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A proof of the linear Arithmetic
Fundamental Lemma for GL,4

Qirui Li

Abstract. Let K/F be an unramified quadratic extension of a non-Archimedean local field. In a
previous work [1], we proved a formula for the intersection number on Lubin-Tate spaces. The main
result of this article is an algorithm for computation of this formula in certain special cases. As an
application, we prove the linear Arithmetic Fundamental Lemma for GL4 with the unit element in
the spherical Hecke Algebra.

1 Introduction
1.1 Motivation

In this paper, we give an algorithm to compute intersection numbers of CM cycles in
Lubin-Tate spaces in some special cases by following an explicit formula in [1]. Our
goal is to identify these intersection numbers with the values of the first derivative of
certain orbital integrals. This identity is known as the linear Arithmetic Fundamental
Lemma (linear AFL) conjecture, and an application of our algorithm is to prove the
conjecture for GL4. As we noted in the introduction part of [1], the global motivation
for the linear AFL arises from a generalization of the arithmetic Gan-Gross-Prasad
conjectures proposed by Zhang [2].

1.2 The linear AFL

We call the two sides of the linear AFL identity the arithmetic-geometric side and the
analytic side, respectively. We briefly describe the objects appearing on the two sides.
Let F be anon-Archimedean local field with ring of integers O. Let  be a uniformizer
of O and denote the residue field by F, = Op/m. On the arithmetic-geometric side,
we consider a one-dimensional formal Op-module Gf of height 2/ over Fq. Let K/F
be an unramified quadratic extension. Choose two embeddings

¢1: Ok — End(SF),
(R))] @2 : Ok — End(GF).
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Each embedding ¢; gives rise to a special cycle Z(¢;) on the Lubin-Tate space Mg,
of Gr. The quantity of the arithmetic-geometric side is the intersection number

Int(Z(¢1), Z(92))

of these two cycles.
On the analytic side, we consider two embeddings of O ¢-algebras

T1 - OF X OF —> Matzh((‘)p),
73 : Op x O —> Maty;, (OF).

Abbreviate the symbol GL,;, by Gyj. Let C(7;) ¢ G, (F) be the centralizer of the
image of 7; for each i = 1,2. We fix an element g € G,;,(F) such that

(1.2) 7,(x) = g 'ri(x)g forany x € Op x OF.

Using an isomorphism C(7;) = G, (F) x G, (F), we can write any x € C(7;) as x =
(x1, x2) for x1, x5 € Gy (F). Moreover, define

x| = |det(xi'x2)|,  myp(x) = nxyp(det(xix2))

where 7 /F is the quadratic character of K/F. Let f : Gy, (F) — R be an arbitrary
smooth test function with compact support. We associate 71, 7, with the following
relative orbital integral defined by

13) Orby, . ,::[ -1 ‘dud
(1.3) tbe,,7, (f55) C(rl)mc(rz)\C(n)xC(n)f(”l g”2)’7E/L(”2)‘”1”2| uduz

where we view C(71) N C(1) as a subgroup of C(77) x C(11) via the diagonal embed-

ding. The linear AFL conjecture states that

d
-1

. Orbr,,r, (L, (05, 5) = Int(Z(91), Z(92))

5=

is a valid equation when (¢;, ¢,) matches with (71, 7,) and the sign + is chosen so
that the quantity is positive. By definition, (¢1, ¢») matches with (11, 1), if there
is an isomorphism End(Sf) ® 9, C — Mat,, (F) ®F C between C-algebras for the
algebraic closure C of F that makes the following diagram commute for i =1, 2.

(FxF)® C ——> K®; C

T,‘®idcl \Lwi@idc

Mat,, (F) ®  C — End(SF) ®0, C

The identity (1.4) is conjectured to hold in more general settings if we replace f in the
analytic side by an arbitrary spherical Hecke function on G, (F) and correspondingly
replace Z( ¢, ) in the arithmetic-geometric side by /. Z (¢, ) via the Hecke correspon-
dence hy: Mg, < I' = Mg, defined by f. In this article, we only study the case when
the test function is 1g,, (0,)-
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1.3 Classification of double structures

In the linear AFL, our parameter is a pair of embeddings from a quadratic etale algebra
K to a central simple algebra D = End(GF) ® o, F over F. We call it a double K-
structure on G because this pair gives G two K-actions through self-quasi-isogenies.
We call (@1, 92 ) an integral double K-structureif ¢; (O ) c Op for i = 1,2. Two double
K-structures (¢1, ¢2) and (@1, ¢5) on G are called isogenous if there is a self-quasi-
isogeny y : g — G carrying one double structure to another

yo@i(x)=¢i(x)oy foranyxeKandi=1,2.

In other words, this means that the pairs (¢, ¢,) and (¢1, ¢3) are conjugate in D.
Note that both sides of the linear AFL depend only on the isogeny class of the
corresponding double structures. For any quadratic etale algebra K, let { € K such that
( ¢ F.Let {? be its conjugate. Using the element , we define the invariant polynomial
for a double structure ¢; : K — D(i = 1,2) to be the characteristic polynomial of

(91(0) - 92(¢7))?
(¢-¢7)?

as an element of C(¢, ), which is a central simple algebra over K. Clearly, this element
does not depend on the choice of (.

€ C(¢1) nC(¢2)

1.4 Main results of the paper

Our formula in [1] simplifies the arithmetic-geometric side and reduces the conjec-
tural linear AFL to the following identity.

Conjecture 1 Let [ : Gy, (F) — R be a spherical Hecke function, and y = (11, 12)
is a double F x F-structure on Gy, (F). Suppose that (11, 1,) matches to a double K-
structure on a division algebra D of invariant ﬁ Let P, be the invariant polynomial of
(11, 12). Let a : K — Gy, (F) be a map of F-algebras, Py the invariant polynomial of
the double K-structure (o, g™ o a0 g) on Gy (F) for any g € Gy, (F). Then we have

o d £F 2K _
(5 +@ing)™ | Orba(f9)= 5 [ f(g)IRes(Py By)l5'dg

€x.h

s=

where constants € p, and &gy, are densities of invertible matrices in Mat,;, (Op) and
Maty, (Ox). The symbol Res represents the resultant of two polynomials.

Our main result is a computational method for calculating the arithmetic-

geometric side for f = 1g,,(0,). As an application, we proved the identity (1.5) for
h=2.

Theorem 1.1  The equation (1.5) holds for h = 2, f(g) = Lg,,(0,)(&)-

For higher A, both sides of (1.5) are computable when we impose the following
condition:

+ (*) The valuation vz(P, (1)) is odd and coprime to h.
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In this paper, our algorithm allows us to compute all intersection numbers for higher
h in the case of (*). There is also an inductive formula for orbital integrals, but it
seems too complicated to be practically useful. In particular, we have not succeeded
identifying the inductive formulas for the two sides, except for some lower rank cases.

Now we give more details of our computational methods. The computation for
the arithmetic-geometric side is described as follows. We see that the integrand in
(1.5) is invariant under the action of G, (K). Then we only need to compute the
intersection number by integrating certain function over the homogeneous space
Sh(F) = G (F)/Gp(K). Then, we divide S, (F) into a disjoint union of subsets
with two properties. Firstly, each subset is invariant under the action of G, (Ox).
Secondly, when we have condition (*), our integrand is a constant on each subset. This
method gives us an inductive formula for computing the intersection number. Finally,
we prove the h = 2 case of the linear AFL by comparing the result of computation at
the end of Sections 7 and 6. Our method for the analytic side in Section 7 is counting
lattices, which is approachable when & = 2, since there is an easy classification of Op-
subalgebras of a quadratic field extension K over F.

This paper starts with Section 2 to discuss double structures, which are parameters
in the linear AFL identity. The constructions and lemmas in Section 2 will be used
repeatedly in our computation in the analytic side (Section 7) and the arithmetic-
geometric side (Sections 3-6). Section 5 gives a complete list of inductive formulae to
compute the arithmetic-geometric side with condition (*). The calculation for h = 2
case is done in Section 6. Sections 3 and 4 are preparations for Section 5. The reader
may skip those two sections if they are willing to accept the formula (4.1).

2 Double structures

In this paper, a double structure on an object means two different actions of a quadratic
extension of F.

Definition 2.1 Let K be a quadratic etale algebra, Op = End(Gf) and D=
End(SF) ®0, F, a central simple algebra over F. A double K-structure on G is a pair
of embeddings of F-algebras

o : K— D,
(2.1) a,: K— D.

Two double structures (o, ar;) and (af, &) are called isogenous if there is an inner
automorphism ¢, : D — D induced by an element g € D such that the following

diagrams commute

D4>D

where cg(x) = g_lx g. The double structure is called integral if furthermore «; (Ok)
Op for i =1,2. Two integral double structures are called isomorphic if one can take
g € OF, for ¢, in the above diagram.
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We call this a double K-structure on G5 because this pair gives G two K-actions
through quasi-isogenies. From now on, we will fix an element { € K with

(¢F.

It is clear that the image «;(K) c D is determined by «;({). In the rest of this paper,
we denote the image of «; by K; ¢ D. Moreover, let

Dg, ¢ D, D, c D%, Opy, € Op, 0b,, € 0p

be centralizers of a;({), respectively, for i = 1,2.

The goal for this section is to establish a general theory, where we allow G to be
an arbitrary n-divisible group and we do not impose further conditions on D and K.
When we apply our general construction in this Section to Sections 4, 5, and 7, we all
specialize to the case where K/F is an unramified extension, G = (F/OF)*" and

D:Mach(F) DX :Gzh(F) OD:Matzh(Op) OB:Gzh(Op);
DK,- :Math(K,-) DIXQ IGh(K,') ODK,- :Math(OK,.) OBKi ZGh(OKi)

fori=1,2.

Two double K-structures (¢, ¢2) and (¢7, ¢3) on G are called isogenous if there is
a self-quasi-isogeny ¢ : g —> G carrying one double structure to another, in other
words

popi(x)=¢'(x)o¢ foranyxeKandi=1,2.

This implies (@1, ¢2) and (¢}, ¢5) are conjugate in D.

In this section, we will construct the homogeneous space S (F) in (2.4), then
attach an invariant polynomial to every point on S, (F) and to every isogeny class
of double structures.

Definition 2.2 Let (o, a2 ) be a double structure, its interior angle bisector is defined
by

; o 062(()—051((0)
(-¢

and its exterior angle bisector is defined by

p o 062(()—061(()
e ¢(-¢o

Remark 2.3 'The above definition does not depend on the choice of { € K. The names
interior and exterior angle bisector come from the case of double structures of the
Hamilton quaternion algebra, where S,(R) is isomorphic to a sphere S2. Then, a;
and a, correspond to two points on it. Joining those two points with the center of the
sphere, we get an angle, and e, 4, and i,,,q, are exactly located at the exterior and
interior angle bisector, respectively. Their conjugate action is given by reflections by
those bisectors.

https://doi.org/10.4153/S0008414X20000814 Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X20000814

386 Q. Li

Proposition 2.4  The exterior and interior bisectors satisfy the following identities. For
any x € K,

fag,a, © 01(X) = 2(X) 0 day 0y daga, © @2(X) = €1(X) © gy 0,5
€aa, ©01(X) = 02(x%) 0 €npayr  €apa, © %2(x) = a1 (x%) 0 €qy,,
and
(2.2) a2 © €aran = ~Capas © laars  (Faran % Capay)” = 1.
Furthermore, we have the Pythagorean theorem
(2.3) ie ot Coa, =L

Proof We have
(a1 (x) - a2 (x?)) a2 (x) = ar(x) @z (x) — aa (x7x).

