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We consider the Null Mass nonlinear field equation

—Au= f(u) in Q

u>0 (P)
ulpg =0

where RY \ Q is a bounded regular domain. The existence of a bound state solution
is established in situations where this problem does not have a ground state.
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1. Introduction

In this work, we look for a positive bound state solution for problem (P) where a
ground state cannot be obtained. Here we study a general nonhomogeneous non-
linearity with double-power growth condition on f, which behaves as a subcritical
power u? at infinity and a supercritical power u? near the origin, where p < 2* < ¢,
in any exterior domain. Using the ideas introduced in [14,15,20], we extend the
results of V. Benci and A. Micheletti [7] by removing any assumption on the size
of hole RV \ Q.

The method used in this note, of finding a solution of (P) as a critical point
of the functional associated with the equation, constrained to the Nehari manifold
of the functional, is rather natural because of the geometry of this functional due
to the super-quadratic growth of the nonlinear terms. However, the novelty in our
approach is found mostly in some clever technical results such as the sharp estimates
on the decay of the positive ground state solution of the problem in RY and its
implications in the interaction of two distinct and distant copies of these solitons,
and on the other hand, a new compactness result which allows us to circumvent
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the difficulties created by an unbounded nonsymmetric domain and embrace a very
general problem.

Problems like (P) with f’(0) = 0, the so-called zero mass case, appear in the
study of Yang-Mills equations and have attracted the interest of researchers mostly
in the case Q = RV (see [8,18,22]). Also, the electrostatic problem of capacitors
that is modelled by exterior boundary-value problems (see [16],Volume 1, Chapter
I, for instance).

When Q =RY, we distinguish three different cases f/(0) <0, f/(0) >0 and
f/(0) = 0. In the first case, there is quite a large literature, where the first results
on this subject can be seen in [17] and [21]. Also, H. Berestycki and P. L. Lions
analysed this problem in [8,9]. In the second case, there are no finite energy solu-
tions in general. Finally, when f’(0) = 0, the so-called zero mass case has seen a
growing interest in recent mathematical literature as the zero mass limit case of
noncritical elliptic problems of the form

—Au+ V(x)u = g(u),

for ¢’(0) = 0, and potentials satisfying lim inf V(z) = 0. The existence of solutions
Tr—00

for a null potential V' = 0 was obtained by H. Berestycki and P. L. Lions in [8], where
they used double-power growth condition on g and showed there is solution u in
DL2(RYN). Further, many authors resumed the study of this kind of equation under
the double power growth condition, after it was successfully exploited in [5, 6].

The main purpose of the present note is to solve problem (P), in the null mass
case, where (Q is an exterior regular domain with no restriction on its size. In order
to do so, we make use of the ground state soluton in the whole RY, namely w,
and show there exists u € D1?(Q) which is solution of (P), but not a ground state
solution. In fact, there is no solution of (P) which minimizes the energy function on
the Nehari manifold. We extend the results in V. Benci and A. Micheletti [7], that
worked with €2 such that R \ Q C B, when e is sufficiently small. This assumption
on the size of ) is removed in our work.

An important feature when € is an unbounded exterior domain is that D12(Q)
is not necessarily contained in any Lebesgue space L%(2) with ¢ # 2* and thus,
there are no standard Sobolev embeddings like those of H}(Q). For this reason,
we study the Orlicz spaces related to the right-hand side term f and require that
it satisfies a double power growth condition and obtain the regularity required in
the energy functional. These Lebesgue spaces have several important and essential
properties that play the same role for the Hilbert space DY2(RY) that the usual
Lebesgue spaces play for H} (). In an exterior domain, the main difficulty is the
lack of compactness. Here we use a splitting lemma that is an important key to
overcome the lack of compactness. This lemma is a variant of a well-known result of
M. Struwe (see [23]) related to the space D*?(Q) and also V. Benci and G. Cerami
[4] with a clever description of what happens when a Palais-Smale sequence does
not converge in norm to its weak limit. Note that since the space D?(Q) is not
necessarily contained in Hg (£2), we cannot use Lions lemma as in [19], so we need
another version of that and a splitting lemma in Orlicz spaces which we show in
lemmas 3.4 and 3.5.
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Finally, according to the method that we apply in this paper, we need to compare
energy functionals associated with the equation in (P) and that associated with the
equation in RY. Suitable decay estimates for w, the positive radial solution of limit
problem and Vw will be crucial in order to compare all the terms in the energy
functional and the ground state level. Thanks to J. Vétois [24], we find very fine
and exact decay estimates for w and Vw, that play essential roles in this work.

We consider the problem

—Au= f(u) in Q,
u >0, (P)

u|89 = Oa

where N > 3, RV \ Q C Bg(0) is a regular domain and the nonlinearity f: R — R
is odd and of class C'(R,R), satisfying the conditions:

(f1) Let F(s):= [ f(t)dt, then 0 < uF(s) < f(s)s < f'(s)s? for any s # 0 and
0
for some p > 2;

(f2) F(0) = f(0) = f’(0) = 0. There exist C; > 0 and 2 < p < 2* < ¢ such that

|f®)(s)] < Cls|P~F+D for |s| >1
18 (s)] < Cls|=*HD) for |s| <1

for k € {0,1}, s € R.
REMARK 1.1. Tt is straightforward from (f;) that
F(s) = C|s|*, forall |s|>1, (1.1)
and by (f2) we can write

FP(s)] < Clsf =0+, forall s € R, (1.2)

Moreover, since pF'(s) < f(s)s, then Cy|s|* < Cyls|P and so pu < p.

A model nonlinear term which satisfies all assumptions is

u? ifu<l1
-

at+butcuP ifu>1

with an appropriate choice of constants a, b and ¢ for which f belongs to C!.
The energy functional associated with problem (P) is

1
Tou) = 5 lull3 - /Q Flu)dz, with u € D'2(Q).

The main result of this paper is the following theorem.
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THEOREM 1.2. Assume that the positive solution in the whole RN is unique, up
to translations. Then, under assumptions (f1) — (f2), problem (P) has a positive
classical solution u € D%2(Q).

REMARK 1.3. Note that the assumption of uniqueness of a positive solution in the
whole RY:

{‘A“:ﬂ@ (Pex)

u € DL2(RY)

is a natural one. For instance, L. A. Caffarelli, B. Gidas and J. Spruck [12] proved
that the functions

Uy 2o (2) = (N(N — 2)7)(N72)/4(7 Flo+ $0|)(27N)/2

are the only positive solutions of (Pgn) with f(u) = u? ~' for some real number
~ > 0 and point o € RV.

For other nonlinearities f(u) for which the uniqueness of positive solution holds see
[15].

REMARK 1.4. We may assume in theorem 1.2 that the critical ground level c of the
functional Ip~ is isolated with radius r > ¢, rather than assuming the uniqueness
of positive solution of (Pgw).

