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Abstract  We study characters of an n-fold cover SL(n,F) of SL(n,F) over a non-Archimedean local
field. We compute the character of an irreducible representation of S'Z(n,IF) in terms of the character
of an irreducible representation of a cover GL(n,F) of GL(n,F). We define an analogue of L-packets
for SL(n,F), such that the character of a linear combination of the representations in such a packet is
computed in terms of the character of an irreducible representation of PGL(n,F). This is analogous to
stable endoscopic lifting for linear groups. We also prove an ‘inversion’ formula expressing the character
of a genuine irreducible representation of s“i(n, F) as a linear combination of virtual characters, each of
which is obtained from PGL(n,F).
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1. Introduction

Let G be a reductive linear group defined over a local field F of characteristic 0, and let
G = G(F). One of the ingredients of the local portion of the Langlands program for G is
the study of characters of admissible representations of G. These are used on one side of
the trace formula, and provide information about automorphic representations of G over
a global field.

Important examples of automorphic representations involve reductive groups which are
not linear, such as the oscillator representation of the metaplectic group, the twofold cover
of Sp(2n,F). We refer to a finite central extension G of G which is not itself a linear group
as a nonlinear group. It would be interesting to understand the representation theory
of such groups, and to extend the Langlands program to the study of their automorphic
representations.

A representation 7 of G is said to be genuine if it does not factor to any proper quotient
of G. One approach to the representation theory of G is to relate genuine representations
of G to representations of a linear group via character theory. There are a number of
examples of this approach. See the references and [3] for a survey.

Now assume the cardinality of the nth roots of unity u,, of F is n. We consider a certain
central extension SL(n, F) of SL(n,F) by p, (cf. §2).
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Arbitrary covers @f(n F) of GL(n,F) have been studied extensively [5-8]. Flicker,
Kazhdan and Patterson relate character theory of GL(n F) to that of GL(n,F). The
group S L(n IF) is a subgroup of a corresponding group GL(n F), and a natural approach
is to study representations of SL( ,IF) by restricting representations of E’f(n,ﬂ?) The
corresponding problem for SL(n,F) and GL(n,F) is quite difficult [9,18]. For example
the case of n = 2 is the first example of endoscopy and is highly non-trivial [10].

_ Surprisingly the corresponding restriction problem for genuine representations of
SL(n F) is very easy, and character theory of SL(n ) reduces to that of GL( F). Our
first step is to write a formula (Theorem 3.3) for the character of an irreducible genuine
representation 7 of ﬁ(n, F) in terms of the character of an irreducible representation of
GL(n,F) which contains 7 in its restriction. .

We are interested in relating the characters of representations of SL(n,F) to those of
a linear group. This is modelled on the theory of endoscopy for linear groups. So suppose
for the moment that G is a connected reductive algebraic group defined over F, and let
G = G(F). A virtual representation m of G is a formal sum ) ., a;m; of irreducible
representations m; with integral coefficients. We consider the global character

= Z aiQWi

as a conjugation invariant function on the strongly regular semisimple elements of G. It
is said to be stable if it is invariant under conjugation by G(F) where F is the algebraic
closure of F. The stable virtual characters are simpler than general virtual characters,
and are basic objects in the theory.

The set of irreducible representations of G is conjecturally the disjoint union of finite
sets called L-packets. If IT = {m,...,m,} is a tempered L-packet (i.e. each ; is tem-
pered), then ). m; is conjectured to be stable. The goal of endoscopy is to find virtual
sums Y . a;m;, each of which is computed via ‘transfer’ or ‘lifting’ from a stable virtual
character on a smaller quasi-split ‘endoscopic’ group of the same rank. Furthermore we
attempt to write each 7; as a linear combination of such lifted characters (‘inversion’).

If IT is not tempered, then ) . m; may not be stable. Arthur has conjectured that in
some cases II may be expanded to a larger ‘Arthur packet’ which does contain a stable
sum [4]. Unlike L-packets Arthur packets may contain both tempered and non-tempered
representations.

A special case of an endoscopic group is H = G, the quasi-split form of G. In this
case transfer preserves stability, and the stable virtual characters of G are obtained from
the stable virtual characters of Gg.

Flicker, Kazhdan and Patterson have defined a lifting theory modelled on endoscopy for
linear groups, conjecturally taking an irreducible unitary representation 7 of GL(n,F) to
an irreducible genuine unitary representation () of GL(n,F) or 0 [6-8]. The character
of ¢,(m) is computed in terms of the character of . For GL(n,F) all virtual characters
are stable, so this theory is analogous to transfer from G to G in the linear case.

We are interested in the analogous theory for Sfi(nﬁﬁ‘) The preceding results for
a\i(n, F), together with Theorem 3.3, express the character of an irreducible constituent
of . () restricted to ﬁ(n,lﬁ’) in terms of characters of GL(n,F). The resulting formula
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does not formally have the properties of lifting. In particular GL(n,F) and ﬁ(n, F) do
not have the same rank.

Our main result is that by taking an appropriate sum of representations of S?E(n, F) we
do obtain such a lifting formula, relating the character of the sum to an irreducible char-
acter of PGL(n,T). This sum is our analogue of a stable virtual character for ﬁ(m]F)
In the tempered case the set of representations is analogous to an L-packet, and more
generally to an Arthur packet. We proceed to describe this sum.

A constituent of t,(m) restricted to ﬁ(n, ) is determined by a character v of F* for
which v™ equals the central character of . More precisely, let

GL(n,F); = {g € GL(n,F) | det(g) € F**} = SL(n,F)Z.