Note x?x € F, s0 a3 (x%x) = a1(x?x), this implies that the above equation turns into
ar(x)az(x) - aa(xx) = ar(x) (a2 (x) - (x7))

Now since x? + x € F, 50 az(x + x7) = a1 (x + x7), we obtain
a1 (x)(aa(x) = az(x%)).
a1 (x)-aa(x”)

Since iq,q, = 25> We proved ig, 4, © @2(x) = a1(X) © i4;,q,. The proof of the
other identities is similar. The equation (2.2) is followed by direct calculation, and it
is easy to Verify i, a, © €ayay = —Coiay © fay,ay+ 10 Prove (ig, a, — €aya, ) = 1, simply
note that

Cw@-)Y

N

(layyor = ealaa2)2 =

By expanding the left expression, we also have

. 2_ 22 2 . . 2 2
1= (ltxbaz - elxl,lxz) = ltxl,uz e{xl,l)tz ~laj,a; © Cay,ar ~ Cag,a; © lag,an = l{xl,lxz + e(xl,txz'
Sowealsohavel=1i% . +e3 . = (ia,a + €ar,a,) 2. We proved this proposition. m

Definition 2.5 The normalized centralizer of a double structure (a;, «) is defined
by

2 _ (@0 -aa(d))?

oy1,0 ((_C«o-)z eDKl mDKz'
Proof This element should be in D, we prove it is in the subset Dg, N D, . Since the
expression is symmetric for «; and a;, we only need to show this element commutes
with a;({). By the property of the interior angle bisector reflector,

fag,a; © g0, © “1(() =gy, © 0‘2({) O lm,a = “1(() 0 dgy,q, O a0,

2
a1,

We have proved i € Dg, N Dg,. [ ]
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Definition 2.6 'The invariant polynomial of a double structure (a;, ;) is the char-
acteristic polynomial of its normalized centralizer i , , as an element of the central
simple algebra Dg, over K.

2.1 Parameter space of double structures

In this section, we define the homogeneous space S;,(F) and study the isogeny
class of double structures. Given any two double structures (o, &) and (a7, a}), we
may find an element ¢ € D* such that a; = paj¢~! because all embeddings K — D
are conjugate. Without changing its isogeny class, we may replace the pair (o], a)
by (a1, g1ay¢~"). This implies that every isogeny class of double structures has a
representative (o, —) with the first structure given by «;. Then without loss of
generality, we can fix an embedding a; and vary the second embedding «,. Since the
embedding a, : K — D is uniquely determined by the value of (), the moduli
space of the embeddings a, : K — D can be represented by

(2.4) Sy (F) := {x € D" : x is conjugate to a;({) }.

In other words, S, (F) is the set of F-points for the conjugacy class of the matrix

(I
I

over the algebraic closure.

Our fixed «; determines a distinguished point

x0 = a1(() € S, (F).
In the rest of this paper, we will keep the notation x,. We consider the action of D* on
Sy, (F) via the conjugation and write
g xi=gxg

forany g € D* and x € S, (F). The stabilizer of a; ({) is Dy, . Moreover, any two points
on &, (F) are conjugate to each other by an element of D*. This implies S, (F) as a
homogeneous space can be represented by

(F) = D* D},

Points on &, (F) parametrize F-embeddings « : K —> D. Then combining with a1,
it goes through all possible isogeny class of double structures (e, ). Furthermore,
(a1, &) and (a;, a’) are isogenous if and only if & and a’ are conjugate by an element
of D, . Therefore, the space of isogeny class of double structures can be described by

D}, \&x(F) = Df,\D*/Dj,.

Definition 2.7 For any x € S (F), by the double structure induced by x, we mean
a double structure (&, ap) with a2 ({) = x. We also abbreviate iy, 4, and ey, 4, as iy
and e,. In particular,

) _x—xg X —Xo

T ST
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2.2 Polar stereographic coordinate

Suppose F =R, K = C, and D = H, a Hamilton’s quaternion algebra. Then the space
Sy (F) is a two-dimensional sphere. There is a well-known universal polar stereo-
graphic coordinate system on S, (F)° = S;,(F)\{x{} in this case. In this paper, we
call it the polar stereographic coordinate for short. This section is a generalization of
the polar stereographic coordinate for S;,(F) in general settings.

Definition 2.8 Consider D as a left K-vector space via a;. Let D, and D_ be
eigenspaces of right multiplying xo of eigenvalue { and —(, respectively. Suppose g
can be decomposed as

g=g++g for g,eD,, g eD._.
The element
Xei=g,'g-
is called the x{ -polar stereographic coordinate of x = g - x,.

We need to show this definition is well defined. In other words, we need to show it
only depends on x.

Proposition 2.9  Suppose g = g, + g, then
Xy = gllg, =e.0 i;l =(x—x)(x —xg)_l.

Proof Remember x = a,({), xo = a;({) and g is choosen so that gx = xog. So we
have

(g+ +8-)ea(Q) =m(Q)o (g +¢-)
Using xg o g— = g— o a?({), we have
g+ (a1 (0) - a2(0)) = g-(«2(¢) — a7 ()
This implies
groOex =g Oy
We proved this proposition. ]

Remark 2.10  The x{ -polar stereographic coordinate can not be defined for elements
x such that x{ — x is not invertible.

2.3 Invariant polynomials

In [1], we defined the invariant polynomial by a different way than Definition 2.6. In
the next proposition, we show those definitions are equivalent.

Proposition 2.11  Let ay = g ay g and decompose g = g, + g_ according to the decom-
position D = D, & D_. Then the normalized centralizer of (a1, &) is given by

.2 _

inow = (g +8) "8 (g —8-) g
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Proof It suffices to prove this proposition for a Zariski dense subset. Then, we may
assume g, is invertible. Then x4 = g;'g_ is well defined, and we have

(g++8-) g (ge —g-) g = (1) (14 x) 7"
By Proposition 2.9, we have
(A-xs)"=ixo(ix—er)™, (Q+xs) " =igo(iy+e)™
Therefore, using identities in (2.2),
(1= x) "+ xs) = ipo(ix—ey) oiyo(ix+ey)  =ipo(iy+ex) 2oiy=il.

Therefore, the proposition follows. [ ]

3 Integration in homogeneous spaces

We will compute our intersection number by an integral over S}, (F). In this section,
we make a preparation by introducing some general theory of integration over
homogeneous spaces. This section has three parts. The first two parts consists of some
basic definitions. The Section 3.3 is an outline of our main strategy of integration in
this paper. The Theorem 3.1 will be used to prove Theorem 4.2 and Proposition 5.11.

3.1 Invariant measure on homogeneous spaces

Let G be an algebraic group over a local field F. We assume that the Lie algebra of
G is a finite-dimensional vector space over F. Let S be a G-homogeneous space with
a fixed base point x( € S. Let H = Stab x( c G be the stabilizer of x,. Then, we have
a canonical isomorphism S = G/H. In general, S may not have a G-invariant Haar-
measure. For example, the projective space P is a GL,(IR)-homogeneous space with
no GL,(R)-invariant Haar-measure. It is well-known that the G-invariant measure
exists for S = G/H if and only if their modular characters 8 and 8y satisfies g (h) =
0y (h) for any h € H. For the rest of the paper, we only consider the case where H is a
compact subgroup. Then, any character from H to R}, is trivial. This fact implies that
we have a G-invariant measure on S ~ G/H.

Once we have chosen a left Haar-measure dg on G and a Haar-measure dh on H,
the Haar-measure ds on S is defined so that for any function f : G — R, we have

fo(g)dg = fsf(S)ds
where f(s) = [,; f(gsh)dh with gxo = s.
3.2 Standard Haar-measure

For an algebraic group G over O and a smooth G-homogeneous space S, we may
choose a Haar-measure on S such that the total volume of S(OF) is given by

#S(Fy)

gdim(s)”

Vol(S(0F)) =

The standard Haar-measure on G is defined in the same way.
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3.3 Integration by fibration

In this section, we introduce the main computational strategy in our paper. Theorem
3.1 in this section can be used in situations where the following three conditions are
satisfied.

Condition 1 (Fibration) There is a subgroup C c G, a C-invariant subset S° c S, a
C-homogeneous space T, and a C-equivariant surjective map

3.1 p:S°—T.

Condition 2 (Fiber Translation) For any t € T, there exists a subgroup P; c G such
that each fiber p~'{t} is a subset of a P;-homogeneous space R; = P; - t c S. We denote

R} = p~H{t}.
Condition 3 We have dim(R;) + dim(T) = dim(S). In other words, we require the
fiber p~'{¢} and R, have the same dimension.

We give an example of a fibration with those three conditions. If we want to project
a sphere $? to its equator along longitude lines, we can not do so because of the north
and south poles. Therefore, we must choose a subset S° = $*\{poles} and apply the
projection. Let f be a point on the equator. Each fiber p™'{¢} of the projection is a semi-
circle, which is a subset of a full circle R, c S* passing through two poles and t. The full
circle is a homogeneous space for a subgroup O, (R) = P, c Aut(S?) = O3(R). We see
the dimension of the fiber p™'{¢} and R; are the same.

When we have the above conditions, we may write the integral over $° into the
following form

(32) [ fas= [ ] NCIAGIREE

Here dr, dt, and ds are standard G,C,P-invariant measures. The main obstacle is
computing the Jacobian determinant J;(r).

We need to introduce more notation before Theorem 3.1. For any vector space V, by
AV, we mean the highest wedge product of V. It is an one-dimensional vector space.
Note that whenever we have an exact sequence

0 U \%4 w 0,

wehave AV=AU®AW.ForanyA, e AVand 0+ 1, e/\U,by%,wemeanthe
unique element A,, € A W such that A, = 1, ® A,,.

Theorem 3.1 Letr e Sandt=p(r) beasin (3.1) and (3.2). Moreover, let H = Stab r
be the stabilizer of r € S 2 G/H. Let C, Py ¢ G be subgroups as we defined above. Let g,
¢, p, b be Lie algebras of G,C, Py, H, respectively. Let

g ¢ b
U=-— U, =— Up=—"
p cnp hbnp

be their quotient spaces. Let

dge \g" dhe \b dpe/ v’ dqe A(pnb)” dte/\u/
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be volume forms corresponding to left Haar-measures on G, H, P, Pn H, and C/Cn P,
respectively. Furthermore, let

du = Zﬁ e ANu’ duy = ZZ e Auy.
Suppose dim(S) = dim(T) + dim(P; - r). Then we have u = u, & u, and

du = J(r)duydt.

Proof Let P;r c Sbethe orbit of r under the action of P;. Then, we have P;r = P, /P, N
H. The tangent spaces of the point r € S° in Pr and in S are naturally isomorphic to

2 and -, respectively. Note that the natural inclusion P;/H n P; c S gives rise to an
h pnh

»
pNh

of { by ;5 is naturally isomorphic to the tangent space of  in T. Let T; be the tangent
space of t € T. The map ¢ — T; factors through 1,. Since p : S° — T is surjective,
the induced map

inclusion of tangent spaces c % Since p : §° — T is an open map, the quotient

Dtxiute — T

is naturally surjective. Given that dim(u.) < dim(S) - dim(P;-r) = dim(T) =
dim(T;), we know that p; , is an isomorphism. Therefore, we have the following exact

sequence
P g
(3.3) 0 = u 0.
pnb b ‘
To prove u =u, &1, we complete the above sequence into the following exact
diagram.
0 0
0 pnb b Up 0
0 p g u 0
0 P 3 1t 0
pNh b
0 0

By the Snake Lemma, we have the following exact sequence

0 uy u U, 0.

The natural inclusion ¢ c g induces an inclusion 1, c u. This implies that the above
exact sequence splits. Then, 1t =1, @ 1;,. To compute the Jacobian determinant, we
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note that J(r) is defined in the following equation

Ji(r)drdt = ds.

Since we have ds = 3¢, dr = g—s. We may write

an>
]t(")dp dt = dg /\( )

By multiplying %, this equation can be written to

dh d
]t(r)d—q -dt = ﬁ e Au.
This implies
Ji(r)duy, - dt = du.

This completes the proof. ]

4 Parabolic reduction formula

This section provides an integration formula that will be used in Section 5. Let
G4h(OF) = ©4(F) N G2, (OF), and a, a non-negative integer. For any t, let P; denote
the corresponding invariant polynomial. Denote

S, . (OF) = {t € G5, (OF) : P(X) has exactly a factors (X — 1) with vp (1 - %) > r}.

