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Abstract In this article we are interested in the rigorous construction of WKB expansions for hyperbolic

boundary value problems in the strip RY=1 x [0, 1]. In this geometry, a new inversibility condition has to
be imposed to construct the WKB expansion. This new condition is due to selfinteraction phenomenon
which naturally appear when several boundary conditions are imposed. More precisely, by selfinteraction
we mean that some rays can regenerated themselves after some rebounds against the sides of the strip.
This phenomenon is not new and has already been studied in Benoit (Geometric optics expansions
for hyperbolic corner problems, I: self-interaction phenomenon, Anal. PDE 9(6) (2016), 1359-1418),
Sarason and Smoller (Geometrical optics and the corner problem, Arch. Rat. Mech. Anal. 56 (1974/75),
34-69) in the corner geometry. In this framework the existence of such selfinteracting rays is linked
to specific geometries of the characteristic variety and may seem to be somewhat anecdotal. However
for the strip geometry such rays become generic. The new inversibility condition, used to construct
the WKB expansion, is a microlocalized version of the one characterizing the uniform in time strong
well-posedness (Benoit, Lower exponential strong well-posedness of hyperbolic boundary value problems
in a strip (preprint)). It is interesting to point here that such a situation already occurs in the half space
geometry (Kreiss, Initial boundary value problems for hyperbolic systems, Comm. Pure Appl. Math. 23
(1970), 277-298).

Keywords: hyperbolic boundary value problems; geometric optics expansions; strip geometry;

selfinteraction phenomenon

2010 Mathematics subject classification: Primary 35L04
Secondary 78A05

Contents

1 Introduction 1630

2 Notations and definitions 1634

3 Main results 1639

4 Formal analysis 1642
4.1 Source term induced phases . . . . . ... oL oo 1643
4.2 The first reflection . . . . . . ... 1644

N
https://doi.org/10.1017/51474748018000506 Published online by Cambridge University Press @ CrossMark


mailto:antoine.benoit@univ-littoral.fr
http://crossmark.crossref.org/dialog?doi=https://doi.org/10.1017/S1474748018000506&domain=pdf
https://doi.org/10.1017/S1474748018000506

1630 A. Benoit

4.3 Selfinteraction phenomenon . . . . . ... ... 1646
5 The cascades of equations 1648
6 Construction of the leading order term 1650
6.1 Construction of the leading order selfinteracting amplitudes . . . . . . . 1652
6.2 Construction of the leading order glancing amplitudes . . . . . ... .. 1655
6.3 Construction of evanescent and explosive leading order amplitudes . . . 1656
7 Construction of higher order terms 1658
7.1 Selfinteracting amplitudes of order one . . . . . . .. ... ... 1658
7.2 Evanescent and explosive amplitudes of order one . . . . . . .. ... .. 1661
7.3 A corrector for glancing amplitudes . . . . . . ... ... L. 1661
7.4 Higher order non-glancing amplitudes . . . . . .. ... ... ... ... 1663
8 Proofs of the main results 1664
9 Study of Assumption 6.1 1666
9.1 Sufficient conditions . . . . . ... ..o L 1666
9.2 Thecase# I =#0 =1. . . . . . . . . . o 1668
10 Examples and comments 1669
10.1 Examples . . . . . . . 1669
10.2 Conclusion and comments . . . . . . . . .. L oL 1672
References 1674

1. Introduction

This article deals with the geometric optics expansion of the following highly oscillating
hyperbolic problem in the strip R¢~! x [0, 1]

L@)u® = du® + Y 9_ Ajdju =0 for (1,x",x5) € Rx R"!x]0, [,

Bouj,, o= & for (¢, x') € R x R4, 0
Biuj,,_; =0 for (t,x') € R x RI~1,
Mﬁgg =0 for (x’, xg) € RA=1 x [0, 1],

where the coefficients in the interior, namely the A;’s, are in My n (R), the ones on the
boundaries, namely By and B; are respectively in M, n(R) and My_p,xn (R) (the value
of p will be made precise in Assumption 2.2). Consequently the solution u® of (1) lies in
RY. In (1) the only non-zero source term! is on the boundary R?~! x {0} and is highly
oscillating with respect to the parameter 0 < ¢ <« 1 (we refer to Section 5 for more details
about the precise expression of g°).

LWe could also consider problems (1) with a non-zero source term in the interior (and by linearity also
on the boundary RI-L {1}). However, we are here mainly interested in the influence of the boundaries
on the behavior of the solution of (1). That is why we decided, in order to simplify the computations, to

set homogeneous source term on the boundary RI-1 % {1} or/and in the interior.
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The aim of geometric optics expansions is to construct an approximate solution of (1)
in the high frequency asymptotic. Then we expect that some qualitative phenomenon
can be easily observed on this approximate solution whereas they are not easily readable
on the solution of (1).

Before to give some more comments about the strong well-posedness of (1) let us recall
some elements about the analogous (well-known) situation in the half space. We consider
the following boundary value problem in the half space geometry:

L(a)ué‘ - fé‘ for (l, )C/, xd) e R x Rd71 X Rj-’
Buf, ,_o=g° for (t,x") e Rx R4 (2)
”fzgo =0 for (x', xg) e R x R,

From the seminal work of [7] it is known that the strong well-posedness (here by
strong well-posedness we mean existence, uniqueness and an energy estimate in some
weighted (in time) L2-norm) of (2) is equivalent to the fulfillment of the so-called uniform
Kreiss—Lopatinskii condition. Roughly speaking this condition ensures that in the normal
mode analysis no stable mode is solution of the homogeneous boundary condition on
R4~1 x {0}. With more details, the uniform Kreiss Lopatinskii condition states that
for all (time—space) frequency parameter ¢ in the normal mode analysis we have the
decomposition

E*(¢)®ker B =CV, (3)

or equivalently that the restriction of B to the stable subspace Ef(¢) is an isomorphism.

Then when one wants to construct the geometric optics expansion for (2) (see
for example [13]) then he has to impose a microlocalized version of the uniform
Kreiss—Lopatinskii condition. To explain this, in a formal setting, let us consider a
situation in which a compactly supported interior source term f¢ induces some waves
traveling (with fixed frequency ¢) to the boundary R?~! x {0}. Then by finite speed of
propagation arguments these waves will hit the boundary (this kind of traveling waves
will be referred as outgoing waves) after a finite travel time and will be reflected back.
To determine the reflections that go from the boundary to the interior (they will be
referred as incoming waves) one needs to express the new incoming waves in terms of the
outgoing ones (at frequency ¢) and it is exactly a microlocalized version of the uniform
Kreiss—Lopatinskii condition at the frequency ¢. Indeed in such a situation incoming
waves are elements of E*(¢) so that (3) microlocalized in ¢ = ¢ permits to invert B in
the boundary condition. B

The first goal of the article is roughly speaking to determine if such a situation also
occurs in the strip geometry. That is does some condition (or a microlocalized version
of a condition), coming from the characterization of the strong well-posedness of (1) can
be observed in the construction of the WKB expansion of (1). This question has already
been addressed for hyperbolic boundary value problems in a corner (see [3, 14]).

The second one is to give some properties about the growth in time of the solution of
the strip problem. Indeed, for the half space geometry it is known from Kreiss [7] that
the solution is lower exponentially increasing with time. Whereas for the strip problem
the standard strong well-posedness proof (see bellow) indicates that there is a possible
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exponential growth in time of the solution. The question addressed here is: ‘Does the
geometric optics expansion show that this growth exists?’. ‘If the answer is positive can
we give some quantitative results about the rate of growth and can we explain its origin
thanks to the geometric optics expansions?’

These aims are motivated by the following points:

e First, as already noticed in [1] the problem in a strip is really close to the one in the

quarter space. Indeed the methods used in [1] to deal with the problem in a strip look
really closed to the ones used in [12] to deal with the problem in the corner geometry.
There is however a main difference between these two problems.
While the characterization of strongly well-posed (uniformly in time) strip problems
given in [1] involves matrices, the one used in [12] to characterize strongly well-posed
corner problems involves Fourier Integral Operators and thus is much more technical.
At present time, in the author’s knowledge, the full characterization of strongly
well-posed corner problems has not been achieved yet (we refer to [2] for some recent
advances). So the better we understand the (simpler) problem in the strip, the more
information and/or intuition we can obtain on the corner problem.

Second the full characterization of lower exponentially strongly well-posed problems
described in [1] seems really difficult to verify for a fixed hyperbolic operator. This is
due to the fact that this condition requires uniform inversibility (compared with the
frequency parameter lying in a half open sphere) of the trace operator. We believe
that the simplest way (it was already the case for the uniform Kreiss—Lopatinskii
condition [7]) to show these uniform bounds is to have a look at the boundary of
the half sphere and to conclude by compactness/continuity arguments. So understand
what happens for frequencies of the boundary (which are exactly the ones of the
geometric optics regime) shall give some precious intuition to obtain an equivalent
characterization of the one described in [1] but which involves the boundary frequency.

Finally the last motivation for studying the strip problem (1) is linked to numerical
simulation of Cauchy problems of waves propagation. Indeed due to the impossibility
to model the full space RY on a computer when one deals with the numerical
simulation of some Cauchy problem, artificial boundary conditions have to be imposed.
Consequently the implemented numerical problem is in fact defined in a (possibly)
big box. Understand the (discrete) boundary conditions leading to a stable numerical
scheme is thus a natural question.

Historically, for the problem in the half space geometry, the full characterization of
the boundary conditions leading to the strong well-posedness of (2) has been obtained
before the one of the associated finite difference schemes (see (for example) [4, 5, 7]).
The study of the stability of finite difference approximations in a strip is a first step
in the study of the stability of finite difference approximations in a box. However
compared to the continuous problem (2) a finite difference scheme necessitates that
all the components of the solution are prescribed by the boundary conditions so that
once again compared to the continuous problem some extra boundary conditions have
to be imposed.

The question of the effect(s) of the adding of such extra (and purely arbitrary)
boundary conditions on the computed solution is thus natural. Indeed one may
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perfectly imagine that the boundary value problem in the strip (1) is strongly
well-posed and that its solution does not have any exponential growth compared to
time (some that it is uniformly well-posed in time) but that by a bad choice of the extra
discrete boundary conditions the computed approximation exhibits such a non-natural
growth.

In the author’s knowledge this stability question has not be widely considered in the
literature (we however refer to [15]). But we believe that it is a question that deserves
to be studied in future works. Once again the understanding of the geometric optics
regime (which is the one permitting this exponential growth of the solution) should be
of precious help for these future works.

About the strong well-posedness of (1) we first observe that from the result of [7],
localization and stability by zero order terms arguments it is easy to show that if the
strip problem (1) satisfies the uniform Kreiss—Lopatinskii condition on each side then
there exists a unique solution u of (1) with bounded exponential growth in time (we refer
to Definition 3.1 or to [1] for more details).

For problems with lower exponential growth in time we refer to [1] in which the author
gives a new characterization of uniformly strongly well-posed hyperbolic boundary value
problems in a strip in terms of the inversibility of some trace operator reading under
the form (I — T(¢)), where T(¢) := T1-0(¢)To—1(¢). The operator Tp—1(¢) (respectively
T1-0(¢)) takes the value of the trace of the solution on RA-1 {0} (respectively RI-1 x
{1}) and gives in output the value of the trace of the solution on R?~! x {1} (respectively
R4~ x {0}).

Let us explain why such a condition is so natural. Consider two decoupled transport
equations the first one traveling to the ‘right’ and the second to the ‘left’. Choose
boundary conditions in (1) coupling these two transport phenomena together. Intuitively
the non-trivial source term g% induces a wave traveling to the side R¢~! x {1}. This wave
will be reflected against this side and travel back to R¢~! x {0} and after some time more
travel time the same process is repeated periodically in time (this kind of phases will be
referred as selfinteracting phases). If we denote by R the coefficient of amplification during
the two reflections needed to regenerate back the first considered transport phenomenon,
then intuitively the growth of the source term g® with respect to time should behave like
R! and we expect to have exponential growth in time when |R| > 1. The conditions in [1],
even if they seem to be somewhat technical, seem to be linked with this simple energy
observation (we refer to [1] Paragraph 3.3.3 (first part by ‘hand’) for more details).

In this article for the construction of the geometric optics expansion for (1) we exhibit
the fact that a microlocalized version of one of the conditions of [1] is necessary to initialize
the resolution of the cascade of equations. With more details we ask the inversibility of
an operator reading (I —7(¢)) (where ¢ is a (micro)-localization of the frequency) on
some spaces H (where y stands for the maximal exponential growth in time of the
solution). In particular the geometric optic expansions if lower exponentially growing in
time if and only if ¥ = 0 and in this framework we can explicit some results of [1].

An another point of interest is that while one of the inversibility conditions in [1] is
asked to hold on the full subspace E®(¢), the one in this article only has to hold on the
hyperbolic component of E*(¢)). This observation will be explained through this article
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and is linked to the fact that non-hyperbolic modes are linked to boundary layers so that
they do not propagate information from one side to the other. We postpone to §10 for
more details.

The article is organized as follows, §2 contains some notations and the main
assumptions, § 3 describes the main results. In §4 we give a formal analysis of the phase
generation process and in particular we explain in a formal setting why selfinteraction
becomes generic in the strip geometry.

The construction of the geometric optics expansion is performed in Sections 5-7 and
justified in § 8. This permits to show the main results. As already noticed this construction
is made under a new inversibility condition which is studied in more details in §9.

