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We consider non-negative solutions of the Cauchy problem for quasilinear parabolic
equations u; = Au™ + f(u), where m > 1 and f(§) is a positive function in £ > 0
satisfying f(0) = 0 and a blow-up condition
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We show that if £ 12/N /(—log€)P = O(f(€)) as £ | 0 for some 0 < 8 < 2/(mN +2),
one of the following holds: (i) all non-trivial solutions blow up in finite time;

(ii) every non-trivial solution with an initial datum wo having compact support exists
globally in time and grows up to co as ¢t — oo: lim¢—co inf||< R u(z,t) = oo for any
R > 0. Moreover, we give a condition on f such that (i) holds, and show the
existence of f such that (ii) holds.

1. Introduction
In this paper, we discuss the Cauchy problem of quasilinear parabolic equations
up = Au™ + f(u), (z,t) €RY x (0,7), (1.1)
u(z,0) = up(x), z e RY, (1.2)

where u; = du/0t, A is the N-dimensional Laplacian and f(£) with &€ > 0 and ug(z)
with z € RY are non-negative functions. We consider only non-negative solutions.
Throughout this paper, we assume the following:

(A1) ug € BC(RY) (bounded continuous functions) and ug(z) > 0 in RY.
(A2) f € C0,00) N C>(0,00) and f(&) > 01in £ > 0.

Under assumptions (A1) and (A2), a unique non-negative weak solution of (1.1),
(1.2) exists locally in time [1,2,4,6,21,29]. The definition of a weak solution is given
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in § 2. We know from the uniqueness of solutions and the existence theorem that if
the solution does not exist globally in time, it blows up in finite time, that is, for
some T € (0, 00),

i [, )l o ey = o0

Moreover, we assume the following two conditions:
>~ 1
(A3)/ ——dnp <oo for &> 0.
¢ f (n)

(A4) f£(0)=0.

Conditions (A3) and (A4) restrict the behaviours of f(£) near £ = co and £ = 0,
respectively. Condition (A3) is a necessary condition for a solution to blow up in
finite time. If (A3) fails, all solutions exist globally in time. Under condition (A3),
the solution u of (1.1), (1.2) blows up in finite time if ug(x) tends to [[uol| L)
in some direction as || — oo (see [31, theorem 1.5] and [13-15] when m = 1).

Condition (A4) is a necessary condition for a solution to exist globally in time,
provided (A3) holds. If (A3) holds but (A4) does not, all solutions blow up in finite
time. Under condition (A4), u = 0 is a global solution of (1.1), (1.2) in time.

However, for a general initial datum wg # 0 decaying as |z| — oo, we do not
know whether the solution blows up in finite time or not. We are interested in the
conditions on f for which a solution blows up in finite time.

For this problem, when m = 1, we have the familiar result proposed by Kaplan
(in 1963) [17]: if f”(£) > 0 in € > 0, there exists an initial datum with compact
support such that the solution of (1.1), (1.2) with m = 1 blows up in finite time.
Kaplan showed this result for the Dirichlet problem in a bounded domain, and it
holds for the Cauchy problem, as confirmed by the comparison theorem.

When at least one solution with the initial datum having compact support blows
up in finite time, we call the phenomenon Cy-blow-up and say that (1.1) causes
Co-blow-up. For (1.1), we are more interested in the conditions on f for which
Cy-blow-up occurs.

For the special equation

up = Au™ + P, (z,t) € RN x (0,7T), (1.3)

with m > 1 and p > 1, the blow-up problem has been studied by many authors (see
[5,24] for a review), following the pioneering work of Fujita in 1966. He showed [9]
that the number pj = 1+ 2/N (called the Fujita exponent) divides exponents p
into the following two cases when m = 1:

(i) if 1 < p < p7, all non-trivial solutions of (1.2), (1.3) with m = 1 blow up
infinite time;

(i) if p > p7, there exists a global solution of (1.2), (1.3) with m = 1 when the
initial datum wg is sufficiently small.

For the general equation (1.1), this result leads to the following question: under
what condition on f do all non-trivial solutions blow up in finite time? When all
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non-trivial solutions blow up in finite time, we call the phenomenon all-blow-up and
say that the equation causes all-blow-up.

Fujita’s result was covered by Hayakawa [16] and Kobayashi et al. [19] (see
also [32]) for the case m = 1 and p = pj, and was extended to the case m > 1
by Galaktionov and co-workers [11,12] (see also [18,27]). We can summarize their
results as follows.

(a) Let 1 < p < m+ 2/N. Then, all non-trivial solutions u(z,t) of (1.2), (1.3)
blow up in finite time, i.e. all-blow-up occurs.

(b) Let p > m+2/N. Then, there exists a global solution of (1.2), (1.3) when the
initial datum wg is sufficiently small, i.e. all-blow-up does not occur.

Case (a), in which all-blow-up occurs, is called the blow-up case. Case (b), in which
all-blow-up does not occur, is called the global existence case. The cut-off number

. 2
is called the critical exponent (or the Fujita exponent). We can say that f(u) = u?
(1 < p < p&,) belongs to the blow-up case and f(u) = u? (p > pi,) belongs to
the global existence case. We can also say that the function f(u) = uPm is a cut-off
function between the blow-up case and the global existence case.

Thus, as is said above, for the general equation (1.1), we are interested in the
conditions on f for which all non-trivial solutions blow up in finite time and the con-
ditions on f for which at least one solution with the initial datum having compact
support blows up in finite time. Thus, we consider

(i) what condition on f leads to Cp-blow-up and
(ii) what condition on f leads to all-blow-up.

These problems have already been studied for the semilinear case m = 1 by
Kobayashi et al. [19]. In particular, problem (ii) for m = 1 has been completely
solved by them. Roughly speaking, they showed the following results, by assuming
(A1)—(A4).

(I) TFE2/N /(—log€) = O(f(€)) as € | 0, every non-trivial solution of (1.1), (1.2)
with m = 1 blows up in finite time or at ¢ = oo (in other words, all global
solutions are unbounded in RY x [0,00)), i.e. limyyr [lu(:, ¢)|| poe @y = 0o for
some T € (0,00]. In particular, in the case T' = oo, the solution grows up to
00 as t — 00, i.e. limpoo inf |4« g u(w,t) = oo for any R > 0. Moreover, if f(£)
is non-decreasing in £ > & for some & > 0, all non-trivial solutions blow up
in finite time, i.e. all-blow-up occurs.

