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1. Introduction and description of the results

Let g be a simple finite dimensional Lie algebra over the field of complex numbers and M
be a g-module. The (associative) algebra of all linear endomorphisms of M has various
interesting (associative) subalgebras. One of these is the image of the universal enveloping
algebra U(g), which is naturally isomorphic to U(g)/Anng ) (M). The other one is the
algebra L(M, M) of all linear endomorphisms of M, the adjoint action of g on which is
locally finite. The former algebra is a subalgebra of the latter, and so it is natural to ask,
for which M, the inclusion

U(g)/Anng gy (M) — L(M, M)

is an isomorphism.

For a given M, this is known as Kostant’s problem (for M), as defined and popularized
by Joseph in [13]. It is a well-known and, in general, wide open problem [14]. No com-
plete answer to this problem is known, even for general simple highest weight modules.
However, there are various families of modules for which the answer (sometimes positive
and sometimes negative) is known, see § 3.5 for a historical overview.

The first non-trivial classical family of modules for which the answer to Kostant’s
problem was found is the family of Verma modules. Already in [13], it was shown that,
for all Verma modules, the answer to the Kostant’s problem is positive.
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Verma modules are exactly the standard modules with respect to the (essentially
unique, see [8]) highest weight structure on the Bernstein—Gelfand-Gelfand (BGG) cat-
egory O for g, see [3, 10]. Category O has a number of different generalizations. One of
these, proposed in [30], is called parabolic category O and is associated with the choice
of a parabolic subalgebra p in g. Just like its ancestor, parabolic category O is a highest
weight category. The standard objects with respect to this structure are parabolic Verma
modules.

By construction, parabolic Verma modules are quotients of the usual Verma modules.
In [12, Section 7.32], one can find an argument that shows that Kostant’s problem has a
positive answer for any quotient of a Verma module, provided that the latter is projective
in O. In particular, Kostant’s problem has a positive answer for any parabolic Verma
module that is projective in a regular block of parabolic category O. At this stage, it
is quite natural to wonder what the answer to Kostant’s problem for general parabolic
Verma modules will be.

In small ranks and for specific modules, it is sometimes possible to answer Kostant’s
problem by a direct computation. The smallest non-trivial example of parabolic category
O is for g = sl3, where we take the parabolic subalgebra corresponding to one of the two
simple roots. The regular block of the corresponding parabolic category O contains three
parabolic Verma modules. As we already mentioned above, for the projective parabolic
Verma module, the answer to Kostant’s problem is positive. For the simple parabolic
Verma module, the answer to Kostant’s problem is also known to be positive, see [9]. Tt
was fairly surprising for us to find out, by a direct computation, that for the (remaining)
third parabolic Verma module, the answer to Kostant’s problem is negative. This was
clear evidence that determining the answer to Kostant’s problem for parabolic Verma
modules is a non-trivial problem as one first has to guess for which parabolic Verma
modules the answer should be positive and for which it should be negative. So far, there
is only one general result in the literature which answers Kostant’s problem for a fairly
natural general family of modules where both the cases of the positive and the negative
answers occur. This is the family of simple highest weight modules over the special linear
Lie algebra indexed by fully commutative permutations, see the recent preprint [22]. The
main result of the present paper is the second one of this kind.

In the present paper, we study Kostant’s problem for parabolic Verma modules over
the special linear Lie algebra in two ‘opposite’ cases. The first case is the case of a mini-
mal parabolic subalgebra, which is the case when the semi-simple part of the parabolic
subalgebra is given by one simple root. In this case, parabolic Verma modules are quo-
tients of Verma modules by Verma submodules. These kinds of quotients were studied in
[19], where the emphasis was made on a description of the socle for such a quotient. This
description is crucial for our proofs. Two other important ingredients in our arguments
are as follows:

e An adaptation of Kahrstrom’s conjectural combinatorial reformulation for
Kostant’s problem, see [20, Conjecture 1.2].

e An appropriate analogue of the 2-representation theoretic reformulation of
Kostant’s problem, see [20, Subsection 8.3].

The second case we consider is that of a maximal parabolic subalgebra, which is the
case when the semi-simple part of the parabolic subalgebra misses exactly one simple
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root. In this case, there is a very explicit diagrammatic description of the corresponding
parabolic category O worked out in [5, 6]. To answer Kostant’s problem for parabolic
Verma modules in this case, we combine this description with the main result of [22].
Surprisingly, in this case, the positive answer is really rare. In fact, there are several
infinite families of examples, where the answer is positive only for two parabolic Verma
modules, namely, for the projective one and for the simple one, for which the answer is
always positive (just like in the sl3 example mentioned above).

The paper is organized as follows: In § 2, we collect all relevant preliminaries on cate-
gory O. In § 3 we give a general perspective on Kostant’s problem and its history. In § 4,
we study the case of a minimal parabolic subalgebra. Our main result here is Theorem 3
which completely answers Kostant’s problem for parabolic Verma modules in this case
and also relates it to Kahrstroms combinatorial reformulation. This theorem can be found
in § 4.2. In § 5, we study the case of a maximal parabolic subalgebra. Our main result here
is Theorem 5 which completely answers Kostant’s problem for parabolic Verma modules
in this case. This theorem can be found in § 5.5. We finish the paper with some general
observations and speculations in § 6.

2. Category O preliminaries

2.1. Setup

In this paper, we work over the field C of complex numbers.
As already mentioned above, g is a simple finite dimensional complex Lie algebra. We
fix a triangular decomposition

g=n_ohdny, (1)

where B is some fixed Cartan subalgebra. Denote by W the Weyl group of g, and by S the
set of simple reflections in W, which corresponds to the triangular decomposition equa-
tion (1) above. As usual, we denote by wg the longest element of W. Let < denote the
usual Bruhat order on W and ¢ the length function on W.

In this paper, we will mostly consider g = sl,, with the standard triangular decompo-
sition given by the upper triangular, the diagonal and the lower triangular matrices. In
this case, we have W = S,,, the symmetric group on {1,2,...,n}, with S being the set
of elementary transpositions.