Finally § 10 contains some examples of application and gives some comments about the
obtained results.

2. Notations and definitions

For simplicity we introduce the following notations for the strip and the time/space strip:
[ =R %10, 1[, 9Tg := T N{xy = 0}, 3Ty := T N{xg = 1}
Q =R, xTI", 0Q2):=R; x0llp and 0RQ :=R; x aI';.
The frequency space and its boundary are defined by:
E={l:=(=y+it,n) e CxR M\ y >0} and E¢:=En{y =0}

In order to state the energy estimates used in this article we define the following
weighted Sobolev spaces. Let s € N, X C R, x Rff and x > 0, the H,-weighted (in time)
Sobolev space is defined by:

Hy(X) :={u € 7'(X)\ue *" € H* (X))},

equipped with the norm |- ||H;<(x) = l-e X gsx). We also denote H;"(X) =
MNsen H; (X) and finally for s € NU{oo} we define HDS,X(X) as the set of functions of
H, (X) vanishing for negative times.

In all this article we make the following assumptions on the strip problem (1). The first
assumption ensures that the operator L(d) is hyperbolic in the following sense:

Assumption 2.1 (Constantly hyperbolic operator). The system (1) is constantly
hyperbolic that is there exist g > 1, real valued analytic functions Ay, ..., Ay on R?\ {0}
and positive integers [y, ..., g such that:

d q
ve e sl det [T+ ) g4 | = [ +rE0M.
j=1 j=1
with A1 (§) < -+ < A4(§) and the eigenvalues A ;(§) of 27:1 &jAj are semi-simple.

The second one imposes that the boundaries are not characteristics for L(9) and that
the number of boundary conditions imposed on each side of the boundary gives rise to a
well-determined problem.
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Assumption 2.2 (Non-characteristic boundary conditions). The matriz Ay is invertible.
Let p be the number of positive eigenvalues (counted with multiplicity) of Ay then By €
M,xn(R) and By € My_pxn(R).

With Assumption 2.2 in hand we can perform a Laplace transform in time (¢t «~ o)
and a Fourier transform in the tangential space variable (x” «~ 1) so that (1) reads in
the resolvent form:

d —~
—u(g, xq) = A (ug, xq) for x4 €10, 1[,

dxg
Boi(¢,0) = 2(¢), (4)
Bju(z, 1) =0,

in which ¢ € E acts like a parameter and where the so-called resolvent matrix 2/ (¢) is
defined by:

d—1
JZf(é‘):A(;l O’I+ianAj . (5)
j=1

The following classical result due to Hersh [6] ensures that as soon as the Laplace
parameter o has non-vanishing real part then the elements in the spectrum of &7 (o, n)
are well-separated.

Lemma 2.1. [6] Under Assumptions 2.1 and 2.2, for all frequency parameter ¢ € E\ Eo,
the resolvent matrix o7 (¢) only admits eigenvalues with non-zero real part, and thus does
not have purely imaginary eigenvalues. We denote by E*(¢) (respectively E"(¢)), the
stable (respectively unstable) space of </ () that is the eigenspace associated with the
negative (respectively positive) real part eigenvalues. Then independently of ¢ € B\ Eo,
dim E*(¢) = p and dim E*(£) = N — p and we have the following decomposition:

CN =E'(0)® E“(2). (6)

However for ¢ € E¢g then generically Lemma 2.1 is not satisfied anymore because of
the possible degeneracy of some real parts of the eigenvalues. In this setting the result
allowing to describe the situation is the so-called block structure theorem first shown
by [7] for strictly hyperbolic systems and then extended by [10] for constantly hyperbolic
systems (see also [11] for systems with non-constant multiplicities).

Theorem 2.1 (Block structure). Under Assumptions 2.1 and 2.2, for all { € E, there
exist a neighborhood ¥ of ¢ in E, an integer L > 1, a partition N = wy + -+ pur, with
ULy -, pur = 1 and an invertible matriz T, regular on ¥ such that:

Ve eV, T ()T () = diag(A Q). ... 71.(0))
where the blocks ;(§) € My, xu; (C) satisfy one of the following alternatives:

(i) All the elements in the spectrum of #;(¢) have positive real part.
(ii) All the elements in the spectrum of </;(¢) have negative real part.
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(iii) pj =1, ;) € iR, 3,47;(5) € R\ {0} and 7;(¢) € iR for all{ € EgNV .
(iv) uj > 1 and there exists k; € iR such that

ki i 0
%(E) = .', i ’
0k

the coefficient in the lower left corner of 8,97;(§) € R\ {0} and for all ¢ € EoNY/,
52{](() € iM/ijuj(R)-

Consequently Theorem 2.1 permits to give the following decomposition of the boundary
of the frequency space.

Definition 2.1. For { € E¢ we define:

e [ the elliptic area which is the set of { such that Theorem 2.1 is satisfied with blocks
of type (i) and (ii) only.

o EH the mixed area which is the set of ¢ such that Theorem 2.1 is satisfied with blocks
of type (i), (ii) and at least one block of type (iii).

o [l the hyperbolic area which is the set of { such that Theorem 2.1 is satisfied with
blocks of type (iii) only.

e G the glancing area which is the set of { such that Theorem 2.1 is satisfied with at
least one block of type (iv).

We thus have the following decomposition of Ey:

Zo = EUEHUHUG. (7)

Moreover for all { € E¢\ G the decomposition (6) still holds and we write:

N=E Q@ E"Q©), (8)
where E*(¢) (respectively E*({)) is the extension by continuity of E°(¢) (respectively

E"*(¢)) up to the boundary Eyg.
Moreover we can decompose these spaces in the following way:

E*(Q) = E;()®E;(¢) and E"(§) = E; ()@ Ej(2), 9)

where E;({) (respectively EY (;)) is the generalized eigenspace associated to eigenvalues
of #(¢) with negative (respectlvely positive) real part and where the Ej(¢), Ej(¢) are
sums of eigenspaces associated to some purely imaginary eigenvalues of ,537 ©).

However for ¢ € G the decomposition (8) does not hold anymore because at glancing
frequencies we have E° (O)NE"() #{0}). In this setting we define the following
decompositions of the stable and unstable spaces E*(¢) and E"().

E°Q)=E,(D@®E,(Q)DE,Q) and E"(Q)=E/QBE,Q)DE, &), (10)

where ES (¢) and Eq ¢ () are sum of eigenspaces associated to the Jordan’s block(s) of type
(iv) of .52%({) in Theorem 2.1 and consequently satisfying E3(5) N Eg () # {0}
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Geometric optics expansions involving glancing frequencies (that is to say frequencies
such that E3(¢) NEy(¢) # {0}) have been studied in the half space geometry by [16,
17]. In these papers, in order to define a bounded projector on E,(¢) associated to
the decomposition (10) (which is needed in order to define the boundary layer induced
by glancing modes), the author assumes that E;(Q = @ﬁ”zl G;. (), where for all j =
1,..., M, dim G‘;(g) =1.

Following [7—10], this assumption is equivalent to the fact that Theorem 2.1 is satisfied
with block of type (iv) of size at most three. Indeed in this case the contribution in
E; (¢) (respectively E’g‘ € )) of one block of type (iv) is one dimensional (respectively one
dimensional if the associated block is of size two, two dimensional if the associated block
is of size three). Consequently the projector upon E;(¢) remains bounded.

In the following we shall define the projectors on both Eg(g) and Eg,‘ &) (because
glancing boundary layers are expected on both sides of the boundary) so that we make
the following assumption:

Assumption 2.3. Let ¢ € G; then Theorem 2.1 is satisfied with blocks of type (iv) of size

two only. In this setting we have that there exists M e N, M < % and (ej) j=1
such that:

.....

M
ESQ) =E{ @) =@PG,(¢) where Gj(g) = vectfe;}.
Jj=1
We now give some precisions about the spaces Ej, (§), E; (£), Eg(ﬁ) and EZ,‘(E).
Leti§ €iR be a purely imaginary eigenvalue of <7 (¢) (possibly with multiplicity more
than two except for glancing modes thanks to Assumption 2.3); then
d—1
det |21+ njA;j+& Aq|=0.
j=1
From Assumption 2.1 there exists an index k;, such that
T+, (m.§,) =0,

where Ay, is smooth in both variables. This motivates the following definition:

Definition 2.2. The set of incoming (respectively outgoing) phases for the side 9T
denoted by % (respectively &p) is the set of indices m such that the group velocity
Um = Vg, (n.§ ) satisfies dgAg,, (1, §)>0 (respectively dgAg,, (1, §)< 0).

The set of incoming (respectively outgoing) phases for the side dI'y denoted by .#
(respectively @) is the set of indices m such that the group velocity vy, 1= Vg, (, ém )
satisfies 0g A, (0. & ) < O (respectively dgA, (n.§ ) > 0).

The set of glancing phases for the side 3Ty (or equivalently for the side aI";) denoted
by ¢ is the set of indices m such that the group velocity v, := Vi, (n, §m) satisfies
Og Ak, (ﬁ, é'm) =0.

Clearly we have % = 0 and 0y = #,. So that in the following we will use the
convention that an incoming (respectively outgoing) phase is incoming if it is incoming
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(respectively outgoing) for the side aT'g. Thus, with this convention in mind we set:
I =S =0, and 0O :=0y= 7,

and for simplicity we also define 5% := .# U @, the set of indices associated to hyperbolic
modes.
With this definition in hand we can give the following description of the spaces Ej (¢),

E} (&), E;(Q) and Eg(¢).
Lemma 2.2. For all { € Eo we have:

Ej@¢) = PkerL@.n.8). Ej@)=ker Lz n.£,)
ke s keO
and E3(¢) = Ef(2) = @Pker L. n.£,). (11)
ke¥
where £ stands for the symbol of L(3) defined for all w = (wy, ..., wq) € R4 by
L(w) = ool +YI_  0;A;.
Consequently for ¢ € G, (10) reads:

E*() = PkerL(z. n.£,) Pker L(x.n.£) ® EL (), (12)
ke s ke

E"(;) = @keri’(z, n,§,) @kerﬁ(z, n.§)®E; (). (13)
keO ke

We now turn to the definition of the uniform Kreiss—Lopatinskii condition which is
the condition ensuring the strong well-posedness of the boundary value problem in the
half space (see [7]). It is not difficult to show (and to be convinced) that the strong
well-posedness of (1) requires that each boundary condition on dI'g and dI"; satisfies the
uniform Kreiss—Lopatinskii condition. So that in the WKB expansion construction we
should assume that these conditions hold. More precisely we assume the following

Assumption 2.4 (Uniform Kreiss—Lopatinskii condition). Under Assumptions 2.1 and 2.2
let ¢ € B and as previously we still denote by E*(£) (respectively E*(£)) the extension by
continuity of ES(¢) up to ¢ € Eg of the well-defined stable (respectively unstable) subspace
of & (£). Then each of the boundary 0Ty and o'y satisfies the uniform Kreiss—Lopatinskii
condition that is to say that:

V¢ € B, ker BN E*(¢) =ker BN E“(¢) = {0}.

In other words, the restriction of By (respectively By) to E*(¢) (respectively E¥(¢)) is
invertible and we denote its inverse by ¢o(¢) := B(i}?‘(i) (respectively ¢1(¢) := Bﬂ}gu(;)).

We conclude this section by defining some projectors that will be useful in the
construction the WKB expansion.

Definition 2.3 (Interior projectors). Under Assumptions 2.1 and 2.2 for f{=it+ne gy
we define:
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o ITJ := T13(¢) (respectively TTy := T15(¢)) the spectral projector on EJ({) (respectively
EZ (%))
e Fork e #UY, TTF .= Hk(g) the orthogonal projector on ker Z(z, n, ).
k

e For k € U9, we define T* := Yk (¢) the partial inverse of Lz, 7, §) characterized

by the relations:
T L (@, n, &) =1-1T1F,

14
Tkl—[k — Hka = 0. ( )

Definition 2.4 (Boundary projectors). Under Assumptions 2.1, 2.2 and 2.3 for f=it+
n € Eg we define:

o P} := PJ(¢) (respectively P, := P;'({)) the projector on E;({) with respect to (12)

e

(respectively (13)).
e For k € & (respectively k € 0), P;f = P,f(g) the projector on ker Z(z, Q,gk) with
respect with the sums (12) (respectively(13)).

o For k € 9 we define Pé"s = P;,x(i) (respectively Pg’u = ng,u(ﬁ)) the projector on
ker Z(z, n, §,) with respect with the sum (12) (respectively (13)).

3. Main results
In this Section we state the main results of this paper but in order to do so we need to
give some more details about the strong well-posedness of the strip problem (1).
Definition 3.1. Let f € L2(RQ), go € L*(3S2) and g; € L2(dQ) be given source terms.
The hyperbolic boundary value problem in the strip T’

LOu=f in €,

Bou|x,=0 = g0 on 982,

Biuj,=1 =81 ondgy,

uigo =0 on I,

is said to be strongly well-posed if it admits a unique solution u € L*(2) with traces
Ujx,=0 € L2(8§20) and u),=1 € L20Q) satisfying the energy estimate that there exist
C > 0 and yp > 0 such that for all y > yp:

2 2 2
J/ ”I’t”L% (Q) + ”ulxd:O”L% (890) + ”btlxd:l ”L% )

< C (SN2, g + 502 gy + e (15)
S\ 2@ TS0z aay TSIz Gay) | -

In the particular setting where yy = 0 the strip problem is said to be lower exponentially
strongly well-posed.

