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Abstract  We consider the focusing nonlinear Schrédinger equation on the quarter plane. Initial data
vanish at infinity while boundary data are time-periodic. The main goal of this paper is to introduce a
Riemann—Hilbert problem whose solution gives the solution of our initial-boundary-value problem. This
is a preliminary step to obtain uniform long-time asymptotics for the solution of this equation using
both the stationary phase and the Deift—Zhou methods.
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1. Introduction

Since the discovery of the inverse (spectral) transform method to solve initial and bound-
ary value (IBV) problems on the whole line with vanishing conditions for the Korteweg—
de Vries (KdV), nonlinear Schrédinger (NLS), sine-Gordon (sG) and other integrable
equations several attempts have been made to extend this method to more difficult IBV
problems: Dirichlet, Neumann, Robin conditions are prescribed on the half-line or on the
interval. The main difficulty associated to this type of IBV problems for nonlinear as
well as linear PDEs is the presence of unknown boundary values [15]. Such a problem
is described by constructing a relation among all boundary values in terms of the given
ones. This relation is called ‘global relation’ and in the nonlinear case this relation takes
the form of a set of nonlinear and non-local equations involving the unknown boundary
values (see [5-9]). This paper is devoted to a complete and rigorous study of an IBV
problem related to integrable focusing nonlinear Schrodinger equation in a quarter plane
x >0, t > 0 with time periodic boundary data, and initial condition vanishing at infin-
ity. To make this program we use a Riemann—Hilbert approach proposed in [14], where
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was developed a new transform method to solve IBV problems for linear and nonlinear
integrable equations based on the fact that these type of equations has a remarkable
property: they possess a Lax pair. The resulting spectral analysis allows the solution
to be represented in a simple form. The initial and boundary conditions must satisfy
a certain global constraint relation for the IBV problem to be well posed (see also the
review [15]) for this method. One of the important advantages of this method is that we
obtain the solution in a very convenient form to study its long-time asymptotics. Using a
steepest descent method [10-12] for oscillatory Riemann—Hilbert problems the long-time
asymptotics of several IBV problems were studied in [16-18,20], under the assumption
that the boundary values at = 0 vanish for t — 4oc0. It is necessary to emphasize that
an IBV problem posed on the quarter plane x > 0, ¢t > 0 differs from one posed on a
semi-strip x > 0, 0 < t < T < 00, because the corresponding Lax operator related to the
t-equation has a spectrum of an essentially different nature in both cases. To the best of
our knowledge such a type of IBV problems has not been considered elsewhere, anyway
in the framework of RH problem. We provide such an implementation for the simplest
periodic boundary data. Fortunately, this simple case contains all the novel ingredients
necessary for the corresponding RH problem with general periodic boundary data.

The Dirichlet IBV problem
We consider the following initial-boundary-value problem for the ‘focusing nonlinear
Schrédinger’ equation:
ig¢ + quo +2/¢|’¢ =0, with z,t € Ry, (
q(z,0) = qo(z), (1.1b
q(0,1) = go(t) = ac*rHie, (
90(0) = go(0) = ae'®, (

where go(z) vanishes for © — +00, a > 0, a and w are real numbers. Let us even assume
go(z) € S(R) where S(R) is the Schwartz space of rapidly decreasing functions on R :

S(Ry) = {u(z) € C*Ry) | 2™u'™ (z) € L=(R,) for any n,m > 0}.

The Lax pair

The focusing nonlinear Schrodinger equation admits [21] a Lax pair consisting of the
following two eigenvalue equations [1,13]. For the study of the initial-boundary-value
problem (1.1) we shall use simultaneous spectral analysis of the eigenvalue problems for
the linear x-equation,

b, +iko3d = Q(x, )P, (1.2a)
o 0 q(z,t)
Qx,1) = <_q<x’ Hoo0 ) (1.2b)
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with o3 = (§ %), and for the linear t-equation,
B, + 2ik%03P = Q(x, t; k)P, (1.3a)

Q(m,t; k) == 2kQ(x,t) —i(Q*(x,t) + Qu(x, 1)), (1.3b)
where &(z, t; k) is a 2x 2 matrix-valued function, k& € C. This is the well-known Zakharov—
Shabat [21] or Ablowitz—Kaup—Newel-Segur [1] system of linear equations, which are
compatible if and only if ¢(z,t) solves the nonlinear Schrédinger equation (1.1a).
Floquet solution

The focusing NLS equation (1.1a) admits the exact solution
ap(x,t) = qedibet2iwtia,
w:=a?-2b% a>0.

Let Qp(t; k) = Qp(O,t; k) where Qp(x,t;k) is defined like Q(z,t;k) but starting from
gp(x,t) instead of g(z,t), i.e

Qp(ts k) 1= 2kQp (1) —i(Q3() + (@p) (1)),
with

0 aeint+ia
Qp(t) == Qp(0,t) = (_ae—2iwt—ia 0 ) )

2iabe—21wt—1(x 0

— 0 qp(,1)
Qp(x,t) = (—qp(x,t) 0 ) .

Consider now the t-part (1.3a) of the Lax pair associated with Q,(t), i.e.

ia eint i
(Qp)alt) = (Qp)r(o,t)( ’ Zabe et )

Wy (t; k) + 2ik%a3W (t k) = Qp(t: k)W (t;k), t>0, k€ C, (1.4)
where ¥(t; k) is 2 x 2 matrix-valued. A particular (Floquet) solution of (1.4) is given by
U (t; k) = E(t; k)el @ PR)ost, (1.5a)
t k‘ _ elwa‘st(kj) = 1wagtE —1wa31‘ (1.5 b)
) + k +0b k: b
2X 2X
(1.5¢)
- —b +k+b
2X 2X
=2(k — (1.5d)
( ) (k+ b) (L5e)
w = a® — 2b%. (1.5 f)
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We fix the branches of the square roots by their asymptotics, for k — oo:

=(k+b2+a2=k+b+ 0k, (1.6 a)
V2X (k) = V2k + 0(1), (1.6b)

V2k +0(1),
k+b+X(k) = 0< 1 > (1.6¢)

Vk
where v2k is positive when argk = 0.

Assumptions. Throughout the paper except in §3 we assume that the Dirichlet IBV
problem (1.1) has a global solution ¢(z,t), sufficiently smooth and with sufficient decay
for £ — +00. We also assume that the Neumann boundary values take the form

02(0,1) == g1 (t) = 2iabe®™* + vy (1), (1.7a)
20> = a? —w >0 (1.7b)
with vy (t) € S(R4).
Actually one can consider the Neumann IBV problem:

ig: + que +2|q)?¢ =0, with 2,t € R,

q(x,0) = qo(),
42 (0, 1) = g1(t) = 2iabe” e,

q02(0) = g1(0) = 2iabe™,
instead of the Dirichlet problem (1.1). In this case we have to suppose that
q(0,1) = go(t) = ae®* 4 vy(t), (1.9)
with vo(t) € S(R4).