Furthermore, we put &"(Op) := &;",(0F) and S;"(Of) := S;7,(0F). Let f:
P, (F) — R be a function on the set Ph (F ) of degree h monic F-polynomials.
We will show that

[ e

€k, 48,7, (0rF)

1 1
= —_— P, P;,)|Res(Py,, Py, )|pdtydt,.
© [53"(0)7) f:iia(oF)f( t !2)| ( t 12)|F 1642

EKp_a €

(4.1)

This formula is the key for our induction algorithm. The whole section is a proof
for this. The reader willing to accept this formula may skip this section.

This section will follow the strategy of integration-by-fibration as we mentioned in
Section 3. In Section 4.1, we introduce our basic construction of fibration and check
that it satisfies the three conditions in Section 3.3. Then in Section 4.2, we use our
constructions in Section 2 to compute the corresponding Jacobian determinant.

4.1 Fibration over Grassmannian

Now we construct a fibration that satiesfies the Condition 1. Consider V = F?" as a
free K;-module of rank 4 by the Kj-structure induced by «;. Let Gry, ,(K) be the
Grassmannian variety parametrizing n-dimensional K;-subspaces in V. For any x €
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=>r

S, 2 (OF), we may decompose the invariant polynomial of x into
(4.2) P, =P Py

where P" is the maximal factor of P, such that all roots A of P;" satisfies vy (1 - %) >
r. Let U, be the image of the operator P;" (zfc) Then U, is the maximal invariant
subspace of iZ such that all its eigenvectors in U, have its eigenvalue A satisfying
VF (1 - %) > r. We define a map by

P &7a(0F) — Gra(K)

(4.3) X U,

Clear €7, (OF) is a G4 (O, )-invariant subset. This map is G, (Ok, )-equivariant.

Next we check Condition 2, that for any U € Gry, ,(K), each fiber p~(U) of the
map p in (4.3) is a subset of certain homogeneous space of a certain subgroup. In our
scenario here, this subgroup is Pr,y(Of) c G, (OF), which is the stabilizer of U. The
corresponding homogeneous space is a subset of S;,(OF) defined by

Py (OF) :=Pru(OF) - xo
= {x €3, (0F) : x = gxog~" for some g € Pr y(OF)}.

To check the Condition 2, we need to check the fiber is a subset of this homogeneous
space.

Lemma 4.1 Forany U € Gry, ,(K), we have p™(U) c By (OF).

Proof Let x € p~(U), we have i2U = U. Since any x € S;,(F) commutes with the
element 2, the subspace xU is also an invariant subspace for i2. Furthermore, the
restriction of i2 on U and xU gives the same eigenvalues. Since U is the maximal
invariant subspace with eigenvalue A of i2 that satisfies vy (1 - %) > r, then we must
have

xUcU.
This implies xU = U. Similarly, we have xoU = U. This implies
((-C%)iy =x—x§ € Ppu(OF).
Now
x = icxoiy € Py(OF)
and we are done. [ ]

Now we check the Condition 3. As varieties over O, we have dim (S, (Of)) = 2h?,
dim(By(OF)) =2a* +2(h—a)? +2a(h - a), dim(Gry ,(K)) =2a(h-a). Then
we have dim(S,(0F)) = dim(By(OF)) + dim(Grp,,(K)).

4.2 Computation of the Jacobian determinant

From now on, we denote the fiber p™'(U) of U by B3/ (OF). Let dU(resp. dt’, dt)
be the G, (Ok,)(resp. Pk,u(0Ok,), G2n(OF))-invariant standard Haar-measure on
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Grp, o (K) (resp. By (OF), S, (F)). We can write

4.4 Py)dt = f f Py)|J(t)|pdt'dU.
4 L;;(m)f( 2 Gry,a(K) m;f(op)f( UL

The Jacobian determinant J(t) is defined by
dt = J(t)dt'dU.
We determine the value of J(¢) via the following theorem.

Theorem 4.2  Let x € S}" (OF) be an element whose invariant polynomial P, decom-
poses as

P, =P P’
as in (4.2). Then we have
J(x)|r = [Res(P{", PY7)|e-

Proof Let a; : K —> F?" be the map with a,({) = x. Denote the stabilizer of x ¢
S, (0F) by G4 (Ok, ). Let 031, 84.1> 81,25 P> Pi,; be Lie algebras for groups G, (OF),
G, (0k,), G, (Ok,), Pr,u(OF), and Pk y(Ok, ), respectively for i =1,2. Denote the
standard Haar-measure for them as dg, dk;, dk,, dpr, and dp;, respectively. For i =
1,2, we denote

8h,i g
. i Wp = 2h )

UK,

Pk,i Pk

Let duy = 96 du, = 952 4y = 38 Applying Theorem 3.1, we have
1 dp,’ 2 dp, F dpr” pplying i
\%
(4.5) dup = J(x)du; -duy € A\ (q”‘) .
Pr

Note that 11g,; are tangent spaces of Grassmannian manifolds at the point of Uy. Let

V = F*
Recall that

U, = F*°.

We have natural isomorphisms
Uk, i ;HomKi(Ux,V/Ux) Ug ;HomF(Ux,V/Ux) i=12.

Before we calculate J(t), let o} and «! be the induced K;-structures on U, and V /Uy.
Let a’ be the Galois conjugate of «}’. Then (ay, a) and («a’, «}) are double structures

on U, and V/U,, respectively. Let

i

E% = Homgy ar (Us, V/Uyx)  E* = Homy, —(Us, V/Uy)
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be subsets of K-linear homomorphisms with K-structure induced by («!, a!") and
(af, al’), respectively, for i = 1,2. For any i = 1,2, the following sequence is exact

(4.6)

Ti:=fr>foai({)-a! ({)of o 0

0 —— EY —— Homg(U,, V/U,)

The last map is a surjective map because its right inverse is given by
T/ : EY — Hompg(U,, V/Uy)
fr=foai({-{")"e(l-0).
This implies
Homg(U,, V/U,) = E{' ® E%.
Let dug, du;, and du; be the standard Haar-measures on Homg(U,, V/U,), E¥, E*,

respectively. By the exact sequence (4.6) and the fact that T« (f) = f o aj({ - {7),
we have

dL{F = det(T,'|Eﬁ,- )duidTJi = Discz(/};_“)duidiui-

Now we start our calculation of J(x). On one hand, we consider the following exact
sequence

0 E® E% @ E® E® 0

| | |

0 — E?> —= Hom(Uy, V/U,) ——= E* —— 0.

Then we have

duydu, = dup = J(x)duydu, = J(x) = %
1

This implies J(x) is the relative determinant
J(x) = det (EY' — Homp(Uy, V/Uy) — EZ*) = det(T|gw ).
Here, the map T in the exact sequence is given by the following map

T, : Homp(U,, V/U,) — E**
fr—=foa(l)-aj({)of.

For any symbol a, we denote L, for the left composing map L, : f — ao f and
R, for right composing map R, : f + f o a. Please note that for any symbol 4, b, L,,
and R, always commute (because composition of maps is associative). Consider the
following linear operators

O_ : Homp(U,, V/U,) — Homg(U,, V/U,)

7 Fr— fo(a(0) -ab(0) - (@) (D)) o f,
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0, : Homp(U,, V/U,) — Homg(U,, V/U,)

(48) Fro fo(a(0) -ab(0) + (@!(Q) () o f,
49 LY o R! : Homp(Uy, V/U,) — Homg(U,, V/U,)
( . ) f’_’irxl”,a;’ Ofoe“{’ag,
(410) LYo L) :Homp(Uy, V/U,) — Homp(U,, V/U,)

f [ ia{/,“gl o ea{I,“gr o f,
Then we know ©_ |z« = T;|ge and our goal is to compute
det (ES" 2 E™).
Since U, = K%, we have
EY = (V/]U,)", E% =(V]U,)?.

Therefore

” ” " ”
) i oL,

det (B3 —" > B ) = det ((V/U,)" ——— (V/U,)" )
= det(il oel)".

So we proved
/./ LI/ L,-IOL’,

det(Ef1 - > E[% ) = det(Eﬂ’r‘2 — > F® )

Use this identity and the following commutative diagram

” ”
Eal L;oL, E“l
Il S
L;’oR;l lL;'oR;
L7oL”
E% ' ° L E*®
- +
we know that
L"oR’ L"oR’
“1 1 e 0‘2 _ 0‘1 1 e ‘Xz
dor (Bt — LM po) e (g ),

Again using the exact sequence (4.6), we have the following commutative diagram
0 — Ef' —— Homg(U,,V/U,) —=E¥* ——=0
L;'oR;l L;'oR;\L L;'oRgi
0 —— E{* —— Hompg(U,, V/U,) —— E®* —— 0.

"_pnl

LioR
This implies det ( Homs(Uy, V/Uy) ———— Homp(Uy, V/Uy) ) equals to

LYoR!, LYoR!,
det (B — o g ) der (B — N pe)
LYoR! 2
- det( B — T pm )
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"_pl

"oR
Since the map Hompg(U,, V/U,) ————— Homp(U,, V/U,) doesnot change
when changing indices from 1 to 2, we conclude that

L{oR, L{oR,
det (B — % pe) < ger (B — L p).

This identity and the following commutative diagram

4] - [2%)
E - S E

L;'ORL\L \LL:'OR;

0.
123 o
E?* — s E¢

imply that

det (B & g ) = det (B S - ).

Since
0400 = (Lag(0)-az(0) + Rag(0)-a5(0)) © (La () -a(0) = Rag(0)-a3(0))>
we have
_ 12 2
000 =Ly )-ay() ~ Rej0-a3 0

Since the characteristic polynomial of ("‘f'((’;)_‘;%ﬁ")) and () ((xx)__f,,;)(f )" are P;" and

PZ" respectively, we have

detx (0, 0 ©_ | ) = Res(P;", P")Discy
Therefore, | det( EY! % L= )|F equals
r r p<r . h-
V/1deti(®, 0 ©_|ga)lk = /[Res(P;7, PE") i = [Res(P;", P )| elDiscy)n ®r.
This completes the proof. [ ]

By Theorem 4.2, we can write (4.4) as

P dt:f f P,)|Res(P;", PE")|pdtdU
o on PO [ ooy T PORESET B

(10 = Vol(Gria(K)) [ f(PORes(P", PE")led.
Since
Vol(Grypo(K)) = —X |
€K, €K,
we have
1 1
412 - P,)dt = f P,)[Res(P>", P<")|pdt.
@2 e Jar oY= e Sy oy T POReSB DL
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Let Ly>r(o,) be the characteristic function of the subset 7/ (Or) ¢ By (OF). We can
write

[n oy S (POIRes(B;", P = f33 oy Loir(0n (1 (P)Res(Py Pt
U U

Consider a fibration

By (Or) — S4(0F) x Sp-a(OF)
(a1, 02) — ((a1, @3), (a1, 7)) -

This is an Pg y(OF)-equivariant map and both spaces are Pg y(Of)-homogeneous
spaces. Each fiber is a homogeneous space of its unipotent subgroup

Usm,2n(OF) = {g € Pru(OF) : glu = idu, glvju = idv v}

Let df;,dt,, and du be standard Haar-measures on S,(0f), S;,_,(Of) and
Usm,2n (OF) respectively. We may write the integral

[ Augon (DFPOIRes(By7, P pdt
By (OF)

= Log>r £) f(P;)|Res(P.", PE")| pdudt, dt
[Ea(OF) \[\5h—a(OF) »/I-sz,zn(OF) q}U(OF)( )f( t)| eS( ! )|F Heheh

- w [ P, P,)IRes(P, Pr,)|pdtides.
Jomion @ Joiony Joc o) (PP Res(Bys P it

Since Vol(Us .2, (OF)) = 1, we have

4 h.a f( ) 3 ,/v T f*,,r f( t t2)|I‘e (1 t l t )|th dt
- - s N '
~>, (1) £K a ©K, a> (O}:) V: (OF) 2 1 2

5 Inductive formulae for the intersection number

In this section, we introduce the inductive formulae for the intersection number
Int(y), where the input double structure y = (¢;, ¢,) satisfies the following condi-
tion.