2.2. Category O

Associated with the triangular decomposition equation (1), we have the BGG category
O defined as the full subcategory of the category of finitely generated g-modules consisting
of all modules on which the action of § is diagonalizable and the action of n_ is locally
finite. We refer to [3, 10] for details.

2.3. Principal block

Consider the principal block Qg of O. This block is defined as the indecomposable
direct summand of O which contains the trivial g-module. The isomorphism classes of
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simple objects in Oy are naturally indexed by the elements of W. For w € W, we have
the corresponding simple highest weight module L,, := L(w - 0). Here, 0 € h* denotes
the zero weight and - denotes the dot action of W on h*. For A € h*, the dot action is
defined as follows: w - A = w(A + p) — p. Here, p is the half-sum of positive roots.

Furthermore, for w € W, we have the Verma cover A,, of L,, and the indecomposable
projective cover P, of L,. We denote by A the opposite of the endomorphism algebra of
a multiplicity-free projective generator of Op. The algebra A is a finite dimensional and
associative algebra. Moreover, the category A-mod of all finite dimensional A-modules is
equivalent to the category Oy.

2.4. Parabolic category O

Let p be a parabolic subalgebra of g containing h & n;.. The corresponding parabolic
category OP is defined as the full subcategory of O that consists of all objects on which
the action of p is locally finite, see [30]. We further have the principal block Of of OF
defined as Og N OF.

Let W, be the parabolic subgroup of W corresponding to p. Denote by W% . the
set of the shortest representatives in the cosets W, \ W. The category O} is the Serre
subcategory of Oy generated by the simple objects L,,, where w € Wsphort. The category
Of is equivalent to Ap-mod for a certain quotient A, of A.

For w € WX we denote by AP the corresponding parabolic Verma module and by

short?
PP the corresponding indecomposable projective module in (’)8.

2.5. Projective functors

Following [4], for every w € W, there is a unique, up to isomorphism, indecomposable
projective endofunctor 6., of the category Oy such that 0,, P, = P,,. Any indecomposable
projective endofunctor of Oy is isomorphic to 6, for some w € W.

Consider the monoidal category & of all projective endofunctors of Oy. By Soergel’s
combinatorial description, see [32], the monoidal category &7 is monoidally equivalent
to the monoidal category of Soergel bimodules over the coinvariant algebra of the Weyl
group W.

2.6. Twisting functors

For w € W, we denote by T, the corresponding twisting functor, see [1, 18]. For
z,y € W such that (zy) = ¢(z)+£(y), we have T A, = A,,. The main, for us, properties
of twisting functors are that they functorially commute with projective functors, that
they are acyclic on Verma modules and that the corresponding left derived functors are
equivalences, see [1]. In what follows, we denote by LT,, the left derived functor of the
functor T,,.

2.7. Graded lift

By [31], the algebra A is Koszul, and hence, it is equipped with the corresponding
Koszul Z-grading. We therefore have the category “Oy of finite dimensional Z-graded
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A-modules. We denote by (_) the functor which shifts the grading with the convention
that (1) shifts degree 0 to degree —1.

All structural modules in the category Qg admit graded lifts, see [34] for details. These
graded lifts are unique, up to isomorphism and grading shift, for all indecomposable
modules.

We fix standard graded lifts of all indecomposable structural modules and will use for
these standard graded lifts the same notation as for the corresponding ungraded objects in
Op, abusing notation. Similarly, we have the standard graded lifts of the indecomposable
projective functors, see [34]. We denote by 9% the corresponding monoidal category of
graded projective endofunctors of Z0y.

The algebra A, is a graded quotient of A, and we have the corresponding graded
analogue ZOf of the category O}.

2.8. Hecke algebra combinatorics

Consider the Hecke algebra H = H(W,S) of W in the normalization of [33]. It is
an algebra over the commutative ring Z[v,v~1]. This algebra has the standard basis
{Hy, : w e W} as well as the Kazhdan—Lusztig basis {H,, : w € W}, defined in [17].

The Grothendieck group Gr[20y] of the category 20 is isomorphic, as a Z[v,v1]-
module, to H by sending [A,,] to H,. This isomorphism intertwines (1) and multiplication
with v~! and sends [P,] to H,,, see [2, 7].

The split Grothendieck ring Grg[2%] of the monoidal category ZZ is isomorphic to
the algebra H by sending [f,,] to H,. The defining action of 2% on the category OF
decategorifies to the right regular representation of H, see [32].

Denote by <, <r and < the left, right and two-sided Kazhdan-Lusztig preorders on
W, respectively. The equivalence classes associated with these preorders are called left,
right and two-sided cells. Each left and each right cell contains a distinguished involution,
which is called the Duflo involution. For symmetric groups, all involutions are, in fact,
Duflo involutions.

The singletons {e} and {wo} are two-sided cells. Furthermore, we have the small two-
sided cell Js containing all simple reflections. In the case of the symmetric group S,,,
the small cell contains exactly n — 1 left and n — 1 right cells and consists of all elements
having exactly one unique expression. Multiplying the elements of this small two-sided
cell with wg, we obtain the penultimate two-sided cell J, (also referred to as the subregular
cell in the literature).

The set W} . is a union of right cells. If w is the longest elements of Wy, then W} .
is the principal ideal with respect to <pg, generated by the element wgwo. Furthermore,
for w € Wsphort, the projective module PP (w) is injective if and only if w and wfwg belong
to the same right cell. If p is a minimal parabolic, that is, W, contains just one simple
reflection s, the element wgwo = swp belongs to J,.

2.9. Bigrassmannian permutations and socles of cokernels of inclusions of
Verma modules

Recall that an element w € W is called bigrassmannian, provided that there is a unique
simple reflection s such that sw < w and there is a unique simple reflection ¢ (note that
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t might be equal to s) such that wt < w. By [19, Theorem 1], in the case of the algebra
sl,, for w € S, the module A./(A,{—¢(w))) has a simple socle if and only if w is
bigrassmannian.