A justification of these assumptions which can be done by an asymptotic investigation
of the basic Riemann—Hilbert problem formulated in §2.5 when z = 0 and ¢ tends to
infinity as well as the asymptotic analysis of the whole IBV problem for large time is
now in progress with A. R. Its.

In this paper we restrict our attention to new RH problems connected with the Dirichlet
IBV problem (1.1) or with the Neumann IBV problem (1.8).

Notation. If p is a 2 x 2 matrix we denote its columns by [u]; and [u],.

2. Direct scattering problem

We analyse the direct scattering problem associated to a given solution of the considered
initial-boundary-value problem. Let us assume that this solution g(x,t) is C*°, continuous
with all its derivatives up to the boundary {x = 0} U {¢t = 0} of the quarter zt-plane and
q(z,t) € S(R4) in z for any fixed t € Ry.
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Figure 1. The domains D; for the case w < —3a%,a>0,b>0.

2.1. Domains of boundedness

We consider
Y :={keC|Im(k)=0}.

If k1 = Rek and ko = Im k, the equation Im £2(k) = 0 implies
ko =0
or
kiki = (ki — b) (ki 4+ bk1 + 2a®) = (k1 — b) (k1 — k_) (k1 — Kk4)  with |kq] < [b).

In what follows we suppose b > 0. The case b < 0 is similar. There are two cases.

Case w € —3a?

If b2 > 2a2, i.e. w < —3a?, k4 are real and

Ky = —2b+ /102 — a2,

with —b < k_ < —b/2 < K4 < 0 (Figures 1 and 2).
In this case, X consists of the real axis R, the finite arc v U4 whose endpoints are the
branch points E = —b + ia and E = —b — ia, and the contour I U I':

Y=RUyUyUTUT.

The D;, j =1,2,3,4, are the following domains:

Dy :={keC|Imk >0, Im2(k) > 0},
Dy :={keC|Imk >0, Im 2(k) < 0}, 2.1)
Ds:={keC|Imk <0, Im 2(k) > 0},
Dy:={keC|Imk <0, Im 2(k) < 0};
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Figure 2. The domains D; for the case w = —3a?, a > 0, b > 0.

and we also define

Dy :=D;UD3 = {kecC|Imn(k) >0},
D_:=DyUD,={keC|Im2(k) <0}

So we obtain a partition of the complex k-plane C:

DiUDyUD;UD4UX =C.

Case w > —3a?

If % < 242, i.e. w > —3a?, k4 are complex conjugate. In this case, in order to define
Dy, ..., Dy it is necessary to consider the Riemann surface X of genus zero defined by
the algebraic function

z=0(k):=2(k —b)X(k)

with
X(k)=+/(k+b)?+a?

It is a two-sheeted Riemann surface obtained by gluing two copies C'PPe* and C'oVer of
the complex plane cut along the contours I' and I" where Im §2(k) = 0 (see Figures 3
and 4).

Let I, = I" A Iy be obtained by gluing the paths I';" and I, , and similarly,
Iy =TI ALY Let also Iy = I;T ATy and Iny = I ATy . Let cop = oof A ooy,
OOQZOO;AOO;,E:El/\EQ andE:El/\Eg.

The contour X' C X is as follows:

3 = RUPPET JRIOWeT | 5 U Ty U Tyo U Ty,
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1st (upper) sheet 2nd (lower) sheet

Figure 3. Two copies of the Riemann sphere with cuts along I" U I from E to E.
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Figure 4. The domains D; on the Riemann surface X for the case w > —3a?.

The Dj, 7 =1,2,3,4, are the following domains:

Dy ={keX|Imk >0, Im (k) > 0},
Dy ={keX|Imk >0, Im2(k) < 0}, 22)
D3 ={keX|Imk <0, Im2(k) > 0},
Dy={keX|Imk <0, Im2(k) < 0}.

The domains Dy = C}PP"\ (I'2UI%:) and Dy = C™PP\ (I'2UI,y) are on the upper sheet
of the Riemann surface X, while Dy = (Ch‘_”"er \ (I'ia U Iyy) and D3 = C'o%er\ ("5 U Tyy)
are on the lower sheet (see Figures 4 and 5).
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So we obtain a partition of the Riemann surface X:
D,UDy;UD3sUDsU XY =X.
We define

D+=D1UD3:{I€EX|IH1.Q(I€)>O},
D,ZDQUD4:{kEX|ImQ(k’)<0}.

2.2. Eigenfunctions

We assume that there exists a unique global solution ¢(z,t) satisfying (1.1) and
(1.7) and we consider the associated functions Q(z,t) and Q(z,t; k) defined by (1.2b)
and (1.3b), respectively.

Define the 2 x 2 matrix-valued functions {yu;(z,t; k) ;’:1 for0 <x <ooand 0 <t < oo,
as the solutions of the following Volterra integral equations:

pa( tik) = I — / SHEDITS (Quy) (€, 8 ) d, (230)

T

t
pa(o i) = 1 e 00 [ o050 Q) 0,73y
0

xr
+ [ e on Qe nn s (230)
0
I (iL’, t; k) _ efikm&3+iwt&3E(k)

t
+e71km35(t; k)/ ei[“’fn(k)](tfﬂﬁf‘g*l(r; k)@o(r; kE)p1(0,7; k) dr

oo

+ / "o ke (Quuy ) (€, 1: K) d, (2.30)

0

where E(k), E(t; k), and £2(k) are defined by (1.5¢), (1.5b), and (1.5d), respectively, and
Qo(t: k) := Q0,1 k) — Qp(t: k).

3

Proposition 2.1. The 2 x 2 matrices {y1;(x,t;k)};_; have the following properties.

(i) Forj=1,2,3,

det pj(x, t; k) = 1. (2.4)

(i) The functions {®;}3_, defined by

By (x,t; k) = pua (w, ; ke Fros il 2Wlios (2.5)
Dji(x, t; k) = uj(a:,t;k)e_ikmrzikzt‘”, j=2,3, (2.6)

satisfy the Lax pair (1.2), (1.3).
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Figure 5. The domains D; for the case w < —3a?, a >0, b > 0.
For j =1,2,3,
1
pi(z,t;k)=I+0 7 ) Imk =0, k — oo. (2.7)
Near k = —b % ia, the matrix pi(z,t; k) exhibits inverse fourth-root singularities

like those the matrix E(k) has.

The matrix ui(z, t; k) has different boundary values along a cut connecting the two
points k = —b + ia, which are the branch points of the function X (k).

The matrix po(x,t; k) is entire in k € C. Furthermore,

fi = (u§2) u§3)) N (uél) ug”) . k3= (M;(),M) uém)) , (28
where ugg) means that the first column vector [u1(z,t; k)]1 is bounded and analytic

in Day; Mgs) means that the second column vector [uy(z,t; k)]s is bounded and
analytic in Ds; uém) means that [us(x,t; k)]2 is bounded and analytic in Dy U Dsy;
etc.

