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Kolmogorov’s theory of turbulence predicts that only wavenumbers below some
critical value, called Kolmogorov’s dissipation number, are essential to describe the
evolution of a three-dimensional (3D) fluid flow. A determining wavenumber, first
introduced by Foias and Prodi for the 2D Navier—Stokes equations, is a mathematical
analogue of Kolmogorov’s number. The purpose of this paper is to prove the
existence of a time-dependent determining wavenumber for the 3D Navier—Stokes
equations whose time average is bounded by Kolmogorov’s dissipation wavenumber
for all solutions on the global attractor whose intermittency is not extreme.
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1. Introduction

The Navier—Stokes equations (NSE) on a torus T? are given by
ur+ (u-Viu—vAu+Vp=f (1.1)
V-u=0, '

where u is the velocity, p is the pressure, and f is the external force. We assume that
f has zero mean, and consider zero mean solutions. We also assume that f € H 1
or f is translationally bounded in L (R, H™1).

In this paper, we investigate the number of degrees of freedom of a three-
dimensional (3D) fluid flow governed by (1.1). Kolmogorov’s theory of turbulence
[24] predicts that there is a wavenumber rq above which the viscous forces dom-
inate. This suggests that the frequencies above k4 should not affect the dynamics
and the number of degrees of freedom is of order £3. A natural question is whether
this can be justified mathematically.

The notion of determining modes, which allows us to define the degrees of freedom
mathematically, was introduced by Foias and Prodi in [12] where they showed that
high modes of a solution to the 2D NSE are controlled by low modes asymptotically
as time goes to infinity. Then the number of these determining modes was estimated
by Foias, Manley, Temam, and Treve [17] and later improved by Jones and Titi
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[22]. We refer the readers to [10,11,13-16,18-20] and references therein for more
background and related results.

In this paper, we are concerned with 3D flows governed by (1.1), for which the
existence of regular solutions is one of the Millennium open questions. Therefore, we
study weak solutions, whose existence was proved by Leray [25]. In [9], Cheskidov,
Dai, and Kavlie proved the existence of a determining wavenumber A, (t), defined
for each individual trajectory u(t), whose average is uniformly bounded on the
global attractor. More precisely, it was shown that two solutions u(t) and v(¢) on the
global attractor are identical, provided their projections below modes max{A,,, A,}
coincide. This recovered the results by Constantin, Foias, Manley, and Temam [10)]
in the case where ||Vu(t)||2, is uniformly bounded on the global attractor, which
is known for small forces. Moreover, when the force is large and the attractor is
not a fixed point, but rather a complicated object consisting of points on complete
bounded trajectories that may not be regular, the determining wavenumber A,
from [9] still enjoys the following pointwise bound

Yu(t)]|2,
At 5 VUDle. (12
Note that this bound is optimal (from the physical point of view) in the case of
extreme intermittency, that is, when there is only one eddy at each dyadic scale.
Indeed, taking into account intermittency, Kolmogorov’s dissipation wavenumber
reads

1/d+1 d t+T

Kq = (%) fd+ , where ¢:= \v(||Vul|%:) = %/t |Vaul|2:dr.  (1.3)
Combined with (1.2), this gives (A,) < kg when d = 0. Here d € [0, 3] is the inter-
mittency dimension that measures the average number of eddies at various scales.
Roughly speaking, the number of eddies at the lengthscale [ is proportional to [~¢
(see [8] for precise mathematical definitions of active volumes, eddies, and their
relations to intermittency). In this paper, we adopt an approach used in [5,7,9]
and define the intermittency dimension d through the average level of saturation of
Bernstein’s inequality (see §3 for the precise definition).

As experimental and numerical evidence suggests, turbulent flows do not devi-
ate much from Kolmogorov’s regime where d = 3, that is, eddies occupy the whole
region. For instance, d &~ 2.7 was observed in a direct numerical simulation per-
formed by Kaneda et al. [23] on the Earth Simulator. In [9] it was shown that
one can improve (1.2) for d > 0, but such an improvement was not enough to con-
clude that the average determining wavenumber was bounded by k4. For instance,
in the case d = 3, the obtained bound was (A,) < 3", which suggested that the
definition of A, was not optimal in the physically relevant regime. In this paper, we
complement the result of [9] by focussing on the region d € [4, 3], 6 > 0, and finding
a different determining wavenumber A,, that enjoys the optimal bound (A,) < kq
(modulo a logarithmic correction in the case d = 3).

