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Abstract  We give necessary and sufficient conditions for the LP-well-posedness of the second-order
degenerate differential equations with finite delay

(Muw)" (t) + au’(t) = Au(t) + Fug + f(t) (t € [0,27])

(

with periodic boundary conditions (Mu)(0) = (Mu)(27), (Mu)'(0) = (Mu)’(27). Here A and M are
closed operators on a complex Banach space X satisfying D(A) C D(M), a € C is fixed, F is a bounded
linear operator from LP([—2m,0], X) into X, and wu¢ is given by u¢(s) = u(t + s) when s € [—2m,0].

Keywords: degenerate differential equation with delay; LP-well-posedness; Lebesgue—Bochner spaces;
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1. Introduction

Recently, the first-order degenerate differential equations
(Mu)' (t) = Au(t) + f(t) (0<t<2m) (1.1)

with periodic boundary condition have been studied by Lizama and Ponce, where A
and M are closed linear operators on a complex Banach space X and f is an X-valued
function. Under suitable assumptions on the modified resolvent operator determined by
(1.1), they gave necessary and sufficient conditions to ensure the well-posedness of (1.1)
in Lebesgue-Bochner spaces LP(T, X), periodic Besov spaces B, (T, X) and periodic
Triebel-Lizorkin spaces F; (T, X) [10], where T := [0, 27]. The well-posedness of similar
second-order degenerate differential equations

(Mu') (t) = Au(t) + f(t) (0 <t < 2m) (1.2)
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with periodic boundary conditions have been studied in [4] by Bu, who gave necessary or
sufficient conditions for the well-posedness of (1.2) in L*(T, X), B, (T, X) and F; (T, X)
using operator-valued Fourier multiplier theorems of Arendt and Bu on LP(T, X) and
B; (T, X) [1,2] and of Bu and Kim on F; (T, X) [6].

On the other hand, Lizama studied the first-order equations with finite delay

u'(t) = Au(t) + Fus + f(t) (0 <t < 2m), (1.3)

where A is a closed linear operator on a complex Banach space X, u;(-) = wu(t + -)
is defined on [—27,0], f € LP(T,X), and the delay operator F: LP([—27,0],X) — X
is a bounded linear operator [9]. He obtained necessary and sufficient conditions for
(1.3) to be LP-well-posed using Fourier multiplier theorems on LP(T, X). Bu and Fang
gave necessary and sufficient conditions for (1.3) to be well-posed in B, (T, X) and
F; (T, X) under suitable assumptions on the Fourier transform of the delay operator
F [5]. We note that the problem of characterization of the well-posedness for evolution
equations with periodic conditions has been studied extensively in recent years: see, for
example, [2,4,5,7-9] and references therein.

The aim of this paper is to study the LP-well-posedness of the second-order degenerate
differential equations with finite delay

(Mu)"(t) + ou'(t) = Au(t) + Fuy + f(t) (t € [0,27]), (P2)

where A, M are closed operators on a complex Banach space X satisfying D(A) C D(M),
and where « € C is fixed, the delay operator F': LP([—2m,0], X) — X is a bounded linear
operator, and uy is defined by u;(s) = u(t+s) for s € [—2m, 0], where we identify a function
defined on [0, 27] with its 27-periodic extension on R.

Let 1 < p < 00, let @ # 0 and let f € LP(T, X); uw € LP(T, D(A)) is called a strong
LP-solution of (Py) if u € WE(T,X), Mu,(Mu) € WAE(T,X), and (P) is satisfied
almost everywhere (a.e.) on T, where W:2(T, X) is the first periodic Sobolev space (see
the precise definition below). We say that (P») is LP-well-posed if, for each f € LP(T, X),
there exists a unique strong LP-solution of (P). Our main result gives a characterization
of the well-posedness of (P) in LP(T, X). Precisely, when a # 0, 1 < p < oo and
the underlying Banach space is a UMD space, then (P;) is LP-well-posed if and only
if po.m,p(A) = Z and the sets {k*MNy: k € Z} and {kNy: k € Z} are Rademacher
bounded, where Ny = (—k:2M +iok — A — Bk)*1 and By is the bounded linear operator
on X given by Byr = F(er), e is the scalar function on [0,27] given by ey (t) = elFt.
Here po ., r(A) denotes the modified M-resolvent set of A (see the precise definition
below).