Proof. The matrix-valued function ¥(¢; k) defined in (1.5) is bounded in ¢t € Ry for
k € X. The vector functions [¥(¢;k)]; and [¥(¢; k)] are bounded in ¢ € Ry for k € X
They are C* for t € Ry and k € X\ (EUE). For k € C\ X the matrix-valued function
W (t; k) is unbounded for ¢ € R;. However, its first column [¥(¢;k)]; has exponential
decay in D_ = Dy U Dy for ¢ — 400, while the second column [¥(t; k)]2 has exponential
decay in Dy = Dy U Ds:

[W(t; k)1 = O(eF2m2Mty 4 4 4oo,
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Figure 6. Paths of integration for the construction of @;, ®2 and &s.

But, both grow exponentially when k € D, = Dy U D3 and k € D_ = Dy U Dy, respec-
tively. The matrix elements of the function ¥(¢; k) has inverse fourth-root singularities
at k = —b+ia and k = —b — ia where X (k) vanishes.

We introduce appropriate solutions {@;(x,t; k) §?=1 of the Lax pair which are normal-
ized at the points (0, 00), (0,0), (oo, t), respectively (Figure 6).

We construct these solutions as follows: the general solution of (1.2) is

TPz, t; k) = 2073 (10, t; k) —I—/ 75 (QP) (€, t; k) dE. (2.9)

Zo

Since equations (1.2) and (1.3) are compatible a necessary and sufficient condition for
&(z,t; k) to satisfy equation (1.3) is that @(zo,t; k) satisfies (1.3) evaluated at x = xo.

For @3(x0,t; k), we choose xy = oo. Thus, since @(co, t; k) satisfies (1.3) with Q = 0,
it follows that (oo, t; k) = exp|—2ik*to3]C5(k). Letting C5(k) = I we find

By (w, t; k) = e HETRDT _ / ME=D)3(Qabg) (€, 15 k) dE. (2.10)

Then the definition (2.5) and (2.10) yield (2.3 a).
For &, (x,t; k) and Po(x,t; k), since zop = 0, it follows that these functions satisfy the

equation

d - .
&qu(o, t; k) + 2ik%038;(0, 1 k) = (Qp(t; k) + Qo(t; k))P;(0, k), j=1,2.

For @4 (x,t; k) this equation yields
. t 2 ~
By (x,t; k) = e KlaF2k)o {02(/@) + / RT3 () (0, 75 k) dT}

0
+ / ' €73 (Qdy) (€, k) dg. (2.11)
0

Using the fact that ¥(¢; k) satisfies (1.4) it follows that

S ER)B0,68) = 07 (1K) Qolt: K (0,85 ).
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Solving this equation (with initial point ¢ = oo) and substituting the expressions for
$41(0,t; k) into (2.9) with zo = 0 we find

b1 (x,t; k) = e ke (1 k) {Cl(k‘) + /t v(r; k)@o(r; E)P1(0,7; k) dr

(oo}

* / TN Q) (6 1) AL (212)
0

We choose C1 (k) = C(k) = I. Substituting these expressions into (2.11) and (2.12), and
using the definitions (2.6) we find equations (2.3b) and (2.3¢). It is easy to verify that
properties (2.4) and (2.7) hold.

In order to determinate the analytic properties (2.8) of {u;(z,t; k) 3?:1 with respect
to k we look at the explicit k-dependence of equations (2.3 a) and (2.3b). Recalling that

b (E=2)6s 4 — An Aype?ik(E=2)
A21ef2ik(§fz) Ao

it follows that the second column of ju3 involves e?*(€=%) which is bounded, since é—z > 0,
and analytic in k for Imk > 0. Similarly, the second column of sy involves e~ 2,
e?k(€=2) and e~ 22(R)(=7) Since x > 0, x — € > 0, and t — 7 > 0 the corresponding
terms are bounded and analytic in & for Imk < 0 and Im £2(k) < 0. Similar properties
are valid for the matrices {®;(x,t;k) §?=1. Details about eigenfunctions can be found
in [2-4]. O

2.3. Relations among eigenfunctions

Let {®; }3?:1 be the 2 x 2 matrix-valued functions defined in Proposition 2.1. Then in
their domains of definition the functions {®;(z,t; k) ?:1 satisfy both equations of the
Lax pair, and their determinants (2.4) do not vanish. Hence they are linearly dependent
and satisfy the following dependence relations:

Ps(x,t; k) = Po(x,t;k)s(k), keR, (2.13)
&y (x,t; k) = Po(x,t;k)S(k), ke X, (2.14)

where s(k) and S(k) are defined by
s(k) := @3(0,0; k) =: ( l_g(l_z) biii) ) (2.15)

st = w00 = (440 40 219

Furthermore, the scattering relations (2.13) and (2.14) yield

Py (2, t; k) = P3(x, 5 k)T'(k), (2.17)
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where
T(k) := s (k)S(k). (2.18)
We denote by {Ti;(k)}7,_, the entries of the 2 x 2 matrix T'(k). Then (2.15), (2.16)
imply:
Th1(k) = Toa(k) = a(k)A(k) + b(k)B(k), (2.19)
Ti2(k) = —Ta1(k) = a(k) B(k) — b(k)A(k). (2.20)
We define o _
o T BB B(D o)

T Tu(k)  alk)  a(k)Tu(k)

which is analytic and bounded in k € Dy and is O(k~!) as k — oo. This follows from
the definition of ¢(k) and from the corresponding properties of the functions a(k), b(k),
A(k), B(k) described in §3 below.

Notation. Let ¢ be a scalar function defined in V'\ X where V is a neighbourhood of
an oriented contour Y. We denote by ¢* (k) and ¢~ (k) the limiting values of ¢(z) as z
approaches k € X' from the positive and negative sides of X, respectively.

Then, we introduce the jump of c(k) over ~:

7iefla

flk) == c"(k) —c*(k) = W (2.22)
Proposition 2.2. The following relations are valid:
[@1(x,t;k>]1 _ [¢2($,t§k’)]l _ C(k‘)[@g(-’ﬂ t: k)]z forkeTl (2.23@)
Ty1 (k) a(k) b ) )
[D1(z, k)2 [Da(x, k) - ' )
k)  ak) —c(k)[@s(x,t; k)1, forkel, (2.23b)
@ (@, k) [P (e, R |
Thk)  Tok) —f(k)[@s(z,t;k)]2, fork €, (2.23¢)
[¢T;§r;(t];)/€)]2 B [¢11E:2,(t];)/€)]2 Rt B, forken. 2230

Proof. Using (2.17) it is easy to find that for the first and second columns we obtain

RULEOR _ (g 1) + o0 s (a, )
[@ (;;155 ;)] (224)
W = [B3(x, t; k)]2 — p(k)[P3(x, t; k)1,
where o o
(k) o T21(0) _ BRVA(K) — a(k)B(F)
© Ti(k)  a(k)A(k) +b(k)B(k)’ (2.25)
5(F) = ~Tia(k) _ b(@A(k) — Cj(]f)B(k)
P Toa(k) — a(k)A(k) + b(k)B(k)’
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In order to prove the jump relation across ~, we note that

O (z, k)1 (D] (w,t; k)] 1 B B
[ T(;l(tk) | T(H(tk) )] :TﬁTﬁ(detqul]1,[¢3]2)[¢1+11—det([qﬁﬂl,[@g]z>[¢1h)
_ det([P7 1, [st]l)[@g]z

)

— 7t
ATVAY)
where we used

Ty1(k) = det([P1]1, [@5]2).