We define the determining wavenumber in the following way:

Ay (t) == min{Ag 1 (LAp—q)® /2N |0 | 1o

< cov, Vp > ¢q and /\;2||Vu<q||Loo < cov, q € N},
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where 0 < § < 3 is a fixed (small) parameter, and ¢g is an dimensionless constant
that depends only on §. In fact, ¢ — 0 as 6 — 0. Here A\, = 29/L, L is the size of
the torus, ugq = Engl uq, and ug = Aqu is the Littlewood-Paley projection of u
(see §2).

Now, we are ready to state our main result.

THEOREM 1.1. Let u(t) and v(t) be complete (ancient) bounded in L? Leray—Hopf

solutions (i.e., solutions on the global attractor or pullback attractor). Let A(t) :=
max{A,(t), A, (t)} and Q(t) be such that A(t) = \qe). If

U(t)gQ(t) = U(t)gQ(tﬁ Vi < O7 (14)

then

The dissipation wavenumber A,, enjoys the following bound:

1/d+1
¥ 1) ,

for all complete bounded in L? Leray—Hopf solutions with d € [6, 3). Here Cs 4 is an
dimensionless constant that blows up when § — 0 or d — 3. The bound is also writ-
ten in terms on the dimensionless Grashof number defined as G := || f|| g -1 /(V2I€(1)/2)
in the autonomous case (see (3.8) for the nonautonomous case).

In Kolmogorov’s regime where d = 3, we also obtain the optimal bound, but with

a logarithmic correction:

T R N S IV (R S v
(log(Ay/Xo))V/4 /) = ofd s oR0 vk} ’

for all complete bounded in L? Leray-Hopf solutions with d = 3. Here Cs is an
dimensionless constant that depends only on the parameter § in the definition of
A. Again, C5 — o0 as § — 0.

2/d+1
(Ay) — Ao < Cs.akq < Cs.akoG? 4+ (uTK%

2. Preliminaries

2.1. Notation

We denote by A < B an estimate of the form A < CB with some absolute
constant C, by A ~ B an estimate of the form C1B < A < C3B with some abso-
lute constants Cy, Co, and by A <, B an estimate of the form A < C,B with
some dimensionless constant C,. that depends only on the parameter r. We write
| “ll, =1 "lzr, and (-,-) stands for the L% inner product. We will also use (-) for
time averages:

for some fixed T > 0.
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2.2. Littlewood—Paley decomposition

The techniques presented in this paper rely strongly on the Littlewood—Paley
decomposition, which recall here briefly. For a more detailed description on this
theory, we refer the readers to the books by Bahouri, Chemin and Danchin [1] and
Grafakos [21].

We denote A\, = 29/L for integers q. A nonnegative radial function y € C§°(R?)
is chosen such that

wefy sl
Let

e(&) = x(£/2) — x(&)
and

_Jp(279€)  for g >0,
Palt) = {x(f) for g = —1,

so that the sequence of ¢, forms a dyadic partition of unity. Given a tem-
pered distribution vector field u on T3 = [0, L]® and ¢ > —1, an integer, the gth
Littlewood—Paley projection of u is given by

ug(z) == Agqu(z) == Z W(k)py(k)et2m/Lh,

kez3

where (k) is the kth Fourier coefficient of u. Note that u_; = @(0). Then
u= i Ug

q=—1

in the distributional sense. We define the H*-norm in the following way:
1/2
[ullars = < > A7 |uq||2> ,
q=—1

for each u € H® and s € R. Note that ||ul|go ~ ||u||2. To simplify the notation, we
denote

UgLQ = E Ug, UPQ] = E Ug, Ug = Ug—1+ Ug+ Ugy1.
g=-1 q=P+1

2.3. Bernstein’s inequality and Bony’s paraproduct

Here, we recall useful properties for the dyadic blocks of the Littlewood—Paley
decomposition. The first one is the following inequality:
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LEMMA 2.1 (Bernstein’s inequality). Let n be the spatial dimension and r > s > 1.
Then for all tempered distributions u,

gl S A7 g (2.6)