When « = 0, then (P) has the following simpler form:
(Mu)"(t) = Au(t) + Fu, + f(t) (t € [0,27]). (P3)

In this case, for f € LP(T, X), the belonging of strong LP-solutions of (P}) to WLP(T, X)

per

is no longer needed. Precisely, u € L?(T, D(A)) is called a strong LP-solution of (Pj), if
Mu,(Mu) € WLP(T,X) and (Pj) is satisfied a.e. on T. We say that (P}) is LP-well-

per

posed, if for each f € LP(T, X), there exists a unique strong LP-solution of (P). We
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show that when 1 < p < oo and X is a UMD Banach space (where UMD stands for
unconditional martingale difference), if the set {k(Byxy+1 — Bi): k € Z} is Rademacher
bounded (R-bounded, for short), then (Pj) is LP-well-posed if and only if parp(A) = Z
and the sets {k2M Ny : k € Z} and {Ny: k € Z} are Rademacher bounded, where Ny =
(—k®M +iak — A — By)~!. Here, pas r(A) is the modified M-resolvent set of A (see the
precise definition below). At the end of this paper we give an application of our results
to a concrete example.

Our results may be regarded as generalizations of the previous known results of Arendt
and Bu [1] about the LP-well-posedness of (P;) when M = Ix is the identity operator on
X and F = 0. The main tools we will use in the study of the LP-well-posedness of (P,) are
operator-valued Fourier multiplier theorems obtained by Arendt and Bu on LP(T, X) [1].
Indeed, we will transform the LP-well-posedness of (P,) to an operator-valued Fourier
multiplier problem in LP(T, X).

2. Main results

Let X and Y be complex Banach spaces and let T := [0, 27]. We denote by £(X,Y") the
space of all bounded linear operators from X to Y. If X =Y, we will simply denote it
by £(X). For 1 < p < oo, we denote by LP(T, X) the space of all equivalent classes of
X-valued measurable functions f defined on T satisfying

27 d 1/p
||f|m:( / |f<t>||p2j§) <.

For f € LY(T, X), we denote by

k) o= o

27
/0 e w(t)f(t)dt

the kth Fourier coefficient of f, where k € Z and ey (t) = e!** when t € T.

Definition 2.1. If X and Y are complex Banach spaces and 1 < p < oo, we say that
(My)rez C L(X,Y) is an LP-Fourier multiplier if, for each f € LP(T, X), there exists
u € LP(T,Y) such that a(k) = My f(k) for all k € Z.

It follows easily from the closed graph theorem that when (Mpy)rez C L(X,Y) is
an LP-Fourier multiplier, then there exists a (unique) bounded linear operator T €
L(LP(T, X), LP(T,Y)) satistying (Tf)"(k) = Mj,f(k) when f € LP(T,X) and k € Z.
The operator-valued Fourier multiplier theorem on LP(T, X) obtained in [1] involves
the Rademacher boundedness for sets of bounded linear operators. Let 7; be the jth
Rademacher function on [0, 1] given by v;(t) = sgn(sin(27¢)) when j > 1. For z € X, we
denote by 7; ® x the X-valued function ¢ — r;(¢)x on [0, 1].
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Definition 2.2. Let X and Y be complex Banach spaces. A set ¥ C £(X,Y) is said
to be R-bounded if there exists C' > 0 such that

<C
L([0,1],Y)

> Tz
ot L1([0,1],X)

n
RE
j=1

forall Th,..., T, €%, z1,...,2, € X and n € N.

The main tool in our study of the LP-well-posedness of (Pz) is the operator-valued
LP-Fourier multiplier theorem established in [1]. The following results will be fundamental
in the proof of our main result of this section. For the notion of UMD Banach spaces, we
refer readers to [1] and references therein.

Proposition 2.3 (Arendt and Bu [1, Proposition 1.11]). Let X, Y be complex
Banach spaces, let 1 < p < oo and let (My)kez C L(X,Y) be an LP-Fourier multiplier.
The set {My,: k € Z} is then R-bounded.

Theorem 2.4 (Arendt and Bu [1, Theorem 1.3]). Let X, Y be UMD Banach
spaces and let (My)rez C L(X,Y). If the sets {My: k € Z} and {k(My11 —My): k € Z}
are R-bounded, then (My)kez defines an LP-Fourier multiplier whenever 1 < p < oc.

