/dx;), (0%u/0z;0x;)). The results are of independent interest and
useful to deal with other parabolic problems beyond the scope of the present paper.

Theorem 1.8. Let ® satisfying (8)—(16) and a, 1 and V as in Lemma 1.1, \ as in (25).
Suppose (26) and additionally by (21) that ug(—a) = V(—a) = 1 and up(a) = V(a) = Ps.
If w is the solution of (7), recall Theorem 1.2, then

tlim u(x,t) =V (x) uniformly for x € [—a,al,
—00

that is, V' is a stable equilibrium of (7).

Corollary 1.9. Let ® satisfy (8)—(16), with a, 1 and V as in Lemma 1.1, and X as
in (25). Suppose (26) and additionally by (21) that ug(—a) = V(—a) = 1 and ug(a) =
V(a) = Ba. If u is the solution of (3), recall Theorem 1.7, then

lim u(x,t) =V(x) wuniformly for x € [—a,al,

t—o0

that is, V' is an stable equilibrium of (3).
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Remark 1.10. Theorems 1.2 and 1.8, and Lemmas 1.3, 1.5 and 1.6 are true in a more
general setting. For instance, assume @ is a general function, not necessarily the one given
by (8)-(9), and satisfies (11)—(16) with given v and B. Compare with (6) and (10) — the
hypotheses (5) and (21) are also needed, as well as the new compatibility conditions

' (uly(—a))ull (—a) — i 0 and @' (uy(a))ug(a) — @N@ =0

Note the following remarks and open problems.

If 0 < 8] < B2 instead of (4) and if ugp > W in (21), recall Lemma 1.1, then both
Theorems 1.2 and 1.7 are true, and the proofs remain the same. Theorem 1.8 is
an open question in this situation. The stability assumption (26) is false with 5,
replaced by (1, since (] tends to zero as a — 0.

Assume that 0 < 3] < (2 in place of (4) and that W < up <V in (21). Then W is
a subsolution and V is a supersolution of (7), so Lemmas 3.1-3.3 apply, and thus
there is a solution u of (7) with W < wu <V for z € (—a,a) and ¢ > 0. The proofs
of Lemmas 1.5 and 1.6 can be performed in the same way; thus there will be a
solution of (3). In conclusion Theorems 1.2 and 1.7 hold. The stability stated in
Theorem 1.8 is an open question.

Suppose that (4) and W <wuo <V in (21). Notice that W is a subsolution and
V' is a supersolution of (7). Lemmas 3.1-3.3 apply. Hence there is a solution u of
(7) with W <u <V for z € (—a,a) and t > 0. The asymptotic stability of w is
an open problem. It is not clear now whether Lemmas 1.5 and 1.6 remain true,
thus the existence of a solution of (3) as well as its stability are open questions. In
synthesis, Theorem 1.2 holds, but Theorems 1.7 and 1.8 are open problems.

There is also the open question of the existence of solution u of problems (3) and (7)
whenever g is greater or equal to neither V' nor W; for instance, without (21) we
may have W < wug, V < ug or no order relation between ug, W and V. There also
remains the open question of the stability of a possible solution u in such situations.

The outline of the paper is as follows.

In §2 we prove Lemma 1.1 about the existence of stationary solution V.

Section 3 is devoted to the existence of solutions of the parabolic problems. We establish
the existence of ordered sub and supersolutions (Lemmas 3.1-3.3). We prove Lemma 1.3
and in the sequel we prove Theorem 1.2, the existence of a solution to (7). To recover the
solution of problem (3) we prove Lemmas 1.5 and 1.6, and we accomplish our aim with
the proof of Theorem 1.7.

In § 4 we prove general results on stability of stationary solutions of nonlinear parabolic
problems (Lemma 4.1, Theorem 4.2 and Corollary 4.3).

We apply the results of §4 in §5; there, we address the stability of the stationary
solution of the problems (3) and (7), then prove Theorem 1.8 and Corollary 1.9. We
conclude §5 with a remark on an estimate from below for a solution of (3) or (7), see
Proposition 5.1.
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2. Existence of the stationary solution
In this section we only need the C? regularity of the function ® defined by (8) and (9).

Proof of Lemma 1.1.
(a) In this case a = 1. First we show that

Vo(—a) =0, (27)
V(a) = B,

has a solution V' > 0 in [—a, a]. Note that a solution of (27) is convex and Vy(x) > 0 for
every € (—a,a), then V(—a) < V(a).
Define

W(r) = / " () . (28)

Observe that the condition (12) implies that

lim ¥(r) = oo (29)
and by (9) we conclude that
BZ 1
——dn < o0. 30
| )

Let 81 = V(—a). Then V is a solution of (27) if, and only if,

M%@»:Nm<g?> (31)

Equivalently,

V(z) 1
/ T O A

Then, the number of solutions of (27) is equal to the number of solutions /31 of

/82 1
/51 TN (/) 2 (32)

Owing to the change of variable y = N In(n/f1) and (30), equation (32) becomes

b1 N1In(B2/B1) ey/N
)

) dy = 2a. (33)

Setting z = (82/01), define H(z) = fONln(Z)(ey/N/\I/_l(y))dy. Finding a solution f; €
(0, B2) of (33) is equivalent to find z € (1, 00) satisfying
_ 2aN