Taking into account that

d%d¢1hJ¢fh)=<Mt< g )::deWM4w+h>:iei%

we obtain the jump condition (2.23¢). The jump condition (2.23d) across 7 can be
derived in a similar manner.
The scattering relation (2.13) gives

P& BN 15 0 1k 4 (h) B 12 R
a(k) (2.26)
[@o(z, 5 K)]2 _ '
=t = [D3(w, 4 k)] — (k) [P (2, t k)]s
a(k)
where E(]_g) b(k)
)= gy TR =25 (2.27)

From (2.26) and (2.24) one can easily find the relations (2.23a) and (2.23b) with
B(k)
a(k)[b(k)B(k) + a(k)A(k)]

c(k) = p(k) —r(k) = —
O

Remark. The matrix s(k) = @3(z,0; k)|z=0 (2.15) is uniquely defined in terms of ¢(x; k)
which is a solution of the Volterra integral equation

plask) = 1= [ &HEDmQu€)pl6s b
Similarly, the matrix S(k) which is defined by (2.16) can be also defined in terms of
Dt k) =0t k)D2(0, 1 k),

which is a solution of the Volterra integral equation

Dt k) = B~ (k) + /Ot v(r; k)QO(T; k)Y (15 k)®(T; k) dT.
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Thus S(k) can be defined by two different formulae:
S_l(k) = P00 k) = E71(k) +/ (T, k)QO(T; k) (7; k)P(1; k) dr,
0
S(k) = 1(0,0: k) = E(k) — / UL (r: k) Do (71 k)1 (0, 7 ) dr-
0

2.4. The global relation

By evaluating (2.17) at z = 0, t = to > 1 and using the definition of T'(k) = s~*(k)S(k)
we obtain
STHk)s(k) = [~ (to; k) + o(1)]@3(0, to; k),

or, since U1 (tg; k) = el?(K)toos B=1(f)e-iwtoos,
S (k)s(k) = 2007 B (k)e10% + (1)) 0, to; K)o P07,
By putting
C(k,to) = E~ 1 (k)e "7 (0, to; k)
= 5 - [T e Q) et ),
we finally find
S~ (k)s(k) = e 2B05[C (o) + o(1)]e~ 2K toos (2.28)
By using (2.15) and (2.16) the (2.28);2 component of the relation (2.28) yields
b(R)A(K) — a(k) B(K) = [ex(k, to) + o(1)]e!( 70 +2#0)0

with the function cg, defined by

cp(k,to) = _/OOO (&, to)[us]r2(&, to; k)™ de,

which is analytic and bounded in C; and it is O(1/k) for kK — oco. The left-hand side is
analytic in k € D;. The right-hand side is also analytic in k € D; and tends to zero for
to — +oo (Imk? > 0). Thus the ‘global relation’ becomes

b(k)A(k) —a(k)B(k) =0 for k € Ds. (2.29)

The global relation yields that Ti3(k) = 0 for & € Dy and Ty (k) = 0 for k € D,.
In particular, the global relation means that p(k) = ¢(k) + r(k) = 0 for k € [ky, +00).
Moreover, it can be shown [3,4] that p(k) and all its derivatives have jumps at k = x_:

d! d! d!
@P(k?) - @P(k) = @f(k) ;=12 (2.30)

k=rk_—0 k=rk_-+0 k=k_
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Figure 7. The oriented contour X for the case w < —3a?, a > 0, b > 0.

In view of the global relation and the determinant relations

la(B)? + |b(k)? =1, kER,
A)A(k)+B(k)B(k)=1, ke X,
we find ")
_ -1y _ @
Tu(k) =T () = 5. b€ (rec0). (2.31)
Therefore, Ty (k) and Tao(k) have analytic continuations to the domain D;. Similarly
_ Ak
Tii(k) = T221(k) = 7(*) (2.32)
a(k)
for k € D4. As a consequence it follows that
la(k)| = |A(K)|, k € (k,00), (2.33)
[gpl(%‘vfa k)]l _ [433(717’?7 k)]l’ ]{1 c D47
A(k) a(k)
(2.34)
[@1 (l‘, t; k)]Q _ [@3(.2?, t; k)]g ]{) c D
A(k) a(k) .

2.5. The basic Riemann—Hilbert problem

We will show that the relations (2.13)—(2.20) among @1, P2, 3 can be rewritten in
the form of a Riemann—Hilbert problem RH,;:

M_(x,t;k) = My (x,t;k)J(x,t; k), keX, (2.35)

where My (x,t; k) and M_(x,t; k) denote the limiting values of M (x,t;z) as z — k from
the left and right sides of X, respectively (see Figures 7-9).

The contour X

There are two cases: w < —3a? and w > —3a2.
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Figure 9. The oriented contour X for the case w > —3a2, a > 0, b > 0.
Case w < —3a?

The Riemann—Hilbert problem RH,; is defined on the complex k-plane C with the
oriented contour (see Figures 7 and 8)

Y=RUyUyUTUT.

Case w > —3a?

The Riemann-Hilbert problem RH,; is defined on the two-sheeted Riemann surface X
of genus zero with the oriented contour (see Figure 9)

E:RUPperUwaerUFlQUFgl UF12Uﬁ21.
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The jump matrix J(x,t; k)
Case w < —3a?

We recall that ¥ = RUTI'UT' Uy U% (see Figures 7 and 8). The jump matrix J(z,; k)
is given by six different expressions:

1 _ﬁ(k)e—2i(km+(9(k)—w)t)
< k) i (e 20)—0}t) 1+ |p(k)|2 ) ke (_OO, /f+)a
_f(k)e—Qi(ko;—i-(Q(k)—w)t)
( 21 kx+(ﬂ(k) w)t) 1+ ‘T(k)|2 y ke (K?+7OO)3
0
( e2i( km+(9(k)—w)t) 1) ’ et
J(l’, t’ k) = 1 721 (kz+(2(k)—w)t) B
’ kel,
0 1
—219+(k)t 0
21 kz—wt) 62i9+(’9)t ’ ke "
—2IQ+ J?(,;)e—m(zm—wt)
( R ’ ke7.
(2.36)

Case w > —3a?