Furthermore, the map w — Soc(A./(A,{(—¢(w)))) is a bijection between the set of all
bigrassmannian elements in S,, and graded subquotients of A, of the form L, (i), where
w € Jp. If w € S,, is not bigrassmannian, then the socle of A, /(A,, (—¢(w)) is given by the
elements that correspond, under the above bijection, to those bigrassmannian elements
in the Bruhat interval [e, w] that are maximal among all bigrassmannian elements in this
interval with respect to the Bruhat order.

3. Kostant’s problem

3.1. Harish—Chandra bimodules

Recall from [12, Kapitel 6], that a g—g-bimodule M is called a Harish-Chandra bimod-
ule provided that it is finitely generated as a bimodule and, additionally, that the
adjoint action of g on M is locally finite with finite multiplicities for composition factors.
For example, for any M € Op, the bimodule U(g)/Anny (M) is a Harish-Chandra
bimodule.

Another example can be given as follows: for two objects M and N in Oy, the space
L(M,N) of all linear maps from M to N on which the adjoint action of g is locally
finite forms a Harish—Chandra bimodule. In the case M = N, we have a natural inclusion
U(g)/AnnU(g)(M) C [,(]\47 M)

3.2. Classical Kostant’s problem

As we have already mentioned in § 1, for a g-module M, the corresponding Kostant’s
problem, as formulated in [13], is the following:
Kostant’s Problem. Is the embedding

U(g)/Anng gy (M) — L(M, M)

an isomorphism?
We will denote by K(M) € {true, false} the logical value of the claim ‘the embedding
U(g)/Anng gy (M) — L(M, M) is an isomorphism’.

3.3. Kahrstrom’s conjecture

The following conjecture, formulated in [19, Conjecture 1.2], is due to Johan
Kahrstrom:

Conjecture 1. Let d be an involution in the symmetric group S,. Then, the following
assertions are equivalent:

(1) K(Lgy) = true.
(2) For z,y € W such that x# vy, 0,Lq # 0 and 0yLq # 0, we have 0,Lq % 0, Lq.
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(3) For xz,y € W such that z# vy, 0,Lq # 0 and 0,L; # 0, we have [0,Lq] # [6,Lq4] in
Gr[0%].

(4) For z,y € W such that v#vy, 0,Lq # 0 and 0,Lq # 0, we have [0,L4] # [0yLa] in
GI’[O()].

3.4. Kostant’s problem and 2-representation theory

Recall that the monoidal category & acts on Oy. Given M € Ogy, we can consider
its annihilator Anng (M). By definition, this is the left monoidal ideal of &2 consisting
of all morphisms in & whose evaluation at M is zero. The quotient &/Anng (M) is,
naturally, a birepresentation of &2.

Alternatively, the additive closure add(&? M) is also a birepresentation of &2. Mapping

P30 6(M) € add(2 M)

defines an injective morphism of birepresentation from %2 /Anng (M) to add(Z? M). The
arguments from [20, Subsection 8.3] show that this morphism is an equivalence if and
only if K(M) = true.

In general, finitary birepresentations of finitary bicategories can be described in terms
of (co)algebra objects in a certain abelianization of the bicategory, see [23]. In the case
of the bicategory &, the abelianization in question is the category of Harish—Chandra
bimodules. Furthermore, the fact that the birepresentation add(% M) of & is given by
the algebra £(M, M) follows from [12, Subsection 6.8]. The principal birepresentation of
&, which is the natural left action of &2 on &2, corresponds to the identity 1-morphism
of & by [23, Formula (4.2)]. In the world of Harish—-Chandra bimodules, the algebra
U(g) surjects onto the identity l-morphism of &2. Consequently, the induced action of
P on & /Annp (M) corresponds to the algebra given by the quotient of the identity 1-
morphism of & (and hence also of U(g)) by the annihilator of M. The algebra embedding
U(g)/Anng gy (M) — L(M, M) is a manifestation of the fact that &?/Anng (M) is a sub-
birepresentation of add(Z? M), and therefore, the positive answer to Kostant’s problem
for M reformulates into the property of this natural embedding being an equivalence.

This reformulation allows us to connect the answers to Kostant’s problem for modules
related by twisting functors.

Lemma 2. Let M € O and w € W be such that LT, (M) & T,(M) € O. Then,
K(M) = K(Tw(M)).

Proof. Since T, functorially commutes with projective functors, see § 2.6, under
the assumptions of our lemma, we have Anng (M) = Anng (T, (M)) as well as an
equivalence add(P M) = add(LP T, M) of birepresentations of &. Therefore, the claim
of the lemma follows from the birepresentation-theoretical reformulation of Kostant’s
problem described above. O

We refer the reader to [24, 27, 28] for more details on representations of finitary
bicategories.
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3.5. Known results on Kostant’s problem

Below, we present a list of the results on Kostant’s problem which we could find in the
existing literature.

e In the case of symmetric groups, the value K(L,,) is constant on Kazhdan-Lusztig
left cells, as shown in [29, Theorem 61].
e Let wf denote the longest element in W,. Then, K(prwo) = true, see [9,

0
Theorem 4.4] and [12, Section 7.32].
e If s € WP is a simple reflection, then K(stpwo) = true, see [25, Theorem 1].
0

o [15, Theorem 1.1] relates the answer to Kostant’s problem for certain highest
weight g-modules to the answer to Kostant’s problem for certain highest weight
modules over the Levi quotients of p.

e [16, Theorem 1] proposes a module-theoretic characterization of the equality
K(L,) = true.

e In [16, Section 4], one can find a complete answer to Kostant’s problem for simple
highest weight modules over sl,,, where n = 2,3,4,5, and a partial answer for the
same problem for sls. Some further slg-answers were computed in [15, Section 6].
The highest weight slg-story was completed in [20, Subsection 10.1].

e The paper [22] provides a complete answer to Kostant’s problem for simple highest
weight sl,,-modules indexed by fully commutative permutations.