H(z) % z

(34)
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The function H(z) is strictly increasing and strictly concave in z, since

N

H'(z) = T 1(Nn(z))

>0, (35)

and, by the fact that ¥/ > 0 implies (=)’ > 0, one obtains

b N[N N2 (YN ()
B = gamnepE ~ = wiwme)E -

It follows from (28) that lim, ., Y71 (N In(z)) = oo, consequently lim, ., H'(z) = 0 and
there exists a unique a; such that the line y = (2a1N/(32)z is a tangent to the graph of
H, since H" <0 < H'.

e For a < aj, the equation H(z) = (2aN/f(3)z has exactly two solutions, z;(a) and
z2(a), with z1(a) < za(a). Therefore, By = (02/z1(a)) and B] = (B2/22(a)), with
B1 < b1, are the unique two solutions of (32). It is simple to verify that z; (a) is increas-
ing for a > 0 while z9(a) is decreasing for a > 0. Moreover, lim,_g+ z1(a) =1 and
lim,_, o+ 22(a) = oo, in particular, 1 < z;(a) < z2(a). Since (31) and (34) are equiva-
lent, there are two stationary solutions V' (z) and W (x) such that V(—a) = (82/21(a)),
W(-a) = (Ba/z(a)) and By = V(—a) > W(-a) = 5.

We claim that V(—a) > W(—a) implies V(z) > W(z) for every z € (—a,a).
Assume by contradiction that V(z) — W () has at least two zeros in (—a, a], and note
that V(a) = W(a) = B2. Let b € (—a,a] be the second zero, that is, V(b) = W (b).
Then V,.(b) > W,(b). Therefore, by (28), ¢ is monotone increasing and

(Vo (b)) = U(Wa (D)),
hence
W(Va() — NIn(V (5) > (W, (b)) — N In(W (b)).

Since the left- and right-hand sides of the last inequality are constant functions as b
varies in [—a, a], again by (28), we obtain

—NIn(V(—a)) > =N In(W(-a)),
since N > 0 we get
V(—a) < W(-a)
in contrast to V(—a) > W(—a), a contradiction.

e For a = ay, the equation H(z) = (2a1N/(2)z has exactly one solution zp(aq), and
B1 = (02/70(a1)) is the unique solution of (32).

e For a > a1, the equation H(z) = (2aN/f2)z has no solution.
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(b) In this situation, 0 < o < 1. We are going to show that

(@(V,))s — % —0, z¢c(-aa),
Vi(—a) =0, (36)
V((Z) == /827

has a solution V' > 0 in [—a, a]. Recall the situation (28) and properties (29) and (30).
As in the case a =1, a solution of (36) is convex and V,(x) >0 in (—a,a), then
V(—a) < V(a). Let 8; = V(—a). Then V is a solution of (36) if, and only if,

N

U(Va(x)) = E(VI*“(I) =B,

which is equivalent to

V(@) ) )
/1 T-L[(N/1—a)(nt—o — 17 n=zx+a.

Then, the number of solutions of (36) is equal to the number of solutions 1 of

B2 1 ) 7
= 2a. 3
|, TS (37

Owing to the change of variable y = (N/1 —a)(n'~® — £17%), (29) and (30), (37)
becomes

N Jo v=(y)

1 /(N/(la))(ﬁéaﬁi“) (1 = @)y/N) + gi=o)a/(-a) -
y = 2a.

Setting z = (N/(1 — a)) (B2~ — 31™), we count the number of solutions z € (0, 00) of
H(z) = 2a, (38)

where we define H(z) = [;((((1 — a)y/N) + + B )/ (=) NT~1(y)) dy. Note that H(2)
is strictly i 1ncrea51ng in z, since

(1~ a)z/N) + BL=*)>/0=)

H(z) = NU-1(z)

> 0. (39)

It follows from (28) and (12) that (y22/2) < ¥(z) < (2%/2), hence 2z < ¥~1(z) <
V2/7z and lim, ., ~1(2) = oo, consequently, by (39), we have the following situa-
tions.

o If (/1 —a) > (1/2), that is, (1/3) < o < 1, we have

Az > (L= 0)z/N) + B )/07

N N\/2/vz

and
lim H'(z) = +c0.

z—+400
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o If (/1 — ) < (1/2), that is, 0 < o < (1/3), we have
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1— )z/N) + Bi=)>/1-)

R (

N2z
and
lim H'(z) = 0.
Lp e =0

o If (a/1 — ) = (1/2), that is, & = (1/3), we have

((22/3N) + gy/*)1/2

((22/3N) + g7/

< H'(2) <
NvZs < H'(z) <
in particular
71/2

Hence there exists as such that for a < as, the equation H(2)

NvV2z ’

= 2a has a unique solution

z(a). Therefore, f1 = (B3~ * — ((1 — a)/N)z(a))"/(1=*) is the unique solution of (37). [

3. Solution of the parabolic problems

We obtain the existence of ordered sub and supersolutions.

Lemma 3.1. Let T > 0 and 2 > 0. Suppose that ®,a, 31 and V are as in Lemma 1.1
and ug satisfies (21). Then U(x,t) = M = max,e[—q,q) Uo(2) is a supersolution of (7) and
u(z,t) = V(x) is a subsolution of (7) for every (z,t) € [—a,a] x [0,T].