Here Z is the inverse image of the centre Z of GL(n,F) in éf(n,lFM, which is also
the centre of GL(n,F),. The constituents of ¢, () restricted to GL(n,F),, equivalently
SL(n,F), are parametrized by their central characters. These in turn are parametrized
by characters v of F* with given restriction to F*". See Proposition 3.1.

We write L(m,v) for the summand of ¢, () corresponding to v. This is an irreducible
genuine representation of ﬁ(n,F) For any character a of F* we have L(ra",va™) =~

L(7m,v); we sum over F*/W ~ fi,, and define (cf. Definition 5.7)

Ly (m,v) = Z L(ra, va).

(Xe,an

This is our candidate for a ‘stable’ virtual character of ﬁ(n,lﬁ’) Now 7v~! factors to
PGL(n,F), and it turns out that the character Op_ (r,,) of Ly (m,v) may be computed
in terms of the character ©,,-1 of mv~!. The main result is Theorem 8.1:

QLst(ﬂ',u) (9) = Z Aﬂ(hvg)em/—l(h)' (1.1)

hePGL(n,F)

#(h)=p(9)
Here ¢ is a regular semisimple element of gi(n, F), and we identify the character of
a representation with a function on the regular semisimple elements. Also ¢ is the orbit
correspondence ¢(g) = det(g~1)g™ € SL(n,F) (see §6), p is projection from ﬁ(n, F)
to SL(n,F), and A,(h, g) is a transfer factor (see §7). These ingredients are analogous
to those of endoscopy for linear groups. Formula (1.1) is analogous to endoscopic lifting
from Ggs to G, and Lg(m,v) is analogous to the stable lift of !, although since
S’E(n, F) is nonlinear the notion of stable distribution is not defined. If 7 is tempered,
the set II(m,v) = {L(na,va) | o € fi,} is our analogue of an L-packet for a linear group.

In general it is analogous to an Arthur packet.
The group PGL(n,F) is the one predicted by the Hecke algebra isomorphism of [14].
An L-packet for SL(n,F) is the set of constituents of the restriction of an irreducible
representation of GL(n,F) to SL(n,F) [9]. The character of the sum of these represen-
tations is stable, i.e. invariant by conjugation by SL(n,F), and these sets satisfy other
required properties of L-packets. It is interesting to note, however, that I1(m,v) is not
the set of constituents of the restriction of a representation of /C_?\Z(n, F). In particular (see
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the remark following Theorem 8.1) @1 _ (x.,) is typically not a\f(n, F) conjugation invari-
ant. It would be interesting to find an intrinsic characterization of the virtual characters
Lgi(m,v).

We turn now to inversion. By analogy with the linear case we seek to write L(m,v) as
a linear combination of virtual representations, in the span of the elements of IT(r,v),
each of which is computed in terms of characters of a linear group. For ¢ € u,, let

Le(m,v) = Z a(Q)L(ra, va).

Q€ fly

We obtain an inversion formula (Theorem 9.3),

1 1 _
QL(W,V) (g) = ﬁ Z LC(T(’V) = E Z X 1(ZC)@Lst(ﬂ',u)(zC9)'
CEUR CEUn

Here x is the central character of L(w,v) and 2 is an element of SL(n, F) with image
¢I € SL(n,F).

These results all hold as stated for F = R and n = 2, in which case they are equivalent
to a special case of [2].

Similar results hold for certain other N-fold covers of ﬁ(n, F). One would not expect
the general N-fold cover to be amenable to these methods, as the case N = 1 makes
abundantly clear.

The case of n = 2, worked out in detail, is the subject of the University of Maryland
thesis of Schultz [15]. This gives an intrinsic characterization of the local lift of Wald-
spurger [19]. In this case the set IT containing a genuine discrete series representation 7
consists of two elements 7, 7’ where 7’ is the ‘Waldspurger involution’ [19] applied to .
This goes back to the Shimura correspondence for modular forms of half-integral weight
which is the origin of the theory of nonlinear groups.

1.1. Desiderata

We consider covering groups which fit in an exact sequence,
1=, >G5 G—1,

with p,, central in G (cf. §2). We write x, for the central character of a representation 7.
We say a representation 7 of G is genuine if 7 has a central character x, whose restriction
to p,, is injective. If a representation m with a central character is not genuine, then =
factors to a representation of a cover of G with kernel a subgroup of u,. If ¢ : yu, — C*
is an embedding, we say 7 is of type ¢ if xx|u, = ¢.

An important role is played by the exact sequences

J TR N D (1.2)

L

1=F" S F > F/F" =1 (1.3)
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and their Pontriagin duals,

1 5 F 2540, — 1, (1.4)
1= Fr /B — x5 oy 1, (1.5)

Suppose fip, is in the kernel of a character A of F*. Then by (1.4) A(z) = p(2") for some
character p of F*»  which by (1.5) extends to 7 € F*. This gives the following well-known
lemma which we use repeatedly.

Lemma 1.1. Let A € F*. Then \ = u" for some p € F* if and only if \(¢) = 1 for all
C € tp.

We identify the centre Z of GL(n,F) with F* and the central character y, of a repre-
sentation of GL(n,F) with an element of F~.

For o € F* we write o for the character oo det of GL(n,TF), and also for the character
aop of a\f(n, F). Note that for 7 a representation of GL(n,F) (with a central character)

Xra = Xﬂ'an' (16)

We write ©, for the global character of a representation 7, considered as a function
on the set of regular semisimple elements.