4. Main results: minimal parabolic subalgebras

4.1. Preliminaries

For n > 1, we consider the symmetric group S,,. We view elements of S,, as functions

onn:={1,2,...,n} which we compose from right to left.
Fix k€ {1,2,...,n—1}. For 1 <i < j < n, denote by Tfjik the unique element of S,,
such that
ks
hd Tz,lj (i) = k;
o () =k +1;
e forall s<tinn)\ {i,j}, we have Tz"jk(s) < Tlnjk(t)

We denote by X, i the set of all these Tfjk Clearly, | X, k| = (g) We further split &,
into two disjoint subsets: X, , = X;’k 11 X, - where

Xl = {Tg;ﬁl ri=1,2,...,n—1} and X, =X, 5\ X .

Here is an example for n=4 and k=2, where in the first row, we list all ele-
ments in XZQ, and in the second row, we list all elements in &, , (for convenience,
we colour in magenta the important edges in these graphs which go to k=2 and
k+1=3):
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4 1 2 3 4 1 2 3 4
>/< e 4
2 3 4 1 2 3 4 1 2 3 4
1 2 3 4 1 2 3 4 1 2 3 4
>< o X X X
3 4 1 2 3 4 1 2 3 4

We denote by Gy the centralizer of (k,k + 1) in S,,. The group Gy consists of all
elements of S,,, which leave {k, k + 1} invariant; in particular, Gy is the direct product
of the symmetric groups on {k, k+1} and n\ {k, k+1}. Hence |G}| = 2- (n—2)!. Let Gy
denote the subgroup of Gy consisting of all elements which fix both k and k£ + 1. Then,
G}, is naturally isomorphic to the symmetric group on n\ {k, k+1} and |Gi| = (n —2)!.

4.2. Formulation

For k € {1,2,...,n—1}, consider the parabolic subalgebra p = pj, of sl,, corresponding
to the simple reflection (k, k + 1). The composition o in S,, gives rise to a bijection

Gk X Xnik - (STL)lthort'
Theorem 3. For w € Wsphort? the following assertions are equivalent:

(a) K(AP) = true.

(b) Forz,y € W such that # vy, 0,AF # 0 and 0,AF, # 0, we have O, AP 22 0,AP (as
ungraded modules).

(c) For all x,y € W such that x# vy, 0, A% # 0 and 0,AF # 0, we have [0,AF] #
[0,AR](i), fori € Z, in Gr[OF].

(d) Forallz,y € W such that x# y, 0, A # 0 and 8,A¥, # 0, we have [0, AY,] # [6,AP]
in Gr[Og].

(e) we Gpo X

(f) The anmhzlator of AP in U(g) is a primitive ideal.

We would like to point out the subtle difference between Theorem 3(c) and
Conjecture 1(3), namely, the appearance of all possible graded shifts in Theorem 3(c).
Theorem 3 provides a complete answer to Kostant’s problem for parabolic Verma modules
in the above setup.

4.3. Positive cases

Let w € Gy, o X k- For this w, we will prove that all assertions in Theorem 3 hold.
Note that Theorem 3(e) is obvious. Also note the obvious implications Theorem 3(d) =
Theorem 3(c) =Theorem 3(b).

Assume that w =0 o7 Zil, for some o € G, and some i € {1,2,...,n — 1}. We have
the short exact sequence

0— A(i,i-‘rl) — Ae — Agl — 0.
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Since A¥i is a quotient of A., we have K(Api) = true by [12, Section 7.32].

Notethautrlnz’_|r1 (i,i4+1) = (kk—i—l)OTHHandthatUO(zH—l) (i,i4+1) oo since

o € Gy. From the definition of Gy, it also follows that £((k, k+1)w) = £(w)+1. Therefore,
applying T, to the above short exact sequence, we obtain the isomorphisms T, A ;41) =
A k+1yw and TpA = Ay, and, additionally, that the non-zero map A ;1) — A is
mapped to a non-zero map A py1)w — Ay, Which is automatically injective as any
non-zero homomorphism between the Verma modules is injective. Therefore, from the
right exactness of T,,, we obtain a short exact sequence

0= A ktyw = Aw — A, = 0.

Since T, is acyclic on Verma modules, it follows that AP =~ T, AP =~ LT, AP
Therefore, we can now apply Lemma 2 and conclude that K(AP) = true, giving
Theorem 3(a).

The non-zero objects of the form 6, APi are exactly the indecomposable projective
objects in Ogi. Since the latter category is a highest weight category, it has a finite
global dimension, and thus, the images of the indecomposable projective objects form a
basis in the Grothendieck group of this category. In particular, these images are linearly
independent and therefore different.

As LT, is a derived equivalence, the classes of the non-zero modules of the form
Twbs APt are also linearly independent in the corresponding Grothendieck group. In par-
ticular, they are different, which implies Theorem 3(d) (and thus also both Theorem 3(c)
and Theorem 3(b), see above).

It remains to prove Theorem 3(f). The construction of twisting functors via local-
ization (see [18]) immediately implies that Anng(g)(TwM) D Anngg)(M). The right
adjoints of twisting functors, which can be realized via Enright completion functors when
acting on Verma modules, have the same property. This means that Anng g (AF) =

AnnU(g)(Azi). The fact that the latter annihilator coincides with the annihilator

of the (simple) socle of AP is a standard fact, for example, it follows from [15,
Proposition 5.1]. Therefore, AnnU(g)(Agi) (and thus also Anng(q)(AF)) is a primitive
ideal.

This completes the proof of all positive cases.

4.4. Negative cases

Let w € Gy, o X ... For this w, we will prove that all assertions in Theorem 3 fail.
Note that ﬁTheorem 3( ) is obvious. Also note the obvious implication =Theorem 3(b)
= —Theorem 3(d).