~

Secondly, we will use the following version of Bony’s paraproduct formula:

Ag(u-Vv) = Z Ag(ugp—2 - Vp) + Z Ag(up - Vugp-2)

lg—p|<2 lg—p|<2

+ Z A, (i - Vup).

p=q—2

2.4. Weak solutions and energy inequality
A weak solution u(t) of (1.1) on [0,00) is an L?(T?) valued function in the class
u € C([0,00); L2) N L2 (0, 00; H') that satisfies (1.1) in the sense of distributions.

loc
A Leray—Hopf solution u(t) is a weak solution satisfying the energy inequality

1 1 t t
Sl < Sl - [ [Va@lFar+ [ (fupar, @D
to to
for almost all tg > 0 and all ¢ > ¢y. A Leray solution u(t) is a Leray—Hopf solution
satisfying the above energy inequality for tg = 0 and all ¢ > t5. A complete Leray—
Hopf solution u(t) is an L*(T?) valued function on (—oco, 00), such that u(- — t)|[o,0)
is a Leray-Hopf solution for all ¢t € R.

3. Global attractor, pullback attractor, and Kolmogorov’s wavenumber

In the case of a time-independent force f it can be shown that the energy inequality
(2.7) implies the existence of an absorbing ball

B = {ue LX(T%): |[ul> < R}.
Here the radius R is such that
R > vky Y2¢q,
where kg = 27 A\g = 27/L and G is the dimensionless Grashof number

1l

1/2 "
Ko

G:

2

Note that the absorbing ball B is for all the Leray solutions, that is, the ones that
satisfy the energy inequality starting from 0. More precisely, for any Leray solution
u(t) there exists to, depending only on ||u(0)]|2, such that

u(t)e B Vit >ty

However, when we restrict the dynamics to the absorbing ball, we consider Leray—
Hopf solutions to define the evolutionary system and the global attractor. The

https://doi.org/10.1017/prm.2018.33 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2018.33

434 Alexey Cheskidov and Mimi Dai

Leray—Hopf solutions are weak solutions satisfying the energy inequality starting
from almost all time (but not necessarily 0). Hence, a restriction of a Leray—Hopf
solution to a smaller time interval is also a Leray-Hopf solution. See [6] for a more
detailed discussion.

The existence of the weak global attractor A was proved in [13,18]. It has the
following structure:

A = {u(0) : u(-) is a complete bounded Leray—Hopf solution to the NSE}.

The attractor A C B is the L?-weak omega limit of B, and it is the minimal L>2-
weakly closed weakly attracting set (see [2,4]).

In the case of a time-dependent force f = f(t), a relevant object describing the
long-time dynamics is a pullback attractor, whose existence was proved in [6]. In
the nonautonomous case, there exists an absorbing ball for all the Leray solutions,
whose radius R is such as R > vk, 1 2G, just as in the autonomous case, but the
Grashof number is

i e

G = . 3.8
V3/2(1 _ efmgT)1/2 ( )

Here it is assumed that f is translationally bounded in L? (R, H~!) and

loc

2 1 i 2
115 = s [ 1A
g teER t

The pullback attractor is defined as the minimal weakly closed weakly pullback
attracting set for all Leray—Hopf solutions in the absorbing ball. It is the weak
pullback omega limit of B, and it has the following structure (see [6]):

A(t) = {u(t) : u(-) is a complete bounded Leray-Hopf solution to the NSE}.

Let u(t) be a complete bounded Leray—Hopf solution to the NSE. Then the energy
inequality (2.7) implies
t+T t+T
0 < Jlu(t +T)|3 < limsup [Ju(r)[|5 — QV/ [Vu(r)|3 dr + 2/ (f,u)dr
t t

T—t

t+T t+T
1
<@ v [ IvuEar ey [ I
t t

Therefore,
1 t+T VG2
(IVul2) == T/t V(O3 de < 72 + G2 (3.9)
We can now connect this to Kolmogorov’s dissipation wavenumber defined as
o\ 1/d+1
K = (ﬁ) .= oAV, (3.10)

where d is the intermittency dimension and ¢ is average energy dissipation rate per
unit active volume (i.e., the volume occupied by eddies). In order to define d, first,
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note that