As mentioned in the introduction, there exists 9> 0 such that the strip
problem is strongly well-posed in the sense of Definition 3.1 only requires the
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uniform Kreiss—Lopatinskii condition on each side of the boundary so that under
Assumptions 2.1, 2.2 and 2.4 the strip problem (1) is automatically strongly well-posed
in the sense of Definition 3.1.

The question of the lower exponential strong well-posedness of (1) is studied in [1].
In this article the author describes a particular framework, namely the one of strictly
dissipative boundary conditions in which the lower exponential strong well-posedness of
(1) as well as a full characterization of lower exponentially strongly well-posed problems.
More precisely this characterization asks the inversibility of some trace operators reading
under the form (I — .7 (¢)) and (I — ﬁ({)): on the stable subspace E*(¢) for (I — .7 (¢))
and on ker By for (I — ¥ (¢)). This inversibility is asked to be uniform with respect to
the frequency parameter ¢ € E. That is we have that there exists C, C > 0 such that for
all¢ e E

Yu e E*(¢), |ul <C|(I =T ())ul, (16)
Vv € ker By, |v| <C|(I — T ()], (17)

where we stress that C and C do not depend on ¢. The precise expressions of .7 (¢) and
T (¢) can be found in [1] but we will also give it in Paragraph 9 in order to compare
T (¢) with T#(¢). However these expressions are of little interest for the justification of
the WKB expaﬁsion which only requires the (lower exponential) strong well-posedness
of (1).

We sum up the known results about the strong well-posedness of (1) in the following
Theorem.

Theorem 3.1 (Strong well-posedness of (1)). e Under Assumptions 2.1, 2.2 and 2.4
there exists Yo = 0 such that the strip problem (1) is strongly well-posed in the sense
of Definition 3.1.

e [1] Under Assumptions 2.1, 2.2 also assume that the matrices A are symmetric for all
j=1,...,d and that the boundary conditions on dU'g and 3Ty are strictly dissipative
that is there exist Cy, C1, €9, €1 > 0 such that

Vu € RN golul® + (Aqu, u) — Co|Bou|> <0 and &1|u|* + (Aqu, u) — Cy|Biul*> > 0,
(18)
then the strip problem (1) is lower exponentially strongly well-posed in the sense of
Definition 3.1.

e [1] Under Assumptions 2.1, 2.2, 2.4 also assume that the matrices Aj are symmetric
forall j =1,...,d and that ker ByNker By = {0}. Then the strip problem (1) is lower
exponentially strongly well-posed in the sense of Definition 3.1 if and only if the
inversibility conditions (16) and (17) hold.

The main results of this article are the following.

The first ones show the existence and the convergence of the geometric optics
expansions in the case where the considered frequency is or is not a glancing frequency.
These results hold under a new assumption (namely Assumption 6.1). Without going
into details this assumption imposes a maximal growth in time for some operator.
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Theorem 3.2. Under Assumptions 2.1, 2.2 and 2.4 also assume that (1) is strongly
well-posed in the sense of Definition 3.1 for some Yy 2 0 with 0 < Yo <0 that ¢ =0
and finally that Assumption 6.1 holds for yy. Then for all Ny € N there exists an
approximate solution uapp No € L)Z, () (see (75) for a precise definition) of u® the solution
of (1) in the sense that: there exists C > 0 such that for all y > yo

lu® = ugpp wollL2 (@) < CeMNotl, (19)
Theorem 3.3. Under Assumptions 2.1, 2.2, 2.8 and 2.4 also assume that (1) is strongly
well-posed in the sense of Definition 3.1 for some yy = 0 and that Assumption 6.1 holds
for Yo with 0 < Sy, < < yo. Then there exists an approximate solution uapp glan € L2 ()
(see (76) for a precise definition) of u® the solution of (1) in the sense that: there e:msts
C > 0 such that for all y > yp

e e 1/4
”M _uapp,glan”LJZ,(Q) < Ce /

Before to give a formal justification of Theorems 3.2 and 3.3 let us give some more
details about these results.

First remark that Theorem 3.2 gives a better approximation than Theorem 3.3 because
the difference u® — u?® app.No is O(eNotly where Ny is arbitrary while the maximal rate of
convergence in Theorem 3.3 is O(e!/#). This is due to the fact that when glancing modes
exist we are only able to construct one corrector while if they are not present we can
define an arbitrary number of correctors (see [16, 17]).

Second about Assumption 6.1 appearing in Theorems 3.2 and 3.3. It asks the
inversibility of some operator, reading under the form (I —7¢(¢)) (we refer to (47) for a
precise definition), to initialize the resolution of the WKB expgnsion. Crudely speaking
the operator 7¢(¢) encodes the amplifications of the hyperbolic components of the WKB
expansion by successive reflections against the sides dI"p and dT'y.

It is interesting to remark that the operator 7¢(¢) is a microlocalized version of the
operator .7 (¢) at the frequency ¢ = ¢. Note that it was already the case for the uniform
Kreiss—Lopatinskii condition in the half space geometry.

Some more details about Assumption 6.1 are given in §9 in which we show in particular
that this assumption is always satisfied for a large enough threshold Yo More precisely
in §9 the given sufficient condition for Assumption 6.1 to hold is that the sum of the
coefficients of amplification during a complete circuit of reflection is bounded by e*Zo for
some strictly positive @ encoding the time needed to perform a complete circuit. This
result agrees with the intuition that if during a complete circuit of reflection the energy
increases then the geometric optics expansion (and thus so do u®) has an exponential
growth in time.

Finally, Assumption 2.3 used in Theorem 3.3 was concerned. This assumption states
that all glancing modes are of size two and is used in a crucial way to define the projectors
on EZ,(Q) and Eg‘ (¢) as explained in §2. However, let us stress that Assumption 2.3 is
not necessary to show the strong well-posedness (and even the lower exponential strong
well-posedness) of (1) (which essentially require the uniform Kreiss—Lopatinskii on each
side and possibly the inversibility conditions described in [1]).
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Thus, in the author’s opinion, Theorem 3.3 should also hold without Assumption 2.32.
However, the literature does not provide any information about the construction of
geometric optics expansions without this size restriction on the glancing modes. Indeed,
the only papers constructing these expansions are, in the author’s knowledge, due to
Williams [16, 17].

That is why we made this technical assumption to deal with glancing modes (and
to define the associated boundary layers). Indeed concerning glancing modes we were
not really interested in obtaining the most general possible theorem but rather in
showing that Assumption 6.1 used to initialize the resolution of the cascade of equations
does not involve glancing modes. More comments about this observation are made in
Paragraph 10.2. The study of geometric optics expansion with glancing modes of size
greater than two is postponed to future studies.

The main point in the proof of Theorems 3.2 and 3.3 is the construction of a geometric
optics expansion. The existence of such an expansion is given by the following Theorems
which are demonstrated in Sections 5-7:

Theorem 3.4. Under Assumptions 2.1, 2.2 and 2.4 also assume that 4 =0 and that
Assumption 6.1 holds for some 0= O then for all n € N, for all k € 7 there exist
uhn « € H (Q) for all y > Yo (md cvn € Pev, Uly, € Pex satisfying the cascades of
equations (,28) (31), (32) and (5’3)

L

Theorem 3.5. Under Assumptions 2.1-2.4 also assume that Assumption 6.1 holds for
some y >0, then for all n=0,1, for all k € A there exist uj, nk € H"o () for all
V>Z0’ evnePev, UZin € Pex andfor allk €9, ut nkeH () for all)/>y the
cascades of equations (28), (31), (32) and (33) wmtten forn = 0 1.

4. Formal analysis

In this paragraph, we give a formal analysis describing the phases appearing in the WKB
expansion as well as the selfinteraction phenomenon between the oscillating ones.

As the reader will notice, in comparison with the expansions for the quarter space
geometry (see for example [3]), on the one hand the phase generation process in the strip
geometry will not be richer than the one in the half space geometry. Indeed the number
of generated phases will be the same as the one for the problem in the half space. This
was not the case for the corner problem for which the number of considered phases was
generically greater than the one in the half space (this number can even be infinite).

However on the other hand, the selfinteraction phenomenon (meaning that a phase can
regenerate itself after a suitable number of rebounds against the sides of the domain of
resolution), which can be seen as something somewhat anecdotal in the quarter space
geometry (because it requires strong constraints on the geometry of the characteristic
variety) becomes generic in the strip geometry. Indeed an incoming phase coming from

2Possibly with a rate of convergence which depends on the size of the glancing mode and which decreases
as the glancing mode’s size increases.
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the side 9Ty will always be reflected back against the side aI"| and will always regenerate
itself after two reflections.

4.1. Source term induced phases

The first point of our discussion is to determine the source term induced phases. Note that
the system (1) is hyperbolic, so that it satisfies the finite speed of propagation property,
and that the only non-trivial information in (1) lies on the side aTy. Consequently, this
information cannot hit the side aI"; immediately and we can (in a formal setting and at
least during a short time) neglect the boundary condition on the side aT';. By doing this
we shall consider the following system of equations:

L(a)us =0 fO]f' (t, X/, )Cd) e] — 00, T] X Rd—l X Rj—s
Bouf, _o=g° for (t.x') €]— o0, T]x RI~1, (20)
Ujpgo =0 for (x', xs) € RI71 x Ry,

for T > 0 (possibly small). It is thus natural to choose for ansatz the one for the problem
in the half space (20). More precisely if g° reads

g (1, x)) 1= et XV @TD o (p 11y,

where the amplitude g € H>(d%p) is given and where the frequency parameters z € R,
ne RY=! are fixed then the ansatz associated to (20) reads:

K
~ L(x) @)+
uflpp ~ Zeg((l x)-(z,m) xd’ék)u]i(t’ x), (21)
k=1

where uj (¢, x) := Zn>0 e"up (¢, x), the u, x are unknown amplitudes lying in some profile
space. Moreover in (21) the terms & are roots in the & variable of the so-called dispersion
relation det Z(z, n, £&) = 0 where we recall that . stands for the symbol of L(9).

The behavior of the uj in (21) is thus given by the kind of phase that we are considering.
That is to say that it depends on & and we have to discuss several cases:

o & € C, Im & # 0. In this case the factor e (XD @MH3aE) pag 5 (real) exponential
behavior with respect to the sign of Im &;. More precisely: .

o Im & > 0 (evanescent for the side 3T). In this subcase the factor e+ ((¥)@m+xad)
induces an exponential decrease with respect to the normal variable x;. The associated
amplitude has exponential decrease so that when it hits the side daI'; its contribution is
O (e*) with respect to ¢ and it will not contribute to the boundary condition on aI';.
Consequently it will not be reflected back. _

o Im & < O (explosive for the side dT). In this subcase the factor e ()@ m+rade)
induces an exponential growth with respect to the normal variable x4. As in the half space
geometry we decide, to simplify the discussion, to initially neglect these amplitudes in the
ansatz (21) (recall that we are interested in solutions lying in L)Z, (2) for some y > yp = 0).

o & € R. In this case the factor e (X @m+xa80) induces an oscillating behavior.
Moreover Lax’s lemma [8] should apply and the leading order term in the terms ug,
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namely the main amplitudes ug  are expected to solve the transport equations:
8,u0,k “+ v - quo’k =0, (22)

where the velocity vy is the so-called group velocity for & (we refer to § 2, Definition 2.2
for a precise definition). Depending on the sign of v 4 the transport equation (22) has
to be completed by some boundary conditions. This leads us to the following study of
subcases:

o v 4 < 0 (outgoing for the side 3T¢). In this subcase the transport in the equation
(22) is made from the ‘right to the left’. So that the transported informations can be the
ones in the interior or the ones on the side dI';. But in (1) these source terms are chosen
to be zero. Consequently, ug x is zero and this amplitude is initially neglected in (21).

o vr.q = 0 (glancing for the side dTy). In this subcase the transport equation (22) reads

oruo k + v,’( -Vyupx =0, (23)

equation which does not require any boundary condition on 9I'g or on d9I'y. The only
transportable information is the one in the interior, it is zero, so that the associated
amplitude ug  shall be zero and shall be neglected in (21).

However, to solve the boundary conditions for the WKB expansion of (1), with a
suitable error, it will be necessary to consider a boundary layer (around dT'g) for ug x. We
refer to [16] and [17] for more details. Consequently, the ug x are not neglected in (21).
However, due to the special form of the transport equation (23), this boundary layer
cannot be propagated to the side 9"y, it will not be reflected against this side and will
not contribute to the boundary condition on 9.

e vrq > 0 (incoming for the side dTp). Finally in this subcase the transport is made
from the ‘left to the right’. Consequently, the non-trivial information on the side dI'y, is
transported. The associated amplitude ug x is not zero, it is not neglected in the ansatz
(21). Moreover, this non-trivial information will hit the side ' after some travel time. It
will be reflected and we have to determine it(s) reflection(s). It is the aim of the following
paragraph.

In conclusion, the source term induced phases are the glancing ones, the incoming ones
and the evanescent ones. Only the incoming ones spread some non-trivial information
from the side dI'g to the side dI'; and only their reflections have to be considered. The
situation is summarized in Figure 1.