2. Preliminary results

We will use the following notation,
()= [ Vu-Tods, Jul = [ [FuP s,
Q Q

and we denote by D12(£2) the completion of C§°(2) with respect to the norm || - ||

or || . ||D1v2(Q)~
Likewise, we write

(u, v)pN :/ Vu-Vodz, |ulz~ :/ |Vu|? de
RN RN

and also denote by D2(RY) the completion of C5°(RY) with respect to the norm

[ - [[rs or || - [[pren)-
Set

Jatu) = Towyu =l = | fyuda,
Ng = {u € D**(Q)\{0} : Jo(u) = 0},
and

= inf I(u).
0= B, T
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The variational approach to solve this problem requires the study of the problem
(Pr~) in the whole RY associated with the functional

1
Iy (u) = §||u|\]12w - /]RN F(u)dz, with u e DY3(RY),

and in the same way

T () = Ty =l = [ Flajud.
Nev = {u € DV2(RY)\{0} : Jp~ (u) = 0},
and

= inf I .
“T LA,

Let w be a positive radial solution of (Pg~) which is well known to exist by [8]
and ¢ = Iy~ (w). Moreover, by [24] that there are positive constants Cy, Co and Cs
such that

Ci(1+ \m|)_(N_2) <w(z) < Cy(1+ |:I:|)_(N_2), vz € RY, (2.1)
and
IVw(z)| < Cs(1 + |z|)~ V=Y vee RN (2.2)

Given 1 < p < ¢, now we consider the space LP 4+ L9 of functions v : 2 — R such
that

v=v1 +vy with vy € LP(Q),v2 € LI(Q).
LP + L9 is a Banach space with the norm (see [2,6,10])

lollzesre = inf{||v1||re + |Jv2llre : v =v1 + va}.

REMARK 2.1. V. Benci and D. Fortunato in [6] showed that L2 C L? + L9 when
2 < p < 2* < q. Then, by the Sobolev inequality, we get the continuous embedding
DL2(Q) C LP + LA.

Now we present a fundamental lemma which may be found in [7] (lemma 2.6) and
which will be systematically used in the forthcoming arguments.

LEMMA 2.2. The functional F : LP + L1 — R defined by
F(u) = / F(u)dz,
Q

is of class C? and we have
F(u)v = / f(u)vdz,
Q

F' (u)vw ;:/Qf’(u)vwdx.
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REMARK 2.3. Lemma 2.2 ensures that the functional
1 2 . 1,2
Io(u) = §||’U,HQ — [ F(u)dz, with ue D"*(Q)
Q

is well defined, of class C? and any critical point of I is a weak solution of (P) .
LEMMA 2.4.

(a) Ngn is a closed C' manifold;

(b) given u # 0; there exists a unique number t = t(u) > 0 such that ut(u) € N~
and Ign (t(u)u) is the mazimum for Iy~ (tu) when t > 0;

(c) the dependence of t(u) on u is of class C*;

(d) infuen,y lullzy =p > 0.

Proof. Ttem (a) follows from (f;) and lemma 2.2. For v € Np~
I (u)u = / 2|\Vul|? — f(u)u — f'(u)u?dz = / fwu — f'(u)u?dz <0
RN RN

and Ngv = Jox ({0}) is a closed subset of D12(RN)\ {0}.
(b) Given u # 0, if we set

Gyu(t) == / %152|Vu|2 — F(tu)dz fort >0,
]RN
then
G (t) = / HVUP — f(tuyude, () = / IVl — f(tu)uldz.
RN RN

By (f1), if t > 0 is a critical point of G, then G//(f) < 0 so t is a point of maximum
for G. Furthermore, 0 = G,,(0) = G/,(0) and G’/(0) > 0, and hence 0 is a point of
minimum for G,. By (1.1) and F(u) > 0 in (f;), we obtain

t2
Gu(t) < = [ |Vul*dz — C/ F(tu)dx — Ct“/ |u|*dx
2 Jrn tlu|<1 tlu|>1

2
<= [ |Vulrdr - Ct"/ |u|#da.
2 Jry tlul>1

Since u # 0, then there exists A C RV with Lebesgue positive measure such that
|u |a | > 0. By the monotone convergence theorem, G,,(t) — —oo as t — oo and this
proves b)
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(c) We define the operator g : R x D12(Q) — R by
g(t,u) = t/ |Vul?da — ftu)uda.
RN RN

By lemma 2.2, g is of class C' and if (to,u) is such that g(t,ug) = 0 and to # 0,
then by (f1)

f(touo)uo

— f'(toug)uidx < 0.
RN to

gilto,uo) = [ [Vuol® = ' (auo)ufie =
R
By the Implicit Function theorem, we get that u — t(u) is of class C' and

t(%/NQtoVroP — f(touo)y — f'(touo)touopdzs
R

t'(uo) ] =

. fl(touo)(t0u0)2 - f(toUO)touod{E

where to = t(ug).
(d) By contradiction, suppose that the minimizing sequence (u,) converges to 0.
We set u,, = t,v, with ||v,|lgy = 1. Since u,, € Nz~ and (¢,) converges to 0, we

have
tn= [ fltavn)vn < thj*l/ )2
RN RN
Hence, it holds that
1< th:‘Q/ lun)?,
RN
which yields a contradiction if ¢,, — 0. O

REMARK 2.5. Similarly, by substituting R™ with €2, lemma 2.4 holds also for Nq.

REMARK 2.6. If u # 0 is a critical point of the functional I on Ng, then u is a
critical point of Ig. Indeed, consider u € Nq and use (f;) to obtain

f)

u

Wh) =2l = [ o+ gwus [ (22— pw)a <o

Now, suppose that u € N is a constrained critical point of I, then there exists
a real number ¥ such that I(,(u) — 9J¢,(u) = 0; taking u as test function one gets
¥ JHu, u) = 0, which yields ¢ = 0, that is, u is a free critical point.

LEMMA 2.7. cqg =c¢ > 0.

Proof. We have ¢ < cq, because we can consider N C N~y by extending u in

DY2(Q) as zero outside 2. On the other hand, by lemma 4.5 in §4, we have cq < ¢
and so ¢ = c.
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Now we show that ¢ > 0. Let (u,) C Ng~ be a minimizing sequence of ¢, then

1 1 1 1

< %/RN|VUTL|2 - /RNF(un)
= I~ (up). (2.3)

Now suppose by contradiction that ¢ = 0. Then the minimizing sequence (uy) is
such that (I~ (uy,)) goes to zero, hence by (2.3) (u,) converges to zero in DV2(£2)
which is a contradiction with d) in lemma 2.4. ]

LEMMA 2.8. Problem (P) has no ground state, in other words, cq is not attained.