NoAG Hluglls < AZHlugll3e < CAZllugll3, (3.11)

due to Bernstein’s inequality. Here Cp is an absolute constant (which depends on
the choice of x(§) in (2.5)). The intermittency dimension d is defined as

d:=sup {5 eR: <Z Aq1+8|uq||§o> <CEoNS <Z A3||uq|§>} . (3.12)
q

q

for w# 0, and d =3 for u =0 on [¢t,t + T]. Thanks to (3.11) and the fact that
(32 Mallugll3) < oo, we have d € [0,3] and

<Z >\q_1+d||uq|c2>o> =Cp XS <Z A§Uq||§> :
a a

The intermittency dimension d, defined in terms of a level of saturation of Bern-
sten’s inequality (see [7,8] for similar definitions), measures the number of eddies
at various scales. The case d = 3 corresponds to Kolmogorov’s regime where at each
scale the eddies occupy the whole region. Note that d = d(u,t) and kg = kq(u,t),
defined for each individual trajectory, are functions of time. We can also define their
global analogues as

D:= inf d(u,t), Kq:= sup kaq(u,t).
“€5=t€R( ) ¢ ue&tpeR (1)

Here &€ is a family of all complete bounded Leray—Hopf solution to the NSE.
Finally, thanks to the bound (3.9),

\d 1/d+1 1 1/d+1
_ 0 2 —d/d+1 2/d+1
Fq = <V2||Vu||2> < (2m) VA0 G?/ (VT,-;g - 1) .

Also, taking the supremum over all u € £ and ¢t € R, we obtain
1 1/D+1
Kq < l“COGQ/D—H (I/Tng + 1> )
provided G > 1.

4. Proof of the main result

Let u(t) and v(¢) be completely bounded in L? Leray—Hopf solutions. Denote w :=
u — v, which satisfies the equation

wy +u-Vw+w-Vo=-Vp +vAw (4.13)

in the sense of distributions. Here p’ stands for the difference of the pressures.
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Recall the definition of the determining wavenumber:
Ay (t) = min{Ag 1 (LAp—q)7 A, M upll L < cov,
Vp > qand A} || Vugglln= < cov, q € N},
where o = (6§ — 1)/2. Let A(t) := max{A,(t), A,(t)} and Q(t) be such that A(t) =

AQ(t)- By our assumption, weg)(t) = 0. Recall that 0 < § < 3, that is, —1/2 <
o < 1. Let

s—mm{—f—&— O}

Then straightforward computations give —1 -0 < s <o < 1.
Multiplying (4.13) by A2*A2w, integrating (i.e., using A2*A2w as a test function
in the weak formulation), and adding up for all ¢ > —1 yields

1 1 ¢
5|Iw(t)qus - §Ilw(to)||%s + V/ [ s
to

</ Z /\25 A (w- Vo)w, dz| dr
to qg=—1
(4.14)
/ Z)\QS/A (u - Vw)wg dz| dr,
to g>—1

t t
::/ IdT—|—/ Jdr.
to to

We first decompose I using Bony’s paraproduct as mentioned in §2.3,

TS

Ag(wep—2 - Vop)wy dx

3
-1 |q-pl<2 T
2s
+ E Ay / Aq(wy - Vugp_o)wg do
g=—1 lg—p|<2

DXDY

g=—1 p=q—2

=: Il —|—IQ +I3

Ay (W - Vup)wg do
T3

It follows from Holder’s inequality that

Z Z /\25/ [Aq(wep—2 - Vop)w,| dz

7>Q |g—p|<2
p>Q+2

SO A2 lwigp-aill2Aplvplso lwgll2.

7>Q |g—p|<2
p>Q+2
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Using the definition of A, Young’s inequality and Jensen’s inequality, we obtain

LgewY S0 AN wle 3wyl

7>Q |g—p|<2 Q<p'<p—2
p>Q+2

Seov Y N lwglla | Y0 A llwpll2An o ATIAG™
>Q Q<p'<q

Seov D A lwalla | D0 Al (LA—p)* ™ |
>Q Q<p'<q

where we used o0 > —1 and s < ¢. Now using Young’s inequality and Jensen’s
inequality, we conclude
2

LS e 3 A2 gl eor 30 [0 AL lla(EAg )
>Q >Q \Q<p’'<q

Seov D N w3+ eor DY T AT lwy I3 (LAg—p) 7
>Q 7>Q Q<p’'<q

< cov Z /\3+23qu”§ + cov Z )‘szs”wp’ll% Z (LAg—p)"°
>Q P'>Q qzp’

< cov | Vw3,

where we needed s < o. Note that we omit dimensionless constants that depend on
0 throughout this proof. The precise bound on I is

L < 00V||V1+sw||§ (1 +(1- 28_‘7)_1) .