4.2. The first reflection

We assume that there exists at least one incoming phase3, that is that det.Z (z,n,6)=0
admits at least one root & such that the associated group velocity vi satisfies 11_&,1 > 0.
We have justified in the previous paragraph that the amplitude ug x, after some travel
time, induces a non-trivial information on the side dI';. Once again by finite speed of
propagation arguments, this information cannot go back to the side aI'g immediately, so

3This assumption is clearly not necessary at all. But we can easily show that if it is not satisfied, then
the WKB expansion for (1) is the same as the one for the problem in the half space {x; > 0} and this
case is of little interest.
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Vk,d > 0

{ra=0} {za=1}

Figure 1. Appearance of the source term induced phases.

that, in a formal setting and at least during a short time, we can consider the problem
L(9)u® = 0 defined on the half space {x; < 1} with a boundary condition on dT"| involving
the amplitude ok, and with homogeneous initial condition. We shall describe the
amplitudes induced by the source term on oI';.

Note that because we are still working in a half space indexed by x4, the possible
induced amplitudes satisfy the same dispersion relation as the one for the source term
induced phases®. That is the & are roots in the &-variable of the dispersion relation
det Z(z, n, &) = 0. So that the discussion of the previous paragraph can also be performed
to determine the reflections during the first rebound.

However, due to the change of orientation in the x4 variable, the sign in the discussion
has to be reverse. More precisely, let & be such that det.Z(z, n, &) = 0 we distinguish:

o & €C, Im & # 0. Then the amplitude ugy is associated to a non-trivial real
exponential factor. And depending on the sign of Im & we have:

o Im & < O (evanescent for the side 9T'1). These amplitudes have been initially
neglected in the amplitudes induced by the source term. But at this step of the analysis
they are evanescent for the side aI'; (or equivalently explosive for the side aT'y) so that
we reintroduce these amplitudes in the ansatz (21). They are associated to boundary
layer around the side aI'j which propagate to dI'g and hit this side as O(e*°) so that
they are not reflected against dI'g and do not contribute in the boundary condition on
alp.

o Im & > 0 (explosive for the side dT1). These amplitudes are evanescent for the side
dTg. So that they are still present in the ansatz (21) and there is no need to add them.

41t is not the case in the corner geometry, see [3], for which the dispersion relation changes at each
rebound. This explains why in the strip geometry, the phase generation process is not as rich as in the
quarter space.
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o & € R. Then the associated amplitude is oscillating, Lax’s lemma [8] applies so we
expect to solve the transport equation (22) and we have to reiterate the discussion of the
previous paragraph depending on the sign of the dth component of the group velocity vg:

e v g > 0 (outgoing for the side dT1). These amplitudes are already present in (21)
because they are incoming for the side dI'y.

e vrqg =0 (glancing for the side 3Ty (or equivalently for 9Tg)). In this case, once
again the transport equation (22) degenerates in (23) and we have justified already that
even if this equation is homogeneous we chose to keep uox as a boundary layer in the
neighborhood of Ty (in order to solve the boundary conditions up to an acceptable
error term). In order to solve the boundary condition on aI'; (which at this step of the
analysis is not homogeneous anymore because it depends on uo’kud:l) we will introduce
in up x a boundary layer in the neighborhood of 9I';. However this new layer cannot be
propagated to aTg (because of the degeneracy of the transport equation) so that it will
not contribute to the boundary condition on dI'g and will not be reflected against this
side.

o v;.g < 0 (incoming for the side dT'1). We recall that these amplitudes have initially
been neglected in (21) and that they are associated to the transport equation for the
‘right to the left’. But at this step of the discussion, the information lying on the side
aT"| is not trivial anymore, so these amplitudes propagate this information from aI'; to
dTg and are not zero anymore. Consequently they have to be considered in (21). These
phases will hit the side 9Ty after some positive travel time and we have to determine
their rebounds. This is done in the next paragraph.

To sum up, the first rebound makes us consider the explosive and outgoing (for the side
dTp) phases which has been initially discarded. So that all the possible phases are now
taken into account in (21). Moreover, we also add a boundary layer in the neighborhood
of aI"; to deal with glancing modes. However the only phases carrying some non-trivial
information from the side 9I"; to the side dIg are the outgoing ones. The generated
phases during the first reflection are described on Figure 2.

4.3. Selfinteraction phenomenon

Once again we assume that there exists an outgoing phase associated to some & satisfying
det.Z(z, n, &) =0 and vg,¢ < 0. Then the information carried by the amplitude ug ¢ hits
the side 8T after some travel time and we have to determine it(s) reflection(s) against
this side.

However reiterating exactly the same arguments as in Paragraph 4.1 (that is finite
speed of propagation property to restrict the problem to the study of the problem (20)),
we obtain that the reflections are associated to the & satisfying det Z(z, n, &) = 0 and
one of the following alternatives: -

(i) Im & > 0,
(i) & e R, vea =0,
(iil) & € R, vgg > 0.
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{wq =0}

Figure 2. The first rebound.

Recall that all of these phases are already considered in the ansatz (21). Consequently
we do not have to add any phase in (21).

But let us remark that the amplitude u x considered at the beginning of Paragraph 4.2
satisfies (iii) so that this phase has regenerated itself after two rebounds. It is what we
mean by selfinteraction.

This phenomenon will be crucial in the construction of the geometric optics expansion
for (1) and will lead to an inversibility condition imposed to initialize the resolution of
the cascade of equations (see Assumption 6.1).

Let us make some other remarks. In this discussion we followed the path of phases
k < £ but if one changes £ and considers a path of phases k < ¢ then during the
second rebound the phase k is still generated. So that each path of the form k — ¢,
where ¢ is associated to an outgoing phase (for the side aT'g) gives a contribution to the
regeneration of the phase associated to k.

Moreover a path of phases of the form k < ¢ where k # k is associated to an incoming
phase (for the side dTy) and £ to an outgoing phase (for the side dT¢) will also generate
the phase associated to k. °

We conclude this section by Figure 3 illustrating the several amplitudes in the WKB
expansion and the selfinteraction phenomenon.

SCOnsequently, compared to the corner geometry see [3], the selfinteraction phenomenon is here a bit
more complicated because there is a priori more than one path of phases that regenerate a fixed phase.
Moreover, once again compared to the corner geometry, here the selfinteraction phenomenon is generic
because to hold it only requires the existence of an incoming phase and an outgoing phase. Whereas
in the corner geometry, some really restrictive assumptions have to be made on the geometry of the
characteristic variety (we refer to [3] for more details).
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Vg < 0

{zq =0}

Figure 3. Phases in the WKB expansion and selfinteraction.

5. The cascades of equations
We consider the following system of equations

L@)u® = du’+Y9_  Ajdju® =0 inQ,

Bouj, o = &° on 9%, (24)
B]MTXd:l =0 on 9921,
”Ttgo =0 onI.

Let ¢ := (iz, n) € Ep be a fixed frequency parameter. We define the phase functions
Y(t,x") =zt +n-x" and for k € UG, @ (1, x) := Y (1, x) +§&, %4, (25)
where the E stands for the real roots of det Z(z, n, &) in the & variable.
In (24) the source term on the boundary 92 reads:
g =g, x) = etV Dg(t, x"), (26)
where the amplitude g € HEOO(E)QO).
We define the ansatz®

ub(t, x) ~ Z e FPEX) Zs”uznk(l‘ x)—i-Zeku(t X)Ze gnk(t,x)

ke n=0 ke
X i ’ xq—1
+Ze£ (zx) nyy s’n (t,x, _d)_i_zeg‘//(t,x)gnUegx’n (t,x, d >’ (27)
n>=0 ¢ n=0 ¢

6Remark that in (27) we take an arbitrary number of correctors for the non-glancing modes while we
take only one corrector for the glancing ones. This choice is motivated by [16, 17] and will be explained
in Paragraphs 6.2 and 7.3.
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where for all 0 < ¢ « 1, for all n € N and for all k € 5 (respectively k € ¢) the profiles
Upn,k (respectively ug , k) are in H°° () for all y > Y for some Vo2 0 to be determlned
and where the evanescent (respectlvely explosive) proﬁleb . (respectlvely
in the following profile spaces:

ex, I’l) are

Definition 5.1. The space P,y (respectively P,y ) of evanescent (respectively explosive)
profiles is the set of functions U (t, x, Xg) € Huoo(Q x Ry) (respectively Huoo(Q x R_))
satisfying that there exists 8§ > 0 such that e®X¢U(z, x, X4) € HEOO(Q x R) (respectively
HX(Q xR_)).

In the ansatz (27) let us stress that depending on the kind of the frequency ¢ some
(but not all) sums can be zero. Indeed for example if ¢ € E then the sums on A and
on & are zeros. We also insist on the fact that the sum on % can always be zero when
¢ ¢ H.

Plugging the ansatz (27) in the evolution equation of (24) leads, by identification on
the ", to the following cascade of equation

L(deuj, o, =0 Vk € H,
if(d(pk)uf,,nﬂ,k+L(8)u,i’n’k =0 Vk € 7,Vn € N,
L(dput g, =0 Vk €,

iZ(dous |+ L@, =0 Vk e, o8)
L@, =0 Vk e

L(axd)Uev 0= L(axd)Uex 0= =0,
(LOX)UZ 1+ L@OUE,) (3, X)) =0 ¥n €N, Xy >0,
(L(aXd)UeM+1 +LOUE, ,,) (t.x,X5)=0 VneN, Xy <0,

where the operator of differentiation with respect to the fast variable is defined by
L(9x,) = Aq(dx, — F(£)).
Then plugging the ansatz (27) in the boundary conditions of (24) gives

1
Z ufl,n,k(t’ 'x/’ 0)+ Z u;,n,k(t’ x/’ 0) +U, ev, n(t )C 0,00+U, ex n <t’ x/’ 0, _g>
ke’ 1359

= 8n,087 (29)

and

D e Ul g DF Y e g, 02 1)

ke ke¥

1
+ Uy (t X1, —) +U§xn(t,x/, 1,0)] =0, (30)

where 8, , stands for the Kronecker’s symbol.
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However by definition of P, and P,y, the terms U?_ (¢, x’, 0, —%) and U%, (t,x',1, %)

3
ex,n ev,n

appearing in (29) and (30) respectively are O(e°) so that the boundary conditions (29)
and (30) can be simplified into

Bo | D ufy, (t.x 0)+ > uf (. x' 0)+UE, (. x',0,0) | =8,08.  (31)
ke ke¥

and

B, Z eé&”i,n,k(h X1+ Z eégk“;n,k(t, X, D)+ Ug, @, x',1,0) [ =0. (32)
ket ke¥

Finally plugging the ansatz (27) in the initial condition of (24) leads to

ui,n,kpgo =0 Vke#,VneN,

e _
Ug nkyeo = 0 Vke¥9,VnelN, (33)
Ubpnyo =0 VneN,
Ubrnyey =0 VneN.

So that to construct an approximate solution of (24) one shall solve the cascades
of equations (28)—(31)—(32) and (33) up to some order. The construction of the leading
order term, that is the one associated to €, in the expansion is performed in the following
section.

6. Construction of the leading order term

To initialize the construction of the leading order term of the geometric optics expansion
we study the behavior of the oscillating and glancing amplitudes in (27), that is
upok and ugor. The first (respectively the third) equation of (28) implies that for
all k € A (respectively k € 9), upox € ker Z(dyy) (respectively ug o x € ker £ (der)).
Consequently we have the well-known polarization condition

Vke A UY, Hkuh,o,k = Up,0k (34)

where we recall that the projectors IT% are introduced in Definition 2.3.
Using the polarization condition (34) and composing the second (respectively the
fourth) equation of (28) by IT* gives

TFL (@) ¥ up 04 = 0 (respectively TIFL(8)[T¥ug o4 = 0),

so that we are in a position to apply Lax’s lemma [8]:

Lemma 6.1 [8]. Under Assumption 2.1 we have the equalities
Vk € UG, TIFL()TTF = (8, + vi - V) ITX, (35)

where we recall that vy is the group velocity associated to k introduced in Definition 2.2.
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As a consequence the leading order oscillating and glancing amplitudes are expected
to satisfy transport equations and we have to consider several cases depending on k:

e k € 7. By definition of .# the group velocity vy satisfies vg 4 > 0 so that the
transport equation (35) only requires a boundary condition on the side Ty and an
initial condition to be solved (the value of the trace on aT'; is deduced by integration
along the characteristics).

e k € 0. By definition of & the group velocity vk satisfies vk.4 < 0 so that the transport
equation (35) only requires a boundary condition on the side dI"; and an initial condition
to be solved (the value of the trace on 9Ty is deduced by integration along the
characteristics).

e k € ¢. By definition of ¢ the group velocity vy satisfies vg 4 = 0 so that the transport
operator in (35) reads d; + v, - Vi and no boundary conditions are required so that we
just only require the initial condition.