« (*) The valuation vg(P, (1)) for the invariant polynomial at 1 is odd and coprime
to h.

Then,letr = , which also equals to vr () where y; is the polar stereographic
coordinate of (@1, ¢,). This section is divided into three parts.
In the first part, we simplify the intersection formula by defining the following

—ve(Py (1)
h

integrals.
1
(5.1) Aa, k] = f P, (1)[:*dx,
(k== [ PO
(5.2) B [C]— ! f dx
' T e Jemon
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(53) Clbyc] = ——

P (1)[z"dx.
K fe)f(oms;‘)(op)' I

We prove that under the condition (*), the number Int(y) can be written into the
following form

(5.4) Int(y)= > |P,(1)|z"As[a,0]C.[b,c]By[c].
a+b+c=h
In particular, in the situation of (*), the intersection number only depends on r. To
simplify our notation in the rest of the paper, we will denote it by N(r) := Int(y).
The second part will introduce the inductive formulae for computing A,[a, 0],
C,[b, c], Bo[c]-. Specifically, we will show

n-1
(5.5) C/[n,m]=A¢[n,n—m] - C.li,m]A,[n—i,n—m]form>n,
i=0
a 1- ql—Zi a
(5.6) Bo[a] =] =T > Ao[i,0]Bo[a - i].
i=1 + 7 i=1

The formulae (5.2), (5.3), and (5.4) imply that the computation of Int(y) can be
reduced to A,[a,0].

In the third part of this section, we will use polar stereographic coordinates to prove
the following formula. Define

(5.7) ag[n,n-mj:= ’zmﬁ;
: oL™ =9 Li1- q—z(m—i)’
i+m

and define recursively

(5.8) aynn-ml=ag[n,n-m]-) Cli,mla,[n-i,n—m]for0<m<n.

™M

Il
—

1
Then, we claim
n-1 2(i-m)[ 2]

(5.9) A,[n,n—m]:;)a,[n,n—i]m for m > n.

All the above formulae are sufficient for calculating the intersection number
N(r) = Int(y) in the case of (*). The application for h = 2 case is introduced in Section
6. The reader willing to accept these formulae may skip the rest of the section.

5.1 Simplification of the intersection formula

In this section, our goal is to prove the formula (5.4). For any integer h, let €k ; and
€r on be the volume of G,(Ok) and G, (OF) respectively with the standard Haar-
measure(see Section §3). It is well-known that

2h h
eron=1101-q") exn=[[0-q7).
i=1 i=1
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Suppose dg is the normalized Haar-measure on G, (OF), then the standard Haar-
measure is g »,dg. From now on, we will use standard Haar-measures for the rest of
our discussion. The intersection formula is written with the standard Haar-measure

dg by

-1
Res(Py,Pg)‘F dg.

1
(5.10) Int(y) = —— /
()}) 2 G2 (OF)

€x.h

The integrand only depends on Pg. Let S,(OF) = S5 (F) N G (OF). There is an
isomorphism

CSr(0F) 2 G2, (0F)/Gr(Ok,)-
We notice that for any ki, k» € G (K} ), we have
Py ok, = Pg.
To simplify notation, we fix the following function throughout the whole section
f(Py) = [Res(P;, Py)|p.

Then, we can write Int(y) as

1 1
1 P\d :7/ f Py, )dkdt
Si’h Gz;,(Op)f( g) g Sé’h S1(OF) Gh(oxl)f( k)
1
511 - P dt-f dk
( ) 8%{,1’! 6h(OF)f( t) Gh(oKl)
1

— £(Py)dt.

Ex,h JCn(0OF)

Since we have

h h a
Su(0F) = [1 €37, (0F) = [T L1 €37, (0F) n &52%(0F),
a=0

a=0c=0

we can write the integral (5.11) as

1
Int(y)—a[Sh(OF)f(Pt)dt— S I(abc)

a+b+c=h

where I(a, b, ¢) equals to

I(a,b,c) = L[ F(P)dt.

ex,n JS7,(0F)NS (0F)

For any three polynomials Pj, P;, andPs, by Res(Py, P,, P3), we mean the product
Res(Py, P,Ps)Res(Py, P3). Using the reduction formula in (4.13), we can simplify
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I(a,b,c) to

(5.12)
1

P f(Pr)de

EK,h J S} (0p)NS;0 (OF)

f oo f F(PyPy)[Res(Py,, Py, ) pdtrdtodts

1
€K,a+b€K,c .. (OF)NE2Y, (OF)
1

EK,a€K,bEK,c fe =2(Or) fo’(OF)HGZ"(Oﬁ)
y fw(o F(PuPLPL)Res(Py, Py, ) rdindtody
S F
1

€K,a€K,bEK,c [5?"((9,:) S (9r)NS,™°(OF)

Res( Py, Py, , P,
x[ [Res(Pr,, Pry, Py dt,dt,dts.
S;7(0r) |Res(Py, Py Py, Py, )|r

Then the equation (5.4) is obvious if we can prove the following proposition.

Proposition 5.1 Suppose y satisfies the condition (*) and t € S (OF),
S (0p) N S;°(OF), ts € S2°(OF), then

[Res(Py, Py, Pry)lr PP (1)|
|R€5(Py> Pt1Pt2Pt3)|F v 5 r

The rest of this section is devoted to proving this proposition.

Definition 5.2 (In this section only) we say that an F-coefficient polynomial P,
dominates another F-coefficient polynomial P, if any root A of P, and u of P, have
the property

ve(I-A") >ve(1—p™).
Our proof will use the following lemma.

Lemma 5.3 Suppose Py, P, are two F-coefficient polynomials. Let a = deg(Py) and
b = deg(P,). If P, dominates Py, then we have

[Res(Py. Py)|r = |Py (1) P, (0)]r.
Proof LetAy,...,A, berootsof Py, and py, ..., yy roots of P,. Then by definition,
a b
IRes(Py, Py)|r = [T TT|Ai — -
i=1 j=1
Since P, (0) = [1{-, A; and P, (0) = H]b-zl {4j> We can write

1

iy

a b
Res(Px, P,)|r = [P« (0)" P, (0)*r [T ]

i=1 j=1 F
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The assumption vp(1 - A™') > vp(1 - ') implies

1o (1_1)_(1_1) :‘1_1
Ai #ilg Ai Billp Ujlp
Therefore, we have
a a
[Res(Py, Py)|r = |P(0)"P,(0)"[r |1 - - [P (0)° Py (0)°[ 10 :
Hilp Py (0) |,
This lemma follows. -

Lemma 5.4 Forany t € S,(OF), let A and u be roots of P and P, respectively. If P,
satisfies (*), then 1 - A" and 1 — u™" have different valuation. In other words, either P,
dominates Py or P, dominates P;.

Proof Forany t € S,(OF), we only need to show that any A with vg(1-17") = % is
not a root of P for any odd integer d coprime to 4. Indeed, if P; has such a root and
d is coprime to h, then all roots A of P; have vp(1-17!) = %. On the other hand, P; is
the characteristic polynomial of iZ as an element of G, (K). Let Ay, . .., 1, be the roots
of P;. Then,

[T(1-27") = detx (1 - ;).

1

Using (2.3) and (2.2) we know

h
=1

1-i;2= (2 1) 0i> = et oiy> = (e,0i;")? = £2.

Then vg(detg(t2)) = d is an odd integer. However, we have tyxo = x{ts. Let 0 €
G2, (OF) be the linear transformation of Galois conjugation on th Then oxg =
x{o. So tyo commutes with xo. Therefore, t:0 € G;(K;) and vi(det(t;)?) =
vi(det(ts0)?) = 2vi(det(t40)) is an even number. This is a contradiction. [

Lemma 5.5 Let P, be an invariant polynomial for an integral double structure. If all
roots A of P, satisfy ve(1—A71) > 0, we have |Px(0)|r = 1. If all roots A of Py satisfy
ve(1-17Y) <0, we have |P,(1)|r = 1.

Proof Let A be any root of P,. If we have vz(1- 1) > 0, then we must have [A|p = 1.
Therefore, P, (0) is the product of all eigenvalues. So |P,(0)|r = L
Ifvp(1- 1) <0,50 vp(A —1) < vp(A), then by the triangle inequality, we have

Vp(l—A) <1

for any eigenvalue A of P,. This implies

P (D[ > 1.
Since P, is the characteristic polynomial of i2 € Op,, the value P, (1) is the determi-
nant of
1-if=e; €Op,
by using (2.3). So | P, (1)|r < 1. This completes the proof. ]
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Now we are ready to prove Proposition 5.1.
Proof of Proposition 5.1 Since we have
t € 6ZY(OF), I € Gzr(OF)ﬂo (OF) I3 € efO(OF),

P;, dominates P;,. By Lemma 5.4, we have P;, dominates P,. Moreover, P, dominates
P;,. By Lemma 5.3, this implies

[Res(Py,, Pry, Pry)|r = [P, (0)"*“Pr, (0)°Pry (1) Py, (1)
Similarly,
[Res(Py, Py, Py, Pr, )| = [Py (0)"*“P, (1) Py, (0)" Py, (1) Pry (1) -
By Lemma 5.5, we have |P;, (0)|r = |P;,(0)|r = |Py(0)|r = [Py, (1)|r = 1. Therefore

[Res(Py,, Pr,, Pry)|F
|ReS(Py) Ptlptzpt3)|F

= [Pt (P (1),

as desired. [ ]

Combining these lemmas, we have obtained a proof of Proposition 5.1.
5.2 Recursion formula

Our next goal is to calculate the integrals defined in (5.1), (5.2), and (5.3). We establish
the equation (5.6) in Proposition 5.6 and equation (5.5) in Corollary 5.8.

Proposition 5.6 We have

) ) £ a1- -2i
Aoli,0]Bo[a—i]= = =] —1—
0 o 1174

Ma

(5.13)

Proof On one hand, by applying our formula (4.13), we have

1 a
f =y ——— f [ IRes(Pys, Py )| dt'dt"”
€K,a GE(OF) 20 €K,a€K,h—a J&°,(0F) J&S°(OF)
=y — [ [ |Pe(0)7 P (1)) dt'de".
€K,a€K h-a JE5,(05) JE°(0F)

i=0

By Lemma 5.5, we have |P[l(0 “iPw (1)’ | =1for t' € S;°(Of) and t" € G5°,(Op).
Then, the above integral can be simplified as

dt’dt” = Ae[i,0]Bo[a - i].
;) €K,a€K,h—a [Efgi(ol’) [S?O(OF) IZ(:) [ ] [ ]

On the other hand, Vol(S,(0F)) = % +— Then,

1 £
[ dt = 2713
SK,a Ga(OF) >

K,a

as desired. ]
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To compute A,[a, k], we consider a more general integral

1 VE(Px (1)
Ar(a,X):= f X7 dx.
€K,a 4 E;7(OF)

Besides, we define

! v (Pr ()
Cr b)X = — 1 bX d .
( ) Ex,p JES(0F)NS (O )| P(1)|5 X

Then, we can write
Acla,i] = Ar(a’X)l)(:qu Cila,i] = Cr(a’X)|X=q2f'
Lemma 5.7 We have

(514) Ao, X) = 3 A,(1,X)Co(a - 1,7 X).

Proof Clearly,
) () )

a
Ap(a,X) = [
o852 Jeion * #= 2 Jen oz con

p(Px/(l)) (P H( ) , /
x / X [Res(Py/, Pyrr)|pdx’dx
")r(OF)

,;) fs>° [(OF)NET (OF)

v ,(1)) v (P u( )) . )
X f»(o : F F | x,(0)“_’Px~(1)’|pdx'dx"

a . VF(PXII(I)) /
=2 |Per (D] “[Per ([pX ™2 dx

iz0 42, (0p)NE;(OF)

vi (P (1)

x X 2 dx’

a . P rr()
-3 [ Pl (2o x) = e

20 7 S22, (0p)NSE . (OF)

v, Px’(l)
x[ X 2 2 )dx'
& (08)

=Y Ci(a-iq **X)A,(i,X).

i=0
This completes the proof. ]

Corollary 5.8 For all m > n, we have
n
Ag[n,n- Z [n—i,n—m]

Proof By Lemma 5.7, we have A¢(n,X)=3Y",A,(n-i,X)C,(i,q*"X). The
proof follows by setting X = g*"~2™. [
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Therefore, we proved equations (5.5) and (5.6).

