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Given hypergraphs F and H, an F-factor in H is a set of vertex-disjoint copies of F which cover
all the vertices in H. Let K, denote the 3-uniform hypergraph with four vertices and three edges.
We show that for sufficiently large n € 4N, every 3-uniform hypergraph H on n vertices with
minimum codegree at least 7/2 — 1 contains a K -factor. Our bound on the minimum codegree
here is best possible. It resolves a conjecture of Lo and Markstrom [15] for large hypergraphs, who
earlier proved an asymptotically exact version of this result. Our proof makes use of the absorbing
method as well as a result of Keevash and Mycroft [11] concerning almost perfect matchings in
hypergraphs.
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1. Introduction

Given two hypergraphs H and F, an F-tiling in H is a collection of vertex-disjoint copies of F' in
H. An F-tiling is called perfect if it covers all the vertices of H. Perfect F'-tilings are also referred
to as F-factors or perfect F-packings. Note that perfect F-tilings are generalizations of perfect
matchings (which correspond to the case when F is a single edge).

Tiling problems have been widely studied for graphs. The seminal Hajnal-Szemerédi
theorem [8] states that every graph G on n € rN vertices and with 6(G) > (1 — 1/r)n contains
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a K,-factor. More generally, given any graph F, Kiihn and Osthus [13] determined, up to an
additive constant, the minimum degree threshold that forces a F'-factor in a graph. See [14] for a
survey including many of the results on graph tiling.

Given a k-uniform hypergraph (k-graph for short) H with a d-element vertex set S (where
0 <d < k—1) we define the degree degy, (S) of S in H to be the number of edges containing S.
The minimum d-degree 8,(H) of H is the minimum of deg, (S) over all d-element sets of vertices
in H. We also refer to &,(H) as the minimum vertex degree of H and 6, ,(H) the minimum
codegree of H.

In recent years there have been significant efforts at finding minimum d-degree conditions
that force a perfect matching in a k-graph. For example, for every k > 3, Rodl, Rucinski and
Szemerédi [20] determined the minimum codegree threshold that forces a sufficiently large k-
graph H to contain a perfect matching. Other than the matching problems, only a few hypergraph
tiling problems have been studied — most of them recently.

Given a k-graph F of order f and an integer n divisible by f, we define the threshold 6, (n, F)
as the smallest integer 7 such that every n-vertex k-graph H with §,(H) > t contains an F-factor.
We simply write & (n, F) for §,_,(n,F). One of the earliest results on hypergraph tiling was given
by Kiihn and Osthus [12], who proved that §(n,C3) = n/4 + o(n), where C; is the (unique) 3-
graph with four vertices and two edges. Later Czygrinow, DeBiasio and Nagle [3] showed that
for sufficiently large n € N, §(n,C3) = n/4+1if n € 8N and 8(n,C3) = n/4 otherwise. Let K;
denote the complete 3-graph on four vertices. Lo and Markstrom [16] showed that §(n,K;) =
3n/4+ o(n). Independently and simultaneously Keevash and Mycroft [11] proved that for suf-
ficiently large n € 4N, &(n,K3) = 3n/4—2 if n € 8N and §(n,K;) = 3n/4 — 1 otherwise. More
recently Han and Zhao [10] and independently Czygrinow [2] determined §, (n,Ci ) exactly for
sufficiently large n. Mycroft [17] determined & (n, F') asymptotically for many k-partite k-graphs
F (including complete k-partite k-graphs and loose cycles). One of these thresholds, §(n,C3),
where Cé’ denotes the 3-uniform loose cycle on six vertices, was determined exactly by Gao
and Han [7] very recently. Han, Zang and Zhao [9] determined 6, (n, K) asymptotically for all
complete 3-partite 3-graphs K. See the surveys [18, 21] for detailed overviews of matching and
tiling problems in hypergraphs.

Let K, denote the 3-graph with four vertices and three edges. Lo and Markstrom [15] proved
that n/2 — 1 < 6(n,K; ) <n/2+o(n). Let us recall the construction that gives the lower bound.
Given two disjoint vertex sets A, B, define B[A,B] to be the 3-graph on AU B whose edge
set consists of all those triples that contain an odd number of vertices from A. Suppose that
n=0 mod4.If n# 0 mod 3 and |A| = |B| = n/2, we have that 6,(B[A,B]) =n/2—2but B[A, B]
does not contain a K -factor. If n =0 mod 3 and |[A| =n/2+1, |B| = n/2 — 1, again we have
that &,(B[A,B]) = n/2 — 2 but B[A, B] does not contain a K -factor. (See Proposition 1 in [15]
for details.)

In this paper we determine 6(n, K ) exactly for sufficiently large n, thereby resolving a con-
jecture of Lo and Markstrom [15] for large hypergraphs.

Theorem 1.1. There exists an n, € N such that the following holds. Suppose that H is a 3-graph
on n = n vertices where n is divisible by 4. If 8,(H) > n/2 — 1 then H contains a K, -factor.
Thus, §(n,K; ) =n/2—1 for n € 4N and n > n,,.
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The proof of Theorem 1.1 makes use of the absorbing method, a technique that was first used
by Rodl, Ruciriski and Szemerédi in [19] and has subsequently been applied to numerous em-
bedding problems in extremal graph theory. We also apply a result of Keevash and Mycroft [11]
concerning almost perfect matchings in hypergraphs. As is common with proofs in the area, our
argument splits into two cases; the extremal case (i.e. when H is ‘close’ to the extremal example
BJA, B]: see Section 2.1 for a precise definition) and the non-extremal case.