(IT) If f(&) = O(E'F2/N /(—log€)P) as € | 0 for some (3 > 1, there exists a global
solution of (1.1), (1.2) with m = 1 converging to 0 as t — oo, when the initial
datum wuyg is sufficiently small.

We now give some notation. For two functions f(§) and ¢(¢) in [0,00), we say
that f(£) = O(g(§)) as £ | 0 if limsupg | |f(£)/g(§)| < oo. Similarly, we define
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f(€) = 0(g(¢)) as € — co. Also, for two functions f(z) and g(x) in RY, we define
f(2) = O(g() as [z] = oo.

We note that Kobayashi et al. also obtained more general results in which some
assumptions are given in the integral form [19, theorems 3.5 and 4.1].

Their results are interesting for several reasons. First, they showed that for the
general equation (1.1) with m = 1, the cut-off function (which divides the functions
f(u) into the blow-up case and the global-existence case) is not f(u) = u”i.

Second, from their results, we can easily see the mechanism of all-blow-up, i.e. all-
blow-up is determined only by the behaviour of f(£) near & = 0. More precisely,
they showed that every non-trivial solution grows up by the behaviour of f(§)
near £ = 0, and then we can see that if the function f(§) causes Cp-blow-up, the
non-trivial solution blows up in finite time, i.e. all-blow-up occurs (otherwise, the
non-trivial solution exists globally in time and grows up to co as t — oo).

Third, they posed a new problem of under what condition on f every non-trivial
solution blows up in finite time or at ¢ = co (in other words, all global non-trivial
solutions are unbounded in RY x (0, 00)).

Fourth, they relaxed the above mentioned Cy-blow-up condition on f proposed
by Kaplan [17]. Specifically, they showed that if f(¢) satisfies (A3) and is non-
decreasing in & > & for some &y > 0, there exists an initial datum with compact
support such that the solution of (1.1), (1.2) with m = 1 blows up in finite time.

However, in result (I) of [19], the following problem was not solved: when

gr2/N
“log€

and for any & > 0, f(£) is not non-decreasing in £ > &;, does any global non-trivial
solution (i.e. infinite-time blow-up solution) exist?

For m = 1, Fila et al. [7,8] recently obtained interesting results, and they essen-
tially answered the above question. They showed that assumption (A3) is not suf-
ficient for finite-time blow-up if, for any & > 0, f(§) is not non-decreasing in
& > &. Specifically, they showed the following result: for p > 1, there exists a
function f satisfying (A2)-(A4) such that if ug(z) = O(|z;| = ®=V) as |z| — oo,
x = (x1,...,xN), for some i € (1,...,N), any solution of (1.1), (1.2) with m =1
never blows up in finite time. We note that in this result the only condition on f
near £ = 0 is the condition f(§) = O(¢P) (¢ | 0). Combining this with the result
of [19], we can easily see that there exists a function f(§) satisfying (A2)—(A4) and
12N /(—log &) = O(f(€)) as £ | 0, such that every non-trivial solution with the
initial datum having compact support exists globally in time and grows up to co
as t — oco. We note that such a function f is not non-decreasing in £ > & for any
& > 0.

Our aim in this paper is to extend the results of [7,8,19] to the quasilinear case
m > 1. Specifically, we address the following three questions for the case m > 1,
assuming (A1)—(A4).

O(f(€)) as€l0

(i) Under what condition on f does every non-trivial solution blow up in finite
time or at t = co? In other words, under what condition on f are all global
non-trivial solutions unbounded in RY x (0, 00)?
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(ii) Under what condition on f do all non-trivial solutions blow up in finite time?
In other words, under what condition on f does all-blow-up occur?

(ili) Under what condition on f does every non-trivial solution with the initial
datum having compact support exist globally in time and grow up to oo as
t — oco?

Moreover, as in [19], our results include an answer to the following question, which
is first posed in our paper.

(iv) Under what condition on f do finite-time blow-up solutions with the initial
data having compact support exist? In other words, under what condition on
f does Cy-blow-up occur?

The method of the proof in [19], especially in the blow-up case, cannot be applied
to the quasilinear case m > 1. It depends strongly on the integral expression of a
solution by the heat kernel, and it never uses the Jensen inequality and Kaplan’s
method.

To state our results exactly, we introduce the following class of functions f asso-
ciated with (1.1), where all functions f in the class lead to Cp-blow-up:

M = {f € C*0,00) N C>(0,00) | f satisfies condition (A2)
and there exists an initial datum uo having a compact support
such that the solution of (1.1), (1.2) blows up in finite time}.

We call this class the Cy-blow-up class associated with (1.1). From the result of [19],
we can say that a non-decreasing function f satisfying (A3) belongs to the Cp-
blow-up class associated with (1.1) when m = 1, and hence, we can also say that
such a function f leads to Cy-blow-up. We note that if f € 91, f must satisfy
condition (A3).

Our results are as follows. Theorems 1.1, 1.3 and 1.4 attempt to answer ques-
tions (i), (ii), and (iii), respectively. Theorem 1.3 also tries to answer question (iv).
Theorem 1.8 is a counterpart of theorem 1.1.

THEOREM 1.1. Letm > 1. Assume (A1), (A2) and (A4) hold. Let uy # 0. Suppose
that

§m+2/N )
W:O(ﬂ@) as £ 10 for some 0 < < — T3

Then, the solution u of (1.1), (1.2) blows up in finite time or at t = oo, i.e. if
T € (0,00] is the mazimal existence time of u,

(A5)

li . oo = 0.
tlTIiYFlHU(,t)HL (RN) = 00

Moreover, in the case T = oo, the solution grows up to co as t — oo:

lim inf u(z,t) =00 for any R > 0. (1.4)
tToo |z|<R
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Condition (A5) restricts the behaviour of f(§) near £ = 0. In the above result,
we see that only the behaviour of f(£) near £ = 0 leads to blow-up in finite time
or at t = oo for non-trivial solutions. This leads to the following corollary, in which
we can see that all-blow-up essentially occurs only by the behaviour of f(£) near
& = 0. We note that the blow-up condition (A3) is not assumed in theorem 1.1 but
is assumed in the next corollary.