For 1 < p < oo, we define the first-order periodic Sobolev spaces [1] by

WoE(T, X) := {u € LP(T, X): there exists v € LP(T, X),
such that 0(k) = ika(k) for all k € Z}.
If u e LP(T, X), then u € WI}é{Z(T,X) if and only if u is differentiable a.e. on T and
u' € LP(T, X); in this case u is actually continuous and u(0) = w(27) [1, Lemma 2.1].
We consider the following second-order degenerate differential equations with finite
delay:

(Mu)"(t) + au'(t) = Au(t) + Fus + f(t), t€[0,2n], (Py)

where A, M are closed operators on a complex Banach space X satisfying D(A) C D(M)
and a € C, f € LP(T, X) is given, and the delay operator F': LP([—2m,0],X) — X is a
bounded linear operator. Here we identify a function defined on T with its 2m-periodic
extension on R. Moreover, for fixed ¢ € T, u; is an element of LP([—2m,0], X) given by
ut(s) = u(t + s) when s € [-2m,0].

Let 1 < p < 00, a # 0; we define the solution space of (P») in the LP-well-posedness
case by

S, (A, M) :={u € LP(T, D(A)): u, Mu, (Mu)" € WXE(T, X),

per

where we consider D(A) to be a Banach space equipped with its graph norm. We note
that when u € S,(A4, M), then ||Fu|| < ||F||lull, for all ¢ € T, which implies that
Fu. € LP(T, X). Sp(A, M) is a Banach space with the norm

lulls, 4,00y = lulle + 1w/l ze + [[Aullze + [[Mul| Lo + [ (Mu)'| e + [[(Mu)"| o
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It follows from [1, Lemma 2.1] that when u € S,(A, M), then uw, Mu and (Mu)" are
X-valued continuous functions on T, (0) = u(27), (Mu)(0) = (Mu)(27) and (Mwu)'(0) =
(Mu)'(2m).

Definition 2.5. Let 1 < p < 0o, @ # 0 and f € LP(T, X); u € Sp(A, M) is called a
strong LP-solution of (Py) if (P2) is satisfied a.e. on T. We say that (P;) is LP-well-posed
if, for each f € LP(T, X), there exists a unique strong LP-solution of (P2).

If (Py) is LP-well-posed, there exists a constant C' > 0 such that for each f € LP(T, X),
if u € S,(A, M) is the unique strong LP-solution of (P»), then

[ull s, (a,81) < CIfl| e (2.1)

This can be easily obtained by the closedness of the operators A, M and the closed graph
theorem.

Let F € L(LP([-27,0],X),X) and k € Z; we define the operator By on X by Brx =
F(egx) for all x € X. It is clear that By is linear and || Bk|| < || F|| as |lex|lrr < 1. A
simple calculation shows that (Fu.)"(k) = Byt(k). We define the modified M-resolvent
set of A associated with (P,) by

par.r(A) i={k €Z: —k*M + aik — A — By,: D(A) —» X
is bijective and [~k*M + aik — A — B]"' € L(X)}. (2.2)

We first give a necessary condition for the LP-well-posedness of (P).

Theorem 2.6. Let X be a complex Banach space, let 1 < p < oo, let A, M
be closed linear operators on X satistying D(A) C D(M), let o # 0 and let F €
L(LP([-27,0],X),X) be a delay operator. Assume that (Py) is LP-well-posed. Then
pam.r(A) =7Z and the sets {k*M Ny.: k € Z} and {kNy: k € Z} are R-bounded, where
Ny = [-k*M + aik — A — Bi]™! when k € Z.

Proof. Let k € Z and y € X be fixed. We define f(t) = e**y (t € T). Then f €

LP(T, X), f(k) =y and f(n) = 0 for n # k. Since (P) is LP-well-posed, there exists a
unique u € S,(A4, M) satisfying

(Mu)"(t) + o' (t) = Au(t) + Fug + f(t)

a.e. on T. We have i(n) € D(A) C D(M) when n € Z by [1, Lemma 3.1]. Taking Fourier
transforms on both sides, we obtain

0, n#k,

ST (2.3)

[-n®M + ain — A — B,Ji(n) = {

We have shown that —k2M +aik — A— By, is surjective. To show that —k2M +aik—A— B;,
is also injective, we take x € D(A) such that [-k*M + aik — A — Bg|z = 0. Let u(t) =
el*ty when t € T, then clearly u € S,(A, M) and (P,) holds a.e. on T when f = 0.
Thus u is a strong LP-solution of (P) when f = 0. This implies that z = 0 by the
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uniqueness assumption. We have shown that —k2M 4 aik — A— By, is injective. Therefore,
—k*M + aik — A — By, is bijective from D(A) onto X.

