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Abstract

We prove an upper bound for the fifth moment of Hecke L-functions associated to holo-
morphic Hecke cusp forms of full level and weight k in a dyadic interval K <k <2K, as
K — oo. The bound is sharp on Selberg’s eigenvalue conjecture.
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1. Introduction

Moments of L-functions, especially at the central point, are extensively studied. They
yield valuable data about the distribution of L-functions in families, and can be used for
example to infer information about the size and non-vanishing of the central values. For
example, let H,(g) denote the set of (normalised) holomorphic newforms of weight k > 2
and level g. The fourth moment of the associated Hecke L-functions can be estimated
without too much difficulty as follows:

S L) <eg't

feH(q)

This is an upper bound in the level aspect (k is fixed while ¢ tends to infinity), and it is sharp
(on average it is as strong as the Lindelof hypothesis L(1/2, f) < g¢). Dropping all but
one term in the sum yields the upper bound L(1/2, f) < q%“. In the level aspect this is
the so-called convexity bound of the L-function and it is considered to be trivial (for it can
also be derived from just the functional equation of the L-function). Thus in the pursuit of
a nontrivial bound for L(1/2, f), it becomes very desirable to try to estimate any moment
higher than the fourth. This is a difficult problem which was solved just recently, as we
describe below. However a subconvexity bound for this L-function was already proved by
Duke, Friedlander and Iwaniec [8] in a landmark paper using their amplification method
applied to the fourth moment.

In a recent paper, Kiral and Young [16] established for the first time an upper bound for
the fifth moment of the L-functions associated to H(g), for certain small weights k and
prime values ¢ — oo. The upper bound depends on the Ramanujan Conjecture at the finite
places, and when assuming the truth of this conjecture, the bound is sharp. In [2], Blomer
and the author established a certain reciprocity-type formula for the twisted fourth moment
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of Hecke L-functions in the level aspect (see also [3] for the case of nontrivial nebentypus),
which gives as a corollary the same bound for the fifth moment as [16] but with more general
conditions and also allowing for Maass L-functions. As far as the subconvexity problem is
concerned, the subconvexity bound coming from the fifth moment of [16] is superior to
that of [8], but the subconvexity bound coming from the amplification method in [2] is the
current best.

It is natural to try to establish a similar fifth moment estimate in the weight aspect,
and this is the goal of the present paper. We fix ¢ =1 and write H, = H,(1). This set has
k/12 4+ O(1) elements and forms a basis of the space of cusp forms of level 1 and weight k.
Let A s(n) denote the (real) eigenvalue corresponding to f € H; of the nth Hecke operator
(which satisfies Deligne’s bound A (n) < n¢). The L-function associated to f is defined for
N(s) > 1by

oo

L(s, f)zZM.

nX

n=1

The central point is s = 1/2 and by [17] the central value L(1/2, f) is known to be non-
negative. Our main theorem is

THEOREM 1-1. Let

f: U Hk,

K <k<2K
k=0 mod 2

be a set of O(K?) elements. For any € > 0, we have

DoL(3.f) <K (1)

feF

as K — 0o, where 6 =7/64 is the current best bound towards the Selberg eigenvalue
conjecture [15, appendix 2].

Again, a sharp estimate for the fourth moment would yield only the convexity bound (in the
weight aspect it would be L(1/2, f) < k'/?*€), so our fifth moment represents the breaking
of a barrier. It should also be possibe to prove a similar result for Hecke Maass L-functions
in the spectral aspect.

The “log of conductor” to “log of family size” ratio in (1-1) is 5/2, the same as in the level
aspect fifth moment considered in [16] and [2]. Thus our result should be considered an
analogue of the level aspect estimate. Assuming the Selberg eigenvalue conjecture (which is
part of the Ramanujan Conjecture at the infinite place), our bound is sharp. This seems to be
the first sharp bound for any moment higher than the fourth in the archimedean (weight or
spectral) aspect. Jutila [14] proved a strong upper bound for the twelfth moment of Hecke
Maass L-functions in the spectral aspect, but that is not sharp.

There has been a great deal of interest in such moment estimates in the archimedean
aspect. Other authors [10, 13, 19] have proven sharp bounds for the third and fourth moments
over smaller families (see also [18]). For example, in [19] Peng proved a sharp bound for
the third moment over H, which yields the Weyl-quality bound L(1/2, f) < k3. Since
such a strong subconvexity bound already exists, we do not pursue estimates for a twisted
fourth moment and amplification, although our methods would permit it (as we indicate in
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the sketch below). The aim is not to obtain individual bounds, although our main theorem

already implies a weaker subconvexity bound.
Our ideas have a similar flavour to those of [2, 16], but besides uncovering how such ideas

work in the archimedean setting (for example it is interesting how we need the Ramanujan
Conjecture at the infinite place instead of the finite places), our method has some important
differences (for example, we apply “reciprocity” twice, while the other papers apply it once).
The difference in method leads to certain advantages. Compared to [16], our proof is simpler
and shorter, and as already noted above, our method could also be used to prove a bound for

the twisted fourth moment, while this was not the case in [16].
Throughout we will use the convention that € denotes an arbitrarily small positive
constant, but not necessarily the same one from one occurrence to the next.

2. Rough sketch

The purpose of this sketch is to explain the main ideas, ignoring all technicalities. We will

consider only the generic ranges of all sums.
Using approximate function equations, we can write the fifth moment as

1 Ag(ny) Ag(nanznyns)
FONAET 3D Y e
P2 LGS —
K feF feF ni <K 1 ny,n3,g,ns<K nansnans

~ T Z Ezkf(”l))»f(nzngnmS).

K> Sk feH;

We need an upper bound of O (K?'+€). We will in fact find that this kind of grouping with n;
on one side and n,, n3, n4, ns on the other leads to cleaner calculations. Applying Petersson’s
trace formula, the off-diagonal part of this is

Sy, nanzngns, c) N1NaN3N4Ns
Y Y Sowp S0, (SRR

K<k<K nj,np,nz,ngns<K c>1

Summing over k first, we will get that this is

1 Z Z S(ny, nansngns, c) (24/n1n2n3n4n5)
e
c c

K

(NI}

- 1
ni,na,n3,n4,n5<K =K3

1
~ F Z Z S(ny, nansngns, c)e

nisno,nzngns<K ot

(24 /N1 N2N3N415 )
C )

where as usual e(z) denotes ™%, Splitting the sum over n; into residue classes mod ¢ and
applying Poisson summation (denote the dual variable by m ) we get

! Z Z Z S(a, nynsngns, c)e(?)