The paper is organized as follows. In the next section we derive Theorem 1.1 from three main
lemmas, preceded by an overview of the proof and a comparison with the proof in [15]. We give
some useful tools in Section 3. We prove an almost perfect tiling lemma in Section 4 and an
absorbing lemma in Section 5. The extremal case is tackled in Section 6.

2. Notation and proof of Theorem 1.1

2.1. Notation
Given a set X and r € N, we write ()f) for the set of all r-element subsets of X. For simplicity,
given vertices x,,...,x, and a set of vertices S, we often write x, - - -x; for {x,...,x} and SUx,
for SU{x,}.

Let H be a 3-graph. We write V(H) for the vertex set and E(H) for the edge set of H.
Sometimes we will write (V(H),E(H)) to denote H. Define e(H) := |E(H)|. We denote the
complement of H by H. That is,

Ho— <V(H), (V<3H)> \E(H)).

Given x,y € V(H), we write Ny (xy) to denote the neighbourhood of xy, that is, the family of
those vertices in V(H) which, together with x,y, form an edge in H. If X C V(H) we write
Ny (xy,X) := Ny (xy) N X, and deg,, (xy,X) := | Ny (xy,X)|. For this and similar notation, we often
omit the subscript if the underlying hypergraph is clear from the context.

Given X C V(H), we write H[X] for the subhypergraph of H induced by X, namely,

HIX] = <X7E(H)ﬂ (’;))

We write e, (X) or simply e(X) for e(H[X]). In addition, we let H\ X := H[V(H) \ X]. If H[X]
contains a spanning copy of K then we say that X spans a copy of K in H. In particular, this does
not necessarily mean that X induces a copy of K in H. When counting the number of copies of
K in H, we only count the number of subsets of V(H) that span copies of K in H. For example,
we say that K3 only contains one copy of K, (instead of four copies).

Let ¥ > 0 and H and H' be two 3-graphs on the same vertex set V. We say that H y-contains
H'if |[E(H')\E(H)| < y|V|?, that is, H misses at most y|V|> edges from H'. Given y > 0, we
call a 3-graph H = (V, E) on n vertices y-extremal if there is a partition of V = AU B such that
|A| = |n/2], |B| = [n/2] and H y-contains B[A, B].

For any x € V(H), we define the link graph L, to be the graph with vertex set V(H) \ {x} and
where yz € E(L,) if and only if xyz € E(H). Let G be a graph, X C V(G) and x € V(G). We define
N (x),e5(X),G[X],Ng(x,X),deg;(x,X) analogously to the 3-graph case. We write 8(G) for the
minimum degree of G and A(G) for the maximum degree of G. Given disjoint X,Y C V(G), we
write e;(X,Y) for the number of edges in G with one endpoint in X and the other endpoint in Y.
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Throughout the paper, we write the hierarchy 0 < a < B < ¥ to mean that we can choose the
constants ¢, 3,y from right to left. More precisely, there are increasing functions f and g such
that, given 7y, whenever we choose 8 < f(7) and o < g(f), all the calculations needed in our
proof are valid. Hierarchies of other lengths are defined in the obvious way.

2.2. Overview of the proof of Theorem 1.1
In the next subsection we will combine the three main lemmas of the paper to prove Theorem 1.1.
Before this we give an overview of the proof. It is instructive to first describe the strategy used
by Lo and Markstrom in [15] to prove the asymptotic version of Theorem 1.1.

Let 0 < € < Yy < n and n be sufficiently large. Suppose that H is a 3-graph on n vertices where
0,(H) > (1/24 n)n. The proof in [15] splits into two main tasks.

Step 1 (absorbing set). Find an absorbing set W CV (H ) such that |W| < yn. W has the property
that given any set U C V(H) \ W where U € 4N and |U| < en, both H[W] and H[W U U]
contain K, -factors.

Step 2 (almost tiling). Let H' := H\ W. Find a K -tiling /C in H' that covers all but at most en
vertices.

Note that after Steps 1 and 2 one immediately obtains a K -factor in H. Indeed, let U :=V (H') \
V(K). Then H[W UU] contains a K -factor ' and so KUK is a K, -factor in H.

To show that H contains the desired absorbing set W, Lemma 1.1 in [15] implies that it suffices
to show that H is closed. Roughly speaking, H is closed if, for any x,y € V(H), there are many
small sets S C V(H) such that both H[SUx] and H[SUy] contain K, -factors (see Section 5 for
the formal definition). Using that 8,(H) > (1/2+ n)n, it is not too difficult to show that there
is a partition of V(H) into at most three parts such that each of these partition classes is closed.
So a key task in [15] is to ‘merge’ these closed classes into a single closed class. For this, it
suffices to show that there are many ‘bridges’ between the partition classes (see Lemma 5.3): an
(X,Y)-bridge is a triple (x,y,S) wherex € X,y € Y and S C V(H) such that H[SUx] and H[SUY]
contain K -factors. This is precisely the strategy used in [15] to prove that H is closed, and thus
contains an absorbing set W. A short argument then shows that, since 6,(H’) > (1/2+1/2)n,
H'’ contains an almost perfect K -tiling, as desired.

We now turn to our proof of Theorem 1.1. Let H be a sufficiently large 3-graph on n vertices
where 8,(H) > n/2—1.If H is close to the extremal example B[A, B] then it is not clear whether
one can find an absorbing set in H. Indeed, let H* := B[A, B] where |A| = |B| = n/2. Suppose
that U C B where |U| = 4. Consider any W C V(H*) \ U such that H*[W| contains a K, -factor.
Then it is easy to see that |W N B| =0 mod 3. However, for any such set W, H*[W U U] does not
contain a K -factor as |(WUU)NB| =1 mod 3.