Proof. We proved in the previous lemma that ¢ = ¢ > 0. At this point, we suppose
by contradiction, that there exists u € Ng such that Io(u) = cq. Setting ©w =0 in
RY\ Q, @ can be regarded as an element of Nznv. We can assume @ > 0 since
if w € Ng~ then [u] € N~ and Ipn ([0]) = Ipn (Ut +u7) = Ipn (Uh) + Ipn (W) =
Ig~ (W) = ¢ . Hence, u is a minimizer of Izyn on Ny~ and a solution of (Pg~) in
RY. Now by Brezis-Kato theorem we see that w € C?*(RY) (details are in the end
of this paper, by bootstrap procedure). Then, by the strong maximum principle, @
is strictly positive in RY and so we have a contradiction. 0

LEMMA 2.9. For every 0 <v < q—2 and p > 0 there exists C, > 0 such that for
all 0 < u,v < o it holds

Flu+v) — F(u) — F(v) — f(u)v — f(v)u = —Cy(uv)+"/? (2.4)

Proof. The inequality (2.4) is obviously satisfied if u =0 or v =0. By (f1) the
function f(s) is increasing in s > 0, which yields for u,v > 0

Moreover, by (f2) for every 0 < v < ¢ — 2 it follows
flu) = o(lu") as |ul -0,
and so Cyy := SUPg <o f(1)/(u'T) < 0o. Now if 0 < v < u, we deduce

Flu+wv) = F(u) = F(v) = f(u)v = f(v)u = =F(v) = f(v)u

Yo fw) gy fv) 4y 5 0?7t ~ 1+
= L v A vi> _ v
/ S dw T2 Cs Y Cruv
v v\ V/2 1 suN\14+v/2 - 3 -
> | (w2 (2 il /2 _° 14+v/2.
> [ (u) <(u) + 5 <u) ﬂ Cy(uv) > ng(uv)

Using the symmetry of the expressions with respect to w and v, the same estimate
holds for 0 < u < v, and the proof is complete. O
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Now let us fix yo € RY with |yo] =1 and consider Bs(yg) := {z € RV :
| — yo| < 2}. We write for each y € 0Ba(yo)

wi == w(- — Ryp), wf = w(- — Ry).

LEMMA 2.10. Let R > 0 be large enough and r > 1, then

Q) / Wl < CR™N2  and wll” < CRND;(2.5)
BzK(O) BQK(O)

b)/ \Vwl|" <CRTWN=2  and / IVwl|” < CR™"(N2)(2.6)
Baxc (0) B2 (0)

Proof. In order to prove the first estimate, note that for 2K < 1/2R and z €
B2K(0)7

1 1
§R:Rf§R< |Ryo| — |z| < | — Ryo| < 1+ |z — Ryp- (2.7)
Now by (2.1) and r > 1, we have

/ |w(x — Ryp)|"dz < C (1+ |z — Ryo|) "W =2dz < CRT"N=Y),
Bax (0) Bax (0)

The proofs of the other estimates in (2.5) and (2.6) are similar. O

Now we are going to obtain some crucial estimates of the integrals in the whole
RY | inspired in the work of M. Clapp and L. Maia [15].

LEMMA 2.11. Letr > 2*/2 and s > 1 then

/]R (wg)(wy)T < ORI, (2.8)
and

[ ity < cr-ev-o, (2.9)

Proof. In order to prove the first estimate

/’w®%ﬁf=/’wu—Rmrwm—waa
RN RN

https://doi.org/10.1017/prm.2018.125 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2018.125

850 A. Khatib and L. A. Maia
we consider a change of variables © = z + (Ryo + Ry)/2, thus

/RN (w(z — Ryo))" (w(x — Ry))°dx

L (o2 (oo 22

= / (w(z — Pr))"(w(z + Pr))°dz = 2/ (w(z — Pr))"(w(z + Pr))°dz
RN Qt

= 2/ (w(z — Pr))"(w(z + Pr))°dz
Bl(PR)
+ 2/ (w(z + Pr)) (w(z — Pr))*dz,
Q*t\B1(Pr)

by denoting Pr = (Ryo — Ry)/2, using the symmetry of the integrals and denoting
Qt = {2z € RV : (2 — Pg, Pg) > 0}. Note that for £ € QT and R sufficiently large

{if €] >1 then R <1+ |¢+2Pg| 210)

if |¢]<1 then 2R <1+ [+ 2Pg|.

Now, by another change of variables £ = z — P, (2.10) and (2.1) in the previous
statement we obtain

/ (W) (wR)® =2 / (w(©))" (w(E + 2Pp))*de
RN B1(0)
+2 / (w(E)) (w(E + 2Pg)) de
{Qt—Pr}\B1(0)

<C (1+ €+ 2Pg)) V=2 d¢
B1(0)

e / (14 €)1 4 |¢ + 2P|y V2 de
{Q+—Pr}\B1(0)

< CR—(N-2) /

d€_|_CRfs(N72)/ |§|7’I"(N*2)d£
B1(0)

{Qt=Pr}\B1(0)
< OR*S(N72)7

since

/ |f|7T(N72)d§ < / yf'r(N72)yN71dy
{Qt=Pr}\B1(0) 1

and for r > 2*/2 it holds —r(N —2) + N — 1 < —1. The proof of estimative (2.9)
is similar and this completes the proof of this lemma. O
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Define for A € [0, 1]
Zﬁy =l + (1 - Nwk

y
and
Ugt, =2z, 0 (2.11)

where ¢ € C*(RY) is continuous radially symmetric and increasing cutoff function
given by

0 lz] < K,

PE)=<0<yp <l K <|z|<2K,
1 |z| > 2K,

with K the radius of the smallest sphere By (0) that contains RY \ Q. We can
consider Uﬁy € DV2?(RY) by extending U/{:‘:'y = 0 outside Q.

Lemma 2.12. Uf) - Z{ — 0 in D'?(RY), as R — oo,
Proof. First of all, if R > 0 is sufficiently large we claim that

IVwd = V(@wi) | 2y o) < CR™N ) (2.12)
and

IVw! — V(w12 (8,0 0)) < CR™V 2. (2.13)
By the claim we have

U, = Z5 o1 2@ny < Alwg — dwg{lprz@yy + (1= N)llwy’ — Ywif|lpre@n)
= MNVwg — V(@uwg)| 2B (0))
+ (1= Nlfwy = Ywi 2By 0y < CR™N?

and this shows that UR ZR — 01if R — oo.
Now, in order to complete the proof we have to show the claim. Since 1) € C*°,
then there exist positive constants C; and C5 such that

IV (pwd)| = (V) wl + (Vwl)y| < Crlwd] + Co|Vwl|  in Bog(0)  (2.14)

and so by lemma 2.10 with » = 2 and (2.14),

IVt = V@) Eeaion < [ (Calof] + (€2 + DIVuf)ds
B>k (0)
< CR2(N-2)

as claimed. O

LEMMA 2.13. Ift >0, then Jp~ (tUY,) — Jen (tZ5,) — 0, as R — oo.
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Proof. By the definition of Jg~, we have

| Jrw (tURY,) — Jrw (LZ57,)]
o L e I R 1 R I IS

< |[tUR, —tZ3E, 1P + | /RN fazE Iz, — FRUS UL, |. (2.15)

By lemma 2.12 the first parcel of (2.15) is equal to og(1) where og(1) — 0 as R — 0.
So it’s enough to show that

[ szt ez, - reod,) k)

/ rezl iz, - el k)
B>k (0)

=ogr(1).