5.3 Computation for A,[n, m]

In previous steps, we have essentially reduced everything to the computation of
A, (i, X). In this section, we will consider the core A, (i, X). We will use the polar
stereographic coordinate for our computation. This section is divided into three parts.
In the first section, we introduce the integration over S, (F) using polar stereographic
coordinate. In the second section, we use the polar stereographic coordinate to
compute A (i, X). We will see Ay (i, X) is a rational function. In the last section, we
give the formula for A, (i, X).

5.3.1 Polar Stereographic Coordinates

The polar stereographic coordinate is given by a map

o 0 ), (F) — Hau(F)
x> xg=eyoit = (x—x0)(x—x§)7!

where &}, (F) is the Zariski dense open subset given by
S, (F) = {x € ©,(F) : x — x is invertible}
and J(, (F) is the subspace of Mat,, (F) given by
Hy(F) = {xs € Maty,(F) : x4x9 — xgxs = 0}.

We call this map the polar stereographic projection from the pole x. Note that the set
3, (F) is the set of all semi-K;-linear endomorphisms of F?" with the K;-structure
induced by a;.

Our goal for this section is to prove the following formula.

Proposition 5.9  Let dx; be the standard additive Haar-measure for 3y, (F) and dx,
the standard Haar-measure for ©;,(OF). For any function f : 3, (F) — R, we have

&4 (F) f(x#)dx = /;(h(F) f(x#)|Px(0)|§hdx#,

Proof We consider both S, (F) and H},(F) as subvarieties of the ambient variety
Mat,, (F). For any x € S, (OF), let Tya,,(05),x> T3, (F),« be tangent spaces at x for
Mat,;, (F) and Sy, (F). Let Tyag,, (F),x.» 190, (F),x, De tangent spaces at x; for Mat,, (F)

and K, (F).
Note that di, = de, = %, from the following one-form calculation:
dxy = d(ex ) i;l)
= e, 0i M (diy )it + (dey )il
(515) X X ( X) X ( ) X

= (ex 0 it +1)(diy)i7"

= (ex +ix) 0 i 2 oiy(diy)iy',
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we deduce that the induced map at the tangent space is given by the following map
(we also draw the ambient space in the picture).

Tz, (F),x T3¢, (F),xs
Thtaty, (0r).x Thtaty, (F).xs
X (ex +iy)oi 2o i Xi!

Note that we can factorize this map into the following form

Te,(p)x — Tey(k)xg — = T30,(F).xs

TMatgh(OF),x TMatzh(Op),X() TMat;;, (F),xs

X i Xi (ex +iy)oi 20 i Xi!

R R P

Here the first map is induced by the following action of i,

ix' : Sh(F) —> Gh(F)

Yy ixyiy!
Since iy € Gy, (F) and the Haar measure on S, (F) is G, (F)-invariant, the relative
determinant of the first map X ~ i, Xi;' is 1. This implies the relative determinant for
zn(F)x — T3¢, (F),x, 1 €qual to the relative determinant of T, (r),x, — T3¢, (F),x.
with the map Y ~ (ey +i,) 0 i *Y. Note that if we identify Tytat,,(0p),x, With
TMat,, (F),x, Dy additive translation, Tg, (r),x, and Ty, (r),x, are the same subspaces
(intuitively, the projection plane for the polar-stereographic-projection and the tan-
gent space of the opposite point of the pole are parallel to each other). Since Tz, (§),x,
is isomorphic to Maty, (K} ), the relative determinant for Tz, (),x — T3¢, (F),x, €quals

detg, ((ex +ix) 0 i 2)".

Note that (e, + ix)? = 1 implies |detx (e, + ix)|x = 1, 50
. . 2\~ h - -
[deti, ((ex + i) 0 i%)"|x = |detx, (i2)[ = [P (0)x = [P« (0)[z*".
Now let dx and dxs be standard Haar-measures for S (F) and 3, (F), we have

|P,(0)|z2"dx = dxs.
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This yields the formula that for any function f : H,(F) — R,

fldx= [ G0 d.

This completes the proof. [ ]

G, (F)

5.3.2 Computation of A, (i, X)

In this section, we will prove the following formula.

Theorem 5.10 We have

a
1
Ao(a,X) =g X [] —=—.
n 1-g7%X

We briefly introduce our method. Firstly, we split 3(;, (F) into a disjoint union

h
Hu(F) = [ 3G (0r)

a=0

of the following subsets

H;0,(OF) = {xs € H;,(F) : there is exactly a many eigenvalues of x;

with the positive valuation}.
Then, we will prove the following proposition.

Proposition 5.11 For any h, a, we have
[ XvK(x#)dX# :AQ(Q,X).
3 (Or)

Suppose this proposition has been proved, then we know

h h
X" dyx, = f X" dxy = 3 A (i, X).
fﬂfh(F) ! z;) 365 (0r) ’ z;) (%)

This implies

Ao(a,X) = [ XVK(X#)dX#—/\ XVK(X#)CIX#.
Ha(OF) Fa-1(OF)

Suppose, we know the following formula.

Proposition 5.12  We have

! JA EOF M §
XVE*) dxy = —
€K, JH(0r) ! gl—CI‘Z’X

Then, we just finish the proof for Theorem 5.10 by direct computation

Ao(a,X) H ! 1;[1 ! —2ay H !
a, = - - " = e
‘ iiT-g2xX di1-g2ix 1 1-q2X

i=1

We will prove Proposition 5.12 first, then prove Proposition 5.11.
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Proof of Proposition 5.12  Consider the Galois conjugation map (F-linear)

U:th—>K1h
X — X.

Clearly, we have o € 3(;,(F) and det(o) = (~1)". Then we consider an isomorphism

1(0) : H(OF) —> Mata(O)

X —> 00X,
This implies
1 XK gy = L M
Ex,h JIHa(OF) €x,n JMat,(Ok)

Denote the above integral by F(a,X). Let dg be the standard Haar-measure on
G, (K). Then, we have dx = |g|%dg. We may write F(a, X) into
1

F(a,X)=—

X(®)glt.dg.
£k fGa(K)nMata(oK) glicdg

Let I c G,(K) be the subgroup of upper triangular matrices. By Iwasawa decom-
position, we can write G,(K) = 'G,(Ok). Then, we can view G,(K) as a homoge-
neous space with the left I x G, (Og)-action given by

(% G4 (0k)) - Ga(K) — Ga(K)

(y.k)- g — ygk™.
The stabilizer of each point is isomorphic to a compact subgroup G,(Ox) N I". Then,
G,(K) has an I' x G,(Ok)-invariant Haar-measure. Since this measure has to be
unique, this measure coincide with the Haar-measure of G,(K). We choose the

identity matrix Ij, € G,(K) as our base point of G,(K). Then, for any g € G,(K), we
can write g = pIjt for some p € " and t € G,(O). Therefore, we have

_ [FxGa(OK) lMata(OK)(Pt)XvK(pt)|Pt|?<dpdt
fFﬁGu(OK) 11Mat,,(OK) (g)XVK(g)|g|aKdg

1 pma XVK(g) 24
_/Gu(K) Mat, (0x) (&) 18lkdg
Note that the integrand 1y, (o) () X"<(®)|g]% is equal to 1 for g € G,(Ok), we have

1 Xvc(®|g|2d
Jo e P00 ()X glicdg

Vol(G,(0Ok))

~ Vol(G,4(0x) nT) /; Lntat, (04 (P) X P plicdp

Since Vol(G,(Ok) NT') = e ; and Vol(G,(Ok)) = &k,q, We can write

1 V. a
F(a.X) = [ Tuaes 00 (P)X™Pplidp.
g, JT

We remind the reader that dp is the standard left-Haar-measure of P. Let A c I" be the
subgroup of diagonal matrices, U c I the subgroup of unipotent matrices. We take the
decomposition p = du such that § € A and u € U. Note that det(u) =1forall u € U.
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We can write

F(a,X) = —

- ff11[5ueMatu(oK)]|5u|“XVK<5”>duda
8K)1 AJU
1

[ s x©as
A

a
€k,
where

1(8) = [U]l[au ¢ Mat, (Ox ) ]du.

Here 1[e] : {True, False} — {0,1} is the map such that 1[True] = 1 and 1[False] =
0. Let 811, -+, 844 € K be diagonal entries of § and u;; the entry of u in ith row and jth
column. Then, du € Mat, (Ox) is equivalent to that u;; € 8;}Ox. We thus have

fo)=TITI /I<1[uijE5EIOK]d“ij=H [T 186l = TTI8ulic .
i=1

i=1 j=i+1 i=1 j=i+1
Therefore,
a
Fa.X) = 8?1,1 /AnMata(Ox) Q 181 1831 & X< %) do.
This equals
F(a,X) = ﬁ L f (g7 X)) ds;; = ﬁ #
i=1 €k,1 40k i 11-g72iX
as desired. -

Our next goal is to prove Proposition 5.11. We will use the method in Section 3 for
our calculation.

Proof of Proposition 5.11  This proof follows the strategy in Section 3.3. We will adapt
the conditions to our situation.

Condition 1 We choose a subgroup C and set up the C-equivariant fibration: For
any t € 3;° (Op), we can decompose the characteristic polynomial P(X) of t as
P(X) = Py(X)P.o(X) such that Py(0) € Of and P,o(X) = X* modulo 7. Then, let
U; = ker(Pso(t)), which is the maximal invariant subspace such that all eigenvectors
of t on U, have eigenvalue A with vg(1) > 0. Using this way, we have defined a map

P3G (OF) — Grp,a(K)

x —> Uy.

(5.16)
Let H; (F) c 3, (F) be the subset of invertible matrices. Then, J}, (F) is a left-
homogeneous space for the group G, (K) x G,(K) with the action given by

(Ga(K) x Go(K)) - 3 (F) — I, (F)
(kl,kz) X > klxkgl.

Furthermore, we choose our subgroup C as the following

G2(0k) = {(x,x) : x € G, (Ok)}.
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Then the surjective map in (5.16) is a G5 (Ox)-equivariant map when we consider
Gry,.4(K) as a G5 (O )-homogeneous space.

Condition 2 We choose a subgroup P such that each fiber is a subset of a P-
homogeneous space: We denote each fiber p™'(U) by P73 (OF). Then, P7’(OF) is
a subset of

Pu(OfF) = {x e Hy(F) :xU c U}.
Clearly, Py (OF) is a homogeneous space of
P =Pk,u(0x,) x Px,u(Ox,)

where, P y(Og,) is the stabilizer of U;.
Condition 3  Clearly, we have

dim (%, (F)) = dim(Py’(OF)) + dim(Gry, . (K)).
Notation Denote the stabilizer of t € H(Of) by G} (Ox). We have

GL(Ok) = {(x,t7'xt) : x € G, (Ok)}.

Let g, and py g be the Lie-algebra of G,(Ok) and Pk, y(Ok,) respectively.
Let 65,85 (Ok) c g, x g, be sub-Lie-algebras corresponding to G4 (Ok), G, (Ok) c
G, (0k) x G,(Ok). Let D?],K = g5 Npyg  Pyx and Py.x = 85(0k) NPy X Py k.
Let ug = g,/Py x> g = 85/ x and uf = g5 (Og)/py g Let du,du®, and du' be
corresponding Haar-measures for ug x g, %, and 1} respectively.

By Theorem 3.1, we have

Ug X Ug = llIA< ® u§<.
Let J(¢t) € F be the element such that
du = J(t)dudu’.