Thus, in the case when H is close to the extremal example 5[A, B], we do not use the absorbing
method. Instead, in Section 6, we give a direct argument to show that H contains a K, -factor. In
the case when H is non-extremal we follow Steps 1 and 2 as above. However, since we now only
have that 6,(H) > n/2 — 1, the argument becomes significantly more involved.

To find an absorbing set when H is non-extremal we again show that H is closed. Suppose
that there exists x € V(H) such that there are very few edges abc € E(H) so that abcx spans a
copy of K, in H. In this case we give a direct argument to show that H contains an absorbing
set (see Lemma 5.6). Otherwise, we show that our minimum codegree ensures that V (H) can be
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partitioned into at most four sets such that each is closed in H (see Lemma 5.9). We again merge
these sets into a single closed class by finding many bridges between the sets. For this, we use
that if H is non-extremal then in any partition A, B of V(H) with |A|,|B| > n/5, we have many
edges that intersect A in precisely one vertex and many edges that intersect A at precisely two
vertices (see Lemma 3.3). The process of proving that non-extremal 3-graphs H are closed is
quite involved, and forms the heart of the paper (most of Section 5 is devoted to this task).

In Section 4 we tackle Step 2 for non-extremal 3-graphs H. Our lower minimum codegree
condition means that we cannot use the argument from [15] here. Instead, we translate the
problem to one on almost perfect matchings in hypergraphs. We then (somewhat carefully) apply
a result of Keevash and Mycroft [11] to obtain an almost perfect matching in some auxiliary
hypergraph whose 4-edges correspond to copies of K, in H'. Thus, we obtain an almost perfect
K, -tiling in H'.

2.3. Proof of Theorem 1.1
As outlined in the previous subsection, the proof of Theorem 1.1 consists of three main parts: the
extremal case; obtaining an absorbing set in the non-extremal case; and finding an almost perfect
tiling in the non-extremal case.

Our first lemma deals with the last part. In fact, it implies that H has an almost perfect K, -
tiling even if &, (H) is (slightly) less than n/2.

Lemma 2.1. Let1/n < ¢ < y< 1. Let H be a 3-graph on n vertices with 6,(H) > (1/2—7y)n.
Then H contains a K, -tiling covering all but at most ¢n vertices.

The next result yields the absorbing set in the non-extremal case.

Lemma 2.2. Let1/n < ¢ < € Ky < 1. Let H be a 3-graph of order n with 6,(H) > (1/2—
Y)n. Suppose that H is not 3y-extremal. Then there exists an absorbing set W C V(H) of order
at most n so that for any U CV (H)\W with |U| < ¢n and |U| € 4N, both HW| and H{U UW|
contain K, -factors.

If H is extremal, then we will find a K" -factor using the following lemma.

Lemma 2.3. There exist Y > 0 and n, € N such that the following holds. Suppose that H is a
3-graph on n > n, vertices where n is divisible by 4. If 6,(H) > n/2 — 1 and H is y-extremal,
then H contains a K -factor.

Theorem 1.1 now follows easily from Lemmas 2.1-2.3.

Proof of Theorem 1.1. Letl/n <« ¢ < € < y< 1 withn € 4N. Let H be a 3-graph of order
nwith 6,(H) > n/2— 1. If H is 3y-extremal, then by Lemma 2.3 H contains a K -factor.
Therefore, we may assume that H is not 3y-extremal. By Lemma 2.2, there exists an absorbing
set W C V(H) of order at most en so that for any U C V(H) \ W with |U| < ¢n and |U| € 4N,
both H[W] and H[U UW] contain K, -factors. Let H' := H\ W. Note that n’ := |[H'| > (1 —¢&)n
and 6,(H') >n/2—1—en>(1/2—2¢)n'. By Lemma 2.1, H' contains a K -tiling M, covering

https://doi.org/10.1017/50963548317000268 Published online by Cambridge University Press


https://doi.org/10.1017/S0963548317000268

Exact Minimum Codegree Threshold for K, -Factors 861

all but at most ¢n’ vertices. Let U :=V (H') \V(M,). Since [U| < ¢n’ < ¢n, H{U UW] contains
a K -factor M,. Then M, UM, is a K, -factor in H, as desired. |

3. Useful results

We will need the following result, which follows immediately from a theorem of Baber and Tal-
bot [1, Theorem 2.2] and the supersaturation phenomenon discovered by Erdds and
Simonovits [6].

Proposition 3.1. There exist a constant ¢’ > 0 and an integer n' such that every 3-graph H of
order n > n' with e(H) > 0.3(3) contains at least ¢'n* copies of K .

Let H be a 3-graph of order n. For any 3-set T C V(H), let L, (T), or simply L(T), be the set
of vertices v such that H[T Uv] contains a copy of K, . If T = xyz € E(H), then

L(T) = (N(xy) "\N(yz)) U (N(xy) N\N(xz)) U (N(yz) NN (xz)).

The following proposition gives a lower bound on the size of such L(T).

Proposition 3.2 (Proposition 2.1 of [15]). Let H be a 3-graph of order n. Then for every edge
e=xyzand any U CV(H),

|L(e)NU| > (deg(xy,U) +deg(yz,U) + deg(xz,U) — |U|)/2.