COROLLARY 1.2. Let m > 1. Assume (A1)-(A5) hold. Then, the following hold.

(i) If f belongs to the Cy-blow-up class associated with (1.1), all non-trivial solu-
tions of (1.1), (1.2) blow up in finite time.

(ii) If f does not belong to the Cy-blow-up class associated with (1.1), every non-
trivial solution of (1.1), (1.2) with the initial datum ug having compact support
exists globally in time and grows up to co as t — 0o, i.e. (1.4) holds.

The existence of cases (i) and (ii) in corollary 1.2 is guaranteed by the next two
theorems. In addition, in theorem 1.3, we give a condition for f to belong to the
Co-blow-up class associated with (1.1) when m > 1 (see condition (A6), below).
We note that such a condition on f restricts the behaviour of f(§) near £ = oo.

THEOREM 1.3. Let m > 1. Assume (A1)-(A5) and

. §1(6) o fAS)
(A6) %gfl © > —oco0 and Jgnooglgfl G 0
hold.
Then, f belongs to the Co-blow-up class associated with (1.1), and hence all non-
trivial solutions of (1.1), (1.2) blow up in finite time.

THEOREM 1.4. Let m > 1. Assume (A1) holds. Let m < p < pf, = m+2/N. Let
g € C0,00) N C>(0,00) satisfy (A4), (A5), and let g(€) = O(EP) as £ | 0. Then,
there exists a function f satisfying (A2), (A3), and f(&) = g(§) in (0,1) such that
if ug(z) = O(|zs] =/ ®P=™)) as |z| = o0, © = (21,...,2N), for somei € {1,... N},
the solution u of (1.1), (1.2) exists globally in time, and hence it grows up to oo as
t — 00, i.e. (1.4) holds.

REMARK 1.5. A wide class of functions would satisfy condition (A6). For example,
if f € C0,00) N C>(0,00) satisfies f(&) = &P/(logé)? in € > L for some p > 1,
G €R,and L > 1, f satisfies (A6).

REMARK 1.6. As is stated above, when m = 1, combining the results of [19]
and [7, 8], we can easily see that theorems 1.1, 1.3 and 1.4 and corollary 1.2
also hold, provided conditions (A5) and (A6) are replaced by the conditions that
EVF2N /(—log &) = O(f(€)) as € L 0 and f(€) is non-decreasing in & > &, for some
&o > 0, respectively.

REMARK 1.7. In theorem 1.3, we can replace assumption (A6) by the condition
that f is estimated from below by a function satisfying (A6).
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The next theorem shows the existence of global solutions tending to 0 as t — oc.

THEOREM 1.8. Let m > 1. Assume (A1), (A2) and

€m+2/N
A7) f(¢ :O<> as €10 for some 3 > 1
hold. Then, there exists a global solution of (1.1), (1.2) in time, and it tends to 0
as t — o0.

REMARK 1.9. Our results are not complete, since we have no results for the case
where f(€) behaves like €™+2/N /(—log &) as € | 0 with 3 € [2/(mN + 2),1].

In the proof of theorem 1.1, the following lemma, which will be given as lemma 3.2
below, plays a crucial role.

LEMMA A. Let m > 1. Assume (A1), (A2) and (A5) hold. Suppose ug # 0. Let u
be a global solution of (1.1), (1.2). Then, there exists a constant § > 0 independent
of ug such that, for some T € [0,00) (depending on ug),

lu(-, T) o vy = 0.

This lemma says that if (A5) holds, for some § > 0 independent of ug, any global
solution with [|ugl| oo (rv) < 0 must attain J in finite time. We note that this lemma
does not require assumption (A3) (a blow-up condition). It leads to theorem 1.1
and hence corollary 1.2. We also note that this lemma was proved in [19] for m =1
using the integral expression of a solution by the heat kernel. However, this method
cannot be applied to our quasilinear case m > 1, as explained above. Our method
relies on the test function method used in [22,23,25,26] (see also the references
therein), which involves the judicious choice of a test function and the use of the
Jensen inequality. This method is useful for showing the non-existence of global
solutions to various problems (see, for example, [22,23,25]) and can be applied to
our problem, albeit not directly. We must develop this method together with the
Barenblatt solution (for m > 1) (see the proof of lemma 3.2).

To prove theorem 1.3, it suffices to show that the function f in theorem 1.3
belongs to the Cy-blow-up class associated with (1.1). Specifically, we shall show
that if f satisfies (A3), (A4) and (A6), f belongs to the Cp-blow-up class (see
proposition 4.1). This result is a generalization of the result of [12] (see also [20,
chap. IV, §3]), which treats the special equation (1.3). Therefore, the method of
the proof is similar to that of [12].

Theorem 1.4 follows from corollary 1.2 if we show that the result of [7,8] can be
extended to the case m > 1 (see proposition 5.1). Theorem 1.8 is proved by the
usual method.

The rest of the paper is organized as follows. In §2, we define a weak solution
of (1.1) and give several preliminary lemmas. In §3, we prove theorem 1.1 and
corollary 1.2. In §4, we prove theorem 1.3 and in §5 we prove theorem 1.4. In §6,
we prove theorem 1.8.
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2. Definitions and preliminaries

In this section, we define a weak solution of (1.1) and give several preliminary
lemmas used in the next section. We begin with the definition. Let G be a domain
in RY with smooth boundary 0G.

DEFINITION 2.1. By a (weak) solution of (1.1) in G x (0,T'), we mean a function
w(z,t) in G x [0,T) such that

(i) u(z,t) > 0in G x [0,T) and € BC(G x [0, 7]) for each 0 < 7 < T,

(ii) for any bounded domain {2 C G with a smooth boundary 92,0 < 7 < T and
non-negative ¢ € C%1(§2 x [0, 7)) which vanishes on the boundary 942,

/Qu(x,T)go(z,T)da:—/Qu(x,())go(z,())dm
/OT/Q{uatgoJrumAngrf(u)ga}dxdt/OT /mzum&,godet, (2.1)

where v denotes the outer unit normal to the boundary 9f2.