7
K= na,n3,ng,ns<K —oo<m;<oo a mod ¢
c=<K?2
2/ xKnsnsnans —xKm;
X e e dx.
xx=1 c c

The complete sum over residue classes evaluates to ce(—nynszngnsmi/c). Up to an admis-
sible error, the integral evaluates to a quantity of size about 1/K times the exponential
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e(nynsngns/mic), by the stationary phase method (a stationary point exists only when

my < K%). We get
1 —n2n3n4n5m_1 Nonsngns
i e e .
K* Z ( c mic

ny,n3,ng,ns =<K

c=<K?2

mp<K?2
Note that the first exponential has modulus ¢, and the second exponential has phase of size
nynsngns/mic, so if the second exponential is part of the weight function then the total
“conductor” here is of size cnonzngns/mc =< K>/*. This conductor can be greatly reduced
tom; =< K2 if we apply reciprocity, to obtain the expression

1 N2N3N4N5C
— el ——— ). 2-1
IR e
ny,n3,ng,ns <K
c<K?2
3
mi =K?2
Next we apply Poisson summation (mod m;) to the n, and n; sums (in the actual proof,
we will apply Voronoi summation once instead of Poisson summation twice). Note that if
we were following [16] step by step, we would have applied Poisson summation to n,, n3
and ny, but this is not how we proceed. We get

1
Z e(mzmgcnms)‘ (22)
K n

n4,n5xK

(SN}

C,l‘nz,mg)—{sK%
my=<K?2
This sum displays only the generic ranges of m, and ms (the dual variables). The zero
frequencies m, = 0 or m3 = 0, which are omitted, are in fact quite troublesome. For example,
return to (2-1) and consider the terms with m|n3n4ns (these terms correspond to m, = 0).
The contribution of such terms is

1
— 1<Kz, (2-3)
K4 Z
ny,n3,ng,ns<K
1 3
c<xK2 m=<K?2

my|nsngns

while we need to prove a bound of K?*<. It seems that we cannot do better because there
are no harmonics present to produce further cancellation. Of course, it is not possible (by
the Lindelof hypothesis) for the fifth moment to be so large, so a careful evaluation of the
fifth moment must show that these “fake main terms” should cancel out somehow. But there
is a shortcut. The weight functions from the approximate functional equations have been
suppressed in (2-3). If we take them into account, there is a way to design them carefully so
that (2-3) is not so large. This idea was used in [1] and [16], and [16, section 2] contains a
nice heuristic about how the idea works.
Back to (2-2), we can apply reciprocity again to get

1 MmomsCimy —momsC 1 MoMmsCiny
E e e N — E el —— ).
K n4ns min4ns K> n4ns

(SN

ng,ns=<K ny,ns=<K
1 1
c,my,m3=<K?2 c,my,m3=<K?2

3 3

m=<K 2 mp=<K?2
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This second application of reciprocity actually increases the conductor, but we gain struc-
tural advantage as we are able to reduce the largest variable length by Poisson summation.
Indeed, applying Poisson summation (mod n4ns) to the m; sum (denote the dual variable by
ly), we get

1
I’ Z S(mamse, 1y, nans).

ng,ns=<K

1
c,moy,m3,l1<K?2

Now we can sum over n4 using Kuznetsov’s formula. The sum of Kloosterman sums is in
the Linnik range as n4ns > /mymscly. This leads to

! dj(momsc)r;(ly)
Ie —_—t - |, 2-4)
K* nsXxl:( . Xl:u](' ,IXX; mamscl,

where the sum is over an orthonormal basis of Maass cusp forms {u;} of level ns and (essen-
tially bounded) Laplacian eigenvalue 1/4 + t]?, and the ellipsis denotes the contribution of
the Eisenstein series and holomorphic forms. Actually we lose O(K?°*€) here due to the
possibility of exceptional eigenvalues, but for the purposes of this sketch we ignore this
issue.

The inner sum of (2-4), given within the parentheses, looks like the fourth moment of
L(1/2, u;) in the level aspect, provided that we can decompose A ;(m,m3c) by multiplica-
tivity. For this, we need to work with a basis comprising of lifts of newforms; such a basis
is given in [5] or [2]. Then the expected bound for the fourth moment, which can be proved
using the spectral large sieve, gives

1
e Z(”SKG) < K¢

}15XK

as desired. We never need any cancellation from the ns-sum, which is why a twisted fourth
moment bound would probably be possible in place of the main theorem.

3. Background
3-1. Approximate functional equations

For f € H; we have the functional equation [11, theorem 14-7],
A(s, f):=Qma)"T'(s+ %)L(s, f)=i"A(l =5, f). (31

Let t(m) denote the number of divisors of m. We will use the following standard
approximate functional equations. For any f € H;, we have

A
L(%»WﬂZ%wm, (3-2)

m>1

where

k\2
Vi =— [ ero-getts)

(14298
—_— S —
27Tl (A) I‘(%)Z S
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for any A > 0 and

G(s) =4e” (L —5?). (3-3)

This follows from the functional equation (3-1) and [11, theorem 5-3]. As explained in
that theorem, we may insert in the integrand above any even function which is bounded
in a fixed horizontal strip about M(s) =0, and has value 1 at s =0. Our function G(s)
satisfies these properties and is chosen to decay exponentially in the vertical direction (this
is convenient for convergence) and to vanish at s = 1/2 (this will be needed later to deal
with the “fake main terms”).

For k =0 mod 4, the root number in the functional equation is 1, and we have

A
L(3. f)=2) i’/(%’) Wi (n), (3-4)
n>1

where

We have
VO x), W () < x i (1+x)74 (35)

for any A > 0 and integer j > 0. Using this for j =0, large A and Stirling’s estimates for
the gamma function, the sums (3-2) and (3-4) may be restricted to m < k**€ and n < k'*¢
respectively, up to an error of O(k~'%), Taking j =0 and A =¢€ shows that |V, (x)|,
Wi (x)| < k€.