Let H be a 3-graph and let V|, V,,V; C V(H). We say that an edge v,v,v; € E(H) is an V,V,V;-
edgeifv; € V, for alli € [3]. We let e, (V,V,V;) denote the number of V,V,V;-edges. The following
simple result will be applied in the proof of the non-extremal case of Theorem 1.1. We remark
that the property guaranteed by Lemma 3.3 is in fact the only property of non-extremalness that
will be used in the proof of Lemma 2.2 (and thus in the entire proof of Theorem 1.1).

Lemma 3.3. Let0<1/n < y < 1/100. Suppose that H is a 3-graph of order n where 8,(H) >
(1/2 —vy)n. Let X,Y be any bipartition of V(H) where |X|,|Y| = n/5. If H is not 3y-extremal,
then there exist at least Y>n® XXY -edges and at least Y*n3 XYY -edges.

Proof. Suppose that H contains fewer than y’n® XXY-edges. We will show that H is 3y-
extremal. (The case when H contains fewer than y?n® XYY -edges is analogous.) We have

Y IN@) = Y, IN(x X)[+ Y IN(xx,Y)| and Y IN(xXY)|< ¥R
xx'eX xx'eX xx'eX xx'eX
Since 6,(H) > (1/2 — y)n, we have
X
5wl (1) )azz-pm
xx'eX
So we get

se() = 3 Nt )| () a2 o,

xx'eX
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Therefore,
1/1X|
X)> - 1/2-2
)= 5 (15 ) /220

and, in particular, |X| > (1/2 —27)n.
Since

Y, IN(xy)| =2e(XXY)+2e(XYY),

xeX,yeY

we derive similarly that
e(XYY) > SXIVI(1/2 = pn—pn.
Since |X|,|Y| > n/5, we get
e(XYY) > %|X|\Y|(1/2—2y)n

and, in particular, |Y| > (1/2 —2y)n.
Therefore we have

(1/2=2y)n < |X],|Y| < (1/2+27)n.

This implies that

0> 3 (3 ar2-2mn> 1 (3 02201 - (%)

A similar calculation shows

e(XYY) > (1—8y)|X| <§|> .
This implies that

XY\ <31(3)

After moving at most 2yn vertices from X to ¥ or from ¥ to X, we obtain a bipartition X', Y’ of
V(H) such that |X'| = |n/2], |Y'| = [n/2]. Then
-1
e\ EER ) <2m ("),

Consequently

[EBX,YD\EH)| < |EBX, Y)\E(BIX,Y])|+[EBX,Y])\ E(H)|
< 2}/n<ng 1) —I—S}/(Z <3yn’.

Therefore H is 3y-extremal. L]

The following technical result will be applied in the proof of Lemma 2.2.
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Proposition 3.4. Let B > 0 and H be a 3-graph of order n. Let X,Y be a partition of V(H).

Suppose that there are at most 3 (l)zf ‘) (‘)zll) copies of K, with two vertices in X and two vertices

inY. Then

(7] = De(XXY) + (IX| - D)e(XYY) < 2(1+B) (szl) (IIZ/I)

Proof. Observe that
Ye(S) = (JY| - 1)e(XXY) + (|X]| — 1e(XYY),

where the sum is over all 4-sets S such that [SNX| = |[SNY| = 2. Our assumption is that there
are at most B (41) (%) 4-sets § such that [SNX| = [SNY| and e(S) > 3. So we have

Ses) < 2<|§> <|§|) 25 <|§|> (|§|> Cep) (p;) <|§|). .

4. Almost K, -tiling

In this section we prove Lemma 2.1, which implies that any 3-graph H with minimum codegree
slightly less than that in Theorem 1.1 must contain an almost perfect K, -tiling.

The key tool in the proof of Lemma 2.1 is a result of Keevash and Mycroft [11] on almost
perfect matchings in hypergraphs. Before we can state this result, we need the following termin-
ology. For an integer k, a k-system is a hypergraph J in which every edge of J has size at most
k and @ € E(J). We call an edge of size s in J an s-edge. Let J; be the s-graph on V(J) induced
by all s-edges of J. The minimum r-degree of J, denoted by &,(J), is the minimum deg . (e)
among all e € E(J,). (Note that this is different from 6,(J,,, ), which is the minimum deg i ()
among all r-sets S C V (J).) The degree sequence of J is 6(J) = (SO(J), 31 J),..., Sk_l (J)). Given
Ay, ay, ... a,_; = 0 we write 5(J) > (ag,ay;...,a,_,) to mean that 5,(J) > a, for all i.

We will apply the following special case of Lemma 7.6 from [11].

Lemma 4.1. Suppose that 1/n < ¢ <y < B,1/k. Let V be a set of size n. Suppose that J is a
k-system on'V such that:

) 8(7) > (n, (k= 1) k=P, ((k—2) k= Y)m,..... (1 /k = y)m), and
(i) for any p € [k—1] and set S CV with S = | pn/k|, we have e(J ,,[S]) > Bnrtl.

Then J, contains a matching M which covers all but at most ¢n vertices of J.

We now prove Lemma 2.1 by defining a 4-system J such that

B =), B0 =V, B0 = ("), Buy—E@) wa BU) =K

“.n

where K, (H) denotes the set of 4-tuples in V(H) that span a copy of K in H. If J satisfies the
hypothesis of Lemma 4.1, then we are done. Otherwise, we deduce some structural properties
of H, update J appropriately and apply Lemma 4.1 again.
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Proof of Lemma 2.1. Define 1/n < ¢ < y< B < ¢/, where ¢’ is the constant from Proposi-
tion 3.1. Let H be as in the statement of the lemma and V :=V (H). Define a 4-system J as in (4.1).
By Proposition 3.2, 33(J) > (1/4—3y/2)n. Hence 6(J) = (n,n—1,(1/2—y)n,(1/4—3y/2)n).
If Lemma 4.1(ii) holds, then J, contains a matching M which covers all but at most ¢n vertices
of J, thereby proving the lemma.