Note that (1 —2%77)~! — 0o as § — 0+ by definitions of o and s. Because of this,
we will have ¢g — 0 as § — 04 once we choose ¢y at the end of the proof. This
explains why we have to avoid the case of extreme intermittency, which is covered

in the companion paper [9].
Following a similar strategy, we have

E<Y S N [ 184w, Vog,oulds
TB

7>Q [g—p|<2
p>Q

<Y Y A lwplll Vo p-aillollwgl2

>Q |g—p|<2
p>Q

+ 0 D Alwplll Vocaloollwgl2

¢>Q [g—p|<2
p>Q

= Iy + a9,
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where we adopt the convention that (Q,p — 2] is empty if p — 2 < Q. Thus, the first
part of the definition of A implies

In Y D Allwll2lwgllz Y 1Vl

p>Q |g—p|<2 Q<p'<p—2
SY Alwgls > Alloplleo
>Q Q<p'<q+2
S Y Allwgl3 Y ALTATT
>Q Q<p'<q+2
Scov D AT |wgl3 DT ALTANN 2
>Q Q<p'<q+2
Scov Y AT |wgl3
>Q

where we need o > —1. While the second part of the definition of A gives

e S Y Mllwpllzlwgll2 Vocoliso

>Q |g—p|<2
p>Q

Seov Y AN w3
>Q

Seov > AT w3
>Q

We will now estimate I5. It follows from integration by parts that

Iy= > A2 >

g=—1 lg—p|<2

<>y )\38/W|Aq(u~)p®vp)qu\dx
2

>Qp=q—

<30 ST ARyl lwg vyl

p>Q Q<g<p+2

/ Ag(wp - Vugp—2)wg dz
’]TS

By Hoélder’s inequality and definition of A, we have

IS Y @plalvplle D AT llwgl

p>Q Q<g<p+2

S Y AN dplla D> AT w2
p>Q Q<g<p+2

S Y N llwple YD AT wgllaAg A TN
p>Q Q<g<p+2
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Now we use Young’s and Jensen’s inequalities to infer

IsSeov Y AP llwplla Y AN flwglla(DAg—p) F
P>Q Q<g<p+2

Sav Y AN lwpll3 +eor Yo (Y] AT wglla(DAg—p) T
p>Q p>Q \Q<g<p+2

Seov Y AT w3,
p>Q

where we used 0 > —1 and s > —1 — 0.
Therefore, we have for 0 > —1 and —1 — 0 < s < 0,

I < cov||Vowl|2. (4.15)

Now applying Bony’s paraproduct formula to J yields

dr

J:/t doar
to

g=z—1

<Y ¥ o

q=—1|q—p|<2

fY Y

q=—1|q—p|<2
2s

+>0>. >N

q=—1p=q—2[p—p’|<1

= J+ Jy + J3.

/ Ag(w - Vv)wg dz
T3

/ Aq(ugp—2 - Vwp)wg dz
T3

/ Aq(up - Vwgp—2)wg dz
T3

/ Ag(up - Vwy Jwg da
T3

We further decompose J; by using a commutator form

neyY Yo

qz—1|g—p|<2

+ Z A2 /]RS Ugg—2 - VWawg dz

q=—1
2s

DI Y

q=—1|qg—p|<2

= Ji1 + Jiz + Jis.

/ [Ag, ugp—2 - VIwpw, da

/RS (ugp-2 — ugq—2) - VAgqwpw, dz
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To obtain the second term, we used >, <o Aqwy, = wg. In fact, we have Jip =0
since divugg—2 = 0. In the first term, the commutator is defined as

[Ag,ugp—2 - VIwy 1= Ag(ugp—2 - Vwy) — ugp—2 - VA wy,.