A supersolution (subsolution) is similarly defined with the equality of (2.1) replaced
by = (<).

For a supersolution and a subsolution, the usual comparison theorem holds (cf.
[31, proposition 2.3]).

We first show the following lemma: let {R,} and {t,} be sequences of positive
numbers satisfying lim,, ,~, R,, = oco.

LEMMA 2.2. Assume (A1) and (A2) hold. Let u be a global solution of (1.1), (1.2).
Suppose that for some § > 0

u(z,ty) 20 in|z| < R, forn=>1. (2.2)
Then there exists a sequence of positive numbers {t.,} such that, for any R > 0,

lim inf u(z,t)) = cc. (2.3)

n—oo |z|<R

Proof. Let u be a global solution of (1.1), (1.2) satisfying (2.2) for some § > 0. Let
ugn € C(RY) (n > 1) be a non-negative function such that 0 < ug,(z) < 6 for

r € RY and )
0 in x| < R,
ugn(T) =
0n (@) {O in || > Ry,

and let u,(z,t) (n > 1) be a solution of (1.1), (1.2) with the initial datum ug(z) =
uo,n (). Then, it follows from the comparison theorem that u(z,t + ) > un(z,t)
in RN x (0, 00).

On the other hand, since ug () — § as n — oo locally uniformly in RY, one can
easily see that u,(x,t) — v(t) as n — oo locally uniformly in RN x [0, T5), where
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v(t) is a solution of the ordinary equation v'(t) = f(v(t)) in t > 0 with v(0) = 4,
and Ts (< 00) is the maximal existence time of v(t), i.e.

’U(t) 1 o0 1
— —d d Ts = —d .
! /5 fopy 41 e b /5 Fy 47

Let {si} be a sequence of positive numbers satisfying si 1 T5 as k — co. Then, for
any k > 1, there exists ny > 1 such that

Un,, (2, s5) = 3v(s) in |z < Ry,
where R, is as above. Therefore, since v(t) — oo as t T Ty, we see that

inf w(z, s, +tn,) > inf u,, (z,8:) > 3v(sk) > 00 as k — .

Setting tj, = si, + ty,,,, we get (2.3). The proof is complete. O
The next lemma is a familiar result on the positivity of solutions, which is stated

with the (elementary) solution E,,(x,t; L) (L > 0) to the initial-value problem

v =Av™,  (x,t) € RY x (0,00),} (2.4)

v(z,0) = Lé(x), reRY,
where L > 0 and §(z) is Dirac’s o-function. E,,(z,t; L) is expressed concretely by
Ep(x,t; L) = L(L™ )G () = L*/Nt~"Gra(n) (2.5)

with 7 = /(L™ )N where

N 2 ! * -1
E_N(m—1)+2_<m_1+zv> = (P —1)

and
(471')_1\7/26_"7‘2/47 m=1,
Gm(T] = bt o 1/(m—1)
[A— Bln*l ;o om>1,

with [y]; = max{0,y}, B = (m — 1)¢/2mN and A chosen to satisfy

Gm(x)de =1.
RN

E,.(z,t; L) is the Barenblatt solution if m > 1 [30] and the usual heat kernel if
m = 1.

LEMMA 2.3. Let m > 1. Assume (A1) and (A2) hold. Let u be a global solution
of (1.1), (1.2). Suppose uo(0) > 0. Then, there exist Ly > 0 and t; > 0 such that

u(z,t) = Ep(z,t +t1;L1)  in (x,t) € RY x [0,00).
Proof. See, for example, [27, lemma 3.4]. O

The following result follows from the above lemma.
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LEMMA 2.4. Assume (A1) and (A2) hold. Let u be a global solution of (1.1), (1.2).
Let ug # 0. Then, for any R > 0, there exists t1 > 0 such that

u(z,t1) >0 inx € Bpg.

3. Proof of theorem 1.1 and corollary 1.2

In this section, we prove theorem 1.1 (and hence corollary 1.2). To do this, we need
the following proposition, which immediately follows from lemma 3.2, below. This
lemma plays a crucial role in the proof of the proposition and thus theorem 1.1. The
method of the proof of the lemma, as mentioned in § 1, relies on the test function
method used in [22,23,25,26], which involves the judicious choice of a test function
and the use of the Jensen inequality. However, we must develop it together with
the Barenblatt solution (when m > 1).

PROPOSITION 3.1. Let m > 1. Assume (A1), (A2) and (A5) hold. Let uy # 0.
Let u be a global solution of (1.1), (1.2). There then exists a constant § € (0, 3)
independent of ug such that the following holds: for any R > 0, there exists tg > 0
(depending on ug) such that

u(z,tg) 20 inx € Bpg.

LEMMA 3.2. Let m > 1. Assume (A1), (A2) and (A5) hold. Suppose uy # 0.
Let u be a global solution of (1.1), (1.2). There then exists a constant § € (0, 3)
independent of ug such that, for some T € [0,00) (depending on ug),

lu(-, Tl Lo @y = 0.

Proof. Without loss of generality, we may assume that uo(0) > 0. By (A5), there
exists ¢p > 0 such that

£m+2/N

f(6) 260@

for £ € [0, %),
where 0 < 3 < 2/(mN + 2).
It suffices to show this lemma in the case where f(&) satisfies

gpi’;,

f(&) = co (" log€)?

in ¢ € (0, 3),
where p, =m + 2/N.