We recall that
2:RupperuRlowerUp12Up12UF21 Ul

(see Figure 9). The jump matrix J(z,t; k) is also given by six different expressions:
1 77:(k)672i(kz+(9(k)7w)t)

(ki) 2i(kx+(2(k)—w)t) 1+ I’I”(k)|2 )

_p(k)e—Qi(kz+(Q(k)—w)t)>

k € Rupper,

ke Rlower7
ok 21(1m+(9(k)—w)t) 1+ |p(k)|?

0
—e(k)e zl(m+(:2( )—w)t) 1) ) k€ Iy,

k € Io,

o

1
—21(km+((2(k) w)t >

1 & (k —2i(ka+(2(k)— w)t))

—
I

kEle.

o

1

0
( 21(kz+ 2(k)—w)t) 1) ’ ke Flg,
J(x, t; k) = (

(2.37)
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Here ¢t (k) and ¢~ (k) are boundary values at k of the function ¢(z) which is analytic in
the domain Ds.

Residue conditions

In the presence of eigenvalues the following residue conditions hold:

vesy_y,; [M (2, t; k)|y = im}e? Rt (@ED=ID N (3 1 k)], kj € Dy,
resp—.. [M(z,t; k)] = 1m3e2‘(zﬂ+(9(zﬂ) DM (2, t; 27)]a, zj € Da,
o o N (2.38)
TreSp—z (l‘,t; k)]g = —lﬁlje i(Zj24(2(2)—w)t) [ (x,t; Zj)]l, Zj € D3,
res;_g, [M(z,t;k)]p = —im} et QEI=I N (2 1, k))y, ;€ Da,
where
m} = (1b(k])a(k:j))*1, m? = —iresgp—., c(k),
m; = (ib(k;)a(k;)) mF = ires,—z, (k)

Then the solution ¢(z,t) of the IBV problem (1.1) for the NLS equation is given by

q(z,t) =21 lim (kM (x,t; k))12. (2.39)

k— o0

Explanations. Let us explain how direct analysis motivates the introduction of RHy;.
Let us define a sectionally meromorphic matrix-valued function

Mz, t; k) =

<[¢2($(,I:;)k)hei(k$+(9(l~c)—w)t) (@ (, 1 k)]2ei(kw+(9(k)w)t)) :
a

ke Dq,

<[¢1($at§ k)hei(ka:-&-(!?(k)—w)t) (@5 (2, £; k)| ge—i (a2 =)0
T11(k)

k€ Do,

. By (2, 1K) _ .
ot eties @0 U o -on)
([ 3( ) T (F)
ke D3,

([453(93, £ &)y eitke+(20) =) [452(9”(;)’“)]2 —i(kz+(2(k)—w)t)

k€ Dy.

In view of (2.4)—(2.7) we have det M (x,t; k) = 1 and M (z,¢; k) has the following asymp-
totic behaviour at infinity:

M(x,t;k) =T +O0(k™"), ask— occ.
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By using the scattering relations (2.13)—(2.17) it is easy to check that the jump con-
dition (2.35) is fulfilled, i.e.

M_(z,t:k) = My (2, t:k)J(z, k), ke X,

with the jump matrix J(z,¢; k) defined by (2.36) or (2.37).
The residue relations (2.38) can be easily found. Indeed, if a(k;) = 0 for k; € Dy then
[@2 (Z‘, t; k?j)]l = b_l(kj)[ﬁpg(l‘, t; kij)]g. Therefore,

[P2(z, t; kj )]1eie(kj)
a(k;)
_ [P3(w, t; kj)]2eie(kj)
b(k;)a(k;)
1m16219( DM (z,t; k)2

resp—; [M (v, k)]1 =

and the first relation in (2.38) is proved. Now, if T11(z;) = 0 for z; € D5 then
[@1(, 8 2))11 = = B(z;)a™ ! (2))[@3(x, 1; 2))]2

and

(D1 (2, t; 2;)]1 RUEH

T11(z)
_ —BE)®Bs(@ 6 k)] oz,
a(zj)T11 (%))
1m162‘0(23)[M($,t; zj)l2,

resp—; [M(z,t; k)] =

since (k) = —B(k)a~!(k)Ty;" (k) and res—., c(k) = im3. Thus the second relation in

(2.38) is also proved. The rest in (2.38) is proved similarly. The proof of the formula
(2.39) for the solution ¢(z,t) is the same as in [19].

3. Inverse scattering problem

3.1. Inverse x-scattering problem: reconstruction of initial data
Let us define the spectral functions for the z-scattering problem.

Definition of a(k), b(k). Let go(x) € S(Ry). The map

Se :{qo(x)} — {a(k),b(k)} (3.1)

(b((’,g) = (0 h),

with the vector-valued function p(x; k) satisfying the equation
wr(x; k) +ikosp(z; k) = Qo(z)p(z; k), 0<z<oo, forkeCy,

is defined by
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and the asymptotic condition

; 0
li —ikx k) =
Jm e oz k) <1> ,

_ 0 qo(z)
QO(x) - <—QO($) 0 > .

Properties of a(k), b(k). The spectral functions a(k) and b(k) satisfy the following
conditions.

(i) a(k), b(k) are analytic and bounded for k € C.
(ii) a(k),b(k) € C>*(R).
(iii) |a(k)]? + b(k)*=1, ke R.
(iv) a(k) =14+ O0(k™1), b(k) = O(k™1), k — oco.
The Riemann—Hilbert problem RH,, is defined as follows.

Definition of RH,. Let a(k) and b(k) be given as above. Denote by ki,...,k, the
simple zeros of a(k). Find a 2 x 2 matrix-valued function M®)(z; k) satisfying (3.2a)-

(3.29).
(3.2a) M@ (x;k) is sectionally meromorphic in k € C \ R.

(3.20) M@ (z;k) = I+ O(1/k), for k — oo.

with Qo(x) given by

(3.2¢) M®)(x;k) satisfies the jump relation across R:
M (@5 k) = M (k)T (k) for k € R,

where the jump matrix is given by
1 ———=e
alk = —2ikz
J(“J)(x;k) _ (k) _ ( 1 7(k)e ) .

—b(k) o2ika 1 —r(k)e? 1+ |r(k)]?

a(k) la(k)[?
(3.24d)
(3.2¢) The only singularities of the first column [M®)(z;k)]; of M@ (z; k) are possibly
simple poles at k = ki,...,k;,, and for the second column [M @ (2;k)]> the only

singularities are possibly simple poles at k = ki, ..., k,. The associated residues
are given by

eQik]‘:E - .
resy, [M® (z; k)1 = W[M( (@5 kj)]a, (32f)
—2ik;x
res, _r @) (21 k)]y = 7; @) (a; _j 1
kfkj[M (z; k)] d(kj)b(kj)[M (x5 kj)] (3.29)

https://doi.org/10.1017/51474748007000151 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748007000151

An RH problem for the NLS equation with time-periodic boundary data 599

Explanations. Let us explain briefly how direct analysis motivates the consideration of
RH,. Let us rewrite (2.13) for ¢ = 0 in the form

@2(1‘, Ov k) = @3(IE, 0; k)sil(k)a

1,y [a(k)  —Db(E)
: <k>—<b<k> a<k>>'

Let us define the sectionally meromorphic matrix M® (z; k) by

where

( [@3(x, 0; )]y e Weim) for ke C_,
M@ (z: k) = oz, 0: )1 B
( Tk - [P3(z,0; k)]2e ) for k € C,.