Proof. We have

and

Therefore @ is a supersolution.
By Lemma 1.1 we obtain

u(—a,t) =V(—a) = 1 = uo(—a),
u(a,t) = V(a) = B2 = uo(a)
and by (21)
u(xz,0) =V (z) < up(x)

Therefore u is a subsolution.
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The comparison between a subsolution and supersolution of (22) is stated next.

Lemma 3.2. Let T > 0 and ® satisfying (8), (9), (11) and (12). Ifu,u € C**((—a,a) x
(0,7)) NC%([—a,a] x [0,T)) N Hos,y, where 0 <n < 1, are a subsolution and a superso-
lution of (22) with ug continuous, respectively, then u <@ for every (x,t) € [—a,a] x
[0,7].

Proof. It follows from the hypotheses that
Uy < O (uy )ty + f(u),  (w,1) € (—a,a) x (0,00),
Q(fawt) < UO(*O’% Q(avt) < UO(a)v t>0, (40)
u(z,0) <wug(x), =€ [—a,a,
and
Ut Z q),(ﬂx)ﬂxaf + f(ﬂ)v (J),t) € (_a7a) X (07 00)7
u(—a,t) > up(—a), u(a,t) > up(a), t>0, (41)
u(x,0) > ug(z), =z € [—a,al.
Defining w = @ — u we obtain
wp 2 O (W) — @ (g, + (@) — W), (2,0) € (—a,a) x (0,00),
w(_aat) > 07 w(aat) = 07 t> 07
w(x,0) >0, x¢€[—a,al

By the first equation and the mean value theorem, one has

wy > O (U Uy — ' (u, )y, + f(T) — fw)
= @' (Uy )Weg + Uy, @ (§wy + f(W)w,

S|

where & is between u, and u,, and u is between u and u. Therefore,
wy — Y (Up ) Wee — Uy, @ (E)wy — f(Ww > 0. (42)
The maximum principle from the book [22, Lemma 2.1, p. 54] implies w > 0 and

w<u forevery (z,t) € [—a,a] x [0,T]. O

Lemma 3.3. LetT > 0, 2 > 0 and ® satisty (8), (9), (11) and (12). Suppose that a, §;
and V are as in Lemma 1.1 and ug(x) is continuous and satisfies (21), with u and u as in
Lemma 3.1. Let u € C*'((—a,a) x (0,7)) NC°([—a,a] x [0,T)) N Hotyy, where 0 < n < 1,
be a solution of (22). Then

M =7u(z,t) > u(z,t) > u(x,t) =V(x) for every (x,t) € [—a,a] x [0,T).
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Proof. By Lemma 3.1, @(z,t) = M = max,e[—q,q) uo() is a supersolution of (22) and

u(x,t) = V() is a subsolution of (22).
It follows from Lemma 3.2 that

w(x,t) <u(z,t) (43)
<u(z,t) for every (z,t) € [—a,a] x [0,T). O

Proof of Lemma 1.3. We rewrite below the problem (22) in an adequate form

v = F(2,t,0,0,052), (2,1) € (—a,a) x (0,T),

v(=a,t) = B, v(a,t) = B2, t€(0,T), (44)
v(,0) = uo(z), =z €[-a,al,
where
F(x,t,z,p,r) =& (p)r + f(2), (45)

with ® and f given by (8) and (23), respectively. We prove the existence of a solution for
problem (44) by means of Lemma 1.4.

In fact, condition (i) of Lemma 1.4 is fulfilled by taking k = 1/2 and ¢ = supg | f|?/2,
hence

2F(x,t,2,0,0) = zf(2) < k[z|* + by, VEk>O0.

For condition (ii) we take ap = v and a; = 1.
The condition (iii) is satisfied if one takes © =1, by =sup,cp |f'(2)] and by =
supgeg |®”(s)]. Indeed,

|F(z,t,2,p,7) = Fy,s,w,q,7)] < |(2'(p) = ' (q)r| + [f(2) — f(w)].
By the mean value theorem applied to ® and f we obtain
|F(x,t,2,p,7) = Fly, s,w,q,7)| < sup |®”(O)llp — qllr| + sup [ f'(2)l|z — wl,
CER z€R
that is,

|F(Jf,t,2,p,’l") _F(ya SawMQaT” < bg|p—q||7‘| —|—b1‘Z—IU|
and then

|F(£C,t,Z,p,’f’) - F(y,s,w,qm)\ < (|({E7t) - (y78)| + |Z - 'lU| + |p - q|)(b1 +b2|’f’|)

Thus there is a solution of (44), which is equivalent to (22). The regularity follows from
Lemma 1.4 and (6). The theorem is proved. O

Proof of Theorem 1.2. By Lemma 1.3, the problem (22) has a solution u €
C?1((—a,a) x (0,T7)) NC°([—a,a] x [0,T)) N Hz,, for some 0 < n < 1.
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By Lemma 3.3, the solution obtained in Lemma 1.3 satisfies m = (0/4) <V <u < M.
Therefore, the solution of (22) satisfies

S

m=—-<u<u<lM (46)

It follows from the definition of f in (23) that f(u) = —(N/u®). Therefore, u is a solution
of problem (7). Uniqueness follows from Lemma 3.2. O