Next we show that [-k2M + aik — A — Bi]™! € L(X). For f(t) = e'*y, we let
u € Sp(A, M) be the unique strong LP-solution of (Ps). Then

. 0, n#k,
i(n) = ) : 1
[-k*M + aik — A — Bi]™'y, n=k

by (2.3). Consequently, u(t) = e*![~k?>M + aik — A — By]~1y. By (2.1), there exists a
constant C' > 0 independent from y and k such that

lullze + 1/l ze + | Al e + [[Mull o + [[(Mw)' || o + | (Mu) ]| o < C[[f]|ze-

This implies that |[Npy| < Cly| for all y € X. Therefore, ||Ngx|| < C. Thus
pa’Myp(A) = 7.

Now we are going to show that if My = —k?M[—k*M + aik — A — Bi]™1, S, = kN
when k € Z, then (My)rez and (Sk)kez define LP-Fourier multipliers. Let f € LP(T, X),
then there exists a u € Sp(A4, M) that is a strong LP-solution of (P,) by assumption.
Taking Fourier transforms on both sides of (P,), we get that u(k) € D(A) and

[—k2M + aik — A — Byla(k) = f(k)

when k € Z. Since —k2M + aik — A — By, is invertible, this implies that @(k) = Ny f (k)
when k € Z. It follows from u € Sp(A, M) that u, Mu, (Mu)" € Wy 2(T, X). We have
[(Mu)"|Nk) = —k*Ma(k) when k € Z, and thus

[(Mu)")(k) = —k*M(k) = M. f (k)

and

(/) (k) = ikia(k) = ikNy f(k) = i) f (k)

when k € Z. We conclude that (My)rez and (Sk)kez define LP-Fourier multipliers as
(Muw)" v € LP(T, X). It follows from Proposition 2.3 that the sets {M}: k € Z} and
{Si: k € Z} are R-bounded. This finishes the proof. O

In the proof of our main result of this section, we will use the following result.

Proposition 2.7. Let A and M be closed linear operators on a UMD Banach space
X satisfying D(A) C D(M), 1 < p < oo and a # 0. Let F': LP([-27,0],X) — X be a
bounded linear operator. Suppose that pa . r(A) = Z and the sets {k? M Ny: k € Z} and
{kNy: k € Z} are R-bounded, where Ny, = (—k?*M +aik— A—By)~!. Then (k* M Ny,) ez,
(kNg)rez and (B Ny)kez are LP-Fourier multipliers.
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Proof. Let My = k*M Ny, S = kN, Hj, = B Nj. Then the sets {My: k € Z} and
{Sk: k € Z} are R-bounded by assumption. It follows from [9, Proposition 3.2] that
{B: k € Z} is R-bounded. It is sufficient to show that the sets {k(My41— My): k € Z},
{k(Sk+1—Sk): k € Z} and {k(Hyy1 — Hg): k € Z} are R-bounded by Theorem 2.4. We
observe that

Nit1 = Ng = N1 (N, — Nk__;:l)Nk
= Nk+1[(2kj + 1)M —ai+ Byy — Bk}Nk
= (2]@ + 1)Nk+1MNk + Nk+1(Bk+1 - Bk - Oll)Nk (24)

It follows that

k(M1 — My,)
= k[(k + 1)>M Ny4 1 — k> M Ny]
= kM (Ng11 — Ni) + k(2k + 1) M Ny 4y
= k3(2k + 1)M Nj,. 1 M Ny, + k* M Nyy 1 (Biy1 — By — ai) Ny + k(2k + 1) M Nj4y

k(2k + 1) 2 k(2k + 1)

= ————5" Mg 1 My + 5 My 41(Bry1 — B — o) Sk + My 41,

(k+1)2 (k+1) (k+1)2
(2.5)
E(Sk+1 — Sk)