One can then check (see [19, Appendix A.1]) that
o M®)(z;k) satisfies all properties (3.2) of the Riemann-Hilbert problem RH,;

e we can recover go(x) from M) (x;k) by formula go(x) = 2ilimy_ e k:Ml(;”) (x; k).

d
Proposition 3.1. The map S, has an inverse Q, : {a(k),b(k)} — {qo(x)} given by
go(w) = 2i lim M3 (3 k),
where M(z)(x; k) is the unique solution of the above Riemann—Hilbert problem RH,.
Proof. See also [19, Appendix A.1]. O

3.2. Inverse t-scattering problem: reconstruction of boundary data

Let us define the spectral functions for the t-scattering problem.

Definition of A(k), B(k). Let

go(t) == q(0,t) = ae®™?,
g1(t) == q2(0,1) = 2iabe®™@" + v, (1),

where v1(t) € S(R4). The map

St : {90(t), 91(1)} = {A(k), B(k)} (3.3)

-B(k)\ .
< A(k) ) = Jlim &),

is defined by
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where the vector-valued function @(t; k) = [B(t; k)] = [F 1 (t; k)P2(0, t; k)], satisfies the
integral equation
¢
btsk) = (B (K + [ 0 rRQo(r DB R dn, 0 <t < oo,

0

with } } .
U(t; k) = @t B(k)e 1 2Wtes - Qu(t; k) = Q0,1 k) — Qp(t; k).

Properties of A(k), B(k). The spectral functions A(k) and B(k) satisty the following

conditions.
(i) A(k), B(k) are analytic and bounded for k € Dy = D; U Ds.
(ii) A(k),B(k) € C*(X\{EUE}), E=~b+ia, E=—b—ia.
(iii) A(k)A(k)+ B(k)B(k)=1forke X.
(iv)

X(k)+k+0b i [EH+b—=X(k)
A(k) — ToxM) and B(k) —1ie TOxX()

are bounded for k € D

Moreover, for k — oo,

A(k) = X(Z);(:)H’[HO(kl)] and B(k) = ie"® W[Ho(kl)k

The Riemann-Hilbert problem RH; is defined as follows.

Definition of RH;. Let A(k) and B(k) be as above. We denote by k1, ..., K, the
simple zeros of A(k) in D, = D; U Ds3. Find a 2 x 2 matrix-valued function M® (; k)
satisfying (3.4a)—(3.41).

(3.4a) M®(t; k) is sectionally meromorphic in k € C\ ¥ or k € X\ X where the contour
X is defined as follows.

e For the case w < —3a?,

Y=RUI'UuT'u~yU¥
in the complex plane (see Figures 7 and 8).

e For the case w > —3a?,
2 =R"WPT YRV Y[, U Ty U Uy
in the Riemann surface X (see Figure 9).

(3.40) MO (t;k) =T+ O(1/k), for k — oo.
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(3.4¢) M®(t; k) satisfies the jump relation across X:
MOt k) = MO (4 k)T (k) for k € X,

where the jump matriz J® (t; k) is as follows.

e For the case w < 3a2,
1 _B(k‘)e—zl(g(k) w)t
A(R)AR) Ak) keRUIUT
_B(k) Q2(Q(k) W)t 1
A(k)
J(t)(t; k)= o207t (k)t 0
—h(k;) —2iwt ezin+(k)t ) k€,
—200T ()t p(k)e2iwt
‘ ke ), ke,
0 e2i02 (k)t
(3.44d)
where N _
B(k)\ B(k) e
= — frng . ~4
0= (G) -~ (5m) = wwam (34¢)
e For the case w > —3a
B(k) _si(ok)-w)t
1 T(k) e
BR) sow-wr L |
A(k) A(k)A(k) )
kelixaUly U RIOWCT,
JO (k) =
_1 _Bk) —aiam)-wy
A(k)A(k) A(k
_B(¥) Q21(2(k)—w)t 1
A(k)
k€ I'y; U Ty URvPPET,

(347F)

(3.4g) The first column of M (t;k) can have simple poles at k = &1,...,Rpy, and the
second column of M (") (t; k) can have simple poles at k = k1, ..., k. The associated
residues are given by

vosi, MO (t; k)], =~ )-8 E"J;[M% Al (34h)
resy_, [M® (t; k)]y = e~ 2(20m) =)t AE:ﬁ (MO (t; 1)1 (3.41)

https://doi.org/10.1017/51474748007000151 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748007000151

602 A. Boutet de Monvel and V. Kotlyarov

Explanations. Let us explain how direct analysis motivates the consideration of RH;.
The scattering relations of the t-problem are

T 0.8l = 20,6 ) — 'jgg 350, 1), (3:50)
1 B |
A(]{i) [dsl(oat? k)]Q (k) [(1)2(0 t; k)h + [@2(07t7 k)]Qv ke, (35b)

where the functions [$2(0,¢;k)]1,2 are entire, and the functions [$1(0,¢; k)]; 2 are ana-
lytic in the domains D_ = Dy U Dy and D4 = D; U Ds, respectively. Starting from
these scattering relations (3.5) we can define the sectionally meromorphic matrix-valued
function

i &1(0,t;k)]2 _; W
([@2(0775; k)]lel(fl(k)—w)t [1(A(k))]26 (2(k) )t) ’
® k€ Dy = D;UDs,
MY (t; k) =
(t; k) Mei(ﬂ(k)—w)t [@5(0, t; k)]Qe—i(Q(k)—w)t
A(k s by s
k eD_ = DQ U D4.