For this purpose, (1.2), lemma 2.10 and the inequality (a + b)? < 2P(a? + bP), for
a, b >0, yield

/ FZR ) (2R ) — FEUR )(UR )
B>k (0)

</ 11+ 9%
BQK(O)

<C Wi + [wh?” < CR™ (V=2 = op(1).
Bax (0) ’

</ tzE, > + Ul >
BzK(O)

o*

tzy,

z gc/ Z3,1* gc/ wf + (1= Nwh
B2k (0) B2k (0)

LEMMA 2.14.

(a) There exist Rg > 0, Ty > 2 and for each R > Ry, y € 0B2(yo) and A € [0, 1],
a unique Tfy such that

R R
T)\,yUA,y € NQ,

%

y € [0, To] and Tffy is a continuous function of the variables A,y and R.

(b) for A =1/2 it holds that T52,y

— 2 as R — oo uniformly in y € 0Ba(yo).

Proof. By lemma 2.4 for each R >0, y € dBa(yo) and A € [0,1] there exists
Ty, = t(US,). Now for such fixed R >0, the function (\,y) — U, is contin-
uous and #(UyY,) is in C'. Since [0,1] x dBa(yo) is a compact set in R?, there
is Tp(R) = Ty, such that T Uf d T €0, To(R)).
8T = e gy Do S that T, U, € No and T3, € 0. To(R)]
Suppose by contradiction that Ty(R;) — oo as R; — oo. Since Ty(R;) =

R, R,
a T,7, then To(R;) =T, for some (\,y). Let u,v >0, and r €
ey v e To(By) =Ty for some (4,9) e e
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(0,00), then using that @ is increasing by assumption (fi), it holds
T (r 4+ 70) = r2([Jul|® + [[o]|® + 2(u, v) %( w+ rv)?
f ru) f )
< (e = [ H o - +2(u0)).

(2.16)

Now for A € [0,1] and y € 0B2(yo), setting u := /\wé%j, vi=(1- )\)wf’j, r= T)}f;

and (2.16), we have

RjrrR;
0 - JRN (T)\ yU)\ y)

< (T2 (|l |2 — / i AJ"“’O)( wits’

R;
(L= Nwh |2y — /f “’ )é)«l—mwiﬂ')?

+ 2(>\w0 (1= Nw))rw)

R. R; R;
. g F(Ty I Awg”) n..2
< TRJ 2 / f(wo ) _ Y w5
( )\,y) { RN ( w(})z]. TRj)\wé{j ( 0 )
R4

Flugh)  TEGA=NuyN
+/RN< wy” T35 (1= Nwy” >((1 Awy?) + R(l)}-

As we are assuming that Tf ; — o0 as R; — oo, then we get a contradiction since
by (f1) and the Monotone Convergence theorem

/ (f(wé%) o f(Tf,U)\wé%)> ()\w(l)%)2 < SO <0
RN

R R R
wy T/\’ y)\wo

and

/ (f(wf) B f(T;\?y(l B A)wﬁ)) ((1— )\)wR)z < Sy <0,
RN

wl T, (1= Nwk Y

for R; sufficiently large, A € [0,1] and y € Ba(yo), where Sy may be taken, for
instance, as Sy 1= (f(wfh)/(wf) — (fCul}))/2ul)

In order to prove part (b) let ¢(u,v) = f(u+v) — f(u) — f(v), then from lemma
2.11 we have

/ (ol W) (wl + wl)| < / (whwR) (wf + wF) = op(1).
RN RN
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Thus

Jax (w4 wF) = [0l + wk|? - / Fwf + wP)wd + wh)

= P+ o P + 2wy = [ pd) = [ )
RN
- [ el - [ el [ el o)+ o)
RN RN RN
= Jaw (wlf) + Jes (wf) + 0 (1) = on(1),

recalling that w is a solution of (Pgw~). Together with lemma 2.13, this gives
Jev (i + wy) = Jen (wff +w)f) + or(1) =0g(l) as R—oo.  (2.17)
Therefore, (2.17) and D2(Q2) € DM?(RY) yield
Jao (2U1/2 y) JQ((“’(? +w5)1/’))
= Jax (Wi +wy)v) = or(1)

and SO T1 2y 2. Indeed, without loss of generality, suppose by contradiction that
1/2 y — T'>2. Given 0 > 1 such that 2 < 2§ < T, there exists Ry > 0 such that
1/2 v > 20 for all R > Ry, y € 0Ba(yo). Then applying the previous argument,
f(s)/s increasing and the translation invariance of integrals,

2

TE TE TR
0= Jpn~ ( 1/22’y wi + 1;24; wf) < 1;2 — L2 gt
RN

T1/2y R

Tl

_/ A 1/2y/2w0 T1P]2yw

RN (1/221/2100 2 0
f 1/2,y 2w TlRQy ’
( (( 1//2y//2w3)>< g wf) +or(1)

<24N("?—M)< w)? + on(1) < 0

which yields a contradiction. Likewise, if T’ 1/2 — T < 2 then JRN((T52 y)/Zwé{ +

(TE 12, y)/?w ) > 0, and this completes the proof of the lemma. O
3. Compactness condition

First, we present two crucial lemmas which will be used in the proof of the splitting
lemma.
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LEMMA 3.1.

(a) If v and u are in a bounded subset of LP + L%, then f'(v)u is in a bounded
subset of LP + L9 ;

(b) f" is a bounded map from LP + L9 into LP/(P=2) 4 [a/(a=2)
Proof. Lemma 2.3 in [7]. O

LEMMA 3.2. Assume that the sequence (uy) converges to ug weakly in DV2(€2). Set
u,l€ = uy — ug then it holds:

(@) NlugllDra(q) = llurllprai) = luollp 2 () + o(1);

(b) /Q Flub)ul = /Q (g — /Q f(uoYuo + o(1);

(c) /QF(u}c) = AF(uk) —/QF(uo) +o(1).
Proof. Lemma 2.8 in [7] and lemma 3.6 in [15]. O

Note that I}, I(u) is orthogonal projection of I(,(u) onto the tangent space of
Nq at u, that is defined by T,(Nq) := {v € D'2(Q); J(u)v =0}. Recall that
a sequence (uy) in D2(Q) is said to be a (PS)g-sequence for I restricted to
Na if Ig(ug) — d and || I}, (ug)|| — 0. The functional I satisfies the Palais-Smale
condition on Nq at the level d if every (PS)g-sequence for I restricted to N
contains a convergent subsequence.

Now we proceed with the study of Palais Smale sequences of Ig. Usually, the
compactness results depend on P-L. Lion’s lemma [19]. However that lemma does
not apply directly if (u) is bounded in DY2(£2). We present the following result in
the lines of [1], lemma 2, (see also [15]).