3-2. Summation formulae

We will need the Voronoi summation formula and the Poisson summation formula.

LEMMA 3-1. Voronoi summation. Given a compactly supported smooth function ®, and
coprime integers h and £, we have

(Yo ()= [ (o) o) &

m=>1 o0
1 +rh\ v Mr
- L — ), 3.6
+§E;r(r>e(£> i(zz) (3:6)
where
v 1 -
bL(x)==— | HE()D(—s)x""ds,
2mi (A)

® is the Mellin transform of ®,
HE(s) =22m) > T (s)* cos" TV 2 (i),

and A > 0.
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Proof. See [1, section 2-3]. We can take any A > 0 because d~>(—s) < (14 |s])~8 for any
B > 0 by integration by parts.

LEMMA 3-2. Poisson summation. Given a compactly supported smooth function ® with
bounded derivatives, and an arithmetic function S,(n) with period q, we have

3 ¢<%)Sq(n):N 3 é(%) 3 Sq(a)e’(%l)

—00<n<00 q —oo<l<00 a mod g
N . N al
=—%0) Y S@+— > Y Sq(a)e(—)
q a mod g q —00<l<00 a mod g q

1 ©/2axIN\ "
X —/ / (—) O (x)H,(s)dxds, 37
27 (A)J —c0 q

where ® denotes the Fourier transform of ®,

—ims
H,(s) =T(s) exp ( > >

and A > 0.

Proof. For the second line of (3-7), separate the n sum into sums over residue classes a
modulo ¢ and apply the usual Poisson summation formula to each sum. For the third line
we keep aside the contribution of [ = 0, and for [ # 0 we first compute the Mellin transform
for s > 0:

/ d(y)y*ldy = / / D (x)e(—yx)y 'dxdy = / ®(x)(2rx) " Hy(s)dx. (3-8)
0 0 —00 —

oo

This can be seen in two steps. The first is truncating the y-integral and swapping the order
of integration by the bound

ci>(y)=/ D (x)e(—yx)dx < (14]yD~" (3-9)

o0

for any B > 0, which follows from the compact support of ® and integration by parts. The
second step is making the substitution y <> y/2mwx and using the Mellin transform

/ ey Ty = Hy(s)
0

which holds for 0 < N(s) < 1. This analytically continues to %(s) > 0, and by the Mellin
inversion theorem (which we can apply by the absolute convergence of fooo ®(y)y*~ldy
using (3-9)), we have

&,(’ﬂ) _ <’ﬂ) /Oo O (x) (—27x) " Hy(s)dxds
q 27 (A) q —00

for any A > 0.
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3-3. An average of the J-Bessel function
The following result can be found in [12, corollary 8-2].

LEMMA 3-3. Let x >0 and let h be a smooth function compactly supported on the
positive reals and possessing bounded derivatives. We have

1 -k k—1 C —2m/8 ix K2
E Z 2i h(T) kal()C)——T (6 h 2x
k=0 mod 2

0( /OO u4|fz(v)|dv), (3-10)

[ h(u)
h(v) ._A Me du

and h denotes the Fourier transform of h. The implied constant is absolute.

where for real v,

By integrating by parts several times we get that /i(v) < |v|~® for any B > 0. Thus the main
term of (3-10) is not dominant if x < K>7¢.
Note that we will be able to use this lemma for any fixed % as well as for a function like

I(s+“5) ds
h(u) = $Hw) W,k (x) —ﬁ(u)— (27”)7?2%_
@ r(g) s
for x > 0, where § is a fixed smooth function compactly supported on u € (1, 2). This is
because we may restrict the integral to |s| < K€ by the rapid decay of ¢* and then use
Stirling’s approximation

r(s+%)_(_> +Z P(s) (k)

r(%) wky "

for any N > 1 and some polynomials P,, to see that 4 and its derivatives are bounded.
For future use, define for any complex number s the more general function

~ h(J/u)

hs(v) = u?e"du.
0o ~2mu
Integrating by parts, we get
B () Ky (415D o] =8 (3-11)

for any B > 0. Thus the Mellin transform

- oo
hs(w) = / By (v)v" ' dv
0
is holomorphic in the half plane %i(w) > 0, and we have by integrating by parts j times:

By (W) iy (14157 4w~
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4. Hecke relations
Define

P 272
IDRTEDD ((k— DL, sym2f>) v

feH feH

for any complex numbers y; depending on f. The average 3" arises in the Petersson trace
formula [11, proposition 14-5]:

S kg m) =8, + 2wy S(n’cm’ 2 (%\!’W),
=1

feH =

where the value of §,,, is 1 if m =n and O otherwise, S(n, m, ¢) is the Kloosterman sum,
and J;_;(x) is the J-Bessel function.
The following lemma explains how we will group together variables in the fifth moment.

LEMMA 4-1. To prove the main theorem, it suffices to prove that for any smooth functions
h, Uy, Uy, Uz compactly supported on (1/2, 5/2) with bounded derivatives, and any

o, 187 ﬂl’ ,82 > 1’ 1 SNl, N2, N3 < K1+e’

with
2+€
N3 > N;, NN, < , B>a, 4-1)

we have

1 k—1 P 20+e

X h(T) Z Sr <K VakK ) 4-2)

k=0 mod 2 feH

where

2 Ay (minama)h  (n3)T (m)
ny,na,nz,m=1 \/W

ni ny ns
X Wi(n1B1) Wi (nafr) Wi (n3) Vi(mpB) U, (Fl) U, <V2> U3(ﬁ3>'

Sf =

Proof. To prove the main theorem, it suffices to prove that

£ 2 ()5 e

k=0 mod 2 feH

because we have L(1/2, f) > 0by [17] and k¢ <« L(1, symzf) < k€ by [9, appendix].
We claim that

3
Ar
L(%,f)5=8<2 Q(;)Wk(n)) L. 0) 43)

n>1

This holds by (3-4) when k =0 mod 4. But when k =2 mod 4, it also holds because then
L(1/2, f) =0 by the functional equation (3-1), so both sides of (4-3) vanish. Now we can
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insert the approximate functional equation for L(%, f)? given in (3-2) to get that