= k[(k + 1)Ni41 — kN
= k*(Ngy1 — Ni) + kNgia
= k*(2k + 1)Npy 1 M Ny + k*Ni 1 (Bry1 — By — ad) N + kN

2k +1 k . k
= mSkHMk + msk-i-l(Bk-i-l — By — Oél)Sk + m5k+l (2-6)

and
k
k(Hp11 — Hy) = k(Br+1Ng+1 — BpNg) = mBk+1Sk+1 — By Sk (2.7)

when k # —1. It follows from (2.5)—(2.7) that the sets {k(My1—My): k € Z}, {k(Sk+1—
Sk): k € Z} and {k(Hp41 — Hy): k € Z} are R-bounded since the product of two
R-bounded sets is still R-bounded. This completes the proof. O

Next we give a necessary and sufficient condition for the LP-well-posedness of (P;) that
is the main result of this section.

Theorem 2.8. Let X be a UMD Banach space, let 1 < p < oo and let A, M be closed
linear operators on X satisfying D(A) C D(M) and « # 0. Let F': LP([-27,0], X) — X
be a bounded linear operator. Then (P;) is LP-well-posed if and only if po a,r(A) = Z
and the sets {k*M Ny,: k € Z} and {kNy: k € Z} are R-bounded, where N}, = [—k*M +
aik — A — Bg]™! when k € Z.
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Proof. If (P) is LP-well-posed, then p, ar(A) = Z and the sets {k2M Ny: k € Z}
and {kNy: k € Z} are R-bounded by Theorem 2.6. Conversely, we assume that
pamr(A) = Z and the sets {k>MNy: k € Z} and {kNy: k € Z} are R-bounded.
Let M), = k*MN;, Si, = kN, and H, = BpN;, when k € Z. It follows from Propo-
sition 2.7 that (My)rez, (Sk)rez and (Hy)pez are LP-Fourier multipliers. Then, for all
f € LP(T, X), there exists u € LP(T, X) satisfying

(k) = — M f (k) (2.8)

when k € Z. Since ((1/k)Ix)kez is an LP-Fourier multiplier by Theorem 2.4, it follows
that (Ng)rez is also an LP-Fourier multiplier as the product of two LP-Fourier multipliers
is still an LP-Fourier multiplier. There exists v € LP(T, X) such that 9(k) = N f(k) for
all k € Z. This implies that 0(k) € D(A) C D(M) and

(=k2M + aik — A — By)o(k) = f(k) (2.9)

when k € Z. On the other hand, since ((i/k)Ix)kez and (My)kez are LP-Fourier mul-
tipliers, we deduce that (ikM Ny )kez is also an LP-Fourier multiplier. Thus there exists
h € LP(T, X) such that

h(k) = ikM Ny f (k) = ikMi(k).
Thus v(t) € D(M) for almost all t € T and Mv € WLE(T, X) by [1, Lemmas 2.1 and 3.1].
In view of (2.8), we obtain

(k) = —k*M N, f(k) = —k* Mo (k) = ik[(Mv)']" (k)

when k € Z, which implies that (Mv)" € Wgef('ﬂ‘ X) by [1, Lemmas 2.1 and 3.1]. We note
that (Fv.)(k) = Bro(k) = BxNif(k) = Hyf(k). Hence Fv. € LP(T, X) since (Hy)rez
is an LP-Fourier multiplier. On the other hand, ik (k) = ikNy f (k) = 1Sy f (k) when k € Z.
It follows from the fact that (Sj)rez defines an LP-Fourier multiplier that v € Wpléf(T X)
by [1, Lemma 2.1]. We have (k) € D(A) and Ad(k) = 4(k) + aikd(k) — Byo(k) — f(k) =
[u+ v’ — Fu. — f]*(k) by (2.9). By [1, Lemma 3.1], we conclude that v € LP(T, D(A))
as u+ av’ — Fv. — f € LP(T, X). We have shown that v € S,(A, M) and thus

(Mv)"(t) + o' (t) = Av(t) + Fuy + f(t)

a.e. on [0, 27| by the uniqueness of Fourier coefficients [1, p. 314]. Therefore, v is a strong
LP-solution of (P). This shows the existence.
To show the uniqueness, we let v € S, (A, M) satisfy

(Mv)"(t) + v’ (t) = Av(t) + Fuy

a.e. on T. Taking Fourier transforms on both sides, we have 9(k) € D(A) and —kZM®(k)+
aikd(k) = Av(k) + Byo(k) when k € Z. It follows that