The argument with twisting functors used in the previous subbectlon reduces the
present consideration to the case w € A i that is, w = 7" J , for some ;7 > i + 2.
We note that this w is not blgrassmanman Let us use the results of [19] to analyse

the subquotients of AP k =A o k/A(k ka1)r ]k of the form L,, where z € 7, (recall

that J, denotes the penultlmate cell see § 2.8). We will loosely call such subquotients
penultimate.
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To understand the penultimate subquotients in Apn x> we just need to compare such
21
i,
subquotients for the modules A /A n.k and for A./A (k1)
i,
the difference between these two sets is m leeCthIl with the blgrassmannlan elements in

the Bruhat complement e, (k k —|— 7" } \ e, 7% *]. Taking into account the very explicit

n, k By [19, Theorem 1],

forms of 7;"; ¥ and (k,k + 1)7;"", we can determine all bigrassmannian elements in this
Bruhat complement. This, however will require consideration of a number of different
cases.

To simplify our notation, we denote T;? ]’-k simply by 7. We also denote the elementary
transposition (1,1 + 1) by s;.

4.5. Case 1: k=1

In this case, T = Sg415k42...5;—1 and the Bruhat complement [e, s57] \ [e, 7] contains
the following bigrassmannian elements: sg, SkSk+1,- .., Sp7. Note that there are at least
two such elements and that they all have different right descents.

Consequently, the module Apn, . contains at least two (pairwise) non-isomorphic penul-

,

timate subquotients. From [19, f’roposition 22], it follows that they appear in different
degrees. Let L, and L, be two of them (living in some degrees). Note that both z and
y belong to the same Kazhdan—Lusztig right cell, namely, the unique right cell inside
Jp, which indexes some simples in Of. Since z # y, these two elements belong to dif-
ferent Kazhdan—Lusztig left cells. In particular, from [27, Lemma 12], it follows that
0,-1 kills all simples in Of except for L,, while Hy,1 kills all simples in Of except
for L,.

Therefore, up to graded shift, 6,1 AP is isomorphic to 6,—1L,. Similarly, Hy_lA,'j} is
isomorphic to Gy_lLy. However, we have 61 L, = P§ = ¢ 1Ly, where d is the Duflo
involution in the right cell of z, see [26, Section 3]. Note that the latter cell coincides with
the right cell of y. This shows that Theorem 3(b), Theorem 3(c) and Theorem 3(d) fail.

Since Theorem 3(b) fails, the birepresentations &2 /Ann g (AP)) and add(Z? A¥)) cannot
be equivalent, and hence, Theorem 3(a) fails as well.

Finally, since L, and L, belong to different left cells inside the same two-sided cell, their
annihilators are incomparable primitive ideals of minimal Gelfand—Kirillov dimension
(among all other primitive ideals for OF). Therefore, the annihilator of AP must be
contained in the intersection of these two ideals and hence cannot be a primitive ideal.
This shows that Theorem 3(f) fails and completes Case 1.

4.6. Case 2: k+1 =3

This case follows from Case 1 using the symmetry of the root system.
4.7. Case 3: 1 >k

In this case, T = Sg415k+2 ... Sj—15kSk+1 - - - Si—1 and the Bruhat complement [e, s7] \
[e,7] contains the following bigrassmannian elements: SpSgi1-..Si, SkSk41l---Sitl--
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SkSk41 - - . Sj—1. Note that there are at least two such elements (since j # i+1). Applying
to them the arguments from Case 1, we complete the proof.

4.8. Case 4: j < k+1

This case follows from Case 3 using the symmetry of the root system.

4.9. Case 5:i<kand j>k+1

In this case, T = Sk_1Sk—2 - - - SiSk+15k+2 - - - §j—1 and the Bruhat complement [e, s57] \
[e, 7] contains the following bigrassmannian elements: Sk, SkSk+1,. .5 SkSk+1---Sj—1,
SkSk—1,--- SkSk—1--.S;. Clearly, there are at least two such elements. Applying to them
the arguments from Case 1, we complete the proof.

4.10. Asymptotic

From Theorem 3, we see that the ratio of positive vs negative cases equals

‘XJ,H _ n—1
‘X;k| (g) —(n— 1).

This goes to 0 when n goes to infinity, which aligns with the results of [22, Section 6]. It
is also an interesting observation that this ratio does not depend on k.

5. Main results: maximal parabolic subalgebras

5.1. Setup

For 1 <k < n, set m =n — k. Let ¢ = q; be the unique parabolic subalgebra of s,
whose Levi factor is sl @ sl,,,, with sl adjusted at the top left corner. This means that
the only simple reflection that is missed by qi is (k, k + 1).

5.2. Weights and oriented cup diagrams

We will now present a concise version of the combinatorial diagrammatic description of
the category Of from [5, 6], so we refer the reader to these paper for all technical details.

We denote by W, i, the set of all words of length n in the alphabet with two letters,
V and A, in which the letter A appears exactly k times. The letter V should be thought
of as the head of an arrow pointing down, while the letter A should be thought of as the
head of an arrow pointing up. For example, we have

Wi ={AAVV, AVAV, AVVA, VAAV, VAVA, VVAA}L

We call the unique word in W, j which starts with k& wedges (i.e., A) dominant. Hence,
in the above example, the dominant word is A A VV.
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The group S,, acts on W, ; by permuting the positions of the letters in a word. This

action induces a natural bijection ® between W;{lort and W, , which sends w € quhort
to the image of the dominant word under w~?.

Given an element A € W, ;, we can form an oriented cup diagram by attaching to
letters of A\ ends of vertically falling strings and cups that altogether form a planar and
oriented diagram. In particular, the requirement to be oriented means that the two ends
of a cup should be attached to different letters (i.e., one to a A and the other one to a V).
For example, here are the six oriented cup diagrams that can be drawn for the elements

AV AV:
AVOA IV, AVOA IV, AVA
I . ~
AV AV, AV AV, AV AV

The degree of an oriented cup diagram is the number of cups oriented clockwise.