We prove the lemma by contradiction. Assume that, for any § € (0, %), there
exists a global solution w(x,t) of (1.1), (1.2) such that u never attains any value
greater than or equal to § in RY x (0,00). Then

u(z,t) <5< i inRY x(0,00). (3.1)

Set
gpm/m

(—(1/m)log )P
Clearly, f'(€), f"(€), f/(€), (&) > 0in € > 0 and f(£™) = f(£) in £ € (0, 3).

f(&) = co in £ €(0,1).
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Let n(t) € C5°[0,00) and o(x) € C$°(RY) be non-negative functions satisfying
n(t) <1lin[0,00), n(t)=1n0<t<L, nt)=0int>1,
<1in RV, plz)=1in|z| <3, @) =0in|z[>1
and set, for R > 1,
Vr(z,t) = @r()nr(t),
where () = p(z/R) and ng(t) = n(t/R>TNm=1) Then

nr(t) =1in 0 <t < LRFFNOm=D), nr(t) =0in ¢t > R2TNm=1)
¢r(zr) =1in |z| < R, pr(z)=0in|z| > R
and
InR(®)] < % int>0 and |Apg(z)| < % in RY,
where

Cy =sup|7'(t)] + sup |Ag].
t20 zERN

Let ¢ > 1 satisfy

L S
Pn/m q
As in [22,23,25], we consider ¢(x,t) = ¥ (x,t)? as a test function in the integral

identity satisfied by w (see (2.1)). A simple calculation gives

IRE/ szf w)yf da dt

/ / u X qP {wR}tdxdt—/ uip?, dz
RN t=0
_/0 /RN u™{q(q — 1)¢% VR + gy ' Ag} dzdt

qC1 / / q—1
S S5oovi upy -~ dxdt
R2+N(m=1) |, | <R R

R2+N(777,71)
qu q—1
+ ﬁ/ /|z<Rume o dt

R2+N(m—1)

R2+N(m-1)

up !
= gc1C RN/ / dx dt
e 0 ol<r K(R)
R2+N(m—1) ml/)
JrqclclRNm/ / — R da:dt
0 wl<r  Kk(R)

where

1
E(R) = c;R*™™ and ¢ = / / dz dt.
|z|<1
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In= |
0

Then, setting

R2+N(m—-1)

-1
/ UWh grar
|

z|<R k(R)
and
R2HN(m—1) m,,q—1
u™y
K= / / R dzdt,
0 lzl<r  k(R)
we get

Ir < qchlRNJR + qchlRNmKR. (32)

1
dedt =1
/0 /|1<R k(R)

Jr<d0 and Kp<d™(<9).

Here, we note that
R2+N(m-1)

and by (3.1),

We estimate Jr and Kg in the following manner. Set

9(§) = /7 {—log}?/Pmand  g(€) = £™/Pm{—log g} Pm in € € (0,e7).

Then, ¢'(£),§'(£) > 0 in £ > 0. Furthermore, choosing § € (0, min{%,e ?}) to be
sufficiently small, we have

f&)<e™® and f(&)<e P in€e(0,6) (3.3)

and

§<Cex(gof)(§) and {<Cyx(gof)(§) inge€(0,9), (34)

where Cy > 0 is a positive constant. Hence, due to the Jensen inequality,

We note here that, by the relations p¥, (¢ — 1) = mq > ¢ and p}, (¢ — 1)/m = q,

Flup® ™) < flw)yh and  flu™pS ) < flu)ph in € RY x (0,7).

Thus, we have
KO0 1) — g )
fon e 02¢) = o5 1

Jr < 029(/
0

R2+N(7n—1)

Jr < Cag(f(JR)) < CzQ( /0

and

R2+N(7n71)

Kr < C23(f(KR)) < ng( /0

R2+N(m-1)
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ssea( [ [ ) = oo(it)

Therefore, by (3.2), we obtain

and

R2HN(m—1)

Ir
I QC10102R g(

I
Nm ~ R
k‘(R)) +QC10102R < )

k(R)
_ ph g B/pr
= C3I "™ {—logIr +logci + (24 Nm)log R}
+ C’4Igb/p:"'{f log Ir 4 log ey + (2 + Nm) log R}™8/Pm.|
where C3 = qc1 /p’"C'ng and Cy = qc1 /p’”C' C, and hence
Ip <14 C(1+1log R)™/®m=m) =14 C(141logR)"™N/? forall R>1, (3.5)
where C' is a positive constant.

On the other hand, by lemma 2.3 and «(0) > 0, we have for some ¢; > 0 and
L1 >0,

u(x,t) = Ep(z,t +t1;L1) in (x,t) € RY x [0, 00).

Hence, by (3.1), we get

Ir :/0 . fuw)yf dadt

R2+N(m,—1)/2 m+2/N
——— dxdt
/z|<R/2 (—log U)ﬁ

E,., t+t: L m+2/N
/ (@, 6+ 1 1) 5 vt
wl<ry2 (—1og By (x,t +t15 L1))

R2+N(1n71)/2

P CO/
0
> Co/
RN/t /2 L1+2/N t+t, 1 m+2/N

< R/2(LT ™ (t4t1))/N (—

log(L%/N(t +t1) G (n)))P

- ‘o /RN/K/Q/ L}+2/N(t+tl)71Gm(n)m+2/N d?]dt
- |<1/2Ltm-D/N (—log(L?e/N(t+t1)7eGm(77)))’6

NIt 2 £)—1
> CQL}+2/N/ 2@/15/ +t1) ~ dt/ G (7)™ 2N dy,
0 (—log(L1"7 (t+t1)~*Gm(R)))?  Jimi<k

where R > 1 and R > 0 are taken to satisfy RN/t > 2tq, R < 1/2L§(m_1)/N

R? < A/B. Setting

, and

cs = coL +Q/N/ ) Gm(m)™ 2N dp (>0) and ¢ = —log L%/NG (R)
In|<R
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and setting s = log(t + ¢1), we have

(N/2)log R—log2 1
Ip > 65/ ——ds
log t1 (ZS + CG)B

= % __{(NlogR—llog2+c)' P — er}, (3.6)
(1=p)e
where c; = (Clogt; + c)' 5.
Combining (3.5) and (3.6), we get, for large R > 1,

1+ C(1+1log R)™N/2 > ﬁ{(NlogR —Llog2 +c6) P — 1},
which implies mN/2 > 1—(,i.e. § > 2/(mN+2). This contradicts the assumption
that 3 < 2/(mN + 2). Thus, we reach a contradiction if § € (0, min{3,e 7}) is
chosen to satisfy (3.3) and (3.4), and hence, for such § > 0, we see that

[ T)|| ooy 2 0
for some T' € [0, 00). The proof is complete. O

Proof of proposition 3.1. Let u be a global solution of (1.1), (1.2). Assume uy Z 0.
Then, by lemma 2.4, for any R > 0, there exists ¢; > 0 such that

w(z,t1) >0 inx € Bria,

where Br = {|z| < R}.
Hence, without loss of generality, we may assume that

ug(x) >0 in z € Brya.