[~k*M + aik — A — Bilo(k) =0

for all k € Z. Since pa,ar,rp(A) = Z, this implies that o(k) = 0 for all k¥ € Z and thus
v = 0. Therefore, (P») is LP-well-posed. The proof is complete. O
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When a = 0, the problem (P») has the simpler form
(Muw)"(t) = Au(t) + Fu, + f(t), t€]0,2n], (P3)
without the term aw’. In this case, it is more natural to consider the solution space as

Si(A,M) = {u € LP(T, D(A)): Mu,(Mu)" € W,2(T, X)}.

per

Here again we consider D(A) to be a Banach space equipped with its graph norm. It
follows from [1, Lemma 2.1] that when u € S;,(A, M), then Mu and (Mwu)" are X-valued
continuous functions on T, (Mu)(0) = (Mu)(27) and (Mw)' (0) = (Mu)' (2).

For f € LP(T,X), u € S,(A, M) is called a strong LP-solution of (P;) if (Py) is
satisfied a.e. on T. We say that (Pj) is LP-well-posed if, for each f € LP(T, X), there
exists a unique strong LP-solution of (P%).

We define the modified M-resolvent set of A associated with (Pj) by

pur(A)i={k€Z: K¥*M + A+ By: D(A) - X
is bijective and [k*M + A+ B;]~! € L(X)}.

A similar argument to that used in the proofs of Theorems 2.6 and 2.8 gives the
following results. We notice that in our characterization of the LP-well-posedness of (Pj),
an extra condition on the delay operator F' is needed.

Theorem 2.9. Let X be a complex Banach space, let 1 < p < oo, let A, M be closed
linear operators on X satistying D(A) C D(M), and let F € L(LP([-27,0],X),X) be
a delay operator. Assume that (Pj) is LP-well-posed. Then py p(A) = Z and the sets
{k®MNy: k € Z} and {Ny: k € Z} are R-bounded, where N = [k?M + A+ By]~! when
ke Z.

Theorem 2.10. Let X be a UMD Banach space, let 1 < p < oo and let A, M be
closed linear operators on X satisfying D(A) C D(M). Let F': LP([-27,0],X) — X bea
bounded linear operator. We assume that the set {k(Byy1 — Br): k € Z} is R-bounded.
Then (Pj) is LP-well-posed if and only if pps p(A) = Z and the sets {k*MNy: k € Z}
and {Ny: k € Z} are R-bounded, where Ny, = [k*M + A + By|~! when k € Z.

Example 2.11. Let {2 be a bounded domain in R™ with smooth boundary 942, let
m be a bounded measurable function on 2 such that m(x) > 0 a.e. on (2, and let f
be a given function on [0,27] x £2. We let X be the Hilbert space H () and o # 0,
1 < p < oo. We consider the following second-order problem with periodic boundary
conditions:

2
% +a% =—Au+ Fu + f(t,z), (t,z)€[0,2n] x £,
u(t,z) =0, (t,z) € [0,2n] x 942,
w(0,z) = u(2r,z), x€L,
0

0
au(o,x) = au(%nx), x € {2,

(2.10)
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where u:(s,z) = u(t + s,x) when t € [0,27] and s € [-27,0], a € C is fixed, and the
delay operator F': LP([—27,0],X) — X is a bounded linear operator. We remark that
the last two boundary conditions are equivalent to

m(x)u(0,x) = m(z)u(2r, ), %(m(m)u(o,z)) = — (m(z)u(2r, x))

when x € 2.
If M is the multiplication operator by m on H~!(£2), then, by [7, §3.7] (see also
references therein), there exists a constant ¢ > 0 such that

Cc

-1
|M(zM - A)7| < E

when Re(z) 2 —¢(1 4 [Im(2)|). This implies in particular that

c

MUEM-AY < ———
[| M ( )| T4 Jh?

whenever k € Z. If we assume, furthermore, that m™! is regular enough that the mul-
tiplication operator by the function m~! is bounded on H~1(§2), then there exists a

constant ¢’ > 0 such that ,
c

1+ |k|?
when k € Z. We assume that o # 0 and p, a,r(—A) = Z. Now the identity

(kM = A)7H| < (2.11)

kE*M — aik — A+ By, = [I + (kK*M — A)™Y(By — aik)](k*M — A)
implies that
(K*M — aik — A+ By) ™' = (K*M — A) "I 4 (KM — A)~Y(By — aik)] L