3
5 Ay(n) Ar(m)T(m)
oy =16 (S 2w ) (S H0 )

n>1 m>1

Expanding the cube and working in dyadic intervals, to establish the main theorem it suffices
to prove that

PIC IR

k=0 mod 2 feH;
where
3
Ap(ni) <n,- ) Ay (m)T(m)
l zl:! (; Vi N; ) <n§ Jm k(m))
for

Wi (n;) := We(n) U (;-)

i

and 1< N;, N, N3 < K'*. By symmetry, we can suppose that N3 > N,. By Hecke
multiplicativity, we have

nmn
rmis =Y Ay (S50,
d|(m.ny)

so replacing m by md and n; by n,d, we get

dop(mu) s (n)h g d d
=y o )Wl(”‘—) W2(2> W3<E) Vi(md).
ni.ny.n3,m,d>1 d/nnynzm N N> N;

Now we combine

Ap(mn)hp(ng) = Z )»f,(m’;znz): Z )Lf<mnb1b1>.

bl(mny,nz) ny=bib
blmn,

Ordering by the gcd of n; and b, we have the disjoint union

{ni,m:blnym} = |_| {ni,m:blnym} = |_| {nl,mib2|n1,b/|m, (Z_;’b/)Zl}’

b=byb’ b=byb’
(b,n1)=by

(4-4)

and (n;/by, b") =1 can be detected using the Mobius function:

1 ifCE,p)=1
)y M(b3)={ b G &) @5)

¥ babs 0 otherwise.

by | 1L
3‘;,2
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Thus replacing b by byb3by, ny by bibybsby, ny by ni1b,bs, and m by mbsb,, we get

g — Z Ag(mnybyb3)A p(n3)T(mb3bsd) u(b3)
1= 3
ni,bi,nz,m=>1 db2b§b4«/nlb1n3m

by, b3,by,d>1

bybsd b1bybsb
X W](nl 273 ) Wz(w) W3 (E> Vk(mb3b4d)
N, N,

Splitting the divisor function

T(mb3b4d) = Z M(r)_[ (?) - <b3i4d)’

r|(m,b3byd)

replacing m by mr, and renaming b; to n,, we have

Z )\f(mn1n2b3"))\f(n3)f(m)f(b3iﬂ)ﬂ(b3)ﬂ(r)
ny,ny,n3,m=>1 db2b§b44/n1n2n3mr

by,b3,b4,d>1
r\b3b4d

I’l]b2b3d n2b2b3b4 ns
w Wol ———— ) Ws| — | Vi(mbsb,dr).
) ‘( N > 2< N, ) 3<N%) mbabudr)

S =

We plan to find cancellation in the sum over ny, n,, n3, m and to sum trivially over the
remaining parameters b,, bz, by, r, d. Thus it suffices to prove that

()T

k=0 mod 2 feH;

1

3
baby brd=1 dbyb3 b1
r\b3b4d

52‘ K K, (4-6)

where

S, = Z )‘f(mnlnzbﬂ))nf(w)f(m)wl n1b,bzd W, nybybsby
ny,na,nz,m=1 \/W N] N2

x W3<ﬁ) Vi (mbsbadr).
N;

For (4-6) it suffices to show that
1 k—1 P .
e > h(T) Y S < Kby
k=0 mod 2 feH;

This is given by (4-2), once in S; we replace N, by N;/b,bsd and N, by N,/b;bsb,, and
take o = bsr, B =bsbsdr, B1 = bybsd, B, = brbsby. Note that these substitutions lead to
a smaller value of N,, so that N3 > N, still holds. Since B8, > b3(bsbsr) > o, we have
NN, < K**¢/a. Also note that 8 > a.

5. Application of the trace formula

Applying the Petersson trace formula to Lemma 4-1, we need to prove that

D+ OD < JaK**,
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where the diagonal

. Ar(mnoma) A r(n3)T(m)
b= Z J/ninanzm v <N1) U2<N2)

ny,ny,nz,m=>1
n3=ninyma

X UB(N ) Wi(n1B1) Wi (n282) Wi (n3) Vi (mB)

trivially satisfies the required bound, and the off-diagonal is

S(ninyma, n3, ¢)t(m) n n; n3
OD = U\ )0 | U
Z C /N Nansm l<N1> 2<N2) 3(N3>

ny,no,n3,m,c>1

1 -1 4
Loy %%?meqcﬂﬂﬂﬂﬂ>

k=0 mod 2 ¢

X Wi (1 B1) Wi(n2B2) Wi (n3) Vi (mpB).

At this point, we cannot absorb the W, functions into the arbitrary weight functions U;
because W, depends on k and we still need to average over k, which is what we do next.
Applying Lemma 3-3, and the discussion following it, the contribution of its error term is
bounded by

1 Z Z |S(ninyma, ns, c)| 4/n1n2n3moz

5—¢
K =0 c/ninansm c
nz<Kl+€
m<K2+e

on using Weil’s bound for the Kloosterman sum. Thus we need only consider the main term
of Lemma 3-3, and it suffices to prove

S(nin,ma, n3, c)t(m 27 /ninynzmao
oD, = Z (nin; 3 )3( )e( /Ninang )
ni.ny.n3,m,c>1 ﬁ(n1n2n3m)5 ¢
ch 3 n; 3
x Wi (nlﬁh ny B2, n3, mpB, —) U(—J) LatK¥re,
8 /ninnsma E ! N;
where

UG [ e+ 250G T (K st )
Qri)t Jo  V2mu Jay (27 xq)™ ( )

Wi (X1, X2, X3, X4, V) 1=

Ju 1

| / & F<7K et 5) dsjdss j,,
- ———c""du.
By the rapid decay of the sy, 55, 53, S4 integrands in vertical lines, we may effectively truncate

the integrals to |Jsy[, |3s2], [Js3], [Is4] < K€. For |s| < K€, by Stirling’s approximation we
have

F(%;K+s+%) =<£K>S <1+ P(s) +0( 1 ))

F(%EK+%) 2 JukK K2
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for some polynomial P. Thus