Proof of Lemma 1.5. Let w(z,t) = u(x,t) — V(z). Since V(z) is a stationary solu-
tion of (7), by the mean value theorem for & between u, and V,,, and {; between u and
V (both & and & depend on z), we obtain

wy = O () + (B (112) — B (Va))Viw — N(ula ~ Vla)

Na
= &' (ug )Wy + " (61) Vg + 7w
2

Hence
(b/(uz) - q)l(vx) = (13”(51)(uz — Vi)
and
1 1 le’
uia_ﬁz a+1(u_v)7

2

since w(—a,t) = w(a,t) = 0 and w(0, z) = ug(x) — V(x) > 0. By the maximum principle
from [22, Lemma 2.1, p. 54], we obtain w > 0 and

u(z,t) > V(x) for every (x,t) € (—a,a) x [0,T). 0

Proof of Lemma 1.6. We distinguish two steps. We first prove a boundary estimate
and second an interior estimate.

Step 1. u, on £ = —a and = = a.

We define Ly = (ug(a) — up(—a))/2a. Note that L, is the smallest slope among all
straight lines L passing through (—a, ug(—a)) which have the property that ug(x) < L(z)
for every x € [—a, a]. This follows from the convexity of ug(z) assured by (5). Note that
these lines L are not vertical because ug is C3 in the interval [—a,al, see (5), thus the
lateral derivatives of ug at —a and a exist. Moreover, Ly > 0.

Define the operator

P(z) = =z + (2(22))a + [(2):

If u is a solution of (7), then P(u) =0 > P(L), because f(L) <0 and u < L on the
parabolic boundary T', see (17). By the comparison principle of [20, Theorem 9.7, p. 222],
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u < Lin [—a,a] x [0,T). Then
uz(—a,t) < Ly for every t € [0,T). (47)

Since u(x,t) > V(z) for every (z,t) € [—a,a] x [0,T), by Lemma 1.5, and u(—a,t) =
61 = V(—a) we have
u(x,t) — u(—a,t) - V(z) —V(—a)

rT+a o Tr+a
Letting * — —a™, we obtain
0 =Vy(—a) <wugy(—a,t) uniformly in ¢. (48)
By (47) and (48), we have
0 <ugp(—a,t) < Lg in[0,7T). (49)

Let v(x,t) = u(z,t) — u(a, t). Since v satisfies
vy = ((v2))s + f(u),
with f as in (23), then
—vy + (B(v))e = —f(u) >0 for every (z,t) € [~a,a] x [0,T).

Since
v(—a,t) = u(—a,t) —u(a,t) = f1 — B2 <0,
then v(a,t) = 0 and v(x,0) = up(z) — up(a) < 0. Thus, v < 0 by the comparison principle
[20, Theorem 9.7, p. 222]. Therefore
u(z,t) — u(a,t)
T —a

0<

for every (z,t) € [—a,a] x [0,T).

Letting x — a™—, we get
0 < wug(a,t) uniformly in ¢. (50)
Since u(z,t) > V(x) and u(a,t) = f2 = V(a), we obtain

u(z,t) —u(a,t) - V(z) — V(a).
r—a o r—a
Letting x — a™, we get
ug(a,t) < Vy(a) uniformly in ¢. (51)
By (51) and (52) we conclude that
0 <wugla,t) <Vy(a) foreveryte|0,T). (52)

Step 2. u, in the interval (—a,a).
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Let h = u,. By the regularity of v provided by Lemma 1.3, we obtain
hy — @ (ug) haw — B (g )tgzhe — au™@FYh =0 for every (z,t) € (—a,a) x [0,T).

Since h(—a,t) > 0 and h(a,t) > 0 for every ¢t € [0,T) by Step 1, the fact that h(z,0) =
up(x) > 0, and using the maximum principle from [22, Lemma 2.1, p. 54], we obtain

ug(x,t) >0 for every (x,t) € (—a,a) x [0,T). O

Proof of Theorem 1.7. We first approximate problem (3) by a family of problems
like (7) using @, defined by (8).

The hypotheses of Theorem 1.2 are satisfied here, hence there exists a solution u, of
the problem

o= (®e(20))s — zﬁa (@.1) € (—a,a) x (0,T),

z(—a,t) = By, z(a,t) = B2, t€(0,T),
z2(x,0) =ug(z), € [—a,al.

(53)

Our aim is to show that there is ¢y > 0 such that the corresponding solution ug, of (53)
(and of (7)) satisfies

[(tey)a(x,t)| < by for every (z,t) € [—a,a] x [0,T). (54)
The function ®,, defined by (8) is such that

1

1, (0)2) = Ty

Therefore, we conclude that ug, > 0 is the solution of problem (3) and it belongs to
C*((—a,a) x (0,7))NC°([—a,a] x [0,7)) N Hs, for some 0 < n < 1.
In this proof we denote & = &, and u = u,. We estimate u, on the interval [—a, a.

Step 1. u, on —a and a.
By Lemma 1.6,

0 <wug(—a,t) <Ls; and 0 <wug(a,t) <Vy(a). (55)

We proceed to estimate u, from below and from above for z € (—a,a).