These remarks lead us to study the boundary conditions (31) and (32) written for
n = 0, they read:

o £
0 22 Mok, —ot D We0ky0 T Uev0yxyco | = 8= B0 i, o (36)
ke s ke¥ Lel
and
i i i
56,6 Z 560, € - _ Z i3
Zes UR,0,6),,-1 + e U 00, - +U€X’0\xd:x&:1 = —B € Uy 0 k-
lel0 e ke s
(37)

We remark, from (12) (respectively (13)), that the term in the left hand side of
(36) (respectively (37)) lies in BoE*({) (respectively B1E"({)), so that, by the uniform
Kreiss—Lopatinskii condition (see Assumption 2. 4) we can multiply (36) (respectively
(37)) by ¢o(¢) (respectively ¢1(£)) and then by Ph, PX | P,, respectively (respectively

8.8
Pf, Pg 4 Pex) (recall that these projectors are those of Definition 2.4) to obtain
k
W) 0.y 0 = £1 $0E) (8 —Bo) ieo ”Z,o,e|xd=o) Vk e 7,
k
u;,o,kw:o = Pg,s¢0(£) (g — By Zeeﬁ MZ,O,Z\xd:()) Vk €9, (38)

Uegv,ohﬁ,(d:0 = PeyPo($) (g —Bo) teo “2,0,z|xd=0) )

and
Ui 0.0, = —e Pl O Bl Yhe s eé&”i,o,k‘xdﬂ Ve o,
U s = —e 0 PL 1B Y e s eé*éku;,o,szl Vied, (39)
Ubrtyyony = ~Prd1©B1 T s e Ul o

where we used the fact that Pkl'[k l'[k Pk l'[k Pk [T* = [1* combined with the
polarization condition (34).
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The main observation is that in (38) and (39), to determine the traces of the glancing
amplitudes, the evanescent amplitude or the explosive amplitude it is sufficient to first
determine the traces of the amplitudes associated to indices in .7°. Consequently we shall
determine the amplitudes associated to indices in . before the other ones to initialize
the resolution of the cascade of equations.

However in (38) to determine the traces associated to the indices in .# we have to
determine the traces of the amplitudes for the indices in &, which depend on the traces
of the amplitudes for the indices in .# by (39). So that (38) and (39) show that the traces
of the amplitudes for the indices in .# (or €) depend on themselves which agree with
the selfinteraction phenomenon described formally in §4. The rigorous determination of
these amplitudes is made in the next paragraph.

6.1. Construction of the leading order selfinteracting amplitudes

In this paragraph we show that the determination of the amplitudes associated to the
indices in . necessitates a new inversibility condition. We consider ¢ € & so that the
group velocity vy is outgoing and the resolution of the transport equation (35) only
requires a boundary condition on dI';. More precisely from (39), the equation to solve is:

(0t +ve - Vx)ui’o)g =0,
_i ¢ i
“Z,o,e‘xdzl = —e " Pio1(0) B Zkejeﬁku;’o’szl, (40)

& —
uh,O,E‘,go =0
Let us assume that in (40) the right hand side of the boundary condition, namely
D okes egék”i,o,k‘xﬁw is a known function. Then is it easy to solve (40) by integration

along the characteristics to determine uj , ,. More precisely, we have:

_i i 1 v,
uf o0t x) = —e" 5| Plgy(0)B1 Y ess"uz’o’szl (r +— (1 —xa), x4 U—f(l —xd)>,
kes ,d l,d
(41)
where we used the notation vy = (v, ve,q) € R?~! x R* . We easily determine the value
of uj o, forte O
s Dt xy=0

i i 1 v,

e N — =gk 4 &k, € / 4
uh,o,zhdzo(t, x')=—e Pyé1(8)Bi %e W) 0,41 -1 (t + _Ue " x'+ _Uz d) . (42)

e , ,

Using (42) we can compute the right hand side of the first equation of (38). For k € .#
we have:

0.1, (1 X) = Piig0(0)8 (1. x") + Pyigo(¢)Bo ) e H Pl By
te0

i 1 v,
x D e g o <’+_’x/+_e)- (43)

oy leg=1 Ve,d Ve.d
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Because k € .%, uj , solves the incoming transport equation (35). We deduce by
integration along the characteristics that:

1 v
uz,O,k(t’ .X) = P}f¢0(£)g (t — mxd, x/ — _kXd)

+ P;{‘¢0(£)Bozeféélplf¢l(£)31 Z eégk/“fz,o,k’

[xg=1

Lelo ke d
1 1 v, v
x(t+———xd,x/+—[——kxd , (44)
Ve.d Vk,d Ve,d Vk,d

from which we immediately obtain the value of the trace of uj ,, on 9I';:

1 /
€ t "N — Pk f——, x — —k
uh,O,k|xd=1( x) =Pyeo(5)g vea

+ Pigo©Bo Y e PI©OBL Y e up
le0 k'ed a=

1 1 / /
x(t+———x’+i—”—"). (45)

Ve, d Vk,d Ve, d Vk,d

Equation (45) holds for all k € .# so that we can multiply by et5% and sum over k € .7
to derive the following condition on U%, ==} ;. » eé’g"uz’o)szlz

(I =TWU =G (g, (46)

where we set for f a function defined on R; x Rff,_ !

(TE@ @2 =Y et Plgo(@)Bo Y e +5 PL$1(0)

ke Lelo
1 1 ! V)
xBlf<t+———,x’+i——k>, (47)
Ve,d Vk,d Ve.d Vk,d
and ,
i 1 v
G @)= e5 PigoQ) f (r - —") . (48)
ke ¥ Vk.d Uk.d

Note that in the definitions of 7¢(¢) and G°(¢) the evaluations in the time variable
are of the form ¢ — oy ¢ where o ¢ > 0 because b} definition for k € &, vr 4 > 0 and for
L e 0, vq < 0. Consequently, the form of the operator 7°(¢) agrees with the intuition
given in §4 that the selfinteraction phenomenon needs some time (more precisely at least
the minimum of the times needed to make two reflections) to appear. We will give more
comments about the operator 7°(¢) in §9.

Moreover from (47) and (48) it is clear that H2, (R x Rf,_ Y is an invariant set for
() and G*(¢).

Equation (46) combined with the fact that U, € E} () and G*(¢{)g € Ej (§) lead us to
the following assumption:
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Assumption 6.1. Let Yo > 0 we assume that for all 0 < & < 1 the operator (I —T*(Z)),
where T*(¢) is deﬁned in (47) is invertible from H, ’V(E)Q], E,(¢)) to H, )V(Bﬂl, E;(©))
forally > Yo

Remark. Let A := infkej’geﬁﬁ — ﬁ and note that from the special form of (46)

it is trivially invertible on Huoj/([O, A[xR?~1), because for f e Hﬁ/(] — 00, A[xR41),

the term 7°(f) vanishes so that (I —7%) =1. So in fact a more precise version of

Assumption 6.1 is to assume that (/ —7*(¢)) is invertible from HJ (R x RI-1 ES () to
(]A oo] x R4~1 , Ej(¢)) for all y > Yo

ThlS is due to the fact that before the tlme A the wave packets have not performed a
complete reflection so that there is no selfinteraction and only the identity component of
(I —T*(¢) prescribes the behavior of the wave.

However Assumption 6.1 has the advantage of simplicity compared to the other weaker
version described above. This is why even if it is not the sharpest one we used to use
it. We refer to Paragraph 9.2 for more details about the differences between these two
assumptions.

We refer to §9 for a partial study of Assumption 6.1 and to § 10 for explicit examples.
With Assumption 6.1 in hand it is now easy to determine the amplitudes associated
to indices in 7. From Assumption 6.1 we obtain:

= =T (O )9 s
and we can use this expression in (41) and (44) to obtain that for all £ € 0
h00(6,3) = —e 0 PLG OBy (( = T* @)k, (©8)
X <t+—(l—xd) x + v (1—xd)> (49)
and for all k € #:

1 v,
uh()k —Phcbo(i)g (t_ EXd’x — dexd)

+ PEdo©)Bo Y e PLg1 B (= TE @)k (9 (©)g)

teC
1 1 v, V)
x<t+———xd,x/+—£——kxd , (50)
Ve,d Vk,d Ve,d Vk,d

equations which uniquely determine "‘Z,O, i for k € 7 in terms of the known source term
g. Also note that due to the fact that g = 0 for negative times, the initial condition (33)
written for n = 0 is satisfied for k € 7.

This concludes the construction of the leading order amplitudes for selfinteracting
phases. It remains to consider the other kinds of phase. The construction is made in the
following paragraphs.

To sum up we give the following proposition:
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Proposition 6.1. Under Assumptions 2.1, 2.2, 2.4 and 6.1. For all k € 7 and for all
0 < e K 1 there exists uh 0k € HD () for all y > Yo (the one fixed in Assumption 6.1)
satisfying the cascade of equatwns (28),(31),(32) and (33) written for n = 0.

6.2. Construction of the leading order glancing amplitudes

To simplify the following we introduce the notations:
Lek .
3 g = Z esSkn ui!’l,kw:l and u&‘ 6= Z H h n fprd—o (51)
ke’ lel0
Let k € ¢4; then the associated amplitude uz, o.x shall solve the transport equation (see
(35),(38),(39) and (33))
(0, +v,’('Vx/)u;0’k =0 for (t,x) € Q,
U 0,k = Py ¢0(£)(g — Bolhs ;) on 8%,

; (52)
= —e %P GIOBIL , on 0,

&€
Ug.0kxy=1

u‘;’o’k“@ = on I,
where from Paragraph 6.1 the right hand sides in the boundary conditions of (52)
are known functions in H; o (R, Ri/_ 1), for all y >y depending on g (their precise
expression in terms of g can be made precise from (49) and (50) but is of little interest
in the following).

As noticed in [16, 17], the main issue in the resolution of (52) is due to the fact that
the group velocity vy is tangent to the boundary, the couple of equations

(@ + v} - V)l g, =0,
=0,

(53)
I3
ug,O,k\zgo

already determines the solution u? 0.k~ Moreover with homogeneous initial condition and
interior forcing term it shall be zero. Consequently with the boundary conditions the
system (52) is overdetermined (and the boundary conditions cannot be satisfied because
g ox =0).

However we stress that we need to solve theses boundary conditions to obtain a suitable
error on the boundary in the energy estimate.

To overcome this difficulty induced by glancing modes, we follow the method of [16]
that is we decompose ug 0k = ug 0.k +ug 0.k where “Z’,?),k solves the transport equation

(53) (in our study we can choose u % « = 0) and where ug’% . is a boundary layer satisfying

the boundary conditions of (52). Indeed, note that if u° 0 i does not satisfy the boundary
conditions (38) and (39) then because boundary COHdlthnb (31) and (32) are decoupled
compared to n the error on the boundaries for glancing modes will be O (1) with respect
to ¢ which is not a suitable error rate for the justification of the WKB expansion (see

§3).
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Following [16] let x € €°°(]0, 1[) satisfying x (x) = 1 for x < }‘ and x(x) =0 for x > %,
we define’:

Xd

W 04 (1. 3) = Uy (1, 0) = x <%> PE () (g - Bougﬁ) (t,x))
- (1 —X (%)) o £k Pg’u¢1(5)31u§j(z, x'). (54)

It is clear that such a uj ,  satisfies the boundary conditions (38) and (39). Moreover,
by construction ”2,0, ¢ € ker Z(dgy), so that the third equation of (28) is satisfied and by
definition of g, the initial condition (33) written for n = 0 is satisfied for k € 4.

The construction of a corrector term is postponed to Paragraph 7.3. In the last
paragraph of this section we conclude the construction by the one of evanescent /explosive
amplitudes.

6.3. Construction of evanescent and explosive leading order amplitudes

The only remaining leading order amplitudes to be constructed are the evanescent and
the explosive ones. We recall that the evanescent amplitude of leading order satisfies the
equations (see (28),(38) and (33))

L0x,)Ug, o(Xa) = for Xg > 0,

U:U,O\xd:Xd:O = ev¢0(£)(g - Bou(fﬁ), (55)

° =0
ev,0jr<o ’

and that the explosive amplitude of leading order satisfies the equations (see (28),(39)

and (33))
L(dg U, o(Xq) =0 for X4 <0,
U:Xao\;d:)?d:o = - ex¢] (Q)Blu&j, (56)
U:x,o‘,@ = 0’

where we set Xg = X4 — 1, X4 = x4 — 1. From Paragraph 6.1 (see Proposition 6.1) for all
0 < ¢ <« 1 the right hand side of the boundary condition in (55) (respectively (56)) is a
known function in HOO (320) (respectively HOo (0R2) for all y > Yo depending only on g.

To solve these systems of equation we follow the method 1ntr0duced by [9] that is we
first determine the value of the double traces x; = X; =0 and X; = Xd = 0 and then we
extend these traces for x4 # 0 and X; # 0 as boundary layers in the normal variable.

The following Lemma is a trivial generalization of the one dealing only with evanescent
modes in [9] to explosive modes:

"The scaling &~1/2 for the size of the boundary layers comes from [16] and is explained in Paragraph 7.3.
It permits to construct a corrector for glancing modes such that the error in the interior in 0@ is
L)z, (2). Note that this is the sharpest possible error rate.
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Lemma 6.2 [9]. We define for Xg >0
P U (Xg) =X OT0 (0), (57)

Xa 00
Qo F(Xy) = / KNI OM AT F(y) dy — / KNI OMUAT F(y) dy,  (58)
0 Xa

and for )A(ld <0
P U(Xg) =X Oy (0), (59)

Qi F(Xy) := /

—00

(Xd y)ﬁ({)l—lsA F(y)dy — / (Xa— })W@)HMA F(y)dy, (60)
Xq

then for all F € P,y (respectively F € P,y ) the equation
L(dx,)U = F for Xq > 0, (respectively L@z )U=F for X, < 0),
admits a solution reading U = Po,U + Qe F (respectively U = Po U + Qex F).