X1 X X3 X4 1 X1 X2 X3 X4 )
W X1, X2, X3, X4, U :\IJ(—’—’—’—"U) - <_9_7_’_1U> OK e )
K (X1, 3, X3 X4, V) crr )T Tol )
(-

where for & > 0 and real v we define

eI (1 4 254)G (54)
W&, &, , :
G1: 52,85, 80, v (2m) / " / a /m /(Ao (47 E))" (A £2) (AT E3)™s (8T E4)™

ds; ds, dss dsy

X Py pspsy s (V) — ——— (5-2)
S1 S22 §3 84

and W, has the same definition except for the presence of an extra factor P (s;, 53, 83, 54)//1t
in the integrand for some polynomial P. It suffices to treat only the contribution of W, as the
treatment of the secondary term W, will be similar. Thus we need to prove

OD, — Z S(nn,ma, n3, ¢)t(m) (3(2' /n1n2n3ma> (5-3)

3
ni,ny,n3,m,c>1 «/E(I’lﬂ’lzﬂﬂ?’l)“ ¢

X \D(—nl'Bl, —nZﬁz, E, m—é} —ch ) 1_[ U, (n_,) L ai Kt
K K K K? 8m./ninnsma i N;

By (3-11) we may assume (up to negligible error) that

4/n1n2n3mot' (54)

KZ—e

cL

By (3-5) and (3-11), we have that

9l 9n 8]’3 97 9/ Ih=Arg == Az g —jr=As g —fs=As —j B
j j ) ) ) ) K Jj—
0&]' &5 9L é"‘ v/ V(& 62, 8. 80 v) <K°5, & & &y
(5-5)

for &, &, &, &, v > 0, any integers j;, B > 0 and any real A; > 0.

6. Poisson summation and reciprocity

In (5-3), we sum over nj3 in residue classes mod ¢ and apply Poisson summation
(Lemma 3-2), getting

OD, = Z Ng Z S(a, ninoma, c)e(ag) ¢U1<%> U2<%>
2 2

ni,na,m,c>1 a mod ¢ \/_(nan]V?)”n)4
—oo<l<00
/Oo <—€N3x> (2«/xn1n2N3moz>
X e e
oo c c
(b naby XNy mp K >U3(x)dx 1)
K ' K K K?¥ 8tyxnmNsma) xi

Call the integral above /. We will evaluate it using stationary phase approximation.
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LEMMA 6-1. We have I < K ' unless |€| < /ninyma /+/Ns, in which case

I =

’

20c (nlnzma T ) o mpBy nyfy mnoma mp K¢
e - 4 b 9 _1 =
nnamo N, N, 2K  K? 8mwninamoa

Le 8
1
nynamo ninomao \ 4 1
x U 0 .
{ ﬁNz)( ﬁN3) i (K*J
Proof. Let Q(y) be a smooth function with bounded derivatives which is equal to 1 for
ye(1/2,3/2) and O for y € (—oo, 1/4) U (2, 00). We write

I'=15+D,

where [, has the same definition as / except that its integrand has an extra factor
1 — Q(x¢>N;3/nnyma), and I, has the same definition as I except that its integrand has
an extra factor Q(x€>N3/nnyma). We first show that I; < K~ The phase of the
exponential factor in the integrand is

¢(x) =

El

2/ xninaNsma €Nzx
c

C

which has first derivative

Wm:ﬂﬂﬂﬁgo_lﬁﬂl)>y*

Jxe Jninamao
by (5-4) and the support of €2, and higher derivatives

ninyNsmao
c

¢V () <« < K*

for j > 2. Thus integrating multiple times and using (5-5), we get I, < K ~10%,
We now turn to /,. Here the support of €2 makes the restriction |£| < /ninma/+/ N3.
Substituting y = x¢>N3/n;n,ma and defining Uy(x) = x4 Us(x), we get

o K%
122/ e(nlnzma(z\/__y)> \I‘I(nlﬁlv n21327 ynl;lzmas m_€7 < )
oo Lc K K ’K K* 8w /yninyma

ninomo Q(y)
><U0< aN, y) g dy. (6-2)

The stationary point occurs at y = 1. We apply [4, proposition 8-2], with

2w nin,mo
h(y) == QY7 - ).
Q) (mp1 mpy yninoma mp K?(c ninyma
w()’) = W ) ) B ) R UO B Yy
y K K 02K K? 8w /yninyma £%N;

X=K' Ve=Vi=0=1.Y= n1|n£2|mot _ \/n1n2N3moe‘
c c

By (5-4), we have that Y > K2~¢. Thus the conditions [4, line (8-7)] are satisfied for § = 1/5
say, and we get (we have a factor of e(—1/8) instead of ¢(1/8) because the second derivative
of h is negative)
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I 2¢c (nlnzm(x ﬂ)\p By nyfy mnoma mp K?¢tc
= e - 5 ) ) s 0
: nnamo Le 8 K K 2K " K?' 8mninymo
U nin,mao L
X —_— error,
'\ een,
where
1
error=0| — L (1) + K710
\/?lgnig:l()ﬁp
and
1 1G®(1)] L 2
pn()=— PR G@)=w)e(H(1)), H@)=h)—h)— 3 1)E—1)".

Note that H(1) = H'(1) = H"(1) =0, and so G® (1) <« v'* <« y" . Thus

1
_ =3/2y —
error=0((Y /%) = 0<K3f>'
Now we are ready to return to (6-1). We evaluate the a-sum there as

—nynymal . _
Z S(a, nynyma, C)e(a2> {ce(— 22 b (e, c)._l

c 0 otherwise,

a mod ¢
and then apply Lemma 6-1 for the integral. The error term of this lemma contributes, using
(4-1) and (5-4), at most

1
1

1 N,
K3—¢ Z < K*.
ny=<Njp,ny=<N, c2(n1n2m)4
m<K2+€//S
C<«/N1N2N3ITIO(/K2_€'
[€|=</ninama /N3
Thus we only need to consider the contribution of the main term. It suffices to prove (we

only treat the terms with £ > 0)

—ninymalk ninomaN t(m)

OD; := E e e(

c Le ninom
ny,ny,m,c,>1

mpPr nafs ninama mp K?lc n 1,
X \I} ) ) y 0 Ul ’NE U2 N
K K 02K K? Snnlnzma Nl Nz

ninamo 20+¢
x U K , 6-3
3 ( N; ) Lo (6-3)

where it is understood that the sum is restricted to (¢, ¢) = 1. By the reciprocity relation for
exponentials, we have