Step 2. Estimate of u, on (—a,a) from below.
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The constant U = ming, )er uz(y, s) satisfies

U= min u,(y,s) > min uj(x)
(y,s)€T z€[—a,a)

by (55). Since u satisfies
up = O (ug)uze + f(u) for every (z,t) € (—a,a) x [0,T),
deriving with respect to x we obtain
Uy = (D (Up)Uge), + [/ (W)ug.
Defining w = u, we get
wy = (P (w)wy)z + f(w)w. (56)
Define the operator
Qz = =2 + (¥'(2)22), + ['(w)2.
Therefore,
Quw=0<Quv forevery (z,t) € (—a,a) x [0,T),
by virtue of
w(z,t) = ug(x,t) > U for every (x,t) € T

It follows from the comparison principle [20, Theorem 9.7, p. 222] that w > v in (—a,a) x
[0,T), that is,

uz(z,t) > min uj(x) >0 for every (x,t) € (—a,a) x [0,T). (57)

z€[—a,al

Step 3. Estimate of u, on (—a,a) from above.
Define the constant R = max(, s)er{uz(y,s)}. The boundary and initial conditions

imply
R < max{Lg, V,(a), max ug(x)}.

z€[—a,a]
Since u satisfies
Uy = (I)I(ua:)uww + f(u)a
deriving with respect to = gives
Ugr = (D (Up)Uge), + [/ (W),
Therefore, by (56) we obtain,
Qu = —wy + (' (w)wy), + f(u)w =0 for every (z,t) € (—a,a) x [0,T),

and

w(z,t) = uy(z,t) < R < max{Ls, V;(a), max uy(z)} forevery (z,t) €T.

z€[—a,a]

https://doi.org/10.1017/5001309151800038X Published online by Cambridge University Press


https://doi.org/10.1017/S001309151800038X

Parabolic equations and mean curvature flow 153

We can rewrite Qw in the form
Qw = —w; + ' (W)wey + " (w)w? + f'(u)w = 0.
Using the comparison principle [20, Theorem 9.5, p. 220] we obtain

sup  w(z,t) < e® VT sup wt(x,t)
[—a,a]x[0,T) (x,t)el

where k = sup{|f’(s)| : m < s < M}, see (46). Therefore
U (z,t) < e* DT max{L,, V,(a), rr[lax ]ug(x)} for every (z,t) € [—a,a] x [0,T).
re|—a,
(58)
Step 4. Conclusion of the proof.
By (57) and (58) we get
0 < ug(x,t) < eV max{L,, V,(a), n[lax ]ug(x)} for every (z,t) € [—a,a] x [0,T).
reE|—a,a
(59)
Therefore
(uw(m,t))z
< 2T max{ L2, (Vu(a))?, Toax ](ug(z))Q} for every (z,t) € [—a,a] x [0,T).
re|—a,a
(60)

Since the right-hand side of (60) is finite constant and independent of ¢ > 0, there exists
£y > 0 large enough that
DT max( L2, (V@) max (u5(x)*} < £
re|—a,a

By (59) and (60) we conclude (54). The uniqueness of the solution follows from Lemma
3.2. (I

4. An abstract result on asymptotic stability

This section is of independent interest. We generalize the results due to Reynolds [23,
Theorem 1.9 and Corollary 1.10]. We prove the asymptotic stability for stationary solu-
tions of a general parabolic problem. The improved results are Theorem 4.2 and Corollary
4.3; essentially, the conditions (66) and (67) with C' > 0 allow us to deal with singular
equations like (3) and (7) (in [23] the requirement amounts to C' < 0).

We define the operator £ by

2
Luh(l’,t,u, Ju _07u >ut,

Ow;” 0w;0x
where
h(x t,u % Pu > h<x t,u 87u ,a—u @ ﬂ 6‘2u)
T Oy OO T Oy Oz, 022" 0x1029" " 02
We also use the notation h(x,t,z,p1,...,Pn,T11,71,2, - - - T'nn) OF simply h(z,t, 2, pi, 75 5),

which is also equivalent to h(z,t,z,p,r). The repeated indices ¢ and j vary from 1 to n.
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First of all we show asymptotic stability for a stationary solution of the problem

(61)
u=p(x,t), (x,t)€ (Qx{0})U (092 x [0,00)),

{Eu =0, (x,t)€Qx(0,00),
where  is a bounded domain in R™ with smooth boundary and ¢ € C(€2 x {0}) U (9 x
[0,00)). More precisely, if v is a stationary solution, then one shows that the solution
u(z,t) of (61) tends to v as t — oo uniformly for = € Q.
We assume that the function h: Q x (0,00) x R x R™ x R" is continuous. We also
assume that the derivatives h., h,, and h,.,; are continuous in © x (0,00) x R x R" x R™’.
Another assumption is the existence of a constant K > 0 such that

th,j(x,t,Z,pj,ri,j)fifj > K|§|2 (62)
i,J

for every (z,t,z,pi,rij) € Q2 x (0,00) x R x R"™ x R" and every &€ R", where |¢|
denotes the Euclidean norm of &.

The following technical lemma is fundamental in the proof of the general stability
Theorem 4.2.

Lemma 4.1. Let \,0,, A be positive constants. Define ¢(z) = e*M — e *1 where R
is a constant such that

R >3z for every x = (v1,22,...,7,) € L.