5.3. Standard modules

An oriented cup diagram is called admissible, provided that this diagram does not
contain any vertical strand under V to the left of any vertical strand under A. For example,
for the element A V AV, out of the six oriented cup diagrams above, all but the first one
(i.e., but the one with four vertical strands) are admissible.

For each A € W, i, there is a unique admissible oriented cup diagram d(X) for A
of degree zero. It can be constructed recursively using the following algorithm. If A
does not contain any V to the left of some A, then d(\) consists of vertical strings.
Otherwise, A must contain a subword VA which we connect by a cup which becomes
oriented counterclockwise. We can now remove this cup and proceed recursively.

Conversely, given an unoriented cup diagram d with at most min(k,m) cups, there
is a unique A € W, j such that, removing the orientation from d(\), we obtain d. In
order to construct A\, we orient each cup in d counterclockwise. After orienting cups, the
admissibility condition will uniquely determine positions of the remaining As and Vs. For
example, if n =7 and k =3, then, for the diagram,

|V

we get the corresponding element VV AAVV A € Wy 5.
The following proposition is a reformulation (with adaptation to our terminology) of
[5, Theorem 5.1].

d=

Proposition 4. Let x,y € W;{lort and i € Z>q. Then, the simple module L, appears as
a simple subquotient of the parabolic Verma module A in degree i (and then, necessarily,
with multiplicity one) if and only if there is an admissible oriented cup diagram of degree
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i for ®(x) such that the associated unoriented cup diagram coincides with the unoriented
cup diagram associated with d(®(y)).

Let us consider the example of n =4 and k£ =2. In this example, we have
W3 o = {€, 52,5251, 5283, 525183, S2515382}
For the element z = e, here are the corresponding admissible oriented cup diagrams:
AN VOV, AA VOV, AA VO V.

T

The corresponding degrees, from left to right, are 0, 1 and 2. For each underlying
unoriented cup diagram, we can now write the corresponding words for which the diagram
becomes of degree zero:

A A V vV, A V A Vo, V V A AR

N

We see that the first word corresponds to e, the second to s5 and the third to sss15355.
We conclude that A has L. in degree 0, and then it has L, in degree 1 and, finally,
L in degree 2.

82515352
For the element = = s,, we saw five admissible oriented cup diagrams in § 5.2. From
this, we conclude that Ag2 has L, in degree 0, then Lsys;, Lsysy and Lg,s; 555, in degree

1 and, finally, L in degree 2.

$25153

5.4. Thin standard modules

Set a = min(k,m). For w € W3 ., we will say that the module AJ is thin, provided

that there is a unique y € quhort such that

e L, is a subquotient of AJ;
e the diagram d(®(y)) contains exactly a cups.

We note that, for w € W31 ., the number of cups in d(®(w)) coincides with the value of
Lusztig’s a-function on w, see [21]. Hence, the value a is the maximum value which the a-
function attains at the elements of W . By a result of Irving, see [11, Proposition 4.3],
any socular constituent L, of any AJ, where w € quhort’ has the property that the
diagram d(®(y)) contains exactly a cups. Consequently, a thin parabolic Verma module
must have simple socle.

It is easy to check, by a direct computation, that in our running example n=4 and

k=2, the list of all thin parabolic Verma modules looks as follows:

A%, AS AS Al

59817 59837 898183892°
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5.5. Formulation

Let n and k be as above. Denote by Y, i the set of all elements w € W'Slort such that
the word ®(w) has the following property:

e if k <n — k, then all Vs in w appear next to each other;
e if £ >n —k, then all As in w appear next to each other;
o if k =n — k, then either all Vs or all As in w appear next to each other.

For example, if n=5 and k=2, then k=2 <3 =n—k and
Vs2o={AAVVV, AVVVA, VVVAA}

At the same time, if n=4 and k=2, then k = n — k and we have
Va2 ={AAVV, AVVA, VAAV, VVAA}L

We can now formulate our main result for maximal parabolic subalgebras.

Theorem 5. Let n and k be as above.

(a) If k € {1,n—1,%}, then the only w € Wi ., for which K(AJ) = true are w=e
and w = wwp.
(b) Ifk# 2, then, for w € W3 we have K(A3) = true if and only if w € Yy, .

2 short’

We note that the case k € {1,n — 1} is covered by both statements of Theorem 5.
The next two subsections are dedicated to prove Theorem 5.

5.6. Non-thin parabolic Verma modules are Kostant negative

If A% is not thin, for some w € WJ ., then there exist different z,y € W3 _. of

maximal a-value such that both L, and L, are subquotients of AJ (necessarily with
multiplicity 1). Let d be the unique involution in the Kazhdan—Lusztig right cell of
(which coincides with the corresponding cell for y). Then,

930_1 Ag} &= 9$_1Lz >0 L4 = gy_lLy &= ay_lAﬁ).

Since 0,1 % 6y—1 while 6, 1A}, =6 1A, from § 3.4, it follows that K(A},) = false.

5.7. Kostant’s problem for thin parabolic Verma modules

After the observation in the previous subsection, we are left to consider thin parabolic
Verma modules. We start with a classification of such modules.

Proposition 6. Forw € W .. the module A3, is thin if and only if w € Yy, .

Proof. For A € W, 1, define the signature of A as the vector (a1, as, ..., a;) of positive
integers where
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e ) starts on the left with a; equal letters V (or A);
e ) continues with ag equal letters A (respectively, V); and
® SO On.

For example, the signature of V A AV A A A equals (1,2,1,3). The number [ will be
called the flip number, which is 4 in our example.

It is straightforward to check that all A have the flip number at most two index thin
parabolic Verma modules. So, let us take some A\ with flip number [>2. Assume that
there exists 1 < ¢ < [ such that a; < a;+1 + a;—1. We claim that in this case, A indexes a
parabolic Verma module that is not thin.