OD; = Z e(”lnzmaz) T(m) w(”lﬂl, nz,Bg’ nin,mo m_,B K2%¢c )

9 b
£ nynom K K 2K " K? 8mninymo
ny,ny,m,c,>1

U U U nin,mao
X .
! N1 : N2 \ T een,
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7. Voronoi summation and fake main terms
The next aim is to perform Voronoi summation on m but we cannot do so immediately
because in the exponential e(n;nmac/L), the integers nyn,o and £ may not be coprime. We
first prepare by eliminating any common factors. Re-ordering the sum OD; by b; = (n, £),
and replacing n; by byn; and £ by b€, we have

OD; = Z . nin,moc T(m) " blnlﬁl’nzﬁz’nlnzma’m_ﬁ’ K¢
¢ binn,m K K = b02K  K? 8ann,ma

ny,ny,m,c,>1

b]l’l] bzl’lz ninmo
x U Ul — | U;| ———— ).
N1 N2 b1£2N3
Next we re-order the sum by b, = (n,, £), and replace n, by bon, and € by b, ¢, then re-order

the result by b3 = (¢, £), and replace £ by b3¢ and o by bs«. In this way, the conditions (4-1)
become

2+€

N3;>N,, NN, < , B=bsa, (7-1)
b30€

and

0D, — Z e(nlnzgmozE) T(m)

bibrnin,m
ny,na,m,c,t>1 1720

bi,by>1,b3|a
(ninya,l)=1

« W bll’l]ﬂl bzl’lzﬂz ninymo m,B KZZC
K K  bibbi02K K2’ 8wninama

b b
% Ul 1 U2 noby U3 nin,mo ’ (72)
N, N, bi1byb302N;

for which the required bound (6-3) becomes

OD; < bya K*€.

Working in dyadic intervals of m by taking a partition of unity, it suffices to show that

nin,moc T(m) bin, n2by nin,mao
OD; = U U — | U;| ————
’ Z Z e( ¢ ) bibyninym 1( N ) 2( Ny > 3<b1b2b3£2N3>

Jj nynpm,ct>1
b1,by=1,b3a
(nnya,l)=1

x Uy ( i ) \Ij(bln]ﬂl bunafy _mimyma  mp K%tc

ﬁj K ' K bbby 2K’ K2 8mnnyma

) < b3O[K6+E

for some smooth functions Uy ; compactly supported on (1/2,5/2), for j <log K, and
M;=2/. We now apply the Voronoi summation formula (Lemma 3-1) to the m sum,
getting

OD5 :=FM + ODy, (7-3)
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where the “fake main term” is

* x x 1
= [ (log 2 +2y) Y U (- —
/oo p T ; 4”<Mj> 2 b

ny,ny,c,l>1

bl,hzzl.hgkx

(nnya,b)=1
w bll’llﬁ] bzl’lzﬂg ninxo Xﬂ KZEC U b1n1
X ) b ’_7— —
K K bibbs0?K K2 8tningxa) '\ N

n2by nin,xa dx
x U, Us| ———— ) —,
N 2 b1b2b3£2N 3 X
and OD; is given in the next section. In the sum FM, we may re-patch the partition of unity
and reverse the steps which led to (7-2), getting that

FM = /_OO (1og ;—2 + 2y) 3 Zninz

ny,na,c =1

. lIJ(nlﬂl, n2,32’ nlnzxo{, ﬁ’ K%lc ) U, ( > U2< ) U3(n1n2xo(> a'_x

K K EZK K2 87'”’111’12.760[ N] N2 K2N3 X

The trivial bound for M is O (K '/?*€), from the length of the c-sum given by (5-4). It seems
like we cannot do better because there are no exponentials or other harmonics present which
may produce further cancellation (hence the name “fake main term”). However we can
exploit our judicious choice of weight function in the approximate functional equation, as

follows.
Making the substitution y = xnn,a/€> N3, we have

1
FM = ]
/ Z (Og nlnza ) Inin,

ny,na,c,b>1

N3  y*N K? d
U nlﬂl, n2,32’ A yz 3B ’ Vo ("M o2 vy ™
K K K  K?nina 8mwiN;y Ny N, y

It suffices to show that

1 N 22N K?
FM/:=Z_W(nlﬂ1,n2,32’y 3 Y 3,3’ ¢ )<<Kf
= K K K " K?nnya 8mlN;y

for any n; < Ny, ny < N, y < 1. Using (5-2) and Mellin inversion, we have

2+s§+s§§(1 + 254)G (s4)
1+ 254 —
(27‘”) /l+e) / +e) -/(e) /(6) -/(e) (4-7'[)‘Y1-~_S2_|—xz (877)S4 g( N w)g(w)

X( ) (o) Gie) (535°) (%)
n B nzp; YN yN3B K?

dSl dS2 dS3 dS4

X hv1+2&2+2v3 (U))—
ST S22 S3 84

Here ¢(1 4+ 254 — w) comes from the ¢-sum and ¢(w) comes from the c-sum. We must
initially keep the lines of integration at (w) =1+ € and NR(s4) = 1/2 + € in order to stay
in the region of absolute convergence. The goal is to move all the lines of integration to (¢),
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and this would prove the claim. We first move the w-integral to i (w) = €. This crosses a
simple pole at w = 1, with residue

y 1 et
= oL
Qri)* J(1te) Jio Jo Jeo
() Gom) Gie) (5 (55)
X
nBi nafs yN3 yN3B K?

dS1 dSz dS3 dS4

X Ry, 125,405 (1) — ———.
S1 S22 S3 $4

I (1 4 254)G (54)
(4;-[)‘?1 +52+53 (87T)S4

(2s4)

On the shifted integral at i (w) = €, which is not displayed, we may move the s4 integral to
M (s4) = € and then estimate (this does not cross any pole of ¢ (1 4+ 2s, — w) so this straight
forward). Thus the shifted integral is O (K¢) and we are left to estimate FM". In the integral
FM", we move the line of integration to (s4) = €. This does not cross any poles because
the simple pole of ¢(2s4) at s4 = 1/2 is cancelled out by the zero at s, = 1/2 of G(s4). See
the definition (3-3). Thus FM" is O (K ~'*).