2. Group structure

We continue with the notation of § 1. We first define the group ﬁ(n, F) (cf. [11,12,17));
this is a topological group which fits in an exact sequence,

1= pn 5 SL(n,F) & SL(n,F) = 1, (2.1)

with 4, p continuous, ¢ closed and p open. The classes of such extensions are parametrized
by the group of (bilinear) Steinberg cocycles with values in p,,. Let (), : F* xF* — pu,
denote the nth norm residue symbol for F. For properties of (-,-),, see [16] and [7, §0.1].
In particular (-, ), is a perfect pairing on F*/F*" and gives an isomorphism of F*/F*"
with F*/F*m. Each Steinberg cocycle is given by c(x,y) = (z,y)k for some k. Write
G[k] for the group defined by the cocycle (z,y)k. Then G[k] and G[K'] are equivalent
extensions if and only if £ = k¥’ mod(n).

The commutator subgroup G[k]. of G[k] is a covering group of SL(n,F) with kernel
a subgroup of p,. If G[k] is not perfect, then G[k] = G[k|.p, and the representations of
G[k] of type ¢ are in bijection with the representations of G[k]. of type ¢|,, ¢k, For
this reason we assume G[k] is perfect, which holds if and only if ged(k,n) = 1.

The map G[k] 3 (g,¢) — (9,¢’) € G[kj] is a homomorphism, and is an isomorphism
if ged(j,n) = 1. In particular if ged(k,n) = 1 then G[k] is isomorphic to G[1] (although
not equivalent as an extension unless & = 1 mod(n)). We let SL(n,F) = G[1]. Once and
for all we fix an embedding

t: pin(F) — C*
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and we identify u, with its image. Henceforth we assume all genuine representations are
of type ¢.

The Steinberg cocycle defines a cover af(n,IF) of GL(n,F) by [7], and SA’i(n,F) is a
subgroup of E’f(n, F) (we are taking ¢ = 0 in the notation of [7]).

We write (-, -) for the cocycle defining GL(n,F). Then

GL(n,F) ={(9.¢) | g € GL(n,F), ¢ € p,},

with multiplication (g, ()(¢", (") = (99', (("c(g, 9"))-

An essential role is played by the commutator. Suppose g and h are commuting
elements of GL(n,F). Choose any inverse images §, h of g, h in GL(n F). Then
n = ghg *h~! € u, is independent of the choices of § and h. We write {g,h} = .

An important property of the commutator is (see [7, Proof of Proposition 0.1.1])

{zI,9} = (x,det(g)), " (2.2)

2.1. Centres

Let
GL(n,F)y ={g € GL(n,F) | det(g) e F*"*} = SL(n,F)Z.

Write H for the inverse image in EZ(n,F) of a subgroup H of GL(n,F). The following
lemma follows immediately from (2.2) and properties of the norm residue symbol.

Lemma 2.1. Let Z, = {zI |z € F*"}.
(1) The centre of GL(n,F) is Z,..
(2) The centre of af(n, F), is Z.

(3) Centz7 GL(n, F),) = Z and Cent_~; GL(n F)s.

GL(nIE‘)( GL(n ]F)( ) =

Thus Z and GL(n IF)+ form a dual pair in the sense of Howe.

Therefore, GL(n F)y = SL(n IF)Z and Z is the centre of GL(n F) . Consequently,
an irreducible representation of GL(n,F), restricts to an irreducible representation of
S’E(n, F), and every irreducible representation of S'z(n, IF) is obtained this way. For many
purposes we may replace SL(n, F) by af(n, F). . This is analogous to the corresponding
situation for the linear groups. Note that

GL(n,F) _ GL(n,F) _ F*
GL(n,F), GL(n,F)y T

The cocycle restricted to Z is trivial so Z4 ~ F*™ x u,. The cocycle restricted to Z
is given by

c(alyl) = [[@y)n = (2, y)p D/

1<j

This is equal to 1 if n is odd, or 1 if n is even.
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For later use we note there exists a (genuine) character u of Z satisfying

plz, =1xe (2.3)

In fact we may take
¢, n odd,

v(z,9)¢, n even. 24

u(wl,c){

Here 1 is a non-trivial additive character of F and ~(x, ) € {£1, £i} is the Weil index
(see [13, Appendix]). In particular u™ =1 (n odd), and u*® =1 (n even). We only use
this explicit formula for (7.2).

Given u, the genuine characters of Z are in bijection with I/F:; given v € F* let

i.e.

xv(el, ¢) = plal, Qu(x) = p(el, 1)Cv(x). (2.6)

2.2. Cartan subgroups

We define a Cartan subgroup of af(n,F) or ﬁ(n,]F) to be the inverse image of
a Cartan subgroup of the corresponding linear group. These groups are in general non-
abelian, and an important role is played by their centres. We say an element of a covering
group is semisimple (respectively, regular) if its image in the linear group is semisimple
(respectively, regular).

Lemma 2.2. Let T be a Cartan subgroup of GL(n,F) with inverse image T in EZ(n, F).
(1) The centre of T is p~1(T™).

(2) The centre of T N S’E(n, F) is p~1(ZT™ N SL(n,F)).

Proof. (1) is proved in [6, § 3], and (2) follows from this as well. We will sketch another
proof of (2) in §3. O

We say a regular semisimple element g € T is relevant if it is contained in the centre
of T [3]. Tt is a basic fact that if 7 is a genuine representation of G, then ©,(g) =0 if ¢
is not relevant (see [5] and [3, Proposition 2.7]).