Set
g0 = xeléliJrl up(z) (> 0).

Let 0 < ¢ < min{eo,d}, where § € (0,1) is as in lemma 3.2. Let he(x) = ho(r) €
Cs°(By) (r = |z|) be a radially symmetric non-negative function in x € RY such
that h.(r) is non-increasing in r > 0 and h.(0) = ¢, where By = {|z| < 1}. We
extend h. in By to RN \ By as h. = 0. Let u. be a solution of (1.1), (1.2) with the
initial datum ug(z) = h.(x). Then, for each t > 0, uc(z,t) = uc(r,t) (r = |z|) is
also radially symmetric in 2 € RY and is non-increasing in » > 0; hence, u.(z,t)
in € RY has maximum value at 2 = 0 for each ¢t > 0. It follows from lemma 3.2
that, for some tg € (0, 0),

ue(0,tR) = 0.
Let 29 € Bg. Since ug(x + z0) = h.(z) in RY, by the comparison theorem, we
have
u(z + zo,t) > ue(z,t) in RY x (0,00),
and thus,

’LL(LL‘07tR) 2 ’U,E(O,tR) =9.

This is the assertion of proposition 3.1, since xg € Bgr can be chosen arbitrarily.
The proof is complete. O
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For the proof of theorem 1.1, we also need the next lemma.

LEMMA 3.3. Let § > 0. Let ug € C(RY) be a non-negative function such that, for
some R > 0,

ug(z) =29 in Bg.
If R > 0 is sufficiently large, there exists a non-negative function vy (# 0) € Co(RY)
with v € C°(RY) such that

vo(z) <wup(z) in RN (3.7)

and
Avi" + f(vo) =0 in RY. (3.8)
Proof. Tt is not difficult to find a function h(z) such that h(z) = h(r) € C§°[0, o)
(r = |z|) is a radially symmetric non-negative function in z € RY, h(r) is non-

increasing in r > 0 and

h(ry=1inr <31, h(r)>0
N -1
r

) = {3 (;)Fm

Then, b (z) € CERYN), 0 < hg(z) < hr(0 Ymin RN, hp(x) > 0in 2| < R
and hr(z) =0 in || > R. Furthermore,

m 0 x

) N
:RQ{h”(@> +|/R|h/< |)} >0 in3R<|z|<R.

If R > 0 is sufficiently large,

ni<r<l and h(r)=0inr>1,

R (r) + R'(r)>0 in3<r<l.

[

Set

0 . .
AR () + f(hae)) >~ sup [AA@)|+ il 7€) >0 in fa] < $R
TERN X X

Setting vo(z) = hr(z) for large R > 0, we have (3.7) and (3.8). The proof is
complete. O

Proof of theorem 1.1. Let ug # 0 and let u be a global solution of (1.1), (1.2). By
proposition 3.1 and lemma 3.3, we may assume, without loss of generality, that
ul(z) € C°(RY) and

Aul' + f(ug) =0 in RV,
Since ug(z) is a subsolution of (1.1), as in [3] (see also [10]), we see that u(x, t) is non-
decreasing with ¢ > 0 for each z € R". Combining lemma 2.2 and proposition 3.1,
we can find a sequence of positive numbers {t¢,} such that

inf inf w(x,t,) > inf wu(x,t,) = oo asmn — oo for each R > 0.
t>t, |z]<R |z|<R

The proof is complete. O
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Proof of corollary 1.2. Corollary 1.2 follows from theorem 1.1. O

4. Proof of theorem 1.3

In this section, we prove theorem 1.3. It suffices to show the next proposition, which
gives a condition for f to belong to the Cp-blow-up class associated with (1.1) when
m > 1.

PROPOSITION 4.1. Assume m > 1. Assume (A2)-(A4) and (A6) hold. Then, f
belongs to the Cy-blow-up class associated with (1.1). Specifically, there exists an
ingtial datum ug having compact support such that the solution of (1.1), (1.2) blows
up in finite time.

As noted in §1, this proposition is a generalization of the result of [12] (see
also [20, chap. IV, §3]) and the method of the proof of this proposition is similar
to that of [12].

Proof. We construct a blow-up subsolution of (1.1) in the form
w(z,t) = Ah(t)@Y (m=1)

with
O(z,t) = 1—(m—1)i§—?|x\2 , (4.1)

+

where [a]+ = max{a,0}, h(t) is a solution of the ordinary differential equation

W= fh), t>0,  h0)=1, (4.2)
_ f(h(?)
§(t) = ) (4.3)

and A > 0 and a > 0 will be specified later. We note that w blows up at

< 1
T_/1 md§<oo,

if (A3) holds.
We calculate

J(w) = Aw™ + f(w) — wy

in the domain D = {(z,t) € RN x (0, T)||z|> < a®/(m—1)&(¢)}. Note that O(z,t) >
0 in D. Since

2
Aw™ = AmA™h™ x %\xF@(—m”)/(m—l) — 2mNA™R™ x %@Wm—l)
a a

and

wy = An'eY/(m=1) _ Ah|m|2i;@(—m+2)/(m—1)7
a
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by (4.1), we have

A™ Ah ¢
) = (o iame s S

f 2 —m—+2)/(m—1
T _1€>><(m1)(12|1'| ol )/(m=1)

+ <— ZmNA—zhmg — Ah’) /(m=1) f(Ah(_)l/(m—l))
a

4m  A™ Ah ¢

— o(=m+2)/(m-1) Bm
o (G e )
Am A™ AR ¢ A ,
N f(Ah@u(ml))@(mz)/(ml)}

Thus, if we use the relations &'/¢ = f/(h) — mf(h)/h and EA™ = f(h) from (4.2)
and (4.3), we get

1 -m m—
J(w) = —— Af ()@=t

X {4mA:2_ -m+(1-0) hJ{(/g)L)

Amfl
_<2m(2+mN—N) e —1)@

_ o(m—2)/(m— >f(Ah@1/(ml))}
+(m—-1)© 2 1 AT

)