It is easy to see (for more details, see [3]) that for any 1 < r < oo,
I[Ag; ugp—2 - Viwpllr S [[Vtrgp—2llool[wpllr-

Then Jq; is estimated as

Ji1 < Z Z /\35 /]1‘3 [Ags ugp—2 - V]wpwg|da

>Q |q—p|<2
p>Q

SZ Z ’\gs‘lvu(Q,zFQ]||oo||wp|‘2||wq“2

7>Q |qg—p|<2
p>Q

+30 3 22 Vucqlloollwpllalwgl2

>Q |g—p|<2
p>Q

= Jin + Jiie-

Here

Jin S Z )‘gsanug Z Ap [[up [loo

>Q Q<p’'<q

Seov y Allwgll3 Yo AT

>Q QR<p'<q

242s 2 14+oy1—0\—2
Sew SN w3 S0 AL,
>Q Q<p'<q

Seov AT w3,
>Q

where we used o > —1. As for the second term, using the fact that ||[Vugg|leo <
covA? for ¢ < @, we obtain

Tz S covA? Y A lwgll3 S cov Y AT w3
>Q >Q
The term Ji3 is estimated as
Jis < Z Z )‘33/ [(ugp—2 — ugq—2) - VAwpwy| da
>Q |g—p|<2 R

p>Q

37 A uggma.q)lloollwg 13
>Q
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S YAl aaloolwgl3 + D7 D7 AT lupllollwgl13

>Q 9>Q q—4<p'<q
p'>Q
= Ji31 + Jiz2-
As before, we adopt the convention that (¢ — 4, Q)] is empty if ¢ — 4 > Q. We have

Jiat S covd Y AT lwgll3 S cov Y AT lw 3,
>Q >Q

and

J132:Z Z >\,11+2SHUp’Hoo||wq||§

9>Q g—4<p'<q
p'>Q

Scav Yo ATEATI T Jw,ll3

a>Q q—4<p'<q
p'>Q

S Y AT lwgl3(LAg-g) 7
>Q

Scov Y AT w3,
>Q

where we used o > —1.
Now we continue with Jo:

R=Y Y

>Q |g—p|<2
p>Q+2

<Y Y W lupllecl Vg p-allallw 2.

7>Q [g—p|<2
p>Q+2

Using definition of A, Young’s, and Jensen’s inequalities, we obtain

Jo Scov Yy > AZBATON [wll2]| Vg p-a 12

7>Q |g—p|<2
p>Q+2

Seov Yy AN wg o Vg q 12
>Q

Seov Y AN wgllz Y Apllwy s

>Q Q<p’'<q

Seov Y A llwglla D A llwy Xy TN AT
>Q Q<p'<q

/ Aq(up - Viwgp—2)wg dz
T3

Seor SN wgllz | S0 AL w2 (Lag—p)* 7
>Q Q<p’'<q
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Seor SN Nw B+ eor 3 [ ST AL s 2(EAg—p)

>Q 7>Q \Q<p'<gq
242 2
S CoV Z )‘q S”wq”Za
>Q
where we used s < o+ 1 and 0 > —1.

Notice that the last term J3 can be estimated in the same way as I3. Therefore,
we have forc > —1land -1 -0 <s<1+o0,

J < cov|| VIS w]|3. (4.16)

Combining (4.15) and (4.16), we conclude that for any ¢ > 0, there exists an
dimensionless constant C' > 0 (that depends only on ¢) such that

I+ J < Cer|| Vw3,
where s = min{—1/2 + §/4,0} < 0. Choosing ¢q :=1/(2C), we infer from (4.14)
that for all tg < ¢,

oo < o)l —v | 19" wlfar

< lolto)y ~ 3 [ ol
with kg = 27/L. Thus

_ 2+42s
lw @)l < llwto) [T ¢t <t

Recall that s < 0 and hence [|[w(t)||ms S A§llw(t)]|2, which is bounded on R as w(t)
is the difference of two complete bounded trajectories. Taking the limit as tg — —o0
completes the proof.