3. Restriction from af/(n,F) to g’\IJL(n,F)

We compute the character of an irreducible representation of SA’i(n,IF) or EZ(n, F); in
terms of a character of E’f(n, F) (Theorem 3.3). The main point is that Clifford theory for
restriction of a genuine representation II of a\f(m F) to @\Z(n, F) 4 is very easy: each such
representation restricts to a direct sum of |F*/F*"| distinct irreducible representations
which are permuted by the action of GL(n,F)/GL(n,F), ~ F*/F**. Furthermore, the
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character of each summand may be computed in terms of the character of I using Fourier
inversion on Z/Z, ~ F*/F*".

Let m be a genuine representation of aZ(n,IE‘)+. Write m — 79 for the action (by
conjugation on ﬁ(n, F);)of g e EZ(n, F) on representations of EE(n,F)Jr. Assume 7
has a central character x,.. We compute x,s. Let z € Z with p(z) = xI. Then

Xro(2) = Xr (929~ )
= x=({p(9), z1}2)
= Xx((z,det(g))nz) (by (2.2))
= X (2)(z,det(g)), (since 7 is genuine). (3.1)

By non-degeneracy of the symbol, if det(g) ¢ F*" there exists « such that (z, det(g)), #
1. Therefore, if g & E}'\I//(n, F)i, Xas # X, and a fortiori w9 % m. Note the assumption
7 is genuine is essential; the corresponding result is false for representations of af(n, F)
which factor to GL(n,F).

Let

GL(n,F)
1= dZ " (m).

By (3.1) and Clifford theory GL(n IF)/GL(n )+ acts simply transitively on the set of
constituents of II restricted to GL(n F)+. For each z € F*/F*" choose g, € GL( F)
with det(g) = x mod(F*™). Let 7% = 79=; the isomorphism class of 7% is independent of

the choice of g,. Thus
Oarm,. = 2, ™ (3.2)
TR~ /B

If 7’ is a constituent of the restriction of IT to éf(n, F), then . (a character of Z)

restricted to Z+ is equal to xp7. The set of extensions of xp to Z is in bijection with
F*/F**. By (3.2) the constituents of this restriction are in bijection with F*/F*n. This
proves the following result.

Proposition 3.1. Let IT be an irreducible genuine representation of GL(n F). Let S be
the set of extensions of x to Z.; this set is in bijection with ]F*/IF*” For X\ € § let IT)
be the \ eigenspace of II.

For all A, Il is an irreducible representation of @\Z(n, F);+ and

Mgz ey, = 2 T
AES
Fix an irreducible constituent w of this restriction. Then
Metimm), = Z T
TEF* /F*n
and the central character of T is X (-, Z)n.

Remark 3.2. A similar result holds for ﬁ(n, F): H|SL(n " = =), ™" as above. However,
the 7® are not necessarily distinct; in some cases m ~ 7% (this implies (z, (), = 1 for all

C € tin).
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We strengthen this result using Fourier inversion on F*/F*™ to write @, in terms
of @H

For 2 € Z,2' € Z+, X (22")71O(22'9) = X (2)On(29). Thus x»(2) 1O (zg) is well
defined for z € Z/Z,. We compute

Yo xx(2)0n(ze) = Y xx(2)7' D Oxelzg) (by (3:2))

ZEZ/Z+ ZGZ/Z+ z€F* /F*n

Z Z Xﬂ(z)il)(ﬂz(z)@ﬂz(g)'

2€7) 7, w€F* [Fn

Now xx(2) ™ xxe(2) factors to Z/Z, ~ F*/F*", and by orthogonality of characters the
right-hand side equals [F*/F*"|0,(g). Explicitly, by (3.1),

Xﬂ‘('z)_1X‘ﬂ'm (Z) = Xﬂ('z)_IXﬂ'(Z)(yvx)n = (y7x)na

where p(z) = yI. As z runs over Z/Z,, y runs over representatives of F*/F*"  and this

]:F*
Z Z n WT:’]F*n

yEF* /F*n xcF* /F*n

gives

Ox(9),

since (-, ), is a perfect pairing. This proves the following result.

Theorem 3.3. Let m be a genuine representation of @\Z(n, F)4 with a central character.
Let

GL(n F)
II = In dGL(n IF)+(71')

This is a genuine representation of af(n, F) and is irreducible if  is irreducible. Assume

O, exists. Then for g € af(n, F)y (a regular semisimple element)

W S xXa(2)'0un(z0)

2€Z/Z4

Ox(g9) =

= W Z Xn(Zm)fl@H(ng)- (3.3)

reF* /]F*n

In the first sum z runs over any set of coset representatives of Z / Z+. In the second the
sum runs over any coset representatives of F* /F*" and for each z, z, € 7 is any element
satisfying p(z,) = xI. Each term is independent of the choices.

Essentially the same result holds for genuine representations of SA'I:J(n,]F) Let 7 be
a genuine representation of S’E(n,lﬁ‘), and extend 7 to a genuine representation 7’ of
GL(n,F)4 (cf. §2). Then (3.3) holds for g € SL(n,F) and 7 replaced by n’. Each sum-
mand is independent of the choice of 7’.

We can now sketch a proof of Lemma 2.2 (2).

Sketch of proof. By the theorem, if 7 is a genuine representation of 65(71,1?)4r then
O:(g) = 0 unless p(zg) € T" for some z by Lemma 2.2 (1), i.e. p(g) € ZT™. Conversely,
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if g satisfies this condition then there exists a genuine representation for which @, (g) #
0, by the property that characters separate points. This proves the result for regular
semisimple elements. For general elements apply a continuity argument. Alternatively
apply the argument of Theorem 3.1 directly to an irreducible finite-dimensional genuine
representation 7 of T, in which case O, is defined for all g € T. O

4. Lifting from GL(n,F) to GL(n,F)

In this section we summarize results on lifting of characters from GL(n,F) to a\f(n,lﬁ‘)
(see [6-8]).
We first define transfer factors in this setting. Recall that the Weyl denominator for
GL(n,TF) is given by
i — 7
A(g) = H 1/2
i<j lwislg
if g is a regular semisimple element with (distinct) eigenvalues z; (in an algebraic closure

of F).