Theorem 3.1 then implies that we have

Lyco X"(®dg = f f Lpso (o, ()X dtdx.
f%h(F) }ch,a(oy)(g) g T I (0p) (1) [J(g)|pdtdx

Now, we will calculate |J(t)|. Let ¢/, " be induced linear operators of t on W and
V /W. We have a natural isomorphism

ug 2 Hom(W, V/W).
Then, the isomorphism u% & 1§ — g x 1 is given by

s:Hom(W, V/W) x Hom(W,V /W) — Hom(W, V/W) x Hom(W, V/W)
(x,y) — (x + y,x + " yt)).

Then, we use J(t) for the determinant of this map. Note that the valuation of all
eigenvalues of ¢’ is larger than 0. And the valuation of all eigenvalues of ¢ is zero.
This implies that all valuations of eigenvalues of s is 0. This implies that |J(#)|r = 1.
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Therefore, we have

Lyeso Xx(&g f f Lypsoo () XD drdx.
\/j‘fh(F) Hia (O )(g) &= Grp,e(K) JPy(OF) TU(OF)()

Since the volume of Gry,q (K) is o sf,}h,,, , we have
1 1
— Tygon X&) dg = [ Lapon (09X 0dr
EK,n < Hu(F) j{h’a(op)(g) & €K,a€K,h-a JPu(Or) o (OF)()

Furthermore, let Uy (OF) = {t € G4(Ok) : t|y = id, ty v = id}. After we choose a
lifting I : W/U —> W, we can write every element t € P7’(OF) by t1t,u where u €
Uy (Of) and W and [(W/U) are invariant subspaces of #; and t,, such that # acts
trivially on [(W/U) and t, acts trivially on W. This implies that t; € }(;°, (Of) and
t, € U-C;f)hfu (Of). Therefore, we have a decomposition

PP (OF) = 32, (OF) x 3,5, (OF) x Uy(OF).

Then, we can write

1
_ 1pso t Xv"(t)dt
€K,a€K,h-a f?v(o ) o (OF)( )

f f f XvK(tltzu)dtldtzdbl
£K a€K,h-a JIG°(0F) JIGS,_ (OF) JUu(OF)

h,h—a

1 1
= f dt, - f XVe(t) gy,
€K, h-a }CZ,O;,_“(OF) €K,a %Z?H(OF)

By Proposition 5.12, we have

a

— [
£k h—a m(on n - ‘Z'X

Therefore,

1 Xvk(g)dg: 1 f xve()q¢.
€x,n Y30 (OF) €K,a JHZ(OF)

Our final goal is to prove this quantity equals to A (a, X). Indeed, since

2 -1 -1 2 -2 -
Xy =exoi, oexoi, =-e,0i  =1-1i,

1- 1 is an eigenvalue of x} for any root A of Py. This implies x; € };°(OF) ifand only
if x € ©.°(OF). Furthermore, by Lemma 5.5, |P,(0)|r = 1. Then,

1 1
f X0 gt = f X O|p,(0)[#dt
exa J360(0r) exa J30(00)

- ! / X" dy
€K,a JS;°(OF)

= Ao(ﬂ,X)

as desired. ]
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5.3.3 Computation of A, (i, X)

Now we are able to compute A, (i, X) by using complex analysis strategies.

Lemma 5.13 For any n, r, the function A,(n, X) is a rational function with poles at
X =q%4q*...,q4*" Let a,[n, m] be the residue of —q"*™A,(n, X) at X = ¢*™. Then,
we have

a,[n, i)(q 2 X)I%1
(5.17) Ar(n,X) = ; —gix

Here [r| means the smallest integer larger than r. In other words, [r]=n <= re[n-
1,n).

Proof Remember that the degree of a rational function is the order of its pole at

the infinity (for example, let P(x), Q(x) be two polynomials. The degree of P(x)

deg(P(x)) — deg(Q(x))). By Lemma 5.7, we have

M0 Al ) - E AR 0.

i=0

Firstly, we claim that the degree of A(a,r, X) is at most [%] — 1. We prove it by
induction. When # =0, the degree of A,(n,X) =1 is indeed 0 =[0] —1. Now we
assume the induction hypothesis that the degree of A(i,r, X) is at most [%] -1 for
all i < n. By Lemma 5.10, the degree of A¢(n,X) is at most 0. For each summand
A, (i,X)C,(n—i,q7*"X), the degree of C,(n —i,q *"X) is at most [@J, where
the symbol | 7| means the largest integer no larger than r. By induction hypothesis,
the degree of A, (i, X) is at most [%] — L. Therefore, the degree of each summand
A,(i,X)C(n—1i,q *"X) is at most

2] f2]- 2]

This proves our claim. Now let P(X) be a rational function such that

721 ) nr

A (m X) = Z a(n,r,q*)(q

P(X).
)

Then, P(X) has no poles except the infinity. This implies P(X) is a polynomial.
Our claim implies that the degree of P(X) is at most ["’] — 1. Since by definition of
A,(n, X), the coefficient for X/ must be 0 for any j < 2, this proves P(X) = 0, which
proves this lemma. ]

Corollary 5.14 We have

n n

(5.18) £ 11 - qu — = a,i [n—i,2m-2n].
i= i=m
i*m
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Proof Using Lemma 5.13 and Theorem 5.10, we can write (5.14) as

n

i 2j5\[ 2]

-2n ar i, ] (q X) z R

g Xﬂl_ -2iyx ;}2 _ZJX Cr(”—l,q nX).
= =0 j=

Multiplying the above equation by 1 — g~ X, we can write this equation into

n

n
q’Z”X H REr=rv Z (g2 x)=1C,(n- i, X)

+(1-q7"X)o(X)

where o(X) refers to a function without poles at X = g?™. This Corollary follows by
evaluating this equation at X = g*™. [ ]

6 Computation of the intersection number for / =2

In this section, we use our algorithm developed in Section 5 to compute the arithmetic
geometric side of the linear AFL for the case of h = 2. Our result is listed at the end
of this section. Those results are written in a form comparable with the analytic side
computed in Section 7.

By Theorem 5.10, we have

n-1 1
_ _ —-2m -
(6.1) ap[n,n—m)=q iI:(I)l_q_z(m-i)'
i+m

Furthermore, by (5.8), we have ag[n, n] = a,[n, n] for any n. Firstly, we have
a,[1,1] = ao[1,1] = 1.
Therefore, by the equation (5.9), we have
A [L1-m] = lq_Z;n_[;l
Plugging in m = -1 and m = 1, we have
-242]3] 3] -

A,[1,0] = lq_ = Ao[1,0] =

4

Note that C,[0, m] =1 for any m. Using (5.5), we have

q—Zm q—Zm[ﬂ

C/[1L,m]=Ao[L,1-m] - A, [LL1-m] = — - —

Evaluating this expression at m = 0 and m = 1, we have
qz[ﬂ_z -1

-2 _ g25]

1-g-
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Continue the same process. By (5.8) we have
a,[2,2] = ae[2,2] = ——

Using (6.1), we see

-2
q
a()[z, 1] = - q72
By (5.8), we have
q_z[ﬂ
a,(2,1] = ao[2,1] - C/[1,1]a,[1,1] = -t
Again by applying (5.9), we have
_q—z—zm[r] q—z[g]u(l—m)[r]

N (= (ErE D A (e (R

Let m = 2, we have
_ _q—2—4[r] N q—z[g]—zm ‘
(I-g2)(1-q*) (1-q72)

(6.5) A,(2,0]

By Formula (5.5), we obtain

(6.6) C/[2,m] = Ap[2,2-m] - A,[2,2-m] - C,[l,m]A,[1,2—m].

From (6.3) and (6.2), we know C,[1,0]A[1,2] = (1 - [ﬂ) Uil

R therefore, moving

this term to the left and evaluating (6.6) at m = 0, we have

(6.7)

-2+2[ %] —2-2m[r] _ -2-2m —2-2[£]+2[r] _ ;-2

q q q q q
C,[2,0]+(1—[7]) — = - om + Z
21/ 1-q2  (1-q2)(1A-q72")], (1-q72)
Applying UHospital rule, we have
A gt ([£]-) 1 g
O =g |
Now we calculate By[1] and By[2]. By formula (5.6),

C,[2,0] =

_l_q—l _1_q_1_q_2
Boll) = 1=~ AofL0] =

By formula (5.13), we have

_(1-gH0-q7)
(1-g2)(1-g97*)

Bo[2] Bo[1]A0[1,0] - A[2,0]
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and

2= L -q’ q°-q’+l-q'+q"
(1-q27  (-q2(1-q9

Since C,[1,0] =[] - 1, we have

Bo[1] + C,[1,0] = - E]

1-g72
whence
Bo[2] + C,[1,-1]Bo[1] + C,[2,0]
equals
q—2—2[§]+2[r] r qz[g]—z qz[g]—z q—z q—s
(1-q72) +H 1-q2 1 T et
£ PNIEY )
i o

By our formula (5.4), the intersection number equals

N(r) =q"" Ao[2,0] + g*" Aq[1,0](Bo[1] + C,[1,0]) + (Bo[2]
+C,[1,-1]By[1] + C,[2,0]).

This equals
q7272[{|+2[r‘| Al qz[g]fz_ g2 B q°
i (3] 1)1—q-2 e )
i (- ) [l]q—z[g]m g5
R R e I =
—2-4[r]+4r 72[2] 2[r]+4r

—-q q
Ta-g)(-qh (-q2p

Since we have 2r — 2[r| = -1, the intersection formula is simplified to

g2 En gt (12]-) LR

N(r) =

68) (1-g72)° 2 1-q72 1-q72
| : (-g'-q?) | [5la?E
¥ (q2[2]*2 -q%) + .
(-a2F i
We found N(3) = 1and N(2) = g + 2. Furthermore, we compute
-2[£]+2[r] 2[£] -2
- S ERLELRY I D) PR B A
NG+2) =N = T (M 1)q o
(6.9) 2 -2[£]+2r+2
A -a” -9 | H PRI i
1-g72 2 1-g72
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Note that 2 [r] = 2r + 1. By simplifying this equation, we may write N(r +2) — N(r)
as

—2[£]+2[r]+1 L T 2[£] ] 1 2(1_q2[§]+2)
(6.10) g (l_q_1+[2])+q ([2} l—q‘1)+ T

In order to compare this result with orbital integrals, we will rewrite this expression
to another form in the rest of the section. Please note that our goal here is preparing
a result for comparison with the analytic side rather than simplifying the expression.
We do this part of computation only after we know the result of the analytic side. For
a =0 or a =1, we have an identity

(6.11) (7" +q%)a+ ql 1

For any r € 7, we have

ZE]—M:I or 0.

Then, let a = 2[ £ - [r] in the equation (6.11), we could write

A 2l t14lr ory r . =2[ 514171 _ g2[5]-1r]
In other words,
(6.12)
,Z[L]Jrz[rprl r 2[;] r [ q’z[%]Jr[r] - qz[%]f[r]
0 (2 S r1) « 91 (2 5] - 1)+ 1 o

Now by computing the difference of the equation (6.10) and the equation (6.12), we
can write N(r +2) — N(r) into

(o))

2(1— q2[§]+2) [ q—2[§]+[r] —qz[ﬂ_[’]
M 7 .

Simplifying this expression, we obtain

(6.13)
2

N(r+2)-N(r) = le_qq[j] + ([r] +2- [%]) qz[ﬂ + ([r] - [%] + 1) qzm’z[ﬂﬂ.
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Note that if 2r is an odd number, then [r] = r + 1. If2r = 1mod 4, we have [ 1| =
If 2r = 3 mod 4, we have [ﬂ = % + i. This implies

r 3
2+4'

1-¢'*: 7 3
N(r+2)-N(r)=2 1 2+(1+7)q”%+(£+7)q”% when 2r = 1 mod 4
1-¢2 \2 4 2 4

r+1

2+(1+2)q'+%+(z+§)q”% when 27 = 3 mod 4
2 4 2 4

l-q

N(r+2)-N(r)=2
1- g2

These expressions determine the value of N(r) completely with the initial condi-

tion
1
()
2
3
N|l=-)=qg+2.
(2) 1

7 Computation of orbital integrals for /1 = 2

In this section, we will finish our proof of the linear AFL in h = 2 case by computing the
Analytic side of the linear AFL conjecture. Our test function is the unit of the spherical
Hecke algebra. This section have five parts. In Sections 71-7.3, we briefly describe
the combinatorial method for general h. Along the way, we provide a combinatorial
picture of orbital integrals. Section 7.4 describes the orbits that occur in the linear AFL.
In Section 7.5, we specialize to the computation to the case h = 2.