Lemma 6.2 combined with equations (55) and (56) implies that we have the conditions
U; v.0 = Pev ev o and U, ex 0= Pex Uex o Which are comparable to the polarization condition
(34) for oscillating amplitudes. We describe in the following the way to construct the
evanescent amphtude U eng The arguments are exactly the same for the explosive
amplitude U ox.0"

From the definition of P., and the ‘polarization’ condition U 0.0 = =P, ex.0 O
determine Ug, , it is sufficient to determine its trace on {Xq = 0}. However by (55) we
do not know thls trace but only the double trace on {x; = X4 = 0}, so that we follow the
method of [9] consisting in extending this double trace for x4 > 0 as a boundary layer.
Consequently

£ ot x, Xg) = x (x)eX YO P UL ((1,x',0,0) = x(xd)exdﬂ@amo(c)(g — Bold§, ).

where x € €°°(10, 1]) satisfies® x(x) = 1 for x < 4 and x (x) =0 for x > 7. So that U:U 0
is a solution of (55). The same kind of formula also holds for explosive amphtude
Moreover clearly by definition of P,, (respectively P,,) it is clear that U? v, olt, x, Xg) €
Pev (vespectively U, (t, x, X4) € Pex).
We sum up the rebultb of this section in the following proposition:

Proposition 6.2. Under Assumptions 2.1, 2.2, 2.4, assume that { ¢ G and that
Assumption 6.1 holds for Yo For all k € 77 and for all 0 < e K 1 there ewist uh o0k €
H"o (R) for all y > Yo satzsfymg the cascade of equations (28),(31),(32),(33) written for
n= O and there exist US 0 € Pev and Ug, € Pex satisfying the cascade of equations (28),
(81), (52), (33) written for n=0.

So at this step we have determined all the amplitudes of the leading order in the ansatz
(27). The following section aims to show that this construction can be repeated to higher
orders to obtain an approximate solution of (24) (we postpone the justification to §8).

8Note that compared to the boundary layer for glancing modes the size of the boundary layer for elliptic
modes can be made independent on ¢.
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7. Construction of higher order terms

In this paragraph we first sketch the construction of the amplitudes of order one in the
WKB expansion. As the reader will notice, the construction for selfinteracting amplitudes
is rather classical, that is we first determine the unpolarized part of the amplitudes
(which only depends on the leading order amplitude) and then reiterate the construction
described in Paragraph 6.1 to determine the polarized part. The determination of the
evanescent or explosive amplitudes follows more or less the same ideas. More precisely
we decompose the evanescent/explosive amplitude in some ‘unpolarized part’ depending
only on the leading order evanescent/explosive amplitude and some ‘polarized’ part which
is determined as described in Paragraph 6.3.

Finally we show in Paragraph 7.4 that these constructions can be performed at any
order for selfinteracting and evanescent/explosive amplitudes if ¢ ¢ G.

However, the situation is not so ideal when glancing modes exist. Indeed as mentioned
in Paragraph 6.2, the glancing amplitudes cannot solve simultaneously the boundary
conditions and the equation in the interior. This fact implies that we are able to define
only one corrector ensuring a suitable rate of convergence. We refer to Paragraph 7.3 for
more details.

7.1. Selfinteracting amplitudes of order one

First, in a classical setting (see for example [13]), we determine the unpolarized part of
the hyperbolic amplitudes of order one, namely the uj | , for k € 2. In order to do so, we
apply the pseudo-inverse Y* (see Definition 2.3) to the second equation of (28) written
for n = 0. By definition of Y* we obtain that

Vke A, (I — T | =iT L@ o - (61)

The right hand side of (61) has been determined in Paragraph 6.1, so that (61) uniquely
determines the unpolarized part of the selfinteracting amplitudes (moreover they are in
Hf‘}’/(Q) for all y > Y, O). So to conclude the construction it only remains to determine the

polarized parts, namely the Hk”i,l,k for k € .

Consider the second equation of (28) written for n = 1, compose by IT¥ and use the
trivial decomposition I = I — ITK 4+ IT¥ leads to:

M L@ uf, | = —TIFL@)YT — T, | = TFL@) TR | = —iTI* L)Y L@)us, o 4.
We can apply Lax’s lemma [8] to rewrite this equation as:

@ + v - VoOITul, | = —iTFL@) T L@)us, g ;- (62)
We again have to solve a transport equation so we reiterate the discussion depending on
the type of the phase.

o k € . In that case the transport phenomenon is incoming so that to be solved (62)
only requires a boundary condition on dI'g. To determine this boundary condition we
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consider (31) written for n = 1 that we write under the form:

k. e k. e &
Bo | D Mhuj g+ ) Wouf y +Ug, 0,

ke s ke¥ [xg=0

= —Bo| Y (U -Tuf,, + > (-1, ,

keI Lelo

LD L AT S 1T Al B (63)

ke¥ el Ixg=0
and we remark that all the terms in the right hand side of (63), except the last
one, are known functions in Huoj,(aQo) for all y > Yo Consequently applying the
uniform Kreiss-Lopatinskii condition (see Assumption 2.4) and the projector Pf (see
Definition 2.4) to (63) shows that the polarized part Hkuz’l’k for k € .# satisfies the
transport equation (note that P/l‘ % = 11%):

@ + e Vo) lu o = Fr ) 4

k, e (T _ 1TkN,,E
I1 Un 1 k<o = -1 )”h, ,

Lkp<o —

where we recall that U] , is defined in (51) and where the source terms are given by:

= —iTI* L)Y L@ o 4.

Co= DU =T Y I =T+ Y =T

ke s te0 ke lxg=0
¢ £ € 0. In that case the transport phenomenon is outgoing so that to be solved (62)
only requires a boundary condition on dI'y. Reiterating essentially the same computations
as the ones for the case k € .7 we easily obtain that the polarized part of an outgoing

amplitude satisfies the transport equation:
@ +ve-VOuj |, =Ff, 5
N,y == S PO©OB (U, +65 ). (65)
l,e —
n uh,l,lf“g() =0,
where the source terms are given by:

T o =—iT L@Y L@)uj g,

fo= | D et U =T+ Y e (=T 4 Y e =T,

ke g el ke¥ lxg=1
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We can repeat the same arguments as the ones described in Paragraph 6.1 to obtain
a compatibility condition on Uj , = ;. » s mué | Gt Integrating (65) along the
’e » Xy =
characteristics gives:

/
¢ _ _ —ig pt e Lo vy Ve g
Muy (0, x) = —e Pt (OBl 4,1+ (I —xg), x" + (1 —xq)
- ’ Ve.d Ve.d
——S ¢ e 1 1 U2
— e SPp1(O)BIG] p |1+ — (1 —x4), X'+ ——(1 —xq)
= ’ Ved Ved

1—xq4 1 U/
_/ f@ﬁ<t+_(1_xd_s)»x/+_€(l—xd—s),1—S> ds,
0 - Ve,d Ve,d

(66)
and consequently the right hand side of the boundary condition of (64) depends on Z/lf 7

Ql o and FY 0.0 Integrating again along the characteristics the transport equation gives
(by linearity):

fuf, | (1. x) = PEgo(0)Bo Y e S PLgy () BIUL

telO
1 1 , Y vy
X\t+———x3, X +———2xq
Ve,d Vk,d Ve,d Uk,d
+ Prdo(§)Bo Y e ¥ Pip1(0)BIG] 4
teO
1 1 vy vy
X (t4+———xg, X+ —— —xy
Ve, d Vk,d Ve, d Vk,d

Vk,d

1 v,
- P/f¢0(£)Bong (t - mx(z, x'— —kxgz>

+ Prgo(0)Bo 2/ Fe y oW, 500, X (5, x0), 1 —5) ds
Lel
/
/ ]:fk7< ——(xd—s)x+—(xd—s) )ds, (67)
Vk,d
where we defined:
1 1 , L vy
tio(s, xq) =1t + —(1 —85)+—xg and x; ,(s,xq) :=x +—(1—5)+ —2x4.
Vk,d ’ Ve d Vk,d
Multiplying (67) by eEs" and summing over k € .# we obtain the compatibility condition:

i 1 v
I=TEWUS = TG 5= Y e:*Pipo(0) BoG; <——, /——")
( Uy, 9o keje 190 BoGy, vea " ka

+ Zesékph¢0(§)BOZ/ ]-'feﬁ(tk o(s, x4), Xk (s, xq), 1 —s)ds
kes tel

’Ek/ ffkf<——(1—s)x+ 1—ys), ) s, (68)
ke s k.d
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where T°(¢) is defined in (47). Remark that all the terms in the right hand side of (68)

are in Ej(¢) (recall that by definition Fy, , reads Fj, , = = Ik Flgk g for ke J) so
we can use Assumption 6.1 in (68) to determme the Value of U | (in terms of some
known functions in H?O 02, E; (g)), namely gw, l,ﬂ’ ‘7:1 ko and .7-"1 . ﬁ) Plugging
this value in (66) and (67) gives the value of the polarized part of the amplitude for
selfinteracting phases namely the IT¥u, 1 x for k € #. This concludes the construction of
the selfinteracting amplitudes of order one.

7.2. Evanescent and explosive amplitudes of order one

We now turn to the determination of evanescent and explosive amplitudes of order one.
Considering (28) written for n = 0 we obtain that

L(dx,)U%, | = —L(@)UE,  for X4 >0 and  L(dg,)UE for X4 < 0.
(69)
From Proposition 6.2 the known function Uev 0 € Pev (respectively Uex 0 € Pex) and
it is clear that P, (respectively P.y) is stable by L(9). Consequently the right hand

sides in (70) are in P,y and P,, respectively, and we can apply Lemma 6.2 to obtain the

ex,1 = —L(9) exO

decompositions:
ev 1= =P, Ujv 1 = Qe L)V, ev 0 and Uex 1= =P, Uegx 1 = Qex LD, ex,0° (70)
To determine va | (respectively U ) it is sufficient to determine P U;, ;

(respectively Po U ox. ]) This is done malnly in the same way that in Paragraph 6.3.
We briefly sketch the construction of P., U | for completeness. Recall that by definition
of Pyy (see (57)) P, U’ oy.1 is known if and only if we know the value of its trace on
{X4 = 0} to determine this trace we consider the cascade of equation (31) written for
n =1 and then we extend the double trace on {X; = x4 = 0} as a trace on {Xy; = 0}
only. The second equation of (31) written for n = 1 reads (after decomposition on the
stable/unstable subspaces and by the uniform Kreiss—Lopatinskii condition on dI'y and
the composition by PJ):
Uity ny0 = — PO B0 Yt 14,
keO
where from Paragraph 7.1 the right hand side is a known function in Hﬁ‘; (2) for all
YV >VYy
Consequently by definition of P, we obtain (by using a function yx as before) that:

PoUf, (1%, Xa) = —x Ga)e™ O Pigo@)Bo D uf 1 4, o
keO ‘
which concludes the construction of evanescent amplitude of order one. Once again by
definition of P., and Q., it is clear that Ujv)l € P,y. The same permits to show that
U;, 1 € Pex.

7.3. A corrector for glancing amplitudes

In this paragraph we follow the method of [16] to construct a corrector for glancing modes
such that the geometric optics expansion is a good approximation of the exact solution
up to an admissible rate of convergence (that is O(g!/4)).
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To this aim we recall the equations governing glancing amplitudes of order one in (28)
(namely the fourth and the fifth equation of (28) in which we reintroduced the power of
¢ for convenience) that is:

e (i (dgousy 4+ L@WS,, ) =0 VK e,
EL(a)”;l,k =0 Vked.

(71)

We decompose the first equation of (71) as:

(L (dpr)ug i+ L(a)HkuZ,’o,k) = 8O(i$(d<ﬂk)u§,1,k
+ L@ U + (I =TI L@)ul ) = 0.

This equation has exactly the same form as the one for hyperbolic amplitudes except
that we chose the leading order glancing mode in such a way that it satisfies the boundary
condition (to ensure an error at least of size O(g) on the boundary) but not the interior
equation so that compared to hyperbolic modes ¥ L(3)T*u ¢,0,k is not zero and gives rise
to an extra error in the interior.

However as for oscillating modes we compose the first equation of (71) by Y* the partial
inverse of .Z(dgy) and we define:

o= =T | = iY L@ . (72)
By doing this we obtain that for all k € ¥
i Pk
L@)(e"e gy +eus ;) =TL@O TS o, +eL@us . (73)

The term of order €° in the right hand side of (73) may seem to be alarming to obtain
a good error estimate for glancing modes but thanks to the choice of the boundary layer
in (54) it is not. Indeed, from (54) and using the fact that for all k € ¢, TI*L(3)TTk =
3 4+ vy - Vi (so that [TKL(3)TTF does not act on the x4 variable) we have that:

MEL@ T us = xe(xa) Bo(t, ') + (1 — xe (xa)) B (1, X1,

where x.(xg) := x (¢ /2x4) and where from Proposition 6.1 % (t,x"), % (t,x') are in
HJO,‘;/ (R; x Rffl) forall y > Yo So a simple change of variables shows that HkL(B)Hkuzgo’k
is 0(e"%) in L?,(Q) for all y > Yo

We now turn to the term e L(d)us ; , in the right hand side of (73). From (54) and (72),
u;l’k reads under the form:

ul =2 (XL Ga) Bot, ) + (1= X (xa)) B (1, X)) + hooit.,

where 9?0, @1 € Huof)’, (R, x Ri,_l) for all y > Yy From which we immediately deduce that
eL(ufy |y is 0@ in L3(Q) for all y >y

Ly
By construction of uz, 0ks—0 = &° it follows:

|*d
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Proposition 7.1. Assume that the hyperbolic strip problem (24)9 satisfies Assumptions
2.1, 2.2, 2.4, 2.3 and 6.1 for some y > 0. Then with “§,o,k defined in (54) and ”2,1,k
defined in (72) we have

.(pl -
L(9) (Zke% e's (u;o’k —i—euz,)l‘k)) = 09(81/4) in Q,
By (Zke% ei%k(uz 0k +8u§ 1k))‘ 0= Oaq,(€) on 09,
h . (74)
9k
B (Zke% e (ug o g +8u;17k))‘x = Oaq,(e) on 09,
=
i ok
<Zk€(f el B (uz,o,k +8M§,1’k))‘t<0 = O on F,

where Ox(-) is understand in L)z, (X) for all y > Yo

7.4. Higher order non-glancing amplitudes
As mentioned in Paragraph 7.3 when the frequency ¢ admits glancing modes then we can
construct a first order corrector such that the error (in the interior) is 0% in L)%(Q).
However it seems difficult to reiterate this method to construct a second order corrector
giving rise to an admissible error (the reason remains that glancing modes cannot solve
the interior and the boundary equations simultaneously).