The set {By: k € Z} is R-bounded [9, Proposition 3.2], and therefore norm bounded,
and this together with (2.11) shows that

lim ||(k*M — A)"Y(B}, — aik)|| = 0.
|k|—+o00

Therefore, by (2.11),

sup |[k(k*M — aik — A + By) 7| < o0
keZ
and
sup ||k M (k*M — aik — A+ By,) Y| < oc.
keZ
We deduce from Theorem 2.8 that the above periodic problem is LP-well-posed when
taking X = H~!(£2). Here we have used the fact that when H is a Hilbert space, every
norm bounded subset of L(H) is actually R-bounded [1].
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A similar argument shows that when a =0, par,p(—A) =Z and {k(Bg+1 — Bi): k €
Z} is bounded, the above periodic problem is LP-well-posed whenever 1 < p < oo by
Theorem 2.10.

Example 2.12. Let H be a complex Hilbert space, let a # 0, let 1 < p < oo,
let A, M be closed linear operators on H satisfying D(A) C D(M), and let F €
L(LP([-2m,0], H), H) be a delay operator. Let P be a densely defined positive self-adjoint
operator on H with P >0 > 0. Let M = P —¢ with e < §, and let A = Zf:o a; P* with
a; > 0, ap > 0. Then there exists a constant ¢ > 0 such that

¢
1+ |z

|M(zM + A)7| < (2.12)

whenever Rez > —c(1 + |Im 2|) by [7, p. 73]. This implies in particular that

sup ||k*M (kM + A)~Y| < oo.
keZ

If we assume that po v = Z and 0 € p(M). Then the argument used in Example 2.11
shows that (Py) is LP-well-posed by Theorem 2.8.
A similar argument shows that when o =0, ppr,p(A) =Z, 0 € p(M) and

{k(Bk+1— Bg): k € Z}

is bounded, then (Pj) is LP-well-posed by Theorem 2.10.

Example 2.13. We consider the following problem:

% (1 - )u(t,x) +au (t,z) = iu(t,x) + Fu (-, ) + f(t,z), (t,z) € (0,2m) x £2,

0x? Ozt
o 0?
0? 02
u(0,2) = u(2m, x), (1 - axQ)u(O,gc) = (1 - M)u(?ﬂ,x), x € {2,

0 0? 0 02
é)t(l - W)u(o,x) = 8t<1 - M)u(%r,x), x € 2,

where 2 = (0,1), a # 0, F € L(LP([-27,0]; L3(£2)), L?>(£2)) and u(s,z) := u(t + s, )
when ¢ € [0,27] and s € [-27,0]. Let X = L?*(2) and let P = —9?/92* with domain
D(P) = H*(2) N H(£2), i.e. P is the Laplacian on L?({2) with Dirichlet boundary
conditions. Then P is positive self-adjoint on X. Let M = P+ Iy and A = P2 It is
clear that —P generates a contraction semigroup on L?(§2) [3, Example 3.4.7], and hence
1 € p(—P), or equivalently M = Ix + P has a bounded inverse, i.e. 0 € p(M). The
abstract results obtained in Example 2.12 can then be applied: if p, ar r(P?) = Z, then
the above problem is LP-well-posed for all 1 < p < oo.
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The abstract results obtained in Example 2.12 can be also applied to the following
problem:

2 2 "
;(1—;@12) (t,z) = 884 (t,z) + Fu(-,z) + f(t,z), (¢, ) € (0,27) X £2,

2 32
5zt 0) = s—u(t,1) =0, te0,2],

u(0,z) = u(2r, z), (1 - aa;) ( ) or,x), € £,

0 0? 8

where 2 = (0,1), F € L(LP([-27,0]; L?(£2)), L*(£2)) and u(s,z) := u(t + s,z) when

€ [0,27n] and s € [—2m,0]. If ppsp(P?) = Z and {k(Bk4+1 — Bk): k € Z} is bounded,
then the above problem is LP-well-posed for all 1 < p < oo, where —P is the Laplacian
with Dirichlet boundary conditions on L?(£2).

u(t,0) = u(t,1) =
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