Define
(z,t) = 6()\)@ + 6()\)% + {A(b(gzc)} e X(t=o)
where
A P S e G (z,t)gsélfm,oo)qs(x)
and

E(A):i with 0 < e < 1.

Then, for every A > 0 and o > 0 there exists a positive constant M > 0, independent of
A > 0 and x > 0, such that

[Ve,2, (2,1)] < M for every (z,t) € Q X [0,00).

Proof. By definition of ¢ (z,t),

)\11

Yo (@,8) = =X2e(\) =

)\fEl

do

e

Y (242 ] x-o)
AZe(\) NA=—|e .

0
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A simple computation gives

e/\zl eAwl
Ae(N) < Mie, ‘)\QE(A) —| < Mae,
0
e)\l'l
)\QAT e x(t—2) < Mj for every t > o,
0

where M;,i = 1,2,3 are positive constants independent of A. In this way, if ¢ > o, there
exists a positive constant M > 0 independent of A, such that

[Vg, 2, (1) < M for every (x,t) € Q x [0, 00). 4

The following assumptions are related to the general stability theorem that we state
next.

Let G = B(0, M) be a subset of R"2, where M is the same as in Lemma 4.1. Suppose
that there exists a constant Bg such that

|hp,| < B for every (x,t,2,p;,7i;) € 2 x (0,00) x R xR" x G. (63)
Recall (62), assume that there exists A > 0 such that
Be) — KM\ < —4. (64)

For that fixed A > 0 and R as in Lemma 4.1, let C' > 0 be a small enough constant
that
1
A1) < z +1 for every x7 such that = (z1,29,...,2,) € Q. (65)

Let C : Q x (0,00) — R be a measurable function essentially bounded from above. We
assume that

limsup C(x,t) < C uniformly for x € Q (66)
t—o0

and

h.(x,t,z,pi,7i5) < C(x,t) for every (z,t) € Q x (0,00). (67)
We also assume that

tlim h(z,t,0,...,0) =0 uniformly for z € Q (68)

and
tlim o(z,t) =0 uniformly for x € 09. (69)

Let & be a sufficiently large constant that

C(x,t)(eM — e?1) < 2621 for every (z,t) € Q x [7,00), (70)
|h(z,t,0,...,0)| < e(\) for every (x,t) € Q x [7,00) (71)

and
lo(x,t)] < e(A)  for every (z,t) € I x [7,00). (72)
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Theorem 4.2. Assume that (62)—(72) hold. If u € C**(Q x (0,00)) NC(Q x (0,0))
is a solution of (61), then

lim u(z,t) =0 uniformly for = € Q.

t—o0
Proof. Suppose that ¢(z) and ¥ (z,t) are as in Lemma 4.1, with the constants

26
A =suplu(z,0)], x= 5 and o >a. (73)
Q 1

Note that ¥(x,t) > 0, ¥, (2,t) < 0 and ¥y, 4, (v,t) < 0 for every (x,t) € Q x [7,00).
By the definition of L,

x4

’Cw(x’t) :h(x’t7w7wilfl70’"'30317Z1112E1707"'70)+ {6
0

} ¢(x)efx(t70).
Writing h as h(z,t, 2, p;, 7i,;) and using the mean value theorem, we conclude that

Lp(z,t) = h(z,t,0,...,0) +(z,t)h.(0) + Vg, (x,t)hyp, (D)

+ Yoz, (€, 0)hr, 4 (0) + [EA} p(x)e Xt

0

where v is between X = (z,t,0,...,0) and Y = (z,¢,¢,%4,,0,...,0,%z,4,,0,... ,0).
By virtue of the assumptions (62), (63) and (67), for every (z,t) € Q x [7,00) we obtain

LY(x,t) < h(x,t,0,...,0) + C(z,t)(x,t) + Bg|the, (z,1)]

A
+ K, (2,1) + X2 p(2)e X9 < h(z,t,0,...,0)

do
n @(c(x, t)¢(x) + Baldw, (2)] + K dpya, (7))
N %(O(z,t)dz) + Bg|¢u, ()| + Ky, (2))
n %efx(tfa)(C(x, t)o(z) + Bl o, ()] + K¢aya, ()
+ 225 apent-o), i

By (64)-(66) we get

C(z,t)¢(x) + Baldw, ()] + Koy, (2)
C(x,t)(eM — e?™1) 4 Bghe ™ — K\2e1
—4eM 4 O(x, t) (M — er1)
—4M O — )

< — 2eM1 < 9.

IAN

IN
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In synthesis,
C(z,1)¢(x) + Belge, (2)| + Kz, (w) < =28 for every (z,t) € Q x [5,00).

Substituting (75) into (74) we have

26A A
Lp(z,t) < e(N) + @(_25) + @(_2(” _ Le—x(t—a) + Xiéle—x(t—o)
) o 0o 0o
< () = BA xt=a) L XAN (-0,
0 do

By (73),
Lip(z,t) < —e(N) for every (z,t) € Q x [o,00).
And, by the definition of ¥ (z,t) (see Lemma 4.1),

Y(x,0) > A for every z € Q,
P(x,t) > e(N) for every (z,t) € 90 X [0, 00).