1
(~m+2)/(m-1)
——Af(O I(w)

where

Am—l
I(w)={4m o MG

_ <2m(2 +mN — N) A:; - 1) 6 + (m — 1)L Ih) }

AGVtn=1) f(h)

and

9 <

7’§>1 f

(see condition (AG6)).
Therefore, we shall estimate I(w). Setting, for A > 0,

we have

f(A(al/(mfl)h)

I(w)=m+co—((m+60)(2+mN_N)_1)@+(m_1)@z491/(m—_1)f(h).
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Setting
m 4+ ¢y

(m+co)2+mN—-N) -1
and choosing A > 0 sufficiently large to satisfy

6 = € (0, ].)

i f(A@l/ mYe)
(see condition (A6)), we get I(w) > 0 and thus J(w) > 0 in D. We can clearly see
that w(z,t) is a subsolution of (1.1) in RY x (0,7) [20, chap. IV, §3].
Now, let u be a solution of (1.1), (1.2). If ug(x) > w(x,0) in RY, v > w in
RN x (0,T), and therefore u blows up in finite time. The proof is complete. O

Proof of theorem 1.3. Theorem 1.3 follows from corollary 1.2 and proposition 4.1.
O

5. Proof of theorem 1.4

In this section, we prove theorem 1.4. It suffices to show the next proposition.

PROPOSITION 5.1. Let m > 1. Assume (A1) holds. Let g(§) = co&P for some p > m
and ¢g > 0. Then, there exists a function f satisfying (A2), (A3), f(§) = g(§) in
(0,1) and f(€) < g(€) in (0,00) such that if ug(x) = O(|z;|~/P=™)) as |z| — oo,
x = (x1,...,2N), for some i € {1,...,N}, the solution u of (1.1), (1.2) exists
globally in time.

We shall prove this proposition only for ¢y = 1, when m > 1. The method of the
proof is similar to that of [7,8]. We first prove this proposition for N = 1. For this
purpose, we need several lemmas. The next two lemmas are given by [7,8].

LEMMA 5.2. Let p > m (> 1). Let A\ > (p — m)/6m. Let B, be positive numbers

such that
o0
Z B < 00,

and let {a,} be an increasing sequence such that a1 > max{l, 5, 1/2)‘} and a, >
max{2a,,— 1,5,71 /2% } forn > 2. Set
by = an + (1 — exp(—a*))alP/™ = (< 24, < apy1). (5.1)

Then, there exists a positive function h(n) € C*[0,00) N C°(0,00) satisfying

© q
—dn < o0,
/1 n(n) "

h(n) = n”/m in (0,1) and h(n) < nP/™ in (0,00), and there exist functions v, €
C?(—a),a)) (n > 1) such that

Vpaz +h(vn) =0 in —a) <z <a),
Up(0) = by, v,2(0)=0, v,(z)>a, for — af‘L <z< af‘L.
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Proof. See the proofs of [7, lemma 5.2] and [8, lemma 2]. We use g(s) = s?/™ in
the proof of [7, lemma 5.2]. O

The next lemma is a result about a travelling-wave solution u(x,t) = w(&) of

1
—Up = Upy +uP’™ in (z,1) € R x (0, 00) (5.2)
m
with £ =z —t.
LEMMA 5.3. Let p > m (> 1). Then, there exist & > 0 and a solution w(§) €
02[7507 OO) Of
——we = wee +w”™ in [~&, 00)
such that
w(=8) =0, w(§) >0ing>—&,
w(0) <1, we(€) <0in& >0, (5.3)
lim £™/ P~y () = (p — m) "™/ =™,
£—o0
Proof. See the proof of [8, lemma 3]. O

Hence, w(z,t) = w(z —t) is a travelling solution of (5.2), and thus, we can see
that u(z,t) = w(z,t) = w'/™(x,t) is a supersolution of

up = {u™}pp + 0P (5.4)

in {(x,t) € RN x (0,00) | z >t > 0}. This is a key tool for proving proposition 5.1
and is stated in the next lemma.

LEMMA 5.4. Let w(&) = w'/™ (&) and let w(x,t) = w(x — t), where w(€) is as in
lemma 5.8. Then, w(x,t) is a supersolution of (5.4) in {(z,t) € R x (0,00) | x >
t> 0}, ie

Wy = {0} + 0P in {(x,t) € R x (0,00) |z =t > 0}. (5.5)
Moreover, it satisfies
w(—=&) =0, W) >0in&>—&,
w(0) <1, we(§) <0ing >0, (5.6)
lim £Y®P=mg(8) = (p— m)~ Y Pmm),

£—o00
Proof. We prove only (5.5). Since 0 < w(§) < 1 and we(€) < 0in & > 0 by (5.3),
we have

Wy — {0} — W = —iw*m—”/’"wg(&) — wee (&) — wP/™(€)

>~ wg(€) — weel€) ~ WM (€) =0 =z 130,
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Proof of proposition 5.1 for N = 1. See the proof of [8, theorem 2]|. Let A, ay, by,
h(n) and v, be as in lemma 5.2. Let @ be as in lemma 5.4. Set w,, = vy/™ and
F(€) = h(€™). Then, we see that (€)= £ in (0, 1), f(€) < & in (0,00) and

VS N B e A
/1 f(€) de = m/1 O S m/ d?? < o0. (5.7)

Furthermore,

(U™} e + f(up) =0 in —a) <z <a), (5:8)
Un (0) = 0Y/™ 4y (0) =0, w,(z) >al/™ for —a) <z <a). -

In the following manner, we shall construct a supersolution ¥, (x,t) (n > 1)
of (1.1) with N =1 whose existence time goes to co as n — oo. To do this, we use

W in lemma 5.4 to construct a supersolution of (1.1) with N = 1 outside [—a}, a}\].

First, let £ > 0 and let

Wy, t) = k2/(1)*m)ﬁ)(k~x’ k2(p*1)/(p*m)t) - k2/(p*m)w(k(x _ k(p+m*2)/(p*m)t)).