O

5. Average determining wavenumber and Kolmogorov’s dissipation
wavenumber

The goal of this section is to derive a uniform upper bound on the average
determining wavenumber in the absorbing ball. First, recall that A,(t) is defined
as

Ay (t) == min{A, : (L)\p,q)")\ngupHOO < cov,
Vp > q and )\q_QHVu@HOO < cov, q € N},

where 0 = (§ — 1)/2 and ¢y is an dimensionless constant that depends only on 6.
Recall that o € (—1/2,1]. We will drop the subscript v in A, and define @ so that
Ao = A.
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LEMMA 5.1. If \g < A < o0, then

(cov)?A* < [[Vucq-1ll3 + Sgg(L)‘P*Q)QUAQHUPHgO' (5.17)
bz

If A = o, then

sup )\Z||uq||Oo = 00.
q

Proof. First, consider the case A = co. Then for every ¢ € N either
sup(L)\p_q)")\;lﬂupHoo > cov, (5.18)
p>q

or
22 Vugglloo = cov. (5.19)
If (5.18) is satisfied for infinitely many ¢ € N, then

limsupsup A, (LA,)7 [|up | = cov.
g—o0 p>q

Since o > —1, this immediately implies that sup, A7 [[ug]/oc = oc.
If (5.19) is satisfied for infinitely many ¢ € N, then

lim sup )\q_2||Vu<q||oo = v
q—o0

On the contrary, since o < 1,

22 IVugglloo S 272D Aplluplloo

P<q
=AY (EA) T A gl
P<q
< /\;”_1 sup )\;HupHoo.
P<q
Hence, since —o — 1 < 0, sup, A7 [|14][oc = 00.
Now if Ao < A(t) < oo, then both conditions in the definition of A are satisfied
for ¢ = @, but one of the conditions is not satisfied for ¢ = Q — 1, that is,

2(7[’762“)(’/\5?1_1||up|\OO > cov, for some p=Q, (5.20)
or
IVuco-1lloo = COV)\QQ_l = LeguA? (5.21)
Thus we have
(cov)?A* < 16(\p—qL)*7 A?|Ju, %, for some p=Q,
or
(cov)*A* < 16]Vugq-1l.-
Hence, adding the right-hand sides, we obtain (5.17). O
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We will now consider the average determining wavenumber

t+T
(A) := %/t A(7) dr,

and compare it with Kolmogorov’s dissipation wavenumber defined as

VA(Oi t+T

e\ 1/d+1
Kq 1= (ﬁ) ) €= V/\8<HVU||§> = T

[ Vu(r)||3 dr, (5.22)

where d € [0, 3] is the intermittency dimension and ¢ is average energy dissipation
rate per unit active volume (i.e., the volume occupied by eddies). Recall from the
definition of intermittency (5.23) that

<Z A g2 S MY A(2,||uq§>~ (5.23)

q<Q q<Q

The case d = 3 corresponds to Kolmogorov’s regime where at each scale the eddies
occupy the whole region, and d = 0 is the case of extreme intermittency.

Consider now a solution w for which d > 4, that is, d > 20 + 1. Then whenever
Ay () is finite, we can use (5.17) in lemma 5.1 and Jensen’s inequality to get

Ad—S
(42t g A7 (|Vu<Q1|io n sup(LAqQ>2“A2||uq||zo)
(COV) q=Q
2
1 -~ _
S A g eErg-)
Q-1
d—1 ) )
+ 2 s (L) 1
q=Q
1 B 1 el
S S e
q<Q—-1 z

1 e
o A g
q
If A = oo, this inequality is also true. Indeed, in this case, lemma 5.1 implies

Zkﬁfllluqllfw > Z/\gg”uqngo = .
q q

Then thanks to Jensen’s inequality,

(A) = o S (A= Ng)dTHy/a+t

. 1/d+1
(BT )
q
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Now using (5.23), we conclude that

1/d+1
< 1 d—1 2
() =20 Sa { o 30N gl
<Q

\d 1/d+1
DI

q<Q

v3

Al 1/d+1
< < 0 |Vu||§>

Consider now Kolmogorov’s regime where d = 3. Then a similar computation

yields
(st {45)
(log(A/Xo))!/* /™ Q
1
<
~ Q COVQ
q
1 1
S ;Z/\gﬂuqlﬁo*—
q<Q
M e )
< (58S A2l
q
S Ka.
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