However when ¥ = ) we can repeat the construction made in Paragraphs 7.1 and 7.2
to define an arbitrary number of correctors. In this paragraph we briefly describe the way

to proceed.

Assume that all the terms uj , ., k € 7 and Uy, ,, U, , appearing in (27) have been
constructed up to some order ng > 1. We sketch the construction of uj no-+1.k for k € A,
Uegv,noJrl and U ex no+1°

e First the second equation of (28) written for n = ng gives the unpolarized part of the
hyperbolic amplitude ”Z,no Lk (so that it is sufficient to determine the polarized part)
and the 7th (respectively 8th) equation of (28) combined with Lemma 6.2 implies that
to determine Uev no-+1 (respectively U;, o 41) it is sufficient to determine P, U, o+

) (see (57) and ( 9)).

(respectively P,y Uex o]

e From Lax’s lemma [8] and Lemma 6.2 each of the terms mentioned above require only
a boundary condition (on 8F0 for the uh no+1k ke.# and U}, S and on 9I'y for
the uj , 14 € €0 and U7 -1 y). Identlfy in (31) and (32) (wrltten for n = ng) the
stable and the unstable parts of the traces show that the ‘double trace’ of evanescent
and explosive amplitudes only depends on the trace of the hyperbolic amplitudes.
Consequently we shall determine the traces of the hyperbolic amplitudes first.

e To determine the trace of the oscillating amplitudes we remark that by the uniform
Kreiss—Lopatinskii condition on each side the boundary conditions (31) and (32)

9n fact in this setting as we only construct a first order corrector in (27) it is in fact sufficient to take
g e H&(BQO) to ensure that the uz 1k € H)} (Q) for all y > Yo in such a way that the previous discussion
makes sense.
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(written for n = ng) can be written under the form:

k _ k
TUf i1 yramo = —Pi 0@ Bolly ) o+ Fo k€S
Z —
I uh no+1, Lixq= 1 _Pn¢1(£)Blu;0+]’j+F1 e ﬁ,

where Fy and (respectively Fi) is a given source term that depends on the uj ,

for k € # and n < ng, on (I — Hk)"‘z,no+l,k|xd=0 (respectively (I — Hz)uz,n(ﬂ»],é‘xd:l’

k : 14
£ € 0) but not on I Mz‘n0+],k|xd=0 (respectively TT uz‘nOJr]’@‘Xd:]).
Reiterate exactly the same kind of computations as the ones described in
Paragraphs 6.1 and 7.1 leads to the compatibility condition:

U =T i1 = Fross

where Fpy4+1 is a known function in Huo‘; (01, Ej(¢)) for all y >y . From
Assumption 6.1 we determine L{;’no 41 and then each oscillating amplitude Miwo 1k
for k € 7 by resolution of transport equations.

e The final step is to construct the ‘polarized’ parts of the evanescent/explosive
amplitude (that is Py, Uev no+1 and P, Ue)C o +1) Is it done exactly as it has been done
in Paragraphs 6.3 and 7.2. More precisely the knowledge of the traces of the oscillating
amplitudes gives the knowledge of the ‘double’ traces of U v+ and U}, o+ then we

are free to extend these double traces in simple ones thanks to the cut- off function X-

This concludes the construction of the amplitudes at any order in the particular
framework where ¢ = ¢ to sum up we give the following proposition:

Proposition 7.2. Under Assumptions 2.1,2.2 and 2.4 also assume that ¢ =@ and that
Assumption 6.1 holds for some 0= 0. Then for all n € N, for all k € F€ there exist
uhn « € H (Q) for all y > Yo and Ulyn € Pevs Ugy, € Pex satisfying the cascades of
equations (28) (31), (32) and (33).

8. Proofs of the main results

In this paragraph we give two justifications of the geometric optics expansion depending
on the kind of the frequency ¢.

As explained in Paragraph_7.37 when the frequency ¢ involves glancing modes (that
is to say ¢ # () then the error between the approximgte solution given by the WKB
expansion and the exact solution of (24) is O(g'/*) because of the glancing amplitudes
of order one, namely the ”8,1,k-

Whereas when the frequency ¢ does not involve glancing modes, the arguments
described in Paragraphs 7.1, 7.2 ‘and 7.4 show that we can construct the amplitudes
at any order so that the error between this expansion and the exact solution of (24)
is of order O(gM*1), where Ny stands for the number of terms in the geometric optics
expansion.
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We first consider the case where ¥ = (. In this framework we define an approximate
solution of u® by: for Ny € N

13
Uapp,Ny * Z Z etk Wy e (1, X)

n=0 ke A
Mo, xqg—1

+ 3 it (Ujv,,( >+U§xn(t,x, “ )) (75)
n=0

where the terms appearing in the right hand side of (75) are defined in Proposition 7.2.
We are now in a position to show Theorem 3.3.
By construction of u® —u® satisfies the hyperbolic boundary value

5
app.No> Yapp,No+1

problem
L(0)(ug,, nyt1 —u°) = ENOHfSO+1 in Q,
Bo(uapp Notl — U xg=0 =0 on 98,
Bl(”app,N0+1 —uf)x=1 =0 on a2,
(MZPP,N(H‘I —uf)ico =0 on I,

where we defined

&€ P i(pk &
fNo+1 = Z es N L(O)uy Ny+1k
ke’

i xqg—1
+39‘/’<L(3) S (1% )+L(8)UexN0+1(tx = ))

By construction and from Assumption 6.1 the terms composing f[f, 41 are HHO?/(Q)
for all y >y, (because the uj Not 1k € HS () for all y >y, 1ndependently on &).
Consequently fN 41 Isin HC>O (Q) for all y > Y, 80 that from the energy estimate (15)
we obtain:

No+1,
llu® = ugpp g1 ||L2 @ S Ce ot
for all y > yp. We then conclude to (19) by the triangle inequality.
We now turn to the case where & # (. We include in (75) the contribution of glancing

modes and restrict the expansion to the order one to define:

1 1
. Lot Lok,
Uapp,glan *= Z Z e ")s”ui‘n,k(f,xHZZ“m X)Sn“;n,k(fvx)

n=0 ket n=0ke¥
1
i ’ —1
+ Ze?w(t’x )8n (Ujv,n ( ) + Uesx n (tv X, Xde )) ’ (76)
n=0

where the extra terms ug  , and ug |, are defined in (54) and (72), respectively.
Then theorem 3.3 is an 1m1nedlate corollary of Theorem 3.2 and Proposition 7.1.
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9. Study of Assumption 6.1

9.1. Sufficient conditions

In this paragraph we study Assumption 6.1, that is to say that there exists some ¥, > 0
such that the operator (I —7°(¢)) is invertible on Huof)’, (R; x Rf,_l, E} (£)) with values in
Hf‘; (R; x ]Ri,_l, E}(¢)) for all y > y,. For convenience we recall that 7°(¢) is defined
by:

(TN = Y e EEOR (@) f (1 — ke ¥+ i) (77)
ke S LeC

where we set

X ¢ 1 1 vy vy
Ri,e(Q) = P o) BoP,h1($)By, o g := — ——— and frg:i=—— —.
= = = Ved  Vkd Ved  Vkd

Clearly when f € Hﬁi(R, XR;[/_I, Ej(¢)) then so do (I —=T*())f (because the
derivatives only apply on f and because by definition vy s <0 for £ € & and vgq > 0
for k € & so that t —og ¢ < t).

First let us note that when there is no selfinteracting phase then the geometric optics
expansion does not have any exponential growth in time. Consequently, this seems to
indicate that the exponential growth in time of the exact solution is linked to the
selfinteracting modes.

Moreover it is clear from (77) that 7¢(¢) is compact so that Fredholm alternative
applies and we have the following propositian.

Proposition 9.1. Assumption 6.1 holds if and only if there exists Yo > 0 such that for all
0<e< 1, (I=TF%()) 1s one to one on HE‘}’/(RI X Rff‘, E;(5)) forally >2y,.

The simplest way to show that (I —7°({)) is invertible over Hf‘)’/ R, x R;l,_l, E,(£))
with values in Huojl (R; x Ri,_l, E}(£)) is of course to show that 7(¢) is a contraction on

Hf‘; (R, x Rf,_l, E}(£)). In Paragraphs 10.1.1 and 10.1.2 we give some examples of such
a situation.
From the particular expression of 7*({) it is sufficient to consider the L%,(R, X

Ri,_l)—norm.

Proposition 9.2. Let ¥ be such that'?

Z ||Rk,2(§')||2 < e?ominkeJ,Zeﬁolk,l’ (78)
ke I belC

then T*(&) is a contraction on Huoj’, (R; x Ri,_l, E} () for all y >y and consequently
Assumption 6.1 is satisfied.

10gych Yo always exists because minge 7y @k, > 0.
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Proof. As already mentioned it is sufficient to consider the L)z, (R, x Rff Y-norm of T°¢ ©).
We have for f € LJZ,(R, X R;‘f,_l)

IT* O 1 g iy S 2 fR e Rk (0) f (t — e, X' — B o) di

d—1
ke S LelO +xR
< Y e[ RGPy
ke S tel Ry xR
2 —2¢ 2
< _ e Y| R .
S gty 2 IR
ke I teC

So that if we choose ;>0 large enough such that \/Zkej,eeﬁ I|Rk,g(£)||2 <
eVomilke.s te o il then T¢ (¢) is a contraction on Hi‘; (R; x Rf,_l, Ej () forally >y, O

Remark. e We note that if ) =0 in (78) then Assumption 6.1 holds with 7, = 0 and
consequently the approximate solution given by the geometric optics expansion (76) or
(75) admits a lower exponential growth in time (so that it can be a good approximation
of a solution which is lower exponentially strongly well-posed).

e In (78) the term mingc ¢ ¢cp otk ¢ is the minimal time to perform a full regenerating
reflection.

e In the particular setting where #. =#0 =1 (meaning that there is only one
selfinteraction path of phases) then (78) becomes |R(¢)|| < e®Y0, where a is the
time needed to perform a full regenerating reflection. In particular when Yo = 0 this
condition is nothing but asking that the coefficient of reflection for a complete circuit
is less than one so that the energy decreases after a complete circuit.

This condition agrees with the intuition that if the energy increases after one complete
circuit then the associated solution should have an exponential growth in time
depending on the time needed to perform a complete circuit.

e In [1] one of the conditions characterizing the lower exponentially strongly well-posed
problems, namely the uniform inversibility of (I —.7(¢)) on ES(¢) , can be explicit as:

T () = ¢o(Z)Boe 7 Oy (2)B1e” .

So that from this expression it immediately follows that the condition used to construct
the WKB expansion (that is Assumption 6.1) is a microlocalized version of the
condition (16) on hyperbolic modes (and only on hyperbolic modes).

Proposition 9.2 has the interesting counterpart to show that the solution of the strip
problem (1) admits a WKB expansion. Indeed consider a problem which is strongly
well-posed (in the sense of Definition 3.1) for some yp > 0 then it is also strongly
well-posed for all 9 > yp. In particular it holds for the ¥y satisfying ¥ > ¥, where
7o = 0 satisfies Proposition 9.2. Consequently Theorem 3.2 or 3.3 applies.

However let us stress that in this argument the maximal exponential growth in time
of the solution may not be sharp because we are assuming that 7 is large enough.
Consequently the lowest ¥ is, the best (in terms of the L)Z, spaces) the approximation
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given by the geometric optics expansion is. The following Paragraph is devoted to this
study in the simplest possible case of selfinteraction.

To conclude this Paragraph let us notice that if one considers geometric optics
expansions for hyperbolic strip problems in finite time that is to say for the following
equation

L()u® = d,u® + Z?:l Ajdju® =0 for (r,x',xq) €] —o00, T % RI-1x70, 1],

Boujy,_o = &° for (t,x") €] — oo, T] x R4, 7
Biujy,—y =0 for (¢, x") €] — o0, T] x R4~
Ujgo =0 for (x', xg) € RI71 % [0, 1],

where T > 0 stands for a finite time of resolution. Then in this setting Assumption 6.1
is trivially satisfied and consequently to construct the WKB expansion only the
uniform Kreiss—Lopatinskii condition on both sides is necessary. Indeed from the
expression of T¢(¢) it is clear that for p = p(T) large enough (7°(¢)f)? =0 for all
fe Hﬁ‘;, (=00, T] x R4-L, Ej(£)) so that the Neumann series expansion is finite and
equals (I —T%(¢))~!. This remark is coherent with the fact that in finite time imposing
the uniform Krgisstopatinskii condition on both sides of the strip is sufficient to ensure
strong well-posedness.