Definition 4.1. Suppose h € GL(n,F), g € a\f(n,lﬁ‘) are regular semisimple elements
satisfying h™ = p(g).
Let
7(h,g) = gs(h)""u(h). (4.1)

Here u(h) = £1 € p, is defined by [8, §2] (we take u(h) = 1 if n is odd), and
s:GL(n,F) — GL(n,F) is any section. Note that pr(h,g) = 1 and we consider 7(h, g)
to be an element of p,.
Let A
A(h,g) = |n" ~12; h,g)———=. 4.2
(h,g) = |n"[g """ (h, g) Alg) (4.2)
Let 7 be a representation of GL(n,F) with central character x, satisfying x.(¢I) =1
for all ¢ € u,,. Suppose g is a regular semisimple element of GL(n,F), so p(g) is contained
in a Cartan subgroup T of GL(n,TF). Let

L(Ox)(9) = D Ah,g)Ox(h). (4.3)
heT
h"=p(g)

This is a conjugation invariant function on the regular semisimple elements of @Z(n, F).
This is a special case of [6, 26.1], and we have written it in a different form. We use
the notation of [6]. To see that (4.3) agrees with [6] first note that in our case the centre
Z4 of GL(n,F) is equal to s(Z™)uy,, and it follows that the supplementary choice of @

of [6] is unnecessary. The summand in [6] is over

{heT|h1gez.}/z

Given h in this set, choose a representative h € T, and write h*z = g for 2z € Z+.
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Equivalently the sum is over
A={heT]| (hz)" =p(g) for some z € Z}/Z.
On the other hand, we have written the sum over
B={heT|h" =pl(g)}

There is an n to 1 surjective map from B to A given by h — h. Finally, if ™ = p(g) then
h*~tg = s(h)~"u(h)g = 7(g, h), and since this is an element of j,, @(7(g,h)) = 7(g, h).
We have incorporated this term, together with the constant b of [6, §24] (divided by n
because of the difference between A and B) into the transfer factor A(h, g).

Flicker, Kazhdan and Patterson conjecture that for m an irreducible unitary represen-
tation ¢, () is either 0 or £ the character of a genuine irreducible unitary representation
of a\L/(n, F). We refine this conjecture into two hypotheses for later use.

Hypothesis I. Let 7 be an irreducible representation of GL(n,F) such that x,(¢I) =1
for all { € p,. We say ‘Hypothesis I holds for 7’ if t,(m) is 0 or £+ the character of an
irreducible representation of E:f(n, IF). If this holds, we define the virtual representation
tu(m) by t.(Or) = Oy_(x). Furthermore, if t,(m) # 0 define e(m) = £1 so that e(m)t. ()
is a representation. We say ‘Hypothesis I holds’ if it holds for all 7.

Hypothesis I1. Every genuine irreducible unitary representation of @f(n, F) is isomor-
phic to e(m)ty(m) for some irreducible unitary representation 7 satisfying Hypothesis I.

Hypotheses I and IT hold for n = 2 (see [5]). Hypothesis I is true if 7 is a discrete series
representation, and t, is a bijection between a subset of the discrete series of GL(n,F)
and the genuine discrete series of af(n,ﬂ?) (see [6, §26]). Hence Hypothesis IT holds
in the context of discrete series representations. For 7 a discrete series representation
e(m) = 1. If ¢, () is supercuspidal, then 7 is supercuspidal, but not conversely.

Hypothesis T holds if 7 is tempered (see [6]), with the caveat that this statement
depends on [6, Proposition 26.2], and in some cases there is a technical obstruction to
this result holding as stated (the construction of an irreducible representation of M is
not valid in all cases). In any event if 7 is tempered and satisfies Hypothesis I, then
t«(m) is tempered and e(m) = 1. Subject to the preceding caveat Hypothesis IT holds for
tempered representations and t, is a bijection between a subset of the irreducible tem-
pered representations of GL(n,F) and the genuine irreducible tempered representations
of az(n,F) (see [6, Theorem 27.3]).

Assuming Hypothesis IT holds for tempered representations, then the Grothendieck
group of genuine representations of ai(nJF) is spanned by the t.(m) for 7 satisfying
Hypothesis I. Furthermore, the non-zero t.(7) as 7 runs over all standard modules for
GL(n,F) is a basis of the Grothendieck group of genuine representations of af(n, F).

We are particularly interested in non-tempered representations = satisfying Hypoth-
esis I. For example Hypothesis I holds for any character a satisfying a(¢{) = 1 for all
¢ € p. In this case t.(a) is a singular unitary quotient of a minimal principal series
with a one-dimensional space of Whittaker functionals (see [5] and [7, Corollary 1.3.6]).
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Hypothesis T should hold for all characters «. For example for n = 2, —t.(«) is the
supercuspidal constituent of the oscillator representation if a(—1) = —1 (see [5]).
The central characters of 7 and t.(m) are related by

Xt (m) ("1, 1) = Xx(2). (4.4)
We also have for any a € F*
to(ma™) =t (). (4.5)

These follow immediately from (4.3).