To prove this, we need to construct at least two different oriented cup diagrams with
min(k,n — k) cups for this \. Take any connected subword AV or VA in which one of the
letters is in the a;-part of A, connect the two letters in this subword by a cup and remove
it. In this way, we reduce a; by 1 and we also reduce either a;41 or a;—1 by 1. We can do
this recursively such that we reduce a; to 1 while keeping the new a;+1s positive. This
gives a connected subword of the form either V AV or AV A. Here, we clearly see that we
can connect the middle letter by a cup either to the letter on the right or to the letter
on the left. This gives rise to two different oriented cup diagrams as desired.

So, if A indexes a thin parabolic Verma module, then a; > a;41+a;—1, forall 1 < i <.
In particular, a; > a;4+1 and a; > a;—1. Hence, [ < 3. As the case [ < 2 is already settled,
it remains to consider the case [ =3.

In the case as < aj +as, the above argument implies that A indexes a parabolic Verma
module that is not thin. If a; > a; + a3, we get A € YV, 1, by definition. It is easy to see
that such A do indeed index thin parabolic Verma modules. O

Now, we need to consider two cases. Recall that, to avoid trivial cases, we assume
1 <k <n-—1.Let w be such that A = ®(w). Note that if the flip number of X is equal to
2, then either w =€ or w = wlwy. In the first case, the corresponding parabolic Verma
module is a quotient of the projective Verma module, and hence, it is Kostant positive.
In the second case, the corresponding parabolic Verma module is simple and Kostant
positive by § 3.5, second bullet. Thus, we assume that the flip number of A is equal to 3.

Case 1. Assume k = % In this case, we have as = a; + a3. This implies that any
admissible oriented cup diagram for A with k£ cups must have two non-nested cups next
to each other. By the main result of [22], the corresponding simple module L,,, which is
the socle of our parabolic Verma module, is Kostant negative.

Let us now analyse the module AJ in more detail. There is a unique admissible oriented
cup diagram for A\ with k£ cups. Any other admissible oriented cup diagrams for \ are
obtained from this one by replacing some outer clockwise oriented cups by vertical strings.

Here is an example, for n =8 and k=4, of an original cup diagram

v V. AN AN AN ANV OV

N NS

and the cup diagrams that can be obtained from it by replacing some outer clock-wise
oriented cups:
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In [22, Section 5.5], one can find an explicit construction of two different elements x
and y in W such that ,L, = 6,L,. In the case of the above (generic) example, these
elements z and y are given by the following diagrams:

r = .y/.7 Yy = .Q./. [ .\/. L]
L] ./\. ] ./.s. [ ] ./\. ] L] ./\. L]

Note the outer right lower cup in z. For all admissible oriented cup diagrams for
A, except the original one, this cup hits vertical strands. This means that 6, kills the
corresponding simple module; in other words, ,L,, = 6, Al . Similar arguments apply to
general w leading to the same conclusion 6,L, = 0,Ad.

Since 6, L, = 0,L, and 8,L, is a submodule of 8,A}, we thus have a non-zero degree
zero morphism from 6, Af to 0,Ad. As 0, and 0, are indecomposable and non-isomorphic
and the endomorphism algebra of projective functors is positively graded, it follows that
this degree zero zero map from 6,A3 to 6,AJ cannot be the evaluation of some map
from 6, to 6, at AJ,. From § 3.4, we therefore conclude that the answer to Kostant’s
problem for AJ is negative.

Case 2. Assume k # 5. In this case, we have az > a; + a3. This implies that any
oriented cup diagram for A with min(k,n — k) cups must have a vertical strand that
separates the two sets of nested cups. By the main result of [22], the corresponding
simple module L,,, which is the socle of our parabolic Verma module, is Kostant positive.
For different  and y in W, we have an injective restriction map from Homg(6,AY), 0, AY)
to Homg (6 Ly, 6y Ly,).

Since L, is Kostant positive, Hom (6, 6,) surjects on the latter and hence also on
the former. This implies that A is Kostant positive.

This completes the proof.

5.8. Example: the extreme maximal parabolic

Consider the parabolic subalgebra p of sl,, corresponding to the choice of all simple
roots but the first one. Then, the Levi factor of p is isomorphic to sl,_;. Setting s; =
(7,7 + 1), we have

I/VS'Ohort ={e, $1,5182,...,518283* Sp—1}-

It is well-known, see, for example, [35], that the corresponding category O} is equivalent
to the category of modules over the following quiver

Qn—1 Qp—2 as (e} [e%%
n—1 >~n—2 > : >2_—_=>=1—"0
Bn-1 Bn—2 Bs B2 B1
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with the following relations:
a1 =0, o1 =0, Bific1 =0, «a;ffi=PFi-10i-1.

Here, the vertex 0 corresponds to e, and, for ¢ > 0, the vertex i corresponds to s -+ - s;.
In this relation, the parabolic Verma modules are the standard modules with the
(unique) quasi-hereditary structure.

Ag= 0, 1,
1 2

The a-value of e is zero, while the a-value of all other elements in (S,)F, ., is 1. It
follows that the only thin parabolic Verma modules are Ay and A,,_;. From Theorem 5,
we obtain that these two parabolic Verma modules are the only Kostant positive parabolic
Verma modules in this case.

In fact, in this case, one can extend Theorem 5 in the following way (which is an
analogue of Theorem 3).

A1: A7172: TL—27 An,1: n—1.

n—1

Proposition 7. For w € WP

<horts the following assertions are equivalent:

(a) K(AP) = true.

(b) Forz,y € W such that x# vy, 0,AF # 0 and 0,AP, # 0, we have 0, AP 2% 0,AP  (as
ungraded modules).

(c) For all x,y € W such that z# vy, 0,AF # 0 and 0,AF # 0, we have [0,AP)] #
[0,AR (i), fori € Z, in Gr[OF].

(d) Forallz,y € W such that x# y, 0, A¥, # 0 and 6,AF # 0, we have [0, AP ] # [0,AF ]
m GF[OO]

(e) we{e s182 Sp_1}.

(f) The annihilator of AP in U(g) is a primitive ideal.