9.2. The case #.4 =#0 =1

In the particular setting where #.# = #0 =1 (which is automatically satisfied when
N =2 but also includes systems with N > 2) then we can give a full characterization
of systems satisfying Assumption 6.1 in terms of the reflection coefficient. For simplicity
we write

(TEQ ) = e ERE) f(E —a, X' + ) (80)
instead of (77). The result is the following.

Proposition 9.3. Let yo > 0 and assume that R(g) > e*" then there exists a non-trivial
fe HX R xRITLEN ) for all y > 2R such that (I =T*(@)f =0 in HZ, (R, x
RIES (0)).

In particular the (weak version of) Assumption 6.1 is not satisfied for all y = yp.
Proof. Performing a Fourier transform x" «~ 7 in the equation (I —T°(£))f(t, x) =0,
gives the functional equation

fe.m) —e SR F(t —a, ) =0, (81)

and we are looking from a solution of (81) under the form fit,n) = €10, 00[ (1) g(N)V
where g lies in H”(Rffl), where v € Ej(§) and where o := 1 +it € C has to be fixed.
Injecting such an ansatz in (81) gives:

(1[0,00[@) e R(Qe"ﬁ"e*w’l[a,oo[(z)) 1 (v = 0. (82)
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Recall that from Remark 6.1 it is sufficient to solve section 9.2 on the time interval
[a, 0o[ one which section 9.2 simplifies into:

(1= eHR@e™e™) e gnw = 0,

so that we choose

Ti=t(em =, <§+ﬁn),
InR(¢)

o )

(83)
A=

in such a way that is satisfied. The constructed Fourier transform is in L?(R?~1)
independently on t e Ry. So that by inverse Fourier transform the function

ft,x)=e o 1[0 o[ (1) ,7_>X(eor( s TPIZ (), v is solution of (1 —T*(¢))f = 0 lying in
H®, (R x R ES(Q) for all y > 28 - 0 (because R(5) > 1). O

10. Examples and comments

10.1. Examples

10.1.1. The wave equation in two dimensions. In this first example we consider
the wave equation in two dimensions

oru® + A101uf 4+ Ardou® =0 for (¢, x) € 2,

Boum 0= [1 —ao] ufxzzo =g° on (¢, x1) € 9Q,

(84)
Buutyy = [—ar 1]uf,y =0 on (r,xp) € 0,
”|8t<0 =0 for x €T,
where ag, a; € R and where the coefficients Aj, A, are given by:
10 01
Al = |:O _1:| and Ajp:= [1 O:|'
In (84) the source term g° reads

85 (1 xp) = eF TV g 7 xp), (85)

where g € HuOO (0) and where 7, n € R are fixed frequency parameters.

We can easily check that the boundary conditions in (84) are strictly dissipative (see
(18)) if and only if the parameters «g, o) satisfy ag < 0, @; > 0. So for such parameters
Theorem 3.1 applies and (84) is exponentially strongly well-posed. We also recall that
from [6], as in the case N =2 the uniform Kreiss-Lopatinskii condition is equivalent
to the strict dissipativity of the boundary condition. Consequently the restrictions g <
0, @1 > 0 are the only ones leading to an exponentially strongly well-posed problem.

We are now interested in the fulfillment of Assumption 6.1 in order to construct a
geometric optics expansion by Theorem 3.2 or Theorem 3.3 (depending on the frequency

(T, n).
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The resolvent matrix associated to (84) for ¢ = (o, 1) is
0 —0o +1in
(&) = .
©) |:—(0 +1in) 0 ]

So that for ¢ = (iz, n) we deduce that if X is an eigenvalue of </({) then it satisfies the
dispersion relation

X2 =12
Consequently the partition of the boundary of the frequency space Ep in (7) reads:

E = {(r,n) e R\ |n| > [tl}, H={(z,n) e R*\|z| > nl},
G ={(t.,n) eR>\|n|=|r|} and EH =¢.

Without loss of generality let us assume that 7 >0 and in order to study
Assumption 6.1 we assume that ¢ € H (if ¢ e EUG then clearly Theorem 3.2 or 3.3
applies independently on Assum{)tion 6.1)_. In this setting the stable (respectively
unstable) eigenvalue X* := X*(z, ) (respectively X" := X"(z, )) is given by:

=if = —i /1% —n? (respectively X" = —X*), (86)

from which we immediately deduce that the stable subspace E*({) and the unstable
subspace E"({) are parametrized by:

E*(§) = vect{(-§, L—i—g)t} and E"(¢) = vect{(§, g—l—ﬂ)t}.

We now study Assumption 6.1, in the setting of (84) the restriction of the operator
TE(¢) to E*(¢) = Ej(Q) is:

(87)

7—5@)[ g] e,g—$+oto(r+n) ar§+r+n |:—§i|

T+7 E+ao(T+n) —wE+Ttn|THn

Consequently Assumption 6.1 is automatically satisfied for all boundary parameters
ap, a1 leading to strictly dissipative boundary conditions (for all ¢ € H) because in such
a framework one can easily check that Proposition 9.2 applies with 7o = 0 so that T°(¢)
is a contraction. B

However, it is also interesting to note that in fact 7¢(¢) is a contraction for more
boundary parameters than the ones leading to strictly diss?pative boundary conditions.
Indeed, it is not difficult to check that we have the following equivalence:

rof - [4] o

so that Assumption 6.1 is satisfied for more parameters than the strictly dissipative ones.
The aim of the next example is to give more details about this observation.
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10.1.2. A modification of the wave equation . In this second example we consider
the following modification of the classical wave equation:

oru® +A101uf 4+ Ardou® =0 for (r,x) € Q,

Bottl,—o = &° on (¢, x1) € 3, (58)
Blufx2=1 =0 on (t,x1) € 0921,
uko:o forx €T,

where the coefficients Ay, A, are given by:

1 00 01 0
A =10-10]|, Ay=(10 0 |,
00 a 00 —-b

for fixed parameters a € R, b € R¥ . So the evolution equation of (88) is a wave equation
(for the components u; and u;) combined with an uncoupled transport phenomenon for
the component u3. The source term g° is of the form (85).

The boundary matrices in (88) are defined by (note that A admits only one positive
eigenvalue):

—-110
By = [1 —a —0[1], By = [ 01 _8j|,

where «g, a1, § € R. Consequently in (88) the coupling between uj, uy and u3 is made
in the boundary conditions.

As in Paragraph 10.1.1 in order to study Assumption 6.1 for (88) we are interested in
the hyperbolic area of (88). The system is decoupled and the transport equation added
on u3 is hyperbolic whatever the frequency parameter is. So that we have the following
decomposition of the boundary of the frequency space:

EH = {(z.n) € R*\[n| > 7]}, H={(r,n) e R*\|z| > n]},
G ={(meR\|pl=It]} and E=4,
consequently in the following we will assume that |z| > || to be in the hyperbolic area.!!

Reiterating essentially the same computations “as the ones performed in
Paragraph 10.1.1, we can easily show that the stable subspace E®({) and the unstable
subspace E*(¢) associated to (88) are given by: B

E*(¢) = vect{es} = vect{(=§,z+1,0)"}
and  E"({) := vect{e,,1, e, 2} = vect{(§, 4+ 1,0), (0,0, 1)},

where & is defined in (86).
It is also easy to show that the boundary condition on aI'g is strictly dissipative if and
only if g < 0 and alz 4+ 2a0b < 0. This condition satisfies the uniform Kreiss—Lopatinskii

H1n this example, the mixed area is of little interest because & (§) has two elliptic roots and only one
hyperbolic root so that the selfinteraction phenomenon cannot occur.
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if and only if ag < 0, independently on ;. With such a choice of «g, the inverse given by
the uniform Kreiss-Lopatinskii condition is given by: ¢o(§) : C — E*({)

—Xx
X = ————e;.
¢0(£) §+010(£+Q) s
The boundary condition on dI'; satisfies the uniform Kreiss—Lopatinskii condition for
all 8 # 0 and is strictly dissipative if and only if we have 8% > %. For § # 0 the inverse
given by the uniform Kreiss-Lopatinskii condition is: ¢1({) : C? - E )
3

—§+1+g

$1(0) = %

+n 1
S(—E+z+n) " §

With these expressions in hand it is easy to show that the operator 7°¢(¢) applied to
e reads:

e = (22 ST —EFa@Hm
T(Qes_<e —f+z+n E+ao(z+n)

S(—E+z+n) &+ag+n)
= (01+02)es. (90)

i 2
+e§(§7%(£+dﬁ)) §(£+E) o] ) ey (89)

Let us first remark that if in By one chooses a9 < 0 and «; = 0 (so that the boundary on
dTp is strictly dissipative) then from (90) and Paragraph 10.1.1, 7*(¢) is a contraction
on E*(¢) and consequently Assumption 6.1 holds for ¥, =0 and Theorem 3.2 applies

independently on §. Choose 0 < § < \/g shows that Theorem 3.2 applies for non-strictly
dissipative boundary condition on 9I';.

Then it is easy to show that for all strictly dissipative boundary conditions on aI'y
and 9"y we have |o;] < 1 and |p2| < 1 independently on ¢. Unfortunately this result is
not sufficient to conclude that 7¢(¢) is a contraction and that Assumption 6.1 holds for
7o = 0 for all possible ¢ € H. B

However numerical results seem to indicate that lo1 + 02| < 1 for all strictly dissipative
boundary conditions independently on ¢ € H. We refer to Figure 4 for an illustration when

an explicit computation!? with g = —%, b=1,01 = /—200b+10"?and § = \/g— 1072.

10.2. Conclusion and comments

In this article we show that to construct the geometric optics expansion associated to a
hyperbolic boundary value problem defined in a strip a new inversibility condition has

12Note that in Paragraph 10.1.2 we make a crude estimate in the sense that we do not take into account
the oscillating factors and the dependency of § < 0 with respect to (z, n).
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Figure 4. The set (in blue) of (x, y) € R? such that |_y;'jx _y):x%())cx + 6(—2§1x) y-}t—)goxl <1

to be imposed (see Assumption 6.1). This condition involves the traces of the hyperbolic
components of the geometric optics expansion.

This condition is shown to be automatically satisfied when the considered localization
frequency does not involve selfinteracting phases, when the strip problem is finite in
time and also if during a full circuit of reflection the coefficients of reflection ensure that
the energy does not increase. Moreover in the particular setting where there are only
two selfinteracting modes this non-increasing property is equivalent to the fulfillment of
Assumption 6.1.

As a consequence, this condition meets the intuition that if after a full reflection the
boundary conditions are such that the energy increases then as the full reflection is
periodically repeated in time the associated ansatz should have an exponential growth
in time (with some rate depending on the time needed to perform a full reflection).

This seems to indicate that the maximal exponential growth in time of the solution is
linked to the time needed to perform a full reflection and to the maximum of the reflection
coefficients for all selfinteracting frequencies (that is to say boundary frequencies involving
at least an incoming and an outgoing phase).

Moreover the examples described in Paragraphs 10.1.1, 10.1.2 seem to indicate that
Assumption 6.1 is trivially (in the sense that 7(¢) is a contraction) satisfied for all strictly
dissipative boundary conditions (for which the (_lower exponential) strong well-posedness
of (24) is known to hold).

A point of interest is that in the expansions described so far the inversibility condition
used to construct the WKB expansions does not involve the elliptic or the glancing parts
of the ansatz. This point meets the intuition that these parts of the ansatz are linked
to boundary layers so that they cannot propagate the information from one side to the
other and consequently they should behave like they do in the half space geometry.

However, in the author’s opinion, this observation has an important counterpart.
More precisely, in [1] the author obtains a full characterization of lower exponentially
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strongly well-posed problems (see Definition 3.1) in terms of new inversibility conditions
involving the traces of the solution of each side of the strip. Nevertheless compared to
the inversibility condition Assumption 6.1 one of the inversibility conditions used in [1]
differs by the following:

e first, as it is not at the microlocalized level, it has to hold uniformly in terms of the
frequency parameter ¢ € B\ Eg.

e Second this condition has to be imposed on the full stable subspace E*(¢) and not only
on the hyperbolic part of this space that is E} (¢) (note that by Hersh’s lemma [6] this
space is empty for ¢ € B\ Eo).

The main issue with the characterization used in [1] is its uniformity in terms of ¢ € E\ ¢

which seems really difficult to check in practice. To overcome this difficulty the natural

strategy is to have a look to the boundary frequencies ¢ € Ep to obtain the uniform

bound by compactness arguments (it is the classical method of [7]).

First let us remark that the extension of the condition made in [1] to hyperbolic
frequency ¢ € Eg is nothing but Assumption 6.1 for hyperbolic frequencies. Consequently
Assumption 6.1 is a microlocalized version of the condition ensuring the lower exponential
strong well-posedness. This phenomenon already appeared for the geometric optics
expansions of boundary value problems in the half space. So we believe that it is
interesting to notice that such a situation also occurs in more complex geometries.

Second as pointed in [1], the condition ensuring the lower exponential strong
well-posedness cannot hold for glancing modes. So the fact that Assumption 6.1 only holds
on E}(¢) seems to indicate that in fact in the extension to Eg only the hyperbolic part
of the solution should be considered. So probably the extension of the characterization
in [1] up to Eg does not require any inversibility property on glancing modes. Meaning
that it may be possible to extend the symmetrizer construction of [1] up to E¢p (except
at glancing modes) to recover the uniformity of the bound. We expect to have further
results about this conjecture in some forthcoming publications.
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