LEMMA 3.3. Suppose (uy) is bounded in DV?(RY) and there exists R > 0 such that

lim sup/ lug|* | =0,
k=00 \ yer™ JB(y,R)
then/ f(ug)ur — 0.
RN

Proof. Fix € € (0,1) and for every k consider the new sequence of functions

|u| lu| > €,
W ‘= * *
|Uk 27/2.—(27/2-1) ‘Uk| <e.

It is easy to verify that

2
* « 2%
2 E_(2 —2)7 |vwk‘2 < ( ) ‘V’U;k|2,

lwe|® < Jurl?, Jwil?® < us 5
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since
|ug|? luk| > e,
|wk‘2 = . . wpl? 2
g2 e@ D) < 2 ] <
|’U,k|2* |uk 2 (g% _
lwy|® = |u|? = g2 2 S -2 T > e 72 Jug| > e,
lug|* e~ —2) lug| < e,
Vug| luk| > e,
Vay, = V(Jug[* /2= /2-) Jur
2% . . 2% ug| S €.
= 2 @270 12271 |y | < Vg b
2 2
So

sl = [ Tl + [V

2
" “ 2% “
</ g e~ 272 +/ () (Vug|> < Ce= =2,
RN RN 2

in particular, wy € H*(RY). We claim that wy, — 0 in L¥(RY) for each 2 < s < 2*.
Indeed, for any y € RV and s € (2,2%), using the Sobolev continuous embedding
HY(B(y, R)) — L* (B(y, R)) we have

(1-0)s/2 0s/2
<C ( / |wk|2) ( N |Vwk|2> 7
B(y,R) B(y,R)

where 6 = (s — 2)/2sN. Now suppose s > 2 that is, s > 4/N + 2 =3, then

(1-0)s/2
[ wk<c ( / wk|2> ( JNE |Vwk|2) o5 2
B(y,R) B(y,R) B(y,R)

Now, covering RY by balls of radius R, in such a way that each point of RV is
contained in at most N + 1 balls, we find

(1-0)s/2
/ furl® < (N +1) sup (/ |wk|2) ok % v
RN yERN B(y,R)

But wy, € H'(RY) and so by the assumption of lemma, wy — 0in L¥(RY) for s > 3.
If2 <s<3, s=20+73(1—0) for some 6 € (0,1), hence by the Holder’s inequality,

2] —0
Wil 7= rry < Hwka(RN)”wk”lLs(RN)
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and the claim then follows from the case already established. Now using (f3), we

conclude

flug)ur < C lug|” + C |ug |7
RN {|ur|>1} {lur|<1}

<c/ ugl? — C gl + C \ww+0/ g
{lur|>e} {e<|uk|<1} {e<]ur|<1} {Jur|<e}

<C lugl? — C lur|” +C lugl” + C |up|?
{luk|=e} {e<|uk|<1} {e<]ug|<1} {luk|<e}

=C lug|” + C k|

{lur>e} {lurl<e}

<C lw|P +C g 172 g |
{lur|>e} {Jur|<e}

< CHwk”Zzp(RN) + Ce?™?

uk}H%?*(RN)

by which, since wy — 0 and g > 2*
flug)ug < Cei= 2",
RN

Because ¢ € (0,1) is arbitrary we get the conclusion. O

LEMMA 3.4. Every (PS)q-sequence (uy) for Iq restricted the Ng contains a bounded
subsequence which is a (PS)q-sequence for I in DY2(Q).

Proof. Let (ux) be a (PS)4-sequence for I on Ng, by (2.3) with replaced RY by
Q and Io(ug) — d we have that (ug) is bounded. To complete the proof we show
that I} (ur) — 0 imply

IH(ug) — 0 in (DY2(Q)). (3.1)
Write
Io(uk) = Iy, (k) + tidg (ug).- (3.2)

By property (f2) and remark 1.1, Holder’s inequality, Sobolev inequality and the
boundednes of (uy), for any v € D12(Q),

1o vll2r < Cllolla.

|AM@WW<MMM<cAww“Wm<Wm
Therefore

(o (ux), v)al = [2{uk, v)a — /Q[f’(u;c)uk + flun)lv < Cllv)l Yo € DV(Q).

This proves that(.J§(uy)) is bounded in (D?(Q))’.
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As | TG (ug)ug) < || IG5 (wi) ||luklle < C, after passing to a subsequence, we have
that |J§(uk)uk| — 0 = 0. We will show that ¢ > 0. From lemma 2.4 (d) and uy, €
Ny, we have

0< p2 < ||Uk||2pl,2(RN) :/ fug)ug, (3-3)
RN

then by lemma 3.3 there is 6 > 0 such that

swp [l >
yeRN JB(y,R)

and so there exists a sequence (yg) such that

/ 2 > 6. (3.4)
B(yx,R)

Now consider uy = ug(- — y), which is bounded and passing to a subsequence,
ar — v in DM2(RY) and @y, — u in L2 _(RY). We claim that u # 0. Indeed if

loc
llixl|L2(B0,r)) — 0 as k — oo we have a contradiction with (3.4). Hence, u # 0

and there exists a subset A of positive measure such that u(z) # 0 for every x € A.
Property (f1) implies that f’(s)s®> — f(s)s > 0 if s # 0. So, from Fatou’s lemma, it
follows that

o = liminf |J'(ug)ug| = lim inf {2||uk||2 - / [f' (ug )ui + f(uk)uk}}
k—o00 k—o0 Q

k—oo

= lim inf/ﬂ[f’(uk)ui — fur)ug]

~ liminf /RN [F (we)u? — F(ug)un] = lim inf /RN ()2 — (it )]

k—oo k—oo

> timint [ [7/@)a ~ f@)a) > [ lminflf (@05 - f(@)w)
—oo Jp A koo

- / [ (w)? — fluyu] >0,
A

hence the claim that ¢ > 0 is proved. Taking the inner product of (3.2) with wy, it
holds that

0= I&(uk)uk = <IJI\/Q (uk)7uk)g + th;\/Q (uk)uk = Ok(l) + th;\/Q (uk)uk,

so tp — 0 and from (3.2) we deduce I(ux) — 0 as I}, (ux) — 0. This completes
the proof of the lemma. O

LEMMA 3.5 (Splitting). Let (ug) be a sequence in Ng such that

Io(ug) = d and Iy, (up) — 0 in (DV3(Q)).
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Replacing uy, by a subsequence if necessary, there exist a solution ug of (P), a
number m € N, m function wy,...,wy, in DLQ(RN) and m sequences of points
(yl) € RN, 1 < j < m, satisfying:

(a) up — ug in DV2(Q) or
(b) w; are nontrivial solutions of (Pr~);
() lypl — +oo e lyy, — yil — +o0 i # j;

(d) up — ij(- - y}c) —ug in DVE(RYN).