Thus we may assume that there exist some p € [3] and a set S C V with S = | pn/4] where
e(J,1[8]) < BnP*'. We note that p # 1,3. Indeed, for any S of size [n/4], we have e(J,[S]) =
(‘g‘) > Bn?. Now consider any S C V such that |S| = |3n/4|. Note that

8,(H[S]) > & (H) — [n/4] = (1/4—2y)n > 0.3|S].

Proposition 3.1 therefore implies that e(J,[S]) > ¢/|S|* > Bn*. So we must have that p = 2.

Let S CV be such that |S| = |n/2] and e(J;[S]) = e(H|[S]) < Bn’. In general, for any set U C V
with |U| = |n/2] and e(H[U]) < Bn?, we call a pair xy € (5) U-good if deg,;y (xy) < 38'2n
(and so deg, (xy,V\U) > (1/2 — y—3B"/*)n). Then at most '/2n? pairs xy € (3) are not U-
good. We call a triple xyz € (({) U-good if every pair in xyz is U-good. Note that:

(a) for any W C U, at least (1) — B'/2n?(|W| —2) triples of W are U-good,
(b) for any U-good triple T = xyz,

IL(T)| > |(Ny (x9) NNy (x2) NNy (32)) N (VAU)| > (1/2 - 10B')n.

Define a 4-system J' obtained from J by adding all S-good triples that are not edges of H
to the edge set. Because of (b), we have deg,,(T) > (1/2 —108"?)n > (1/4 — 3y/2)n. Thus
5(J") = (n,n—1,(1/2—y)n,(1/4—3y/2)n). Since J C J', J' satisfies Lemma 4.1(ii) for p = 1,3.
If J' also satisfies Lemma 4.1(ii) for p = 2, then Lemma 4.1 gives a matching in Jj = J, which
covers all but at most ¢n vertices, proving the lemma. Otherwise, there exists S’ C V such that
|S'| = |n/2]) and e(J4[S']) < Bn’. We claim that |S'N S| < 3B3'/*n; otherwise, by (a), the number
of S-good triples in §' NS is at least

(3’3 ;/4n> — B0 (3B n ~2) > pr’,

implying that e(J}[S']) > Bn?, a contradiction.

Define a 4-system J* obtained from J’ by adding all §'-good triples that are not in J'. Once
again, we have §(J*) = (n,n—1,(1/2—y)n,(1/4 —3y/2)n) by (b). Since J C J*, J* satisfies
Lemma 4.1(ii) for p = 1,3. Consider a set S* C V with |S*| = |n/2]. As |S| = |§'| = [n/2] and
IS'NS| < 3B'4n, we have |S'US| > n—3B"/4n— 1. Thus S* contains at least n/6 vertices from
S or at least n/6 vertices from §' \ S. In either case, since J* contains all S-good and S’-good
triples, we have e(J5[S*]) > (”éﬁ) —B'2n? -n/6 > Br*. So J* satisfies Lemma 4.1(ii) for p = 2.
Therefore J, = J; contains a matching M which covers all but at most ¢n vertices, proving the
lemma. Ul

5. The absorbing lemma

In this section we prove Lemma 2.2, which is an absorbing result for the case when H is not 37y-
extremal. For this, we need the following terminology. Let H be a 3-graph of order n. Given an
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integer ¢ > 1 and vertices x,y € V(H), we say that the vertex set S C V(H) is an (x,y)-connector
of length ¢ if SN {x,y} =0, |S| = 4c— 1 and both H[SUx] and H[SUy] contain K, -factors. Given
an integer ¢ > 1 and a constant 11 > 0, two vertices x,y € V(H) are (c,n)-close to each other if
there exist at least nn**~! (x,y)-connectors of length ¢ in H. For x € V(H), we let N ,, (x) denote
the set of vertices y in H that are (¢, n)-close to x. A subset U C V(H) is said to be (¢, n)-closed
in H if any two vertices in U are (c,n)-close to each other. If V(H) is (¢, n)-closed in H then we
simply say that H is (¢, n)-closed.

Given X C V(H), X being (c¢,n)-closed in H is not the same notion as H[X] being (c¢,n)-
closed. Indeed, the former implies that between any x,y € X there are at least nn*~! (x,y)-
connectors of length ¢ in H. On the other hand, the latter implies that between any x,y € X there
are at least 1|X|*~! (x,y)-connectors of length ¢ in H[X].

Given an integer ¢ > 1 and X,Y C V(H), a triple (x,y,S) is an (X,Y)-bridge of length c if
x€X,y€Y and S is an (x,y)-connector of length c.

We will apply the following two results from [16]. The first, a special case of Lemma 1.1
from [16], states that if H itself is (¢, 7)-closed then H contains a small absorbing set.

Lemma 5.1 ([16]). Ler0< 1/n < ¢ < € < n,1/c. Let H be a 3-graph of order n. Suppose
that H is (c,n)-closed. Then there exists an absorbing set W C V(H) of order at most en such
that |W| € 4N, and for any U CV (H)\W such that |U| < ¢n and |U| € 4N, H{W] and H{U UW]
have K, -factors.