This matrix has unit determinant, and satisfies the asymptotics (3.4b):
MO (k) =T+ 0(k™) for k — oco.
Proof of the residue relations. The first column of M) (t;k) can have poles at

k=Fj, j =1,...,m, where {F;}7-, are the zeros of A(k), k € D_. For simplicity we
suppose that these zeros are simple. The associated residues are

vesorn, (MOt k))y = PLOEEDIL aiceatr)—ont
A(Ry )
_ B asca-w1tig, 0,1 7)),
{1(’%‘)
_ _Lz(,gj)em(g(m_w)t[M(t) (t; Rj)]o-
A(F;)

The second column of M®)(t; k) can have simple poles at k = K, and

B(k; :
resj—y, [M(t) (t; k)]g — _(’QJ;e—zl(Q(nj)—w)t[M(t) (t; “j)ha
Kj

where the set {k1,k2,...,Kkn} is the set of simple zeros of A(k) in D,. Thus we have
proved the residue relations (3.4 h), (3.41).
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Proof of the jump relations. First of all we find the jump of [®1(0,t; k)]2/A(k) over

the contour 4. Thus we have
@7, (@] 1
A-(k) At(k) AtA-

[det([@a]1, [@]]2)[P1 ]2 — det([@2]1, (@7 ]2)[@]]2]

1
= = 4et (27 ]2, [9712)[@a):
B A+ —B+A-
= aar b
= h(R2(0, 8 k)],

w=(58) - (38) - rorw

Then it is easy to verify that, for k € 7,

([@2]1eie(k)t Eilllje—ie(k)t)_

= ( [@2]1F) @efie(k)t e AT p(k)e2iwt
o A(k) L 0 Q22 ()t |

with 0(k) = 2(k) — w, and similarly, for k € ~,

(f&i; 0kt [%he—ie(k)t>

where

d ) ) 2iF (k)t
_ ([P1]s oqye [@y]pe—i0h)t S 72.&“ .
A(k) L\ —h(k)e 2wt 72127 (k)

For k € (k_,+00) U U T or for k € RUPPT | [ U I one can find that the relation

(Ef(l/_li 0k [@2}2610(k)t>

1+ BEBR) - B(R) _aion
— ([@z]lew(k)t [djﬂ?e—iew)t) CAR)AR) Ak)
Alk) + Bi(lf o210(k)t 1
A(k)

is valid. The rest is proved similarly. These relations give rise to the jump matrix J® (; k)
defined by equations (3.4 d)—(3.4 f).

Thus M ® (t; k) satisfies all properties (3.4) of the Riemann-Hilbert problem RH;.
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Moreover, one can check that go(t) and g1 (t) can be recovered from M(®)(t; k) by the
following formulae:

go(t) = 2 lim kM{3 (t: ),
gu(t) = lim [4k* MY (8 k) + 2igo () kMg3 (8 k)-

([l

Proposition 3.2. The map S; has an inverse Q; : {A(k), B(k)} — {go(t), g1(t)} given
by

go(t) = 2i lim kM (t; k),

k—o0

gu(t) = lim [4k* MY (t: k) + 2igo () kM3 (8 k).
where M9 (t; k) is the unique solution of the Riemann-Hilbert problem RH,.
Proof. The proof is almost the same as in [19, Appendix A.2]. |

3.3. Inverse xt-scattering problem: reconstruction of the solution g(x,t)

Under the assumption that for the given function go(x) there exists a function vy (¢)
such that the spectral functions A(k) and B(k) of the ¢-problem together with the spectral
functions a(k) and b(k) of the a-problem satisfy the global relation (2.29), we can prove
that ¢(z,t) arising from the basic RH,; problem satisfies the NLS equation in the quarter
plane, and that its initial and boundary values coincide with qo(z), go(t) = ae?“* and
g1(t) = 2iabe®“! + vy (t).

The Riemann—Hilbert problem RH,; is defined as follows.

Definition of RH,;. Find a 2 x 2 matrix-valued function M (x, t; k) satisfying properties
(3.6a)—(3.6d):

(3.6a) M(x,t;k) is sectionally meromorphic in k € C\ X or k € X'\ X.

(3.6b) Its first column [M(z,t; k)]; has simple poles at k; € Dy and z; € Dy; the second
column [M (z,t; k)]s has simple poles at k; € Dy and z; € D3. The associated
residues satisfy the relations (2.38).

(3.6¢) M(z,t;k) satisfies the jump condition
M_(z,t;k) = My (z,t; k) J(z,t; k), for ke X,

where the jump matrix J(z,t; k) is defined in terms of the spectral functions by
(2.36) for the case w < —3a? or (2.37) for the case w > —3a?.

(3.6d) M(x,t;k) has the asymptotics

1
M(x,t;k):I—FO(k), for k£ — oo.
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Theorem 3.3. Let qo(z) € S(R,). Suppose that the functions go(t) = ae*“! and
g1(t) = 2iabe®™® + vy (t) are such that the spectral functions {a(k),b(k), A(k), B(k)}
satisfy the global relation (2.29):

b(k)A(k) — a(k)B(k) =0, ke D;.
Then
(i) the above Riemann-Hilbert problem RH,; has a unique solution M (z,t; k);
(ii) if we define q(x,t) in terms of this solution by

q(z,t) =21 lim (kM (x,t; k))12, (3.7

k—o0

then

(a) q(z,t) solves the NLS equation (1.1a),
(b) with
Q(x7 O) = QO(x)a q(oa t) = gO(t) and Qx(oa t) =01 (t)

Proof. The ‘singular’ RH problem above can be mapped to a ‘regular’ RH problem
(i.e. to an RH problem for holomorphic functions), coupled with a system of algebraic
equations. The unique solvability of the relevant algebraic equations, the proof of the asso-
ciated vanishing lemma, and therefore, the solvability of the corresponding RH problem
are based on the symmetry properties of J(x,t; k) (see [19]).

Proof that g(x,t) solves the NLS equation. It is straightforward to prove that
if M(x,t;k) solves the above RH problem and if g(x,t) is defined by (3.7) then ¢(z,t)
solves the NLS equation. This proof is based on ideas of the dressing method [13].

Proof that RH¢ ;=0 ~ RH,. It means that the Riemann-Hilbert problem RH; |;—¢
is equivalent to the problem RH, in the following sense: there exists a sectionally mero-
morphic matrix G(z; k) such that

M@ (2 k) = M(x,0;k)G(x; k)

and

D! D2 efc(k)r
R =T+ C ), &k
G(x; k) to et +O( 7 ) — 00,

where D!, D?) etc., are diagonal and independent on x matrices, and C(k) is positive
and grows for k — oo.
To prove this equivalence let us put

M(z; k) = M(z,0; k)G(x; k),
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where M (z,0; k) is defined by (3.6 ¢), (3.6d) and

1 0
< ) for k € Dy U Dy,
1

0
G(z; k) = (—c(k)ezi’” 1) for k € Dy,

1 & E. —2ikx
< c(k)e > for k € Ds.
0 1

We now show that M (z; k) is meromorphic in k € C.. Indeed, for k € T,

M_(z;k) = M_(z,0;k)G_(z; k)

= M (z,0;k) <c(k:)1egik” ?) (—c(kzl)em’” ?)