8. Second application of reciprocity

We now return to (7-3) and give the definition of OD, corresponding to the sum on the
right-hand side of (3-6). We have (r is the dual variable)

1 0 +remima (r) Mirx\ ™"
OD, := — '
‘ XJ:; 27 /(A)/O 2 e( ] ) bybyminy < Iz

ny,ny,r.c,>1
b1,by>1,b3a
(c,0)=1

b1n1 I’l2b2 I’lll’lQXM'Ol

x HE(w)U (—) U. (— Us| —————

! N ) TN, ) T\ bibabs 2N,
bll’llﬂ] b2n2,32 nlnzxMjoz )CMj/g KZEC >dx

) ) ) _dw9
K K b1b2b3£2K K? 87T}’l11’l2xMjOl X

x Uy j(x )‘I’( ,
where it is understood that the sum is restricted to (nin,c, £) =1 and we need OD4 K
b3 o K20+s .

We first simplify the notation a bit (we did not do this earlier because we needed the exact
form of the weight functions in order to deal with fake main terms). First, we observe that
since there are O (K€) dyadic intervals, it is enough to consider any one smooth function
U, j=U, and M; = M. From the fourth component of ¥ and the assumption 8 > b3 from
(4-1), we can assume

K 2+€

M < .
b30[

We can also consider the sum in dyadic intervals r < R by inserting a smooth bump function
Us(r/R), where Us is supported on (1/2, 5/2). We can assume that
Kee?
M

because the contribution of r > K<¢2/M is O (K ~'%°) say. This can be seen by moving the
w-integral in OD; far to the right (taking A large). By repeatedly integrating by parts the

R <
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x-integral, we may restrict the w-integral to |Jw| < K¢ (the real part is already fixed at
A). Doing so, we may absorb =% and (¢?)~" into Us and Uj; respectively. Similarly we
may expand the function W using (5-2), truncate the integrals there to |Jsy], |3s2], |3s3],
|54 < K€ (with 0 (s;) fixed of course) and absorb part of this function into the bump func-
tions Uy, U, Us, Uy. Thus it suffices to prove (we do not seek cancellation in the sum over

bl’ b21 b3)
Z e(:i:rcmlhol) T(r) U1<b1n'> U2<n2_b2) U3<w>
ny,na,r.c, =1 ¢ fnyny Ny N> b1byb3t* N3

(c,0)=1

r K%
U (—) hy | ——— by K€

s R (Snxn]nzMot> Ko
for any by, by, b3 > 1, x < 1, |s| < K¢ and any compactly supported functions U; with jth
derivative bounded by (K€)/. We simplify the notation a bit more. We suppress the factor
8mx in Ay, rename b1b,; to a, by to b, Ma to M, N/b, to Ny and N,/b, to N,. Thus it
suffices to prove

Z e(:l:rcnlnzoc) (r) Ul ( ) Uz( ) Us(nm;M)

" L ani’lz N1 N2 abl N3

(c,0)=1

r K¢
x U5<—) hs< > & ba Ko, (8-1)
R niny
for any integers a, b, « and
e K2t K2te KEEZ(X KGNlNQO(
Ni, N, N3 < K , NiNy<——, M< , R< = , N3 > N,.
aab b M abN;

(8-2)

The approximation K€¢?a/M =< K¢N;N,a/abN; follows from the support of Us. This
updates (7-1).
Now using reciprocity for exponentials, we have

+renin,a Frel +rc Frel +rc
e =e e =e 1+0 .
b4 ninLo Inin,o ninLo lnin,a

The contribution to (8-1) of this error term is less than

33
re NIN; M2« 1
> Y oy (v 1
fword KW e N annz anl’lz()l K4_€N32 K2
=N, = Mab <K=
_Jaw
<> Tavs

by (8:2). So in (8-1) we can replace the exponential with e(Frcl/nin,a) and detect the
condition (¢, ¢) = 1 using the Mobius function:

I if,c)=1
Yuw={ O (83)

e 0 otherwise.
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Thus replacing ¢ by ¢/ and ¢ by cl, it suffices to prove

Frel \ wd)T(r) ni no ninoM
Z e Ul — U — | Us| ———
nin)o lﬁnlnz Nl N2 ab12€2N3

ny,ny,r,c,l>1
=1

r K?1%¢c
U (—) he ba K'¥e.
x 3 R <n1n2M> << «

We do not seek cancellation over the /-sum, so it suffices to prove

Frel \ T(r) nn,M
ODs := U, U Us\ ———
> Z e(mnﬂ) Enlnz (Nl) 2<N2) 3(ab12£2N3)

ny.ny,rc,l>1
K?1%¢
X US(L> hg °) « bak?t
R l’l]fle

for any integer / > 1 and assuming (8-2). Also keep in mind that it is understood that the
sum is restricted to (¢, nina) = 1.

9. Second Poisson summation

Now we split the £-sum in ODs into (primitive) residue classes mod n nyoc and apply
Poisson summation (Lemma 3-2). Note that £ is supported in compact interval of size
JninaM /l1/abNs. The result is that (the dual variable is d)

S(Fre, d, ninya) t(r) no r
ODs = U, =) Us( =
> Z ninyo nin, (Nl) 2<N2) 5<R>

ny,na,rc=1

*© 1 K2cl d
X(f U*(>ﬁ<—% W)y
y abnin,NsM )y
Znyd\/
H,(2)
2711 (A la/abniny Ny

1 K2cl d
x Ug(—) h (L) —ydz). ©-1)
y JabninyNsM )y
We first consider the contribution of the second line of (9-1). This is the zero frequency
contribution, and it is bounded by

Z Z Z K€|S(Frc, 0, ninya)| < NN M < 1

22 , T__o
ninsa K ¢/N; K2-€

on using N3 > N, and that the Ramanujan sum is O (K €) on average.