The next result is a special case of Proposition 2.1 from [16].

Proposition 5.2 ([16]). Let0 < 1/n < n’ < n,&,1/c with ¢ € N. Suppose H is a 3-graph of
order n and there exists a vertex x € V(H) with |N,, (x)| > en. Then N, (x) C Nc+1,n’ (x).

The proof of the next simple result is similar to that of Lemma 2.2 from [16] (so we omit it). It
states that if one has two disjoint ‘closed’ sets X and Y in H and H contains many (X,Y)-bridges,
then in fact X UY is closed.

Lemma 5.3. Let0<1/n<n < n,e,1/c,1/pwithc,p €N. Let H be a 3-graph of order n.
Let X,Y C V(H) be disjoint such that both X and Y are (c,n)-closed in H. Suppose further that
there exist at least en*?*' (X,Y)-bridges of length p. Then X UY is (2c + p,n’)-closed in H.

The following result gives another condition that ensures we can ‘merge’ two closed sets V,V,
into a larger closed set V, UV,.

Lemma 54. Let 0 < I/n<n' < n,e,1/c with ¢ € N. Let H be a 3-graph of order n. Let
Vi,...,V, be disjoint subsets of V(H) such that 2 < d < 4 and each V, is (¢,n)-closed in H. Let
a,,...,a, be non-negative integers such that a, > 1 and Y,a; = 4. Suppose there exist at least en’
copies F of K in H such that |V(F) NV;| = a; for all i € [d] and there exist at least en* copies
F'of K; in H such that |V(F')NV,|=a, = L [V(F')NV,| =a,+ 1 and |V (F')NV,| = a; for all
3<j<d. ThenV,UV,is (5¢+1,n')-closed in H.
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Proof. Letn” be such that n’ < n” < n,¢€,1/c. Consider any vertex-disjoint copies F,F’ of
K, in H such that |V(F)NV;| =a; foralli € [d] and |V(F')NV|| =a, + 1, |V(F')NV,| =a, — 1
and |V (F')NV,| = a; for all 3 < j < d. Note that there are at least (en”/2)? choices for (F,F’).
Let V(F) = {x,x,,x,,x;} and V(F") = {y,¥,,¥,,¥; } such that x € V|, y € V, and for each j € [3],
X;,y; € Vi/_ for some i;. For each j € [3], Vl is (¢, n)-closed. Therefore, there exist S,,5,,S; such
that each S is an (x;,y;)-connector of length ¢ and V(F),V(F’),S,,S,,S; are vertex-disjoint.
Note that there are at least (nn*~!/2)® choices of (5,,S,,S;). Set S := {x;,%,,%3,¥1, Y5, ¥3 } U
S, US,US,. Note that S is a (x,y)-connector of length 3¢+ 1. Indeed,

H[xUS] 2 FU | H[y;US|]
Je]

has a K, -factor, and similarly H[yUS] has a K -factor. Thus (x,y,S) is a (V;,V,)-bridge of length
3c+ 1. Hence, we have at least

2 c— 3
% 67114 nn*! > n//n4(3c+1)+l
(4Bc+1)+ 1)1\ 2 2

(V,,V,)-bridges of length 3¢ + 1. By Lemma 5.3, V, UV, is (5¢+1,1)-closed in H. Ul

5.1. There exists a vertex v € V(H) such that v € L(e) for very few edges ¢ € E(H)

Let H be a 3-graph satisfying the hypothesis of Lemma 2.2. Suppose further that there exists a
vertex v € V(H) such that there are at most en® edges e such that v € L(e) (that is, e Uv spans
at least three edges). In Lemma 5.6, we show that there exists a small set V, C V(H) such that
H{[V,] contains a K, -factor and H \ V,, is (6, 7. )-closed for some constant 17, > 0. First we will
need the following result for graphs.

Proposition 5.5. Letn € Nand 0 < y< 1/20. Let G be a graph of order n with (1/2 —y)n <
6(G) < A(G) < 3n/5. Suppose that |[N(x)AN(y)| < yn for every edge xy € E(G). Then there
exists a bipartition X,Y of V(G) such that 8(G[X]),6(G[Y]) = (1/2—5y)n and (1/2—5y)n <
X[, Y] < (1/2+57)n.

Proof. Let X,Y be a bipartition of V(G) such that ¢(X,Y) is minimized. First we show that
e(X,Y) < 3yn*/5. Consider a vertex x, € V(G). Let X,, := N(x,) Ux, and ¥, := V(G) \ X,. Note
that
e(X,Y) < e(X),Yy) < Y IN(X)AN(xy)| < deg(xy)yn < 3yn?/5, (5.1)
XEN(x,)
as claimed.

Suppose there exists v € V(G) such that deg(v,X),deg(v,Y) > 4yn. Without loss of generality,
assume that deg(v,X) > deg(v)/2 > n/5. For each w € N(v,X), we have

deg(w,Y) = [IN(w)NN(v)NY| = deg(»,Y) — IN(v)AN(w)| > 3yn,

as |[N(v)AN(w)| < yn. Thus e(X,Y) > 3deg(v,X)yn > 3yn?/5 contradicting (5.1). Therefore,
for all v € V(G), either deg(v,X) < 4yn or deg(v,Y) < 4yn. Since e(X,Y) is minimal, we have
6(G[X]),8(GlY]) = (1/2—=57)n. 0
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Define 7, > 0 to be the constant 1)’ obtained by applying Lemma 5.4 with 1/30, 1/128 and 1
playing the roles of 1, € and c, respectively.