Proof. We start with w=e. Then, K(AP) = true by Theorem 5, which gives
Claim (a). Applying (pairwise non-isomorphic) indecomposable projective functors to
AP one gets either zero or (pairwise non-isomorphic) indecomposable projectives in (’)8.
As the latter is a highest weight category, the images of these indecomposable projectives
in the (graded) Grothendieck group are linearly independent. This implies Claims (b),
(c¢) and (d). Since L. is the trivial module, the annihilator of AP coincides with the
annihilator of Ly, and hence is a primitive ideal, giving Claim (f).

Next consider w = s189---S,_1. Again, K(Aﬁ,o) = true by Theorem 5, which gives
Claim (a). Applying (pairwise non-isomorphic) indecomposable projective functors to
ng wg D€ gets either zero or (pairwise non-isomorphic) indecomposable tilting modules

in Of. As the latter is a highest weight category, the images of these indecomposable
projectives in the (graded) Grothendieck group are linearly independent. This implies
Claims (b), (c¢) and (d). Since AP is simple, its annihilator is a primitive ideal, giving

Claim (f).

https://doi.org/10.1017/50013091524000506 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091524000506

Kostant’s problem for parabolic Verma modules 19

For w & {e,s152- - Sp—1}, the corresponding AP is not thin. It has top L,, and socle
Lys;, for some 7. We have 051‘ L, =0and 051—11’“’%’ = 0, while gsz’sti =~ 951’—151[’”' This
implies that Claims (a)—(d) fail. Also, as the annihilators of L,, and L., are incomparable
primitive ideals, it follows that the annihilator of AP is contained in the intersection of
these two primitive ideals and hence is not a primitive ideal. Therefore, Claim (f) fails
as well.

This completes the proof. O

5.9. Asymptotic

2

e

From Theorem 5, we see that the ratio of positive vs negative cases equals

k=1,n—1,%. For k # 4, this ratio equals

min(k,n — k) + 1
(}) — (min(k,n — k) + 1)

This goes to 0 when n goes to infinity, which again aligns with the results of [22, Section 6].

6. Upshot: general observations and speculations

6.1. Preliminary definitions

For a composition p = n, we denote by c(u) F n the corresponding partition of n. The
partition c(u) is obtained from u by ordering the parts of the latter in a weakly decreasing
order. For two compositions u, v = n, we write u ~ v, provided that c(u) = c(v).

There is a natural bijection between compositions of n and parabolic subalgebras of
sl, given as follows, for p = (u1, po, ... ), the corresponding subalgebra p,, has diagonal
blocks of size p1, s, ... reading along the main diagonal from north-west to south-east.

For p = (p1, 2, - - ., x) = n, define the sets

Xi={L2,....mhXo={pw1+1,p1+2,...,u1 + p2} and so on.

We will call these sets the blocks of p. Denote by G|, the subgroup of S, consisting of all
permutations 7 satisfying the following property: for each i € {1,2,...,k}, there is some
Jj€{1,2,...,k} such that |X;| = |X;| and 7 sends the elements of X; to the elements of
X, preserving the natural order between these elements. Here is an example of an element
in G(2)271)2), where X1 = {172}, X2 = {3,4}, X3 = {5} and X4 = {6, 7}

Let p,v = n be two compositions such that p ~ v. Let X1, Xo,..., Xk be the blocks
of p and Y7,Ya, ..., Yk be the blocks of v. There is a unique 7 € S}, such that

o | Xi| = |Yr(yl, for all 4;
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o if i <j and |X;| = |Xj|, then 7(i) < 7(j).

We denote by w,,,, the unique element of S,, which sends, for each i, the elements of X;
to the elements of Y7.(;) preserving the natural order among these elements. For example,

1 2 3 4 5 6 7 8

note that w, , G, = GLwy,u.
The parabolic subgroup W, of S,, corresponding to the composition p is the product
Sx; X Sxy X +++ X Sx, of symmetric groups.

6.2. Some positive cases

For p1 |=n, consider p = p,,.

Proposition 8. For w € (S,)5, .., we have K(AF)) = true if there is v |= n such
that p~v and w € Guwy .

Proof. The proof is similar to the one in § 4.3. g

Note that, if v and v/ are different compositions of n such that g ~ y and v/ ~ p, then

the sets G w, , and GLw,/ , are disjoint.

6.3. Some negative cases

For p = n, consider p = p,,. Let wf be the longest element in the parabolic subgroup
of W corresponding to p. Let R denote the right Kazhdan—Lusztig cell of W containing
the element w}wp.

For w € (S,)f,.,¢» We say that the parabolic Verma module AP, is thin, provided that

there is a unique u € R such that [AP) : L,] # 0; moreover, [AP : L,] = 1.
The following proposition is a general off-shot from the arguments applied in § 5.

Proposition 9. For w € (S,)%, ..., we have K(AF) = false provided that A¥, is not
thin.

Proof. For u € R, we have 6,1 A¥ is isomorphic to a direct sum of [A¥, : L,] copies of
04Lg4, where d is the Duflo involution in R. From § 3.4, it follows that Kostant positivity
of A¥ implies that 6,1 AP is either indecomposable or zero. In particular, we must have
[AP 2 L,] <1, for each such u.

If we have two different u, @ € R such that [AP : L,] = [AP : Ly] = 1, then we have
0,-1AF = 0. 1 AP which implies that AP is Kostant negative, again by § 3.4. This

completes the proof. O
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6.4. Some speculations

The above results reduce the study of Kostant problem for the parabolic Verma module
to the case of thin parabolic Verma modules that are not covered by § 6.2. Each thin
parabolic Verma module has simple socle. The results of § 5 suggest that, for a thin
parabolic Verma module A with socle L,, we have K(AP) = K(L,). We do not know
whether this is true in general and if yes, how to prove this. In any case, this is only a
reduction to the still open problem of determining K(L,,).

The above results also suggest that classification of thin parabolic Verma modules is
an interesting and important problem.
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