i=1

(e) d=1Iq(up)+ ZIRN (w;).
i=1

Proof. By lemma 3.4 (uy) is bounded and we can extract a subsequence, which
converges to ug weakly in D12(Q). We verify that ug solves (P). Indeed, by lemma
3.4 for ¢ € C§°(9), it follows

I (ug)p = /QVU;CVgadx — /Q flug)pde — 0 as k — oo. (3.5)

By (b) of lemma 3.1 and the fact that for p < 2*, ux, — g strongly in L} () and
using the mean value theorem

flu(z)) = fluo(z)) = f'(un(@) + 0(x)uo(x)) (ur(z) — uo(z)) with 0 < 0(z) <1,

from (f2) and (1.2) we get

/Q |Flug) — F(uo)pd < / (x| + luo)> "2 (up — uo)pdzr — 0 as k — oo,

suppp

and so
/Vungadxf/f(uk)gpd:EH/VUOVgodxf/f(uO)(pdx as k— oo. (3.6)
Q Q Q Q

By (3.5) and (3.6), ug solves (P) and immediately ug € No. Now set u}, = uj — ug
and define u} = 0 in RV \ Q, so u} converges to zero weakly in DH2(RM) and as
we will see in remark 3.6, I}, (u},)uj, — 0 and so

I (up )up, = / |V |? —/ f(up)ur — 0 as k — oo. (3.7)
Q Q
Lemma 3.2, (a) and (b), imply that

kD12 vy = k| Brz gy = ol pr 2y + o(1) (3-8)

In~ (uh) = Ig(up) — Ia(ug) + o(1). (3.9)
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Assume ui /4 0 strongly in D2(RY), otherwise we have the claim, then from (3.7)

0 <n < JJuglpregny = /RN fup)ug +o(1). (3.10)

Arguing as in lemma 3.4, there is (yx) and 6 > 0 such that

/ lup|? > 6. (3.11)
B(yk,R)

Now consider uy = u,1€( — y,i), which is bounded, so passing to a subsequence there
is @p — u in DV2(RY) and @ — u in L2 _(RY). We claim that u # 0. Indeed if
x| Lo (B(0,R)) — 0 as k — oo this contradicts (3.11) and the claim is proved. Hence
by the boundedness of uj, there exists w; € DV?(RY) such that u}(z —y}) —
wy # 0 weakly in DM?(RY) and the sequence (yi) € RY with yi — oo as k — oo,
since if (y,ﬁ) were bounded, by passing to subsequence, we should find y' that
y,ﬁ — y! and

/ lup|?> > 6. (3.12)
B(y',R)

As above u}, is bounded, so passing to a subsequence there is u! such that u}, — u'

in DM?(B(y', R)) and u' # 0, which is contradictory with uj, converging weakly to
0 in DY2(RY). Moreover, w; is a weak solution of (Pg~) and the proof of this is
remark 3.6, which is stated in what follows. Define u? := u}, — w1 (- — yi) then, by
arguing as before, u? satisfies

Ig~ (ui) —d—Ig(ug) — In~ (wy)

and if u2 4 0 strongly in DV2(RY) (otherwise we have the claim) then there exists
a sequence {y2} € RY with {2} — oo as k — oo and u2(z — yi) — wa # 0 weakly
in DL2(RY), such that ws is a weak solution of (Pgn~). Moreover, any nontrivial
critical point u of Ix~ satisfies Ign (u) = ¢ > 0, so iterating the above procedure we
construct sequences w; and (yj;). Since for every i, Iz~ (w;) > ¢, the iteration must
terminate at some finite index m. ]

REMARK 3.6. It holds that w; € DV2(RY) is a weak solution of (Pgn).

Let ¢ € C5°(RY), using the mean value theorem and (f5), by (b) of lemma 3.1, we
have

RNWi(x — )V — flup(z —yp))e do

=/ Vug(2)Ve(z +yi) — f(up(2)e(z + yi) dz

= [ 17) = o) = FCublits + 5 s+ of1)

< / [Fuo +ud) — Fluo)p(z + yb) dz
Br
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+ / Fluo+ud) — F(ub)lo(z +u}) dz
RN\BR

[ rad)e(z+ ) dz - / Fluo)p(z + yb) dz + o1)
Br RN\Br

< O (Juol* =% + fuj

(- + yli)”Lp’(RN)ak,R
+Cll(Juol® =2 + [ug|* “)e(- + y) |l ot o ey br + 0(1)
where ap p = ||u,1€||Lp(BR), br = ||u0||Lp/qu/(RN\BR). Since bgp — 0 as R — oo, and
given R, ar, r — 0 as k — oo, by the above estimate we get
Vub(e — yh)Ve — flub(e — yh))p dz — 0
R

as k — co. On the other hand, by (a) of lemma 3.1, it is easy to see that

[ V(e =)V = fula =) do = [ VurVio— fwn)p do

So we get the claim and the proof of the lemma is complete. O

COROLLARY 3.7 (Compactness). Iq satisfies the Palais-Smale condition on Ng at
every level d € (¢, 2c).

Proof. Let (uy) be a (PS)g-sequence for I on Ng. If d € (¢,¢) and (u) does not
have a convergent subsequence then, by the splitting lemma,

e d=1I( )Jrif (w;) > me if ug =0, (3.13)
c>d=1(u w;) = )
’ i—1 R co+me=(m+1)e if uy #0.

Then in both cases, m < 2 and so m = 1. The hypothesis 2¢ > d > (m + 1)c implies
that it is not possible to have m = 1 and wg # 0, therefore uy = 0, which yields
I(uy) — Iz~ (wy) = d giving a contradiction with the uniqueness of solution of
(Pgrn). Hence, I, satisfies the Palais-Smale condition on Nq at every d € (¢,2¢). O

REMARK 3.8. If u is a solution of (P) with Io(u) € [¢,2¢), then u does not change
sign. In fact, if u is a solution of (P) then

0= I&(u)ui = JQ(Ui),

where ut := max{u,0} and u~ := min{u,0}, so u* € Ng. Now if ut # 0 and
u~ # 0, then

IQ(U) = IQ(’LLJF) + IQ(Ui) 2 2c.

4. Existence of a positive solution

Now, for any R > 0, y € 9B2(yo), let us define

ER = f(wé%)wff.
RN
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LEMMA 4.1. There exists C > 0 such that
er=[ fwfwl < cR~N2) (4.1)
R

for all y € 9B2(yo) and R > 1.