Lemma 5.6. For0<1/n<e<y<1,letH be a3-graph of order n with 8,(H) > (1/2—7)n.
Suppose there exists a vertex v € V(H) such that there are less than en® edges e € E(H) such
that v € L(e). Then there exists V, C V(H) of order at most 8v/en such that H|V,| contains a
K -factor and H\ V, is (6,1.)-closed.

Here is a sketch of our proof. First we show that there exists a partition X, Y, V, such that H[V,)]
contains a K, -factor and almost all XXY - and Y'Y X-edges exist. We then show that both X and Y
are (1,1/30)-closed in H[X UY]. Furthermore, we show that there are many copies F,F’ of K~
such that [V(F)NX|=3,|V(F)NY|=1and [V(F')NX|=2=|V(F')NY|. Then by Lemma 5.4,
H[X UY]is (6,n,)-closed.

Proof of Lemma 5.6. Set G:=L,. Then 6,(H) > (1/2 — y)n implies that 6(G) > (1/2— y)n.
Note that, from the property in the lemma, there are fewer than en” edges in H which contain
two edges in G. We say that an edge uw € E(G) is good if |Ng(u) NNy (uw)| < 3y/€n and
INg(w) NNy (uw)| < 3v/€n, otherwise we call it bad.

Claim 5.7.
(i) There are at most \/€n® bad edges in G.
(ii) If u € V(G) is incident with a good edge, then deg;(u) < (1/2+7v+3+/€)n.

Proof of claim. For each bad edge uw, there are at least 3/en edges e of H such that uw C e
and e contains at least two edges in G. Moreover, v € L(e). Thus there are at least 3\/en edges e
of H\ {v} such that uw C e and v € L(e). If there are at least \/€n’ bad edges, then there are
at least 1+/en*-3\/én = en’ edges e € E(H) such that v € L(e), contradicting the assumption.
Thus (i) holds.

Suppose that u € V(G) is incident with a good edge uw in G. Note that

3ven = [Ng(u) NNy (uw)| = degg(u) + degy, (uw) —n.
Since 6,(H) > (1/2 —y)n, (ii) holds. O
Let V{ be the set of vertices u € V(G) that are incident to at least y/en bad edges in G. Since
there are at most /en? bad edges, |V}| < 2v/en. By the greedy algorithm and Proposition 3.2,
there exists a vertex set V, 2 V; such that H[V,] contains a K, -factor and |V,| < 8+/en. By pairing

v with a vertex in V{j, we can ensure that v € V.
SetV':=V(H)\V,and n' := |V'|. Let H := H[V'], s0

S(H) = (1)2—y-8en > (1/2-2y)n'.
Let G’ be the spanning subgraph of G\ V, induced by the good edges. Note that for all u € V',
deg (u) = 8(G)— V| —ven > (1/2—y—9ve)n = (1/2-2y)n,
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and by Claim 5.7(ii),

degg (u) < (1/24y+3Ve)n < (1/2+2y)n'.
Since each edge uw in G’ is good, we have

INg () NNy (uw)| < 3/en < 4v/en, (5.2)
and so |Ng, (u) UNy, (uw)| > 2(1/2 —2y)n’ —4+/en’. Consequently
[N () \Ngy (W) = [(Ng () \ N (w)) \ Ny (uw) |+ [ (N () \ N (W) N (uw) |
<V (H)\ (Ng: (w) UNy (uw))] + [Ng (1) VN (uw)|
< (0 —=2(1/2=2y)n +4\/en') +4\/en' < 5yn'.

Similarly, we have N, (w) \ N (u)| < 5yn’. Thus [N, (u) ANg (w)| < 10yn'.
Applying Proposition 5.5 to G’, we obtain a bipartition X UY of V' such that

(1/2=507)n" < |X|,|Y| < (1/2+50y)n,
8(G'X]) > (1/2— 509’ > (1-2007) X,
§(G'[Y]) > (1-2007)¥].
Consider any edge uw in G'[X]. Observe that
X\ Ng (u)] < |X| —degg (u,X) < (1/2+50y)n" — (1/2—50y)n" < 100yn’.
So by (5.2),
deg,, (uw,Y) = deg,, (uw) — deg,, (uw,X)

> (1/2=27)n" = (IX \Ng (u)| + [Ng (1) N Ny (uw)))

> (1/2—2y—100y—4¢e)n’

> (1/2—1037)n’ > (1 —400y)|Y|, (5.3)
as |Y| < (1/2+50y)n’. Therefore,

e (XXY) > Y degy, (uw,Y) = e(G'[X])(1—400y)Y|
uweE(G'[X])

> (1-200y)(1—4007)|X|*|Y|/2 > (1—600y)|X|*|Y|/2 (5.4)

as 6(G'[X]) = (1—2007)|X]|.
Note that for every 3-set T C X that forms a triangle in G’[X], (5.3) implies that

|L(T)NY| > (1—12007)|Y]. (5.5)
Recall that 6 (G'[X]) > (1 —2007)|X|. So there are at least

(1—2007)(1 —4007) ('?') (1—12009)|Y| >n*/128

copies of K, in H' with three vertices in X and one in Y.
We now show that X is (1,1/30)-closed in H'. Let x,x’ be two distinct vertices in X. Since
6(G'[X]) = (1 —2007)|X]|, there are at least

(1—400y)|X|(1 —6007)|X|/2 = n*/10
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choices of x;,x, € X such that both xx,x, and x'x, x, form triangles in G'. Let
Z =Ly, (xx,;x,) N Ly, (X'x,x,) N Y.