5. Parameters for SL(n,F)

We put lifting from GL(n,F) to GL(n IF) together with restriction from GL(n F) to
SL(n F) to obtain a character formula relating GL(n,F) and SL( F).
We first consider GL(n F)4. Suppose for the moment that Hypothesis II is true. We
parametrize the genuine irreducible unitary representations of Z}’\Z(n, F)4 as follows.
Fix a genuine irreducible unitary representation II of GL( ,IF). By Proposition 3.1
a constituent of the restriction of II to GL(n F). is determined by a character \ of Z
satisfying )‘|Z+ = X1, i.e.

A", 1) = xp(2™, 1), zeF"

By Hypothesis II there exists an irreducible representation 7 of GL(n,F), with
Xr(ttn) = 1, such that ¢.(7) = £II. By (4.4)
xm(z",1) = xx(2),

so we have

A(z™, 1) = xx (). (5.1)

Fix a genuine character u of Z satisfying (2.3). Then the set of characters A of Z

satisfying (5.1) is (cf. (2.5))

{XV | vt = Xﬂ'}'

Note that by Lemma 1.1 and (1.5) the set of such v is parametrized by F*/F*" and by
Proposition 3.1 this parametrizes the constituents of H|@\Z(n F), -
This motivates the following definition.

Definition 5.1. Let X be the set of pairs (7, v) where the following hold.

(1) 7 is an irreducible representation of GL(n,F), with central character y, satisfying
X=(CI) =1 for all ¢ € py,.

(2) v is a character of F* satisfying v™ = x;.

Let (m,v) € X, and assume Hypothesis I holds for 7.
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(3) Let L (m,v) be the constituent of ¢, (7) restricted to GL(n,F), with central char-
acter x, (cf. (2.5)).

(4) Let L(m,v) be the restriction of Ly (m,v) to é\i(n,IF)
Remark 5.2. L and L, depend on the choice of u satisfying (2.3).

By definition e(r)L(m, v) is the character of a representation. Assuming Hypothesis IT
every genuine irreducible unitary representation of a\Z(n, F) is isomorphic to e(m) L(m, v)
for some (m,v) € X.

If (m,v) € X, then by (1.6)

Xrv—1 = Xﬂyin =1, (52)
i.e. mv~! factors to a representation of PGL(n,F). If 7 is a representation of GL(n,F)
with trivial central character, let 7 be the corresponding representation of PGL(n,TF).

Definition 5.3. For (m,v) € X, let M(m,v) be the irreducible representation 7v—! of
PGL(n,F).

Thus X is the graph of a correspondence between irreducible genuine representations
of GL(n,F); or SL(n,F) and PGL(n,F). That is for 7 an irreducible representation

of GL(n,F); or SL(n,F) and 7" an irreducible representation of PGL(n,F) we say m
corresponds to 7’ if there exists x = (m,v) € X, with 7 satisfying Hypothesis I, such
that Ly () = 7 or L(z) = 7, and M(x) = 7'. Assuming Hypothesis II every genuine
irreducible unitary representation of SL(n,F) is in the image of the correspondence.

Lemma 5.4.

(1) If (m,v) € X, then (1o, va) € X for all a € F*. Thus z = (m,v) = az = (1o, va)
defines an action of F* on X.

Foralla € F* and v € X , we have the following.
(2) M(azx) ==.
(3) Li(a"x) = Li(x)a.
(4) L(a"z) = L(x).
Proof. (1) and (2) are immediate. By (4.5) t.(a"m) = t.(7)q, and by (1.6) L4 (a™z) and

L, (z)a have the same central character; (3) follows and (4) is an immediate consequence
of (3). O

Remark 5.5. If g € F* is non-trivial on ln, then 3 & W, and there is no elementary
relationship between L (8x) and L, (z).

Remark 5.6. The action of I/F:/W ~ [i;, on genuine representations of ﬁ(n,F) given
by « : L(z) — L(ax) generalizes the ‘Waldspurger involution’ for SL(2,F) (see [19]).
We intend to return to this point in another paper.
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We compute the set of representations of gz/(n, F) corresponding to a given irreducible
representation of PGL(n,F).
Fix x = (m,v) € X. If M(2') = M(z), then 2/ = az for some «. By Lemma 5.4 (4)

if a € (Iﬁ‘;)n ~ F*", then L(ax) = L(x). Therefore, the irreducible representations of
L(n,F) corresponding to M (x) are the L(ax) for a € F*/F*” (not to be confused with

IE"*//IF\*”), which by (1.4) is isomorphic to fi,.
Definition 5.7. Let 7 be an irreducible representation of GL(/\n, [F) with central character
trivial on p,. Suppose Hypothesis I holds for 7« for all a € F*.

(1) For (m,v) € X let
Ly (m,v) = ZL(ﬂa, va),

where the sum runs over a set of representatives of F* /F*™ =~ fi,,.

(2) Let 7 be an irreducible representation of PGL(n,F), and let lr\’ denote 7w pulled
back to GL(n,F). Assume 7'« satisfies Hypothesis I for all a € F*. Define Ly (7) =
Lst (71'/, ].)

Remark 5.8. Ly (7w, v) = Ly (7o, va) for all o, and in particular
Lst(’/T, I/) = .Lst(ﬂ'l/_l7 ].) = Lst(’/Tl/_l).

As discussed in § 1, Lst () and I (7, v) = {L(ra,va) | a € fi,} are our candidates for a
‘stable’ virtual character and packet of SL(n,F). Note that the non-zero representations
L(ma, va) in II(m, v) are distinct, and in fact have distinct central characters on b:z(n, F).
One could define a stable virtual character of ﬁ(n, F) to be in the span of the Lg ().
It is not clear how to characterize the stable virtual characters intrinsically.