7.1 Definition of orbital integrals

In this section, we will define the relative orbital integral in (7.1). We introduce two
important operators in (72) and (7.3). These two operators will play a central role in
our calculation.

Now we prepare materials to define the relative orbital integral with respect to two
Op-algebra embeddings

712 O x Op — Maty, (OF),
Ty - OF X OF —> Mach((‘)p).

Let g € G,;,(OF) be an element such that 7,(x) = g7;(x)g ™" for any x € Of x OF.
Let C(7;) c Gy, (F) be centralizers of 7;. It is clear that C(7;) = G, (F) x G, (F) for
i =1,2. For x € C(71), we write x = (x1, x) for x; € G;,(F). Moreover, define

x| := |det(x;"%2) [, nxyr(x) = ngyp(det(xix2))

where 7/ is the quadratic character of K/F. Let 1g,,(0,) be the characteristic
function of G, (OF). The relative orbital integral is defined by

Orb.,,, (]leh(oF)’ S)
(7.1)

1 - * duydu,.
fc(n)nc(rz)\c(n)xc(n) Gan (0r) (11" g2) 11 (112) o] dunndu
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where the Haar-measure on C(7;) and C(1;) N C(7;) is normalized by C(7;) n
G2, (OF) and C(71) N C(12) N G, (OF) respectively. In the case that the invariant
polynomial of (71, 7,) has distinct roots, the F algebra

Ly, o, = {l € Maty, (F) : I1;(x) = 7;(x)l forany i =1,2 and x € O x O}

is a commutative etale algebra over F and one has L N G,;,(F) = C(11) N C(13).
Now, we introduce two important operators. Let

{=(a,b) € OF ® Of
be a generator. Recall Definition 2.2. Let wy, ;, be an element in L, ., defined by
(7.2) Wi 1, = iim €L 1,

Let z,, ., be an element in G,;, (F) defined by

(7.3) Zr 1y = dgy,7, O €7, € G2h(F)'

. . -1 . .
The trace of z,, ., is zero because iy, 1, 02y, 1, © iy, = ~Zq 7,. In this section, we
abbreviate those symbols by z and w.

7.2 Orbital integral and lattice counting

In this section, we give a combinatorial formula for orbital integrals in terms of lattices.
A lattice A c F?" is an Op-submodule such that A ®, F = F?". Our orbital integral
(7.1) has a natural interpretation of counting lattices. From now, we fix the embedding

71 such that
al
Tl(() = ( h blh) .

We fix a lattice
AO = O%;h C FZh.

To translate the orbital integral into an object-counting problem, we study the
integrand of (7.2),

L, o) (uy ' gu2) e (u2) [urus| .

We will discuss Lg,, (o,) (47" guz) first. Then, study ng/1 (u2) |urua|’.
Note that the integrand of the orbital integral (7.1) does not vanish only if

]leh(oF) (ul_lguz) +0,

which is equivalent to gu, Ag = u3Ag. Furthermore, it is straightforward to verify A =
gur Ao = u1Ag if and only if A is closed under both actions of 71 ({) and 7, ({). Finally,
since the integrand is considered under the equivalence of C(7;) N C(7,) = L*, the
object-counting process is considering elements of the following subset

Lo i={Ac F*Mattice, 7;({)A = Afor i = 1,2} /L%

Here, two lattices A, A, are equivalent if and only if A; = [A; for some [ € L*.

https://doi.org/10.4153/S0008414X20000814 Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X20000814

A proof of the linear Arithmetic Fundamental Lemma for GL4 419

Now we explain the term 775, (1) [uru2|". Let A ¢ F?" be a lattice with 7;({)A =

A, there is a direct sum decomposition of A corresponding to eigenspaces of 71({) by
A=AL®A_

where

A+:Im(Aﬂ>A):ker(ALA),

A_:Im(A%A):ker(Aﬂ>A).

The action of w preserves components whence w(A;) = A, and w(A_) = A_. We
denote their induced mapsbyw, : A, — A, w_: A_ — A,.Theaction of z inter-
changes components. In other words, z(A,) = A_ and z(A_) = A,. We denote their
induced maps by z_ : A, — A_, z, : A_ —> A.. Finally, for each representative A
of a lattice class in £, ,, we can associate to it an order Ry c L defined by

RAI{IELIZACA}.

This definition does not depend on the choice of representatives.
With above constructions, we can write orbital integrals in a combinatorial way as
in the following theorem.

Theorem 71 Assume Ag_ = 2\, we have

(7.4) Orby,,1,(16,,(05)>S) = Z [OF :RZ](_qks)length(AJr/zA—).
[AleLoyr,

withk =2ifiy ., € OF ork =0ife, ., € OF.
Proof Consider a subset U, ;, € G4 (F) /Gy (OF) defined by
Us iz, = {u € Gop(F)[Gon(OF) : 1:(uMg = ulg for i =1,2}.

Since 71({)u1Ag = u1Ag, and 7, ({)gua Ao = gua Ao (because g71({)g™" = 12({)), we
have

]lGZh(oF)(ul_lguz) 0 = gupNg=uAg = u; €Uy, q,.
This implies that we can write the orbital integral into
[, Il e (u)dindiz =5 [0F s Stabye () sl e ()
uiAo=guz Ao ur€WUz,z,
urAo=gus Ao

Note that here we can omit u3A¢ = gu, because xou3 Ao = u3 Ao implies there is an
uy € Uy, 7, with u3Ag = gua Ag. Furthermore, this u, is unique. Then, we can write
the orbital integral directly into

(7.5) Z [OF : Stabpx (u) JJmus nx/p(uz)  with gus Ag = uyAg.

wel,r,

Let A = u3Ay. Next we will prove

(76) ‘u1“2|57’11</F(U2) _ (_qkS)length(A+/zA—)
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with k =2ifi; ., € Of ork=0ife; ,, € Of. For i = 1,2, denote A; = u; Ag. Decom-
pose A; = A ® A;_ by eigenspaces of 7;((). Note that

[Ai— : AO—] _ [Ai— : ZA(H_]
[Ai+ : A0+] [ZAi+ : ZA0+]

Since 7,(({), 11({) € Mat,;,(OF), we have i, r,, e, 7, € Maty, (OF).
On one hand, If det(i,, ., ) € OF, we have i, 1, € G2, (OF). Since

inTle(() = TZ(C)ileTz’
we have i, r, A1 = Ay and iq, 7, Aoy = Agy. Therefore,

[AZ— :ZA2+] = [i‘r],‘rZAZ— : iT],TzZA2+] = [Al— :ZA1+]-

(7.7) |ui| = [det(u;iu;)|F =

= [Ai— : ZAi+].

By (7.7), this implies |u| = |u| = g'¢"&h(A-24+)  Furthermore, since

(7.8) ’1K/F(u2) _ (_l)vF(det(u;l_uz_)) _ (_l)length(Az_:zAH),

we have |uu, [ g p(ua) = (—g?)length(A-izis),

On the other hand, if det(e;,,r,) € OF, we have e, 1, € G5 (OF). Since

er,,11(0) = 13 ({)ex, o,

we have e ., A, =A,. and e; Ay =Ay. This implies |up|™ = |uy| =
gleneth(A-2A4) - Byurthermore, by (7.8) again, we conclude that luiua ' g p(ua) =
(_l)length(A,:zAg'

Now after (7.6) has been proved, we could write the orbital integral as

Z [oz : Staby < (u)](_qkS)length(A+/zA—)‘

uelr 7,

Since Stabyx (1) is the stabilizer of u as an element of U,, ,, under the action of L*, it
is identified with the stabilizer of A = uA under actions of L*. Then Stabr~ (1) = R}.
This completes the proof of the theorem. [ ]

Lattices and fractional ideals

In this section, we simplify the orbital integral in (7.4) by parametrizing elements of
the set £, ;, in more details. For each class [A] € £, ,, each representative A c F2"
is a lattice which is closed under actions of 71({) and 7,({). Then, we can decompose
A=A, & A_ according to eigenspaces of 71({). Each of the component A,, A_ is a
lattice in F". We denote their stabilizers in L as

Ry ={leL:1A, c A},
RA,:{IELZZA,CA,}.

It is clear that the definition of Ry, and R,_ only depends on the class [ A]. We also
have Rpo =Rp.NR,_.

Note that A, ®¢, F = F?". A vector v € F" gives rise to an isomorphism F" = L,
which identifies A, as a R -submodule of L. This is also called a R 5, -fractional ideal
in L in the literature. Two lattices Ay, and A,, are related by A, = [Ay, foran/eL
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if and only if Ry 4 = Rp,+ and they correspond to Ry, -fractional ideals in the same
ideal class. Let C be the set of all fractional-ideal-classes of L. Let C(R) c C be the set
of R-fractional-ideal-classes.

To describe elements in £, ;,, we need more definitions. Let

S[A+],[A_] = {Z_ Ay — A_}/ s,

where two maps A;, — Aj- and A, — A,_ are defining the same element in
Sia.).[a-] if and only if there are Ry, and R, --isomorphisms I, and I such that
the following diagram commutes

z_
A1+ —_— Al_

hi ll

Zy_
Ayy —— Ay

We have the following description of £, ,,.

Lemma 7.2 We have an isomorphism
Lo 2 {([AL A 20) s [AL] [AZ] € Cozo € Spa g a 22 A= c 2o ALY

Proof Forany[A]e XL, .,,wehavez_(A,) c A_.Sincewealsohavez,(A_) c A,
we have z?A_ =z_z,(A_) c z_A,. Therefore, we could have a map

Lo, — {([A+] [AZ]z2) s [AL] [A] € Gz € S[A+],[A7],Z2A_ cz_A.}.

We need to show this map is well defined and that this map is an isomorphism.
Let A;, A be lattices with [A;] = [A;]. Then, there exists I € L with A, = [A;. This
implies A1 = [Ay; and Aj- = IA,_. Then we have [A1; ] = [Ay ] and [A1-] = [Ax-].
Furthermore, since | commutes with z;_, and z,_, we see we defined the same element
in Sa,7,1a_]- This map is well defined.

On the other hand, we can construct the inverse map and prove the inverse map
is well defined. For any ([A+],[A-],z_), we define an element [A] € £, ., by the
following steps. First, we embed A, A_ into F?" such that the homomorphism z_ :
A — A_andz,: A_ — A, isinduced by z. Then, we define A = A, & A_.

To prove this map is well-defined, we need to show that after the embedding, if
Ay =LA, Ay_=1_A_and zol, =]_oz, then A, = [A; for some [ € L. Indeed,
let I = I, ® I_, we have | commutes with z. Since  preserves the eigenspaces of 7;({),
then I commutes with 7;({). Similarly I commutes with 7,({). This implies [ ¢ L. =

By this lemma and (7.4), we can write the orbital integral as

Orle)TZ(]leh(OF)’S) = Z Z Z

Riow A eC(Ry) 2-€S[a, 1A ]
(79) Roow 2'eC(R)) 5 A,onA-

« [oz . (R+ mR_)X](_qkS)length(A_/z_A+).
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7.4 Double structures for division algebra

Before we calculate the orbital integral, we study the pair (7, 7,) in more details. By
our assumption, it matches to a pair in the division algebra D over F given by

(/’13(()Kl — Op

§02 : OKz — OD.

By our construction,

Zo192 = €91,02 © 91,02

_ 22
Wor,0, = 1<P1,(P2’

In this section, we study the properties of those z = z,, ,,, and w = w,, ,, that arises
from double structures of division algebras.