Proof. 1t is sufficient to take r = 2* and s = 1 in lemma 2.11. |
Note that the previous lemma implies e — 0 as R — oo, uniformly for y in
aBQ(yo)
LEMMA 4.2. There exists C >0 such that for all s,t >1/2, y € 0Ba2(yo) and
R>1,
fswftwl > RNV, (4.2)
RN

Proof. For |x| <1 and R > 1, we have

1+ |z — R(y —yo)| <1+ =]+ R|(y — yo)| <4R. (4.3)

Now by (f1), (4.3) and the decay estimates (2.1) there exists C' > 0 such that

f R
f(swé%)twf = st /RN { iiuuég )] wé%wff
1 fA/20f)] g R
E/RN { 1/20fl ]w o
1 f(1/2wé%) R, R
4/Bl(Ryo) [ 1/2“’5 }wo Yy

. 1[ min ﬂl/?w(l’)} / oy MR R~ 0)

RN

WV

WV

4 |zeBi(0) 1/2w(x)
>0 (14 |2~ w(z — R(y — y))
B1(0)
>CR V=2,
O
If we set s,t =1 in the previous lemma we have
er > CR- V-2, (4.4)

LEMMA 4.3. For every b > 1 there is a constant C' > 0 such that
| [ lsfwf) - ssuto)lofvl < Cls 1] en,
Q

for all s € 10,b], y € 0Ba(yo) and R > 1.
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Proof. Fix u € R and consider the function g(s) := sf(u) — f(su). By (1.2),

g'(s) = f(u) = f'(su)u < |f(u)| + C(s* Hul*)
< Clu)*” Vselo,1].

Hence, by the mean value theorem,

|sf(u) — f(su)| = 1g(s) —g(1)| = lg'(®)lls — 1]
< Cluf*’|s —1].

This inequality yields

Ry,
— s -1/ / (uff wlf ) ),
RN
Now applying lemma 2.11 and using that |¢| < 1, we obtain
[ Is# ) = suf)lulti < |s = 110(er) < Cls = 1] <

for all s € [0,0], y € 9B2(yo) and R > 1, as claimed.

863

O

PROPOSITION 4.4. There exists Ry >0 and, for each R > Ry, a number

n=mngr >0, nr = or(1) such that

IQ(TfyU)\Riy) < 2c— m,

for all A € 0,1], y € 0Ba(yo).-

Proof. Let us denote for simplicity s := Tffy)\ and t := Tfy(l — ), then we have

(swo P+ twa)

=5 [ 19Gsufiy + tulto)? / sl + twl'y)
Q

=5 v+ 5 [ vwior st [ Vv
*/Q (5w0 Y) — /QF(twfd))*/ﬂ (5w0¢+twR¢)
F(swit) = F(tw)i)
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52
_ s / IV (w2 - / F(swfi) (4.5)
7/ |V (wliep) [ —/Ftwy ) (4.6)
+ot [ Viwf)v)v) (4.7)
Q

- /Q F(swlp + twlp) — Flswfe) — Fltwi) — fswl)twly — fuwfp)sufy
(4.8)
- / Fleuwdip)tuwley / Fltwlg)suly. (4.9)

The sum in (4.5) is equal to Ign (swlt) + o(er) since

(4.5) = Ipn (swlt) — Ipn (swi?) / [V (w /F switip
s? Ry, R
—t(uf)+ g [ V@R - Vol - [ Plul) - Fultv)
B2k (0) B2k (0)
and by (2.6) lemma 2.10, (4.1), (4.4) and s bounded by Tj we have
2
Y IVwie]? — [Vug|* = o(er).
2 JBak(0)

On the other hand, by the mean value theorem, (f2) and lemma 2.10 we have

/ F(swl) — F(swlip) = / F(swl + 0(x)swl) (sl — swliy)
B2k (0) B2k (0)

<cC / (> Nl = C / Wl = ofer).
B2k (0) B2k (0)

The sum gives that (4.5) = Ip~ (swl?) + o(er) and since wg is a least energy solu-

tion of the limit problem (Pgn), by lemma 2.4 (b), we have that Iy~ (swd) < c.
Similarly, we have the same for the sum in (4.6) and so

(4.5) + (4.6) < 2c+ o(eR).

As to (4.8), in lemma 2.9 let 2* —2 <v < ¢—2 and so 1 +v/2 > 2*/2. Now by
lemma 2.11 it holds that

= [ Flsuliv+tuff) = Flsultv) - Pewfo) - fsufivno - feofv)sofv
<o [ witvefe)
RN

<Cen' 2 [l < or R Z oy
RN

so we have shown that

(4.8) < o(eR).
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Now using analogous arguments to (4.9) we have
[ suforfos [ sewfosfo= [ feufief+ [ fewf)sl +oen)
Q Q RN RN

and so we can write the sum of the remaining terms as

4.7+ (4.9) < st/ Vwé%z/Jwaw - / f(swé{)twf - / f(?ﬁwf)swé’fz +o(er)
Q RN

:%t flw wo */ fwo 5—/RNf(sw§)twR

— f(tw‘,f”)swé% +o(eR)

RN
— %/RN [sf(wd) = f(swiH]wy! + 2/ tf(w]) — ftw)w
_% RN J(sw')t / ftw))swii + o(er) -

By lemma 4.3 there is a constant C' > 0 such that
t s

5 [ Jsr ) = ssufff+ 5 [ erlf) = sl < Cls =11+ 1t =1) e

for all s,t € [0,7Tp],y € OB2(yo) and R large enough. Moreover, from lemma 4.2,
there is a constant Cy > 0 such that
1

1
- f(sw(lf)twf + =

f(tw Jswdt = Cy ep
2 RN 2 RN

for all s,t > 1/2, y € 9Ba(yo) and R large enough. By lemma 2.14, if A = 1/2, then
s,t — 1 as R — oo. So taking Rg > 0 sufficiently large and § € (0,1/2) sufficiently
small such that for all A € [1/2 —0,1/2 + 5], C(|s — 1| + |t — 1|) < Cp/2, we have

(4.7)+ (4.9) < —Cy/2er +o(er)
for all y € 9B3(yo) and R > Ry. Summing up, so far we have proved that
IQ(sw§+twf) < 2c—Cy/2er + o(er), (4.10)

for all y € 9B2(yp) and R > Ry.

On the other hand, for all A € [0,1/2 —§]U[1/2+4,1], y € 9B2(yo) and R suf-
ficiently large, since if TA < 2 then s = Tf‘ A€f0,1—20] or t= T/\ (I1-X) €
[1,1—20] and if T, >2 then s=Ty e [1+25,00] or t_TRy(l—/\) €l+
2§, 00|, in fact, one of s or t is in [ 0.1 26] U1+ 26,00] and so (4.5)+(4.6)
<2c—7v+ O(eR). By lemma 2.4(b), there exists v € (0, ¢) such that

Ipn (rwll) <c—v Vre[0,1—26]U[l + 26, 0]
also with our previous estimates we have (4.7) +---+ (4.9)= O(eg), and so
IQ(8w§+twf) < 2¢—v+4 O(eR). (4.11)

Inequalities (4.10) and (4.11), together, yield the statement of the proposition. [
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LEMMA 4.5. For any § > 0, there exists Ry > 0 such that

Io(TE,US) < ¢+,
for A =10 and every y € 0Bs(yo) and R > Rs.