Not all L(ra,va) are necessarily non-zero. For example suppose 7 is the principal
series representation defined by the character A(diag(hy,...,hy,)) = [ Ai(hi). This has
central character trivial on pu,, if [T, \i(¢) = 1 for all ¢ € y,,. On the other hand, t,(7) = 0
unless A\;(¢) =1 for all 4, € u,,. Assume this holds. Then L(m, ) is a principal series of
GL(n,F), and L(ra,va) =0 for all o 1, so L(m,v) = L (7, v).

If 7 is a discrete series representation, then 7 satisfies Hypothesis I; if x(14n) = 1, then
t.(ma) # 0 for all o, and L(wa, va) # 0 for all . Therefore, in this case, |II(7, a)| = n.

In the case n = 2, L(1, 1) is non-tempered, and is isomorphic to we, the even half of the
oscillator representation w = we @ w, of ﬁ(m]F) (w depends on an additive character
1, which is determined by p). If a(—1) = —1, then L(«, @) = —w, is supercuspidal, and
Lt (1) = we — wo (see [1,5,15]).

6. Orbit correspondence

For g € GL(n,F) write g for the image of g in PGL(n,F).
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Definition 6.1. For h € GL(n,F) let
#(h) = det(h~)h"™ € SL(n,TF).

Then ¢(zg) = ¢(g) for all z € Z, so ¢ factors to a map from PGL(n,F) to SL(n,F).

Thus GL(n,T) is the graph of a correspondence between PGL(n,F) and SL(n,F) via
the maps the maps g — g € PGL(n,F) and g — ¢(g) € SL(n,F). The following lemma
is immediate.

Lemma 6.2.
(1) For all h € PGL(n,F), g € GL(n,F), ¢(ghg~') = gp(h)g~*.
(2) If h is a regular semisimple element, then ¢(h) is relevant (cf. Lemma 2.2).

We also need the weak orbit correspondence. Suppose h € GL(n,F), g € SL(n,F)
satisfy
h*'=z2q9, z€Z.

Multiplying both sides by det(h~1) shows this is equivalent to
p(h) = det(hY)zg, z€ Z
Since ¢(h) and g have determinant one this gives

det(h ™)z =¢(h)g~' =CI, (€ pin. (6.1)
Definition 6.3. We say h € PGL(n,F),g € SL(n,F) weakly correspond, written

weak

h+——g

if for any (equivalently all) h’ € GL(n,F) with A’ = h,
MW" =29, z€LZ.

Equivalently,
g=Co(h), (€ pn.
weak

If h +— g, define ((h,g) € un by

g =C(h,g)p(h). (6.2)

We give an alternative description of the orbit correspondences in terms of roots and
weights. This is not needed for what follows. Given a Cartan subgroup 7" of GL(n,F), we
identify the root and weight lattices of the corresponding Cartan subgroups of PGL(n,T)
and SL(n,TF).

Lemma 6.4. Fix a Cartan subgroup T of GL(n,F), with corresponding subgroups
Tpar(n) and Tsy(n). Suppose h € Tpgrn) and g € Tsp(n)-
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(1) h Jeak, g if and only if a(h™) = a(g) for all roots «.
(2) ¢(h) = g if and only if (n\)(h) = A(g) for all weights A.
Proof. Part (1) is immediate. For (2) we need to show for h € GL(n,F), ¢ € uy,
(nA)(h) = A(¢ det(h™1)R™) for all weights \ < ¢ = 1.

The subtlety is that A(h) is not defined for arbitrary elements of GL(n,F). If
he SL(n,F), Z = GL(n,F)4, then A(h) is defined and this is immediate. It is enough
to work over the algebraic closure F, in which case GL(n,F); = GL(n,F), proving the
result. O

Remark 6.5. If g is in the split torus, then |[{h | ¢(h) = g}| = n"~2 or 0. In general
the cardinality of the inverse image of a g € SL(n,F) depends on the Cartan subgroup
containing g.

7. Transfer factors

We continue with the notation of § 6. Fix a character u of Z satisfying (2.3). We define
transfer factors A, (h, g) (Definition 7.3). These satisfy one of the standard requirements
of transfer factors: |A,(h, g)| = |A(h)/A(g)| (see (7.2)), up to a constant which is 1 for
almost every residual characteristic.

Definition 7.1. Suppose h € GL(n,F), g € ﬁ(n,F) satisfy
" =p(zg), z€Z (7.1)

(cf. Definition 4.1).

Let
2

Au(hyg) = Wjjwuw%(h,zg).

This is independent of the choice of z satisfying (7.1).
Lemma 7.2. For all \ € F*

AM()‘ha g) = A#(hag)

Proof. Choose z € Z satisfying h™ = p(zg), and w € Z satisfying p(w) = A"I. Then
(AR)™ = p(wzg). We need to show A, (h,g) = A,(Ah,g), ie.

w(z) " tzgs(h) " u(h) = p(wz) " fwzgs(Ah) T u(AR).
After cancellations this is equivalent to
s(AR) u(Ah) = p(w) tws(h) u(h).

By [6, §4] s(Ah)™u(Ah) = s(h)"u(h)so(A™), where sg is the distinguished section,
i.e. s0(g9) = (g,1). Inserting this we are reduced to showing so(A") = p(w)~w, which is
precisely the fact that u 7, =L O
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Definition 7.3. Suppose h € PGL(n,F), g € SL(n,F) satisfy

h weak p(g)
Choose W' € GL(n,F) satisfying ' = h. Let

A/»L(hv g) = A#(hlv g)
By the lemma this is independent of the choice of h'.