= My (z,0;k)
= M+($; k)7
and, for k € ~,

M_(x;k) = M_(x,0;k)G_(z; k)
1 0
=M_(z,0;k) <—c_(k)emkx 1>

= M, (x,0;k) <f(k)1e2ikw (1)> (_C—(;)e%kw (1)>

N 1 0 1 0 1 0
= M (x;k) (CJr(k)eQikw 1) <f(k)621ka; 1) (_C(k)ezikx 1)

R 1 0
= M) ((f(k) o) — e (k))es 1>
= M+(l“§ k),

where we used the definition f(k) := ¢~ (k)—c¢* (k). Thus M (x; k) is continuous in k € C
with exception of poles, hence it is meromorphic in C;. We now investigate the residue
conditions:

resp—r; M(z; k) = im}ezikimM(ﬂc; k;), k; € Dy,

resg—z, M (z; k) = resg—z,; [M(z,0; k) — c(k)e*™ M (z,0; k)]
= resy—., c(k)e® " M(z,0; z;) — resg—., c(k)e® " M (z,0; z;)

=0, Zj € Do,
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resy—g, M(z;k) = resp_y, [M (2, 0;k) — c(k)e*™ ™ M (z,0; k)]
= —resg—g,; c(k)e 2R M (2,05 k;)
= im; YeBRiT M (25 kj), kj € Do,
where we used
B(k;)

reSk=Fk; c(k) = 7%
1

which follows from a(k;) = 0 and
Ty (kj) = [A(k)a(k) + 7(E)b(k)]\k:kj

= B(k;)b(k;).

Hence M (z; k) is meromorphic in k € C, with poles at k = k; € C, (a(k;) = 0). B
symmetry M (z; k) is meromorphic in k € C_ with poles at k = k;. For k € [k, 00) the
following jump condition is valid:

M_(z;k) = M_(x,0; k)

= My (x,0;k)J(z,0; k)
M+( )J(x)(x k).
(

Similarly, taking into account the relation c¢(k) — p(k) = —r(k), for k € (—o0, k4),

(ke 2k
M_(z;k) = M_(z,0; k) <(1) (k)l >
— i 1 —p(k)e—2ikz 1 e(k)e2ike
= M_;,_(IE’O, k) <_p(k)e2ik;t 1+ |p(k)|2 ) (0 1 >
_ N . 1 0 1 —ﬁ(]_g)e*mkw 1 E(E)efmka:
= M+($,k) (c(k‘)em’“ 1) <—p(k‘)821kz 14 ‘p(k‘)|2 > (0 1 )

n 1 —7(k)e2ike
=M, (z;k . .
+(@ )<r(k)621’” 1+ [r(k)|?
Hence M (x;k) = M@ (z;k) where the sectionally meromorphic matrix M) (z;k) is

characterized by all conditions (3.2). This proves that RH,; [;=0 and RH, are equiva-
lent Riemann—Hilbert problems.

Proof that g(x,0) = go(x). By using this equivalence RH,; |¢=o ~ RH, we obtain
the initial condition (1.1b). Indeed, the equality ¢(z,0) = go(z) follows by comparing the
large k asymptotic formulae for M(x,0; k) and M®)(z; k), respectively.
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Proof that RH,¢ |z—0 ~ RH;. Now we prove that in an analogous sense as above
RH,¢ |z=0 is equivalent to RH; under the assumption that the global relation is valid. Let
N(t;k) = M(0,t; k)H(t; k),

where M (0,t; k) is defined by (3.6 ¢), (3.6d) and

alk) 0
1 for k € Dy,
a(k)
T1(§€];) _b(k_)e—me(k)t
- for k € DQ,
T (k
H(t; k) = AR 11 (k)
Tn(k)
22 Ty (k) for k € Ds,
7\ 20 (k)t 22
b(k)e A
0
a(k) for k € Du,
0 a(k)

where (k) := (k) —w. The following relations between the jump matrices J®)(¢; k) and
J(0,t; k) are easy to check:

J(O t k)Y Ho(t; k) = Hy(t; k)JD (8 k), kel
2GRN0, k) = (JO) TN R H (6 E), k€ (<00, k),
J(Otk) o (t; k) = Hoy (t; k)JU(,k) k€7,
J(0,8; k) Hs_(t;k) = Hay (t:k)J 9 (t: k), k€,
J(0, 6 k) Hy(t; k) = Hs(t; k)T (85 k), kel,
J(0,t; k) Hy(t; k) = Hy(t; k)T O (t; k), k€ (ry,00).
It is clear, for example, that the first relation for k € I,
T (k) —2i0(k)t
10 Al(/%) ~blk)e 72 "
c(k)e?? 1 0 A(k)
Ti1 (k)
1 B(k) —2i6
_ (a®) ? ARAR) AR
Y am) | _B® X ’
A(k)
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is satisfied due to the global relation a(k)B(k) — b(k)A(k) = 0 (2.29), the definitions
of the functions c(k) = —B(k)/a(k)Ti1(k) (2.21), Ti1(k) = a(k)A(k) + b(k)B(k) =
a(k)/A(k) (2.19), (2.31). One can also verify all other relations by using the definitions
of f(k) (2.22), h(k) (3.4 f), Ta2(k) (2.20), determinant relations la(k)|? + [b(k)]? = 1,
A(k)A(k) + B(k)B(k) = 1 and the equations (2.30)—(2.34). Using the arguments of [19]
it can be verified that N(t; k) has no poles at the points k;. For the points &; it is easy
to obtain the correct relations for the corresponding residues of the matrix N(¢; k). We
omit similar considerations in the case of the RH-problem on the Riemann surface X.
This concludes the proof that RH,¢ |,—o is equivalent to RH;.

Proof that g(0,t) = go(t) and g, (0,t) = g1(t). Using
N'(t) | N(1)

) (4. 1.\ — ) —
MO (k)= N(t: k) =1+ p oot koo,
as well as
Mt M?
Mz, t;k) =1+ Ef’t)+ ;Ef’t)Jf"'a k — oo,
it follows that
2g0(t) :2N112(>
91(t) = ANT, () + 2iv(t) Nao (1),
q(z, ):2M12($ t),
G (z,t) =AMy (2, 1) + 2ig(x, t) My (,1).

Using the relations M®) (t; k) = M(0,t; k)H(t; k), as well as the asymptotic expansion

D1 D2 e—C(k)t
Ht k) =T+ — + =2 +... o
(th) =T+ 7+ 75 + +O< T )

where D!, D? etc., are diagonal and independent on ¢ matrices, and C(k) is positive
and grows for k — oo, we find

N(t)= M'(0,t) + D', N?(t) = M?(0,t) + M*(0,t)D* + D?.

These relations yield the Dirichlet boundary values

go(t) = 2iN{y(t) = 2i(Mi5(0,t) + Dip) = 2iM 5 (0, 1) = q(0, 1),
as well as the Neumann boundary condition:

g1(t) = 4N75 (1) + 2igo(t) Nos(t)

= 4AM7,(0,t) + 4(M*(0,t)D" )12 + 4D7, + 2igo(t)(M35(0,t) 4+ D3y)

= 4M7,(0,t) + 2ig(0, 1) Mys (0, 1) + 4M}5(0, ) D3, + 2ig(0, 1) D,

= ¢2(0,1) + 2i(q(0, 1) — 21M5(0, ) D3,

= ¢,(0,1).
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As was mentioned in the introduction, the justification of the structure of the Dirichlet
to Neumann map will be studied in a forthcoming paper.
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