157

(77)
(78)

By the estimates (72), (76)—(78) and (73) and by the comparison theorem [9, Theorem

16, p. 52] in the cylindrical domain Q x (0, 00), we obtain
u(z,t) < (x,t) for every (z,t) € Q x [0,00).
Repeating the same reasoning with — in place of v, we obtain
—(z,t) <wu(x,t) for every (z,t) € Q x [0,00).

Therefore,
lu(z, )] < P(x,t) < Myle +e X for every t > o,

where M, is a positive constant independent of ¢. Letting ¢ — oo we conclude the proof

of the theorem.
Let hg and wp be continuous functions and suppose that
ho(l‘aU,Uzwuwiwj) =0 in Q,

with

u=wg on J§,

has a unique solution v € C?(Q2). We also suppose that u € C?1(Q x (0,00))N

C(2 x (0,00)) is a solution of (61).
Assume that

h(z,t,v,0z,,Vz,4,) is continuous on €2 x (0, 00),

and
wo € C(ﬁ)
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Corollary 4.3. Assume (62)—(67), (81) and (82). Let u be a solution of (61). Suppose
that h(xz,t,z,p,r) — ho(x, z,p,7) as t — oo uniformly in x,z,p,r, where x € Q, z € R,
peR", r € R and o(x,t) — wo(x) uniformly for x € 00 as t — oo. Then

lim u(z,t) = v(z) wuniformly for x € Q.

t—o0

Proof. The proof is analogous to [23, Corollary 1.10]. O

5. Asymptotic stability of stationary solutions of (3) and (7)

Proof of Theorem 1.8. Let Q = (—a,a) C Rand let M > 0 as in Lemma 4.1. Recall
(63) and take the interval G = [—M, M].
We are going to use Theorem 4.2 and Corollary 4.3 with the function

h(z,t, z,p,r) = & (p)r + f(2), (83)

in the set (—a,a) x (0,00) Xx R x R x G, where ® and f are given by (8) and (23),
respectively. Note that h,(x,t,z,p,r) = ®”(p)r is continuous. Then

|hp(ma t, Zapa T)|
= 19" (p)||r] < BM for every (z,t,2,p,7) € (—a,a) x (0,00) x Rx R x G. (84)
Recalling (12) and (16), take B = M B > 0, K = and A > 0 large enough in (64) such
that condition (25) holds. We conclude that
hr(ﬂf,t,Z,p, 7’)55 = (I)/(p)gz > 752 (85)

Thus conditions (62)—(64) are satisfied.
The solution of (7) satisfies

<u<u<M,

see the proof of Theorem 1.2. It follows from the definition of f in (23) that f(u)=
—(N/u*) and f(V) = —(N/V?*). Therefore,

N
= ¥ (ua)ues + f(u),
/ N /

ho(@, V. Ve, Vaw) = ®'(Va)Vas = 5 = @' (Vi) Vao + (V).

h(gjatvuauzvuzz) - q)l(uz)umr -

We can rewrite problem (7) as

up = h(z, t,u, g, Ugs), « € (—a,a),t e (0,00),
u(—a,t) = P1,ula,t) = By, te€(0,00), (86)
u(z,0) = up(z), =€ [—a,al,

where h is defined as in (83). From now on, we verify (62)—(67).
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We prove the stability condition for problem (7) by means of Corollary 4.3. Take

Pl t) = T V(@) + ()
in (61) and wp(z) = V(x) in (82). Recall that ug(—a) = V(—a) = £ and ug(a) = V(a) =
52, then
(,0(:570) = uo(x)v
pl—a.t) = T V(—a) + T uo(—a) = fu
and
plat) = V(@) + 1grio(a) = o

Therefore, the solution u of (86) is such that uw = ¢ for each (x,t) € ((—a,a) x {0}) U
({—a,a} x (0,400)); we also have p(z,t) — wo(x) = V(x) as t — +oo uniformly for = €
{—a,a}.
It remains to check (65)—(67). Condition (67) is verified, since h.(z,t,z,p,r) = f'(2)
satisfies
aN 4ot N

f(z) < Tl = gt for every z € [—a, d]

(recall (23)), in (66) we take C(z,t) = C = (4*F1aN/goT1).
Let V' be the solution of the stationary problem, see Lemma 1.1. Thus
(@(Ve))z + f(V) =0, z€(-a,a),
V(-a) = p1,V(a) = B,

where f(V)=—(N/V%) and V >0 in [—a,a]. Since V, >0 in [—a,a], we have that
0 = V(—a) = p1(a). Therefore

(87)

— 4°flaN
"(z)<C=
fz) < Br(a)ott”
We now verify (65). Since e*(297%) < e*3¢ for each = € [—a, a], (26) is equivalent to
ﬂl( )a+1 1
< 4a+1 oN + =7 +

Hence we conclude that
1
A2a—2) =
e =+ 1
e
We have verified (65)—(67).
Since h(x,t,V,V,, V) is continuous in [—a,a] X [0,00) and h(z,t,z,p,7) =
ho(z, z,p,7) = @ (p)r + f(2), by Theorem 4.2 and Corollary 4.3 we obtain
tlim u(z,t) = V(x) uniformly in x € [—a,al. O