Given h, g as in Definition 7.3, choose h' € GL(n,F) satisfying h’ = h, and choose
z € Z with '™ = p(zg). Recall 7 is given by Definition 4.1, and |F*/F*"| = n?/|n|r
(see |7, Lemma 0.3.2]). This gives

2

n
Au(h, 9) = W#

()T AW, zg)

This is independent of the choices.
Remark 7.4. If n = 2 or the residual characteristic of F does not divide n, then by (2.4)
Au(h,g)
<M> =1, (7.2)
A(h)/A(g)
with N =n (n odd) or N = 2n (n even).

Remark 7.5. If i/ is another character satisfying (2.3), then p'(2) = u(2)(y, z), for
some y, where p(z) = zI, and

Ay
AH

(h,g) = 5(@ = (det(h), y)n

(det(h) is a well-defined element of F*/F*™).

weak

Although we will not need it we state the invariance property of A,,. Suppose h &5 .
For y € GL(n,F) let yo = p(y) € PGL(n,F).

Lemma 7.6. We have

Au(yohyy ' ygy™") = Au(h, g)(det(h)((h, g), det(y))n.

Proof. A straightforward computation which is left to the reader. |
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8. Stable character formula

We state the formula relating the character of an irreducible representation 7 of
PGL(n,F) to the character of the virtual genuine representation Ly (7) of SL(n,TF).
Fix p as in (2.3), define Ly as in Definition 5.7, ¢ as in §6 and A, as in §7.

Theorem 8.1 (main theorem). Let m be an irreducible representation of PGL(n,T),
for which Ly (m) is defined (Definition 5.7). Then for g a regular semisimple element of
SL(n,F),

OL.m(@) = >, Aulh,9)Ox(h). (8.1)

hePGL(n,F)
#(h)=p(9)

Recall the hypothesis on 7 is that ¢,(w«) is defined for all « € F* (we have pulled 7
back to GL(n,TF)).

Remark 8.2. By Lemma 7.6 the right-hand side of (8.1) is a priori ﬁ(n F) conjuga-
tion invariant. We do not need this, and it is a consequence of the theorem. Note that
O, (x) 18 not necessarily invariant by conjugation by GL(n F), since A, is only SL(n F)
conjugation invariant (Lemma 7.6).

Proof. We first give a formula for O, ,(g) for arbitrary (r,v) € X (with 7 satisfying
Hypothesis I).
By Theorem 3.3,

OLr(9) = Z X,,(z)_let*(w)(zg)
2€Z/Zy

(sum over any set of coset representatives). Inserting (4.3) gives

OL(x)(9) = /P IF*”| Z Z xu(2) T A(h, 29)Ox (h). (8.2)

2€Z/Zy h"=p(29)

Write the summand as follows:

Xu(2) T A(h, 29)Ox(h) = u(2) " w(2) T Ah, 29)Ox(h) (b (2.6))
_ [F
n2

5,00

By (5.2) and Lemma 7.2, A, (h, g) and ©,,-1(h) only depend on the image h € PGL(n,F)
of h. By (6.1) and (6.2), v(h)v(2)~* = v(¢(h)~tg) = v({(h,g)). This gives

v(z )_1AM(h,g)@ﬂ(h) (Definition 7.1)

w (C(h, 9))Au(h, 9)0r-1 (R).

n

Inserting this in (8.2) and changing the order of summation gives the following interme-
diate result.
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Proposition 8.3. We have

OLen@) =~ S vk ) Au(hy 9)0rsr (B)

n
he PGL(n,F)

weak

h
1
=2 v D Al g)mr(h).
CEun he PGL(n,F)

#(h)=Cg

Replace (7, v) with (7, var). On the right-hand side only the term v({(h, g)) is affected.
Summing over « gives

1
OrLuem(@) == > > Q) D Au(h ) (h).
CEWUn AEfLy he PGL(n,F)
#(h)=Cg

By orthogonality of characters for p,, this equals

Z All«(h?g)eﬂ'l/_l(h)‘
he PGL(n,F)
¢(h)=g

This completes the proof. O

9. Inversion

We continue in the setting of the preceding section. Suppose ma satisfies Hypothesis [
for all a.

Definition 9.1. For ¢ € p, let

This is a virtual character in which we allow rational coefficients, and L;(w,v) =
Lst (71'7 I/) .
By Fourier inversion on pu,, we have

Lm,v) = % > Le(mv). (9.1)

CEpn

Recall the central character of L(ma, var) is Xaw, i-€.

XL(‘rra,uoz)(ZC) = XV(ZC)a(C)a
where p(z¢) = ¢I. That is,

a(C)@L(ﬂ'a,ua) (g) = X;1<ZC)9L(7TDL,VDL) (ZCg)

Inserting this into the definition gives the following result.
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Lemma 9.2. For all ¢ € p,,

QLc(TF,V) (g) = X;l(zC)QLsc(ﬂ',V) (ch)

for any choice of z¢ satistying p(z¢) = ¢I.

Inserting this in (9.1) gives the following result.

Theorem 9.3 (inversion). Suppose (m,v) € X, and wa satisfies Hypothesis I for all
«a € F*. Then

Orrn(0) =+ 3 Le(mw)(9)

CEpn

1 _
- > X (2)OL (m) (2¢9)-
Ceﬂn

(9.2)

By Theorem 8.1 each term on the right-hand side of (9.2) may be expressed in terms

the character ©,,-1 of PGL(n,F). The resulting formula is Proposition 8.3.
We record the analogue of Theorem 8.1 for L¢(w, v),

@L((TK‘,V) (g) = V(C)_l Z Au(h7 g)eﬂ'v*1 (h)

h(ﬂ)g
¢(h,g)=¢~*
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