Lemma 73 Let D be a quaternion algebra over L and y € D. Let { € O}, be a trace zero
element and (y = y(°. Then vp(y) is an odd integer.

Proof Let @ be the uniformizer of Op. Since Op/® is a finite division algebra, it is a
field. Therefore, the reduction y modulo @ must commute with all elements in Op /@,
this implies

y{ -y e @0p

Since y{° = {y, this implies y ¢ O},. Let m be an uniformizer in Q. Since D
is a quaternion algebra, we have vp(m) =2. Suppose vp(y) is even. Hence
vp(y) =vp(n™) for some m. Then, we have 77"y e OF and 7 "y{={"7""y,
contradiction. ]

From now to the rest of the paper, we use y to represent the fixed double structure
(¢1, ¢2), and use y; to represent eg, 4, © i<;11,¢2-

Corollary 7.4 Let y; = ep,p, 0y 5 = (91(0) = 92(0)) (91({) + 92(0))7" be the
polar stereographic coordinate of the double structure arises in a division algebra. Then,
vi(y2) is an odd integer.

Proof Itis clear that y4 € Dy. Since Dy is a quaterenion algebra over L, we have

vi(y3) = v, (y#).

Since ¢;(¢) € Op, and yx¢;({) = ¢7 ({)y+, by Lemma 7.3, the number vp, (y#) must
be an odd integer. ]

This corollary implies that for any orbit considered in the linear AFL, the number
vr(Py(1)) is always an odd integer.

7.5 Calculation of orbital integral for h =2

We call a lattice a principal lattice if it corresponds to a principal fractional ideal. In the
case of h = 2, all lattices A c F?" that are closed under 7,({) and 7,({) have principal
lattices A, and A_ as its components. For general h, given an Op-order R c L, the R-
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fractional ideal class group is not necessarily trivial. The following proposition is well
known.

Proposition 7.5 Let L/F be a quadratic extension of non-Archimedean fields. Then,
any Og-lattice A c L is a principal R-fractional ideal in L with R of the form

R=0p+1"0;
for some positive integer m. We denote such a ring as R,,.

In the case of h = 2, Proposition 7.5 implies both A, and A_ are principal lattices;
we may furthermore write the orbital integral as

(7.10)
Orbe,,r, (L, (04)28) = D, > [0F: (Ry nRO)¥](—qP)lensth(BeRe),

Risw z_€S(p,1,[r_]
R->w Z_R+312R_

Here [R, ] and [R_] are classes of principal R, and R_ lattices.

7.5.1 Calculation of orbital integral

Using the same notation as previous sections, we have r = vp(y3). Then 2r = v (y2) =
vp, (y#)- I iy 0, € G2n(OF), by Theorem 7.1, we know the orbital integral does not
depend on s. Then the derivative is zero. In this section, we only consider the non-
trivial case where iy, ¢, € G2, (OF). Since, we have y;¢;({) = ¢7({)y# by Lemma
7.3, we know 2r is an odd integer. Since yx = €y, ,¢, © i(_pll,q,z, Vi(ig,g,) =0and ey, ¢, ©
ig,,p, = Z, We have

vi(2?) = ve(y;) = 2r.

This corresponds to k = 2 case in Theorem 7.1. To make our calculations clear we write
the orbital integral in the following way

(7.11) Orby, 7, (Lg,,(00):5) = . [Of : (R nR_)*]I (R4, R_, 5).
R o
with
(712) IY(RJr,R,,S) _ Z (_qZS)length(R,/szJr).
Z-€S[r, J[R-]
A>z?R_

Lemma 7.6 We have a canonical isomorphism
S[R.[R.] E R_/(RyUR.)™

Proof = Sig,j,[r_] is the set of maps f : R, —> R_, where two such maps fi, f, are
equivalent if and only if g_ o f; o g, = f, for some R, and R_-isomorphisms g, and
g-. Since all maps are obtained by multiplying by an element, the map f is uniquely
determined by f(1). Suppose fi and f, are equivalent, we have g_(1)f1(1)g.+(1) =
f2(1). Therefore, we have Sig,1,(r_.] = R-/(Ry UR_)™. ]
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To study the structure of S, },(z_]> We consider a valuation map
Str.J[R] € Rf/(R+ UR_)* —> OO} 2 Zs,.

Let Sp°°% S}’{if‘R_ be the preimage of even and odd integers under this map respec-
tively. In other words,

Sxor. = 1[z-1€Str,7, ] 1 vL(z-(1)) is even},

SOdd ={[z-] € (r_]:vr(z-(1))is odd}.
This gives us a partition
St e = S5 L1838
Let
C = {(R.,R,2.) iz € S3°%
Co% = {(Ry,R,z-) 12 € S32%
and

C" ={(Ry,R_,z_) e CV*": Z’R, cz_R_},
CHM = {(Ry,R,z_ ) eC*:2’R, cz_R_}.
Then, we can write

Orbr, 1, (L6, (0r)$) = > [0F : (R 0 R_)*](—g>)tengh(R-/-R),
(Ry,R-,z-)eCeypen [ €24

Since v;(z*) is odd, and any (R,,R_,z_) € C}*" satisfies z*R, c z_R_, there is an
isomorphism

dd
Caen — €
Z_+—>1Z,

where the map z, : R_ — R, is defined by the following commutative diagram

7N

R, - 5 R,
Furthermore, we noticed that
length(R_/z_R,) +length(R, /z,R_) = length(R, /z*R,) = 2r.
Therefore, we have

Z [Oz . (R+ A R_)X](_qZS)length(RJr/erR,)
(R+,R,,z+)eCz°;'d

_ Z [Oz . (R+ A Rﬁ)X](_qZS)2r—length(R,/z,R+).
(Ry\R-z-)eCeyen
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Using this expression, we can reduce the orbital integral to the following form

OrbTI’TZ(IIGzh(OF)’S) = Z [Of : (Ry nR.)™]

(R+,R_,z_)ecz‘2’e“
% ((_qZS)Zr—length(R_/z_R+) 4 (_qu)length(R_/z_R+)) )
We can decompose the set C*¥*" by the following
Lemma 7.7 Let
Cl) = {(R..R_,2.) € C™*" : R, = Op + 1°0p, R
= Op + 700, v (z-(1)) =2(b-¢)}.
We have
- (c)
cx"= I 5

a>c;b>c
a+b-c< 21

Proof Wehave C**" =[], 7., CE:;. To prove the lemma, we only need to deter-
mine the value of a, b and ¢ so that we have some x € R_ satisfies vy (x) = 2(b — ¢) and

(713) Op + 1201 2 x(Op + 71°01) 2 22(Op + 1°OL).

Now, we will prove the lemma by considering the inclusion Of + 7O, > x(Of +
7°0r) and x(Ofp + 101) 5 2*(Of + 7°OL) one by one.

Firstly, by considering all possible elements with odd valuations of each subset, it is
clear that 2b < 2a + (2b — 2¢) is equivalent to the existence of an element x € R_ with
vi(x)=2(b-c)and

Op + PO, o x(Op + 1°0}).
Secondly, since v;(z?) = 2r is odd, we have x(Or + 1°0) c z*(Of + 7°Oy) if and

only if (2b —2¢) + 2a < 2r — 1. This implies the relation (713) holds only for values
a,b,ceZzowithaZc,ch,a+b—cS%. [ |

Lemma 7.8 We have
Z [0F: (Ry nR) ] = qu+b—max{0,c}.

(Ri,R_,z-)eC)

Proof We have [0} : (R, nR_)*] = g™*{®} for all element in Cif;. Futhermore,
we note that there is an isomorphism

) — R\ (n°0; nR) R}
([R+],[R-],2-) —>2-(1)

where the representative map is z_ : R, — R_. Since the action of R, and R_
commute, we have either R, > R_ or R, c R_. Hence,

C') = (707 nR_) /R, UR_

a,b =
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The cardinality of C‘SC; is the volume of the above set. Then,

#C9) _ [0F : (Ry UR_)] ) qmin{a,h}
a,b [na—coz . ﬂ“"@i n R,] qmin{b*(h—c),o} .
This completes the proof of the lemma. .

Besides, it is clear that for any (R,,R_,z_) € C‘(lf;, we havelength(R_/z_R,) =a+
b - 2¢. Using Lemmas 7.8-7.6, we can write the orbital integral Orb,, .,(1g,,(0,),$)
into the following form

-1

Z Z ((_q23)172c+(_q25)2r—l+25)

c=—214 a+h=1

z 1 a,b>0
>4 !
1=0 +Z Z ((_qZS)l—c+(_q23)2r—l+C)
=0 g+b=I+c
a,b>c

c=0

Now by taking the derivative at s = 0, we can write

ds

Orle)TZ(]]‘Gzh(OF)’ S)
s=0

-1

2 1
=341 > Y (niei-2)-2r)+> > (DI -¢)-2r)

1=0 c=—2=1, ] a+b=I c=0 a+b=I+c
2 a,b>0 a,b>c

= : ql( i (—l)l(l+l)(2(l—2c)—2r)+ZI:(—I)IC(l—c+1)(2(l—c)—2r))

1= —kiy

> 4 ((—1)’(1 1) (? - z) " ((_1)’ (12 i+ % - %) - (% N %)))

SRIEIRONN

Use N'(r) to denote the value for the above expression. We have

)

r—

1]
o —
MN
- O

2r=1

N -N 0 == 2 (0 )+ (0 () - (5+57)) o

1=0

(e ()-me

If2r=1mod 4, r+ % odd, and we have
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Andif2r =3 mod 4, r + % even, we have
i 9 5
N'(r+2)-N'(r)=-2 Y ¢* - (f + 7) g7 - (g + Z) g3
1- g+ +(5+g)qr+% +(1+§)qr+g ‘
1-¢> \2 4 2 4
It also easy to verify N(3) =1=-N’(3) and N(3) = g + 2 = -N’(2). This proves
N(r) = N'(r).

We finished the proof of the linear AFL of the case h = 2 for the identity test function.

I}
|
—_
[\S)

Acknowledgement The author would like to thank Professor Wei Zhang for his
suggestion on topics for the author’s Ph.D thesis. The author would like to thank
Prof. Ben Howard for his interests and discussions of general orbital integrals in bi-
quadratic case and invariant polynomials.

References

[1] Q. Li, An intersection number formula for CM cycles in Lubin-Tate towers. Preprint, 2018.
http:/arxiv.org/1803.07553

[2] W. Zhang, A conjectural linear Arithmetic Fundamental Lemma for Lubin-Tate space.
Unpublished note.

Department of Mathematics, University of Toronto, Toronto, Canada
e-mail: qiruili@math.utoronto.ca

https://doi.org/10.4153/S0008414X20000814 Published online by Cambridge University Press


http://arxiv.org/1803.07553
mailto:qiruili@math.utoronto.ca
https://doi.org/10.4153/S0008414X20000814

	1 Introduction
	1.1 Motivation
	1.2 The linear AFL
	1.3 Classification of double structures
	1.4 Main results of the paper

	2 Double structures
	2.1 Parameter space of double structures
	2.2 Polar stereographic coordinate
	2.3 Invariant polynomials

	3 Integration in homogeneous spaces
	3.1 Invariant measure on homogeneous spaces
	3.2 Standard Haar-measure
	3.3 Integration by fibration

	4 Parabolic reduction formula
	4.1 Fibration over Grassmannian
	4.2 Computation of the Jacobian determinant

	5 Inductive formulae for the intersection number
	5.1 Simplification of the intersection formula
	5.2 Recursion formula
	5.3 Computation for Ar[n,m]
	5.3.1 Polar Stereographic Coordinates
	5.3.2 Computation of A0(i,X)
	5.3.3 Computation of Ar(i,X)


	6 Computation of the intersection number for h=2
	7 Computation of orbital integrals for h=2
	7.1 Definition of orbital integrals
	7.2 Orbital integral and lattice counting
	7.3 Lattices and fractional ideals
	7.4 Double structures for division algebra
	7.5 Calculation of orbital integral for h=2
	7.5.1 Calculation of orbital integral