Then V is a stable equilibrium of (7).
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Proof of Corollary 1.9. In the proof of Theorem 1.7 we can take ¢y > 0 large enough
that
lug(z,t)| < by for every (z,t) € [—a,a] x [0,T)
and
[V.(z)| < €y for every x € [—a,al.
Therefore, we can rewrite

U N

- o = 20 (ua:)u:mv + f(u)

h(z, t = ter
(337 auyumauxw) 1+u% 0o

and
Viw N
hO(x7VvaV$7V:E:v) — 1+Vm2 _W :(bzo(Vz>sz+f(V)
The conclusion follows from Theorem 1.8. O

We complete the paper with an additional remark on an estimate for the solution of
(3) and of (7). Recall that

=s>+1 if l
1(s) 5%+ if |s| < ¢,

see (8) and (9). In the next proposition 0 < a < 1 is as in (3) and (7).

Proposition 5.1. Suppose that ® satisfies (8)—(16). Let u be the solution of (3)
according to Theorem 1.7 with 0 < ug < 1. For all constants o and & such that o > 0
and 0 < £ < «, there exists vy > 0 such that if

1 _
0<a<min{a§,1}

Y0 2€
and
up > o(x + a)uo_f for every x € [—a, al, (88)
then
w(x,t) > Oz +a)? 0 for every z € [—a, d, (89)

where C' > 0 is a constant depending only on £, o, and ~g.

Proof of Proposition 5.1. For £ >0, let ®; be as in (8). We have ®)(s) >y =
p(2¢) > 0, see the proof of Theorem 1.7. Note that v =+, = p(2¢) goes to 0 when ¢
goes to +o00. Hence, taking ¢ = ¢y large enough as in Theorem 1.7:

O<a§/1ymin{a2€§,l}. (90)

We denote such v by ~q.

https://doi.org/10.1017/5001309151800038X Published online by Cambridge University Press


https://doi.org/10.1017/S001309151800038X

Parabolic equations and mean curvature flow 161
Integrating from 0 to s > 0 we get
Dy(s) > vs
and by (88) we obtain
Do (@) = vo(x + ajug®. (91)
Since ug < 1, it follows from Lemma 3.3 that
O<u<M<I1. (92)
Let

€="0.

We set Jy(x,t) = ®(u,) — €(x + a)u~¢. By (91) we have Jy(2,0) > 0 in [—a, a] and, owing
to the boundary conditions u(—a,t) = 31 and u(a,t) = B2, we have Jy(—a,t) > 0 and
Jez(a,t) > 0. Indeed, by Lemma 1.6, u,(—a,t) > 0 and u,(a,t) > 0, hence

Ji(—a,t) = ®g(uy(—a,t)) — e(—a + a)u(—a,t) =% > yu,(—a,t) > 0.

Since by assumptions on &, o and € = yo < 1, we obtain
Tz (2, 1) = O (ug)tge — eu™ + ey(z + a)u™u,
> O (g )tge —u~® + ey(z + a)u™ " u,
= w4 ey(z + a)u ¢ tu,.
Hence,
Joe(a,t) > ug(a,t) + 2ayu(a, t) =5 tu,(a, t) >0,

because u;(a,t) = 0.
To prove (89) it suffices to show that Jy(z,t) > 0 on [—a,a] x (0,T). In fact, if Jy(x,t) >
0 we have

Dy(uy) > e(z + a)us.

Using the fact that @y, (s) < s for s > 0 and that u, > 0 for every (z,t) € [—a,a] x (0,7T)
we conclude that

Uy > e(x + a)us.
Therefore,

T @) 2 ez +a).
Integrating from —a to x < a we obtain

Wz, t) > e(1+ &) (@ +a)’ + 5,7 > e(1+&)(a +a)’

and (89) follows.
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We will prove that Jy(x,t) > 0. A straightforward calculation gives

1
m;}gt — fox = (aufo‘*l — 265’[1,7571)11,1
o\ Uz
1
—ef(x+a) T
P (uz)

+e(E+ 1)z +a)u™ 2ul.

The first term on the right-hand side can be estimated from below by &u™%"1u,, see (90)
and (92).

To estimate the second term on the right-hand side, taking ¢ = ¢y as in Theorem 1.7
and (90), note that by (54) we have the estimate |u,(z,t)|?> < £2, and under assumption
on ®;, we have

1

I | 93
q)%o(uﬂi) ux+ ’ ( )

see (8) and (9). Therefore,

1

B ot~ e 2 60 e = o+
0

T

—eb(z+a)u S f (€ + 1) (z + a)u 2.

T

By virtue of the fact that

Dy, (s) <s fors>0,

uy >0 for every (z,t) € [—a,a] x (0,7T)
and the definition of Jy, we obtain

1

W‘]&)t - Jfozr > 5u—a—1u$ — €§($ + a)u‘5_"_1ui
o
e+ a0 (€ 4 D)o 4 a2
> tum ruy + e (x4 a)um TR + Eum T Ty, — Eum T Dy, (uy)

> Eum " Nup — Poy (ug)) + Eu gy > Eu™ Ny,

Using the maximum principle [22, Lemma 2.1, p. 54], we obtain from v < 1 and o < 1
that

Jyo(z,t) >0 for every (x,t) € [—a,a] x (0,T). 0O
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