Proof. T{¥, is bounded uniformly in ),y and R. As w,} is a ground state of problem
(Prx), like in (4.5) we have

IQ(TO}?yUé?y)
< Ipy (T(fzwa) +o(er)

< max Ipw (swf‘) +o(er) < c+ o(eR).
s>0

This proves the lemma. ]

Let us consider 8 : DV2(RY)\ {0} — RY a barycenter map as defined in [13]
(see also [20]), that is, a map obtained as follows:

1 o -
p(u)(z) == 1B.(@)] ) lu(y)|dy, p(u) € L= NC(0,+o0),

+
i) i= [utu)a) - L= e oy

and hence, the barycenter of a function u € DV2(RY) \ {0} is defined by

Blu) = — /R wi(a)da

- lalk

It is a continuous function with the properties

Blu(-—y)) = B(u) +y VYyeRY, (4.12)
B(Tu) = Bu) VT > 0. (4.13)

Note that S(u) = 0 if u is radial.

REMARK 4.6. For the sake of completeness, we recall some facts shown in [20]
concerning the barycenter of translated copies of w. Since w is radially symmetric,
positive and decreasing in (0, +00), this implies that p(w) is also decreasing with
respect to |xz|. Moreover, as proved in theorem 2.1 in [3] pu(w) — 0 as |z| — 400,
then, arguing as in [20], we obtain that there exists a unique ¢ > 0 such that for
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every |z| = ro, p(w)(x) = ||u(w)||so /2. We consider the set

then by (4.12) it holds
E(w) = By, (0) = E(w(- — Ry)) = Br,(Ry), (4.14)

for every R € R*. If we fix R such that R > 2K + 1 + rq, then since y € 9Ba(yo),
it results that |z| > 2K + r( for every x € By(Ry). Hence,

1 1

R — X — x
! = w = w
= B0 0 w(o)do = p(w)(0) = [|u(w)]|so-
Since, [|1]ls < 1, it results
() (@)] < |u(w)(@ — Ry)| < [lp(w) oo, (4.15)
giving that
lp(wg)lloe = lu(w)) (Ry)| = | p(w)]|oo- (4.16)

Furthermore, for every « € B,,(Ry), any z € By (z) satisfies |z| > 2K, showing that
Bi(z) € RN\ Bak(0), and using again the definition of the cut-off function 1, we
have

1 1
2)w(z — Ry)dz
Br(@)] S VT RO = 50
(

w)(z — Ry).

From (4.14) it follows that, for every x € B, (Ry), p(w)(x — Ry) > ||u(w)]/2,
thus by the previous equality

pwy) (@)

w(z — Ry)dz

1
p(wf)(@) > Sla(w)le for every @ € By, (Ry)

so that gwl 0 if @ € By, (Ry). If @ & By,(Ry), then by (4.14), (4.15) and (4.16)
it results

plbuf) < (-~ Ry)) < 2wl ~ By))leo = Sl o

Therefore, 1@ #0 if and only if = € B,,(Ry), but, in this set ¢» =1, so that
Ywl = w(- — Ry) and hence

B(w,) = B(w(- — Ry)) = Ry. (4.17)
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LEMMA 4.7. There exists § > 0 such that

B(u) #0, Yue NonI§H
where IS = {u € H}(Q), Iq(u) < c}.

Proof. Arguing by contradiction, assume that for each k € N there exists vy € N
such that Ig(vg) < cq+1/k and B(vg) = 0. By Ekeland’s variational principle,
there exists a (PS)g-sequence (ug) for Ig on Ng at the level d = cq such that
[lug —vg]| — 0 ([25], theorem 8.5). As cq is not attained, Lemma 3.5 (split-
ting) implies that there exists a sequence (yj) in RY such that |yx| — oo and
|lug — w(- — yi)|| — 0, where w is the (positive or negative) radial ground state of
(Pr~). Setting 0g(x) := vg(x + yi), and using property (4.12) and the continuity
of the barycenter, we conclude that

—yk = Blor) —yp = B(0x) — B(w) =0,
but this is a contradiction. O

Proof of theorem 1.2. We will show that I has a critical value in (¢, 2¢). By lemma
4.7, we may fix 6 € (0, ¢/4) such that

Blu) #0, YueNgNIG.

Proposition 4.4 and lemma 4.5 allow us to choose R > 0 sufficiently large and its
corresponding nr =1 € (0, ¢/4) such that

2¢c—n forall Ae€[0,1] and all y € 9Ba(yo)

Io(T, U, <
oIy Uy {c+5 for A =0 and all y € 9B2(yo).

For this fixed R > 0, define « : Ba(yo) — Ng N [?25*’7 by
aAyo+ (1 =Ny) = TfyU)Ify with A € [0,1], y € 9Ba(yo).

Arguing by contradiction, assume that I does not have a critical value in (¢, 2¢).
As, by corollary 3.7, I satisfies the Palais-Smale condition on N at every level in
(¢,2¢), there exists € > 0 such that

IVaulo@)| =€, Vu € NonlIg'le+6,2c—n).

Then using a Deformation lemma for C! manifolds (see [11]), it yields a continuous
function

P ./\/.Q N 1522677] — ,/\/Q n I;2+5

such that p(u) = u for all u € N NI . Now we define I'(z) := (80 po a)(x). By
lemma 4.7, I'(x) # 0 and so the function h : Ba(yg) — 0B2(0) given by
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is well defined and continuous. Moreover, if y € 9B2(yp), by lemma 4.5
a(y) = T4t Ut = Tot hwlt € No n Ig
and hence by (4.17) in remark 4.6,
(Bopoa)ly) =Bwy) = Ry,

since B(Tg%,vwl) = B(wf) (see [20], estimate (5.15)). Note also that h(y) =
2Ry/|Ry| = 2y/]yl. N

Therefore, if we consider the homeomorphism h : 9B3(yg) — 0B2(0) defined by
h(y) == 2y/lyl, then (" o h)(y) =y for every y € dBy(yo), however, by Brouwer
Fixed Point theorem such a map does not exist, so I must have a critical point
u € Ng with Io(u) € (¢, 2c). By remark 3.8 u does not change sign, so if u > 0 with
the maximum principle, we get u > 0 is a solution of (P). On the other hand if
u < 0, then by the oddness of f, f(u) <0 and so —u is a positive solution. This
proves that problem (P) has a positive solution.
Now we can write (P) as

—Au = au

where a = f(u)/u and if we show a € LZI\(ZQ (R™) then by Brezis-Kato theorem u is

in LP (RY) for all 1 < p < oo and so u € VV;f(]R{N) and by Sobolev embedding

u € C’lo O’CI_N/ P(RN). Now let p > N we have u is locally Hélder continuous and
since f is of class C'', we have f(u) is locally Hélder continuous and so by elliptic

regularity theorems, u € C?(R”") and so u is classic solution. In order to complete
the proof we show that a € Lgéz(RN). By (f2) we have
fw)

A A
a(@) = 1 < Clu

2% -2

and so

N
/ ‘a(x)|§ < C/ |u| (@7 =2IN)/2 C/ 2 < o
r I r

for any open set I' CC RY. Hence the theorem is proved. O
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