Now we consider the contribution of the third line of (9-1), arising from the sum over
d # 0. We consider this sum in dyadic intervals d < D (for simplicity, we restrict to only
positive values of d) and ¢ =< C by inserting smooth bump functions Us(d/D) and U;(c/C)
say. We can assume that

K<laJabN, Ny N
D < ~ AVaoTn TRl 9-2)

i
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because the contribution of d > lax/abN;N2N3/~/M is O (K ~'%) by moving z-integral in
(9-1) far to the right. Restricting to |Jz| < K¢ and N(z) fixed, which we may do up to neg-
ligible error by repeatedly by parts with respect to y, we may absorb d %, nj, n5 into the
existing weight functions. We can also assume that

C «/abN1N2N3M (9 3)
< —_—_— .
1K<

and absorb the function 7, into U;, by using Mellin inversion and separating variables as
above. Thus it suffices to prove

S(Fre, d, nina) t(r) ni n, r d c 2
U\— U = |Us| =) Us| = ) Ui\ = ba KT,
o SEelmm iy, (2 us(12) us() v ) on(E) <

ny,ny,r.c,d>1

Finally, we need this to be in a form to which we can apply Kuznetsov’s formula. To this
end we define

L N1N20(

VRDC’

and replace U, (n,/N,) with a different bump function

Y, (47TXM)

ninyo

with properties given below. We can also replace t(r)/nn, with 7(r) /N N,. Thus it suffices
to prove (we do not seek cancellation in the n; sum)

S(xre, d, ninra) A7 X~/red d r c
Z nnyo Yl( nin-o ) Yz(B) YS(E) Y4<E>

ny,r,c,d>1

where Y; are smooth functions compactly supported on (1/2, 5/2) with ||Y ;j)”oo L (K97
and we assume (8-2), (9-2) and (9-3).

10. Kuznetsov'’s formula
The aim now is to prove the required bound for ODg using Kuznetsov’s formula and the
spectral large sieve. We consider only the case of positive sign; the negative sign case is
similar. By [11, theorem 16-5], we have that

Z S(rc,d, nin,a) v (471X\/rcd
1

) = Maass + Eis + Hol, (10-1)
ninyx

nin)o
=1 1782

where these are the contributions of the Maass cusp forms, Eisenstein series, and holomor-
phic forms as given in the referenced theorem. For the Maass forms we have
p;(re)p, (d)

cosh(rt;)

Maass = Z My, (t))

j=l1
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where the sum is over an orthonormal basis of Maass cusp forms of level n;« with Fourier
coefficients p;(n) and Laplacian eigenvalue 1/4 + ¢, and

My, (1) = / (Jair (x) = J—Zzt(x))Yl(XX)_

h(m‘)
By [6, lemma 3-6], for example, we have that My, (1) < K~ 100 if |#| > K€, so we can restrict
the sum Maass to |¢;| < K¢, in which range My, (1;) < X***<, by the same Lemma. We have
X <« K'¢ by (10-2), so it suffices to prove that

! pi(ro)p;(d) N e
> 2| 2 () (@) 1)

<L baK°®.

Now we would like to decompose p;(rc), so that Cauchy—Schwarz and the spectral large
sieve may be applied. To do this we need to work with newforms, whose Fourier coefficients
are multiplicative. We consult [2, section 3] to see how to choose a basis consisting of lifts of
newforms. By [2, equation (3-10)], and the cosh(r¢;) 1/2 normalisation from the first display
of [2, section 3-2], it suffices to prove that

> o () (&) e B) () (e ar

ny <N, [tj|<K¢€
for any integers u, v > 1 and Ny|na, where A ;(n) are the Hecke eigenvalues corresponding
to newforms of level Ny. We now replace d by dv and, proceeding exactly like in steps (4-4)
to (4-5), we can write u = u u,uz and replace r by ru u; and ¢ by cu,yus to see that it suffices

No
1 r.d,c>1
ulre
vld

to prove
Z 1 Z Ke(u1u2u3v)%
N1N2 N]Ol
np=<N; ltj|<K¢€

x| 3 astran, (d)M(Mz)T(ruluz)Y2<dD> n(e) v(=a) | < bak,

R
rd,c>1

To simplify notation, we may replace r by ru,. Thus it suffices to prove

1 K€ (uiuauzv)? .
n;} N, N, > N ‘ ;/u )‘j(rc))‘j(d)yl(”))/z(d))/s(c)‘<<botK

[tj|<K¢
c<xC/usuz
d=D/v

for any y,(r), v2(¢c), y3(d) < K€. By Hecke multiplicativity, we have

Ai(roi(d) = Z M(S)MG))”"G)MM): Z M(S))VG)M(%)

s|(r,c) s|(r,c)
(s,No)=1 w|(c/s,d)
(sw,No)=1

and so, after replacing r by rs, ¢ by csw, and d by dw, it suffices to prove

1 KG(M1M2M3U)%
OD; = _
=) NN X N

3 ,\j(r)xj(cd)yl(r)yz(cd))

N
nyp=<N, 14¥2 |tj|<K€ r=R/us
s,w<K'0 cd=<CD/uyuzvsw?*
€
<L baK®,
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for any y(r), y2(cd) < K¢. By the Cauchy—Schwarz inequality and the spectral large sieve
[7, theorem 2], we have that OD7 is bounded by

2\ 2
1 Ké(u1u2u3v)%
Ai(r r
Z NN, Ny« Z Z /( )yl()
ny=nN; [tj| <K€ |r=R/uis
s,wSKlo
N

<[ 2| X Mdnd

[tj|<K€ |cd=<CD/uyuzvsw?

1
1 KE(M1M2M3U)% R R 2
N - —
< Z N1N2 N]Ol la+

npx=nN;
s,w<K1

CcD CcD 2
X N10{ + 2 3 .
Uruzvsw Uruzvsw

Thus it suffices to prove

€

((Ni@ + R)R)? (N1ot + CD)CD)* < baK*.

N]NzOl
By (8-2), (9-2) and (9-3), we have
1 aNiN,
(RCD)> K : (10-2)
K1-¢
so it suffices to prove
1 1 1
?(Nla—l—R)f(Nla—l—CD)f <L baKc. (10-3)
We have
N]Ol < K€
—_ o,
K
(NiaCD)z  Nya(abN,N3):  (N;Nsa)2(abaNiN)? 1
X < X2 < X2 L K‘a?,
NiaR): NN}
( 1@ ) << 1 l2 << KE(X,
K KN;

where in the last inequality we use crucially that N3 > N,. This establishes (10-3).
It remains to consider Eis and Hol in (10-1). These are similarly treated using the large
sieve, once we use the multiplicative Fourier coefficients provided explicitly in [2, section 3].
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