We then see that wy, is a supersolution of (5.4) in
{(x,t) | & > kPrm=2/e=m)y 4 5 ()

and Wy, (kPFm=2/=m¢ ) = k2/e=m)p(0) for ¢t > 0. We note by (5.6) that, for
some &g > 0,
§/rmmi(g) > je. for €2 &,

where ¢, = (p —m)~Y/@®=™)_ Therefore, we have

Wy (2,0) = k2 P=mp(kx) > %c*kl/(p_m)|x|_1/(p_m) for « > %O. (5.9)

Next, to consider wy, and u,, in {(x,t) | k(p+m De=my < v <ad, 0< <t}

we can choose k, >0 (n > 1) and ¢, > 0 (n > 1) to satisfy, for large n,
kprm=2)/(p=m)p < g} in0<t<t, (5.10)
Wy, (KPTm=2/=m)y 4y > gy (kPFm=2/=m)y 0 0 <t < by, (5.11)
Wy, (ap,t) < un(al) in0<t<ty, (5.12)

and
t, — 00 asn — oo. (5.13)
In fact, choosing
pL/mAp=m)/2

ky = <u:l(o)) , (5.14)

we have

Wy, (kKPFm=2/P=m)y 4y — pL/m — 4y, (0) >, (EPF=2/P=m)4) for ¢ > 0.
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Since w(&) is non-increasing in £ > 0 and converges to 0 as £ — oo, there are
positive constants &, > 0 (n > 1) such that

(0)(ar/™ — 1)

i (< w(0)). (5.15)

w(k'rLgn) =

We note that
kn&n - 0asn —o0o0 andso &, — 0asn— oo,
since lim,, 00 @n /by =1 by (5.1) and X > (p —m)/6m.
Set
(Lf{ B gn

=)/ (pm)

and choose A to satisfy A > (p+m —2)/2m (= (p—m)/6m). Then, we have t,, > 0
for large n > 1 and
w(0)Ptm=2)/2 | &n

nTypEme2)2m an — pprm=2)/2m

A—(p+m—2)/2m

ap,

— @(0)(p+m*2)/2 (a”

(p+m—2)/2m
)

&n

— —kr(lp-l-m—Q)/(p_"L) — 00 as n — oQ.

Moreover, due to (5.14) and (5.15),
W, (af‘l, tn) = ki/(pim)@(knfn)

b @(0) (e ™ - 1)
~w(0)

:a}/m—l

<up(a)) in0<t<ty,.

Therefore, these k,, and ¢, satisfy (5.10)—(5.13).
Thus, setting, for ¢ € [0, t,],

Zn(t) = inf{x | k,(Lerm_z)/(p_m)t <z < a;\” W, (y,t) < un(y) for y € [z, a;\b]}
and taking, for ¢ € [0,t,],

Wy, (—x,t) for x < —x,(t),
U (z,t) = < up(x,t) for —x,(t) <z < x,(t),
Wy, (z,t)  for z,(t) < x,
we can consider v, a supersolution of (1.1) with N = 1. In fact, assume ug(z) =

O(|z|~Y/P=m)) as |x| — oo, and let u be a solution of (5.4), (1.2) in R x (0,7T). If
n is sufficiently large, by (5.8) and (5.9), we have

uo(x) < Pp(z,0) in R.
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Hence, if we use the comparison theorem and the strong maximum principle, it is
not difficult to see that, for large n > 1 [8],

u(z,t) < Yp(z,t) in R x[0,t,].
Since t,, — 0o as n — 0o, we see that u exists globally in time. O

Proof of proposition 5.1 for N > 1. For the higher-dimensional case N > 1, we can
obtain the same result as for N = 1 with ¢, (z,t) replaced by 1, (z;,1). O

Proof of theorem 1.4. The theorem follows from corollary 1.2 and proposition 5.1.
O

6. Proof of theorem 1.8

In this section, we show the existence of global solutions of (1.1), (1.2) tending to
0 as t — oo, by assuming (A7) holds.
PROPOSITION 6.1. Assume (A1), (A2) and (A7) hold. Then, there exists a global
solution of (1.1), (1.2) in time such that it tends to 0 as t — oo.
Proof. We prove this proposition only when
£m+2/N
f(f)zw in0<f<%f0rsomeﬁ>1.

The method of the proof is similar to that of [28]. For the proof, we use the ele-
mentary solution E(z,t) = FEp,(z,t;1) of (2.4) with L = 1, which is represented by
(2.5) with L = 1. We note that, for large ¢; > 0,

E(w,t+t) < Mt+t) " < Mt;" <1 for (z,1) e RY x (0,7),

where M = sup, cg G (1), and hence

E(I,t+t1)m71+2/N E(I,t+t1)1/€ . v
= < k(6 R 0,7), (6.1
(~log E(z,t +t1))f  (~log E(z,t +1:))" (tt) inRTx(0,7), (6.1)
where

MY+ b))
(—log M(t +t1)—4)P

Let a(t) be a solution of the ordinary equation o/ (t) = k(t; t1)a(t)2/N)*1int > 0
with the initial datum «(0) = 1, that is,

a(t) = {22/1\7 _ Ji/otk(t;tl)dt}wz.

Then, if we choose t; > 0 sufficiently large to satisfy

k(t;t) = for t > 0.

o Ml/@ ’ N
k(tity)dt = ————(—log Mt74) P+t < —(22/N —1
| ket at = S log M) A < SN 1),
a(t) exists in (0, 00) and
1<a(t) <1 fort>0. (6.2)
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Let b(t) (= 0) be the solution of the ordinary equation
b'(t) = {a®)}"!,  b(0)=0

and set
w(a, ) = a(b®) Elebt) +11) (< 1),

Then, by (6.1) and (6.2),

k(b(t); t1)a(b()) ™ /N E(x, b(t) + t1)
BE(x,b(t) + t)m2/N
(—log E(,b(t) +t1))°

wm+2/N
(—Togw)?
= f(w)
in {(z,t) € RY x (0,00) | x| < \/A/B(b(t) 4+ t1)*/N} (when m > 1). It is apparent
that w is a supersolution of (1.1) in RY x (0, 00), as in the proof of proposition 4.1.

Therefore, if ug(z) < w(z,0), there is a global solution w of (1.1), (1.2) and u(z,t) <
w(z,t) in RY x (0,00). The proof is complete. O
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