Thus |Z| > (1—24007)|Y| > n/3 by (5.5). Notice that for each z € Z, x,x,z is an (x,x")-connector
of length 1 in H'. Thus, we get at least n* /30 (x,x")-connectors of length 1, that is, x and x’ are
(1,1/30)-close in H'. Therefore, X is (1,1/30)-closed in H' as required.

By a similar argument, we have that Y is (1,1/30)-closed in H" and

e (XYY) = (1-600y)[X||Y[*/2.

Together with (5.4), we have

(Y] = ey (XXY) + (IX| = 1)ey, (XYY) > 4(1 — 6007) <?2f|> <|§|>.

By Proposition 3.4, there are at least

(1—1200y) <|)2(> (“;) >n*/128

copies of K, in H' with two vertices in each of X and Y. Recall that there are at least n*/128
copies of K, in H' with three vertices in X and one in Y. Lemma 5.4 implies that X UY is
(6,1.)-closed in H', as desired. U

5.2. Partitioning V(H) into (c,n)-closed components

Because of Lemma 5.6, we may assume that for every v € V(H), there are at least en® edges e
such that v € L(e). Recall that N, (v) is the set of vertices that are (c,1)-close to v in H. First
we show that N, | (v) is large for each v € V(H).

Proposition 5.8. Let n € N and 0 < £,y < 1. Let H be a 3-graph of order n with 6,(H) >
(1/2—y)n. Let v € V(H). Suppose that there are at least en® edges e € E(H) such that v € L(e).
Then |N1’y£(v)| > (1/4-=3y)n.

Proof. Let E' C E(H) be the set of edges e such that v € L(e). By Proposition 3.2, for every
edge e € E, |L(e)| = (1/4 —2y)n. Thus we have

D IL(e)| = |E'|(1/4—27)n.
ecE’
For any e € E' and any u € L(e) \ {v}, e is a (u,v)-connector of length 1. Hence, if u # v is a
vertex in V (H) and there are at least yen® edges e € E’ such that u € L(e), then u € N, . (v). Thus
2 L) < [Ny e E'| +n- yen® < (IN) o (v)] +yn) |[E'|

ecE’

as |E’| > en®. Therefore, we have |N1’y£(v)| > (1/4-3y)n. U

Next we show that V (H) can be partitioned into at most 4 parts such that each part is (16,7)-
closed in H.
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Lemma 5.9. Let 0 < 1/n < N < €,y < 1. Suppose H is a 3-graph of order n such that
|Nl’ys(v)| > (1/4 =3y)n for every v € V(H). Then there is a partition P = {V,,...,V,} of V(H)
such that d < 4 and each V, is (16,1n)-closed in H and |V;| > (1/4 —4y)n.

Proof. Let o, ny,n;,n,,N5,N, be such that o < 7, 1, := €y and
1/n<<n:ﬂ4<<n3<<rl2<<rl1 <<TIO,OC

Throughout this proof, for v € V(H) and i € [4], we write N, | (v) as N (v) for short. By
assumption, for any v € V(H),

[Ny (V)| = [N, ()] > (1/4=37)n.

We also write 2/-close (respectively 2'-closed) for (2°,1,)-close (respectively (2°,7,)-closed). By
Proposition 5.2 and the choice of the 71,8, we may assume that N,(v) C sz (v)forall0 <i<3
and all v € V(H). Hence, if W C V(H) is 2-closed in H for some i < 4, then W is 2*-closed in H.

Since |N,,(v)| > (1/4—3y)n for any v € V(H), any set of five vertices in V (H) contains two
vertices u, v such that

N (1) NN, (v)| = (5(1/4—3y)n—n)/<§) >n/50.

Thus the number of (u,v)-connectors of length 2 in H is at least

1 n 3
ﬂ'%'(no”

which implies that u and v are 2'-close to each other in H. Also we may assume that there are
two vertices that are not 2*-close to each other, as otherwise H is 2*-closed and the lemma holds
with P = {V(H)}.

Let d be the largest integer such that there exist v,,...,v, € V(H) such that no pair of them are
26-4_close to each other. Note that d exists by our assumption and 2 < d < 4 by our observation.
Fix such v,,...,v, € V(H); by Proposition 5.2, we can assume that any two of them are not
25~4_close to each other. Consider N,; ,(v;) for all i € [d]. We have the following facts.

—n?)- (ngn* —4n*) > nyn’,

(i) Any v e V(H)\ {v,,...,v,} must be in N,;_,(v;) for some i € [d].

(i) For any i # j, [Ny 4 (v;) "Nys_y (v;)| < an.
Note that if (i) fails for some v € V(H), then v, v,,...,v, contradicts the definition of d. If (ii) fails
with [N, (v;) NN,s_4(v,)| > an say, then the number of (v, v,)-connectors S of length 20~ of
the form § = zUS, US,, where z € N; ,(v;) N N,; ,(v,) and for i = 1,2, S; is a (v;,z)-connector
of length 25~ is at least

1 2 a1\ 2 -
(267d4 1) | an ( nS*d 2 ) > n6—dn26 d4_]'

267d

This implies that v, and v, are -close in H, a contradiction.

For each i € [d], let

U —( zsd UV \ U 25d
jeld\{it
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Note that each U, is 2°~“-closed in H. Indeed, if there exist u,,u, € U, that are not 2°~?-close to
each other, then {u;,u,} U ({v,...,v,} \ {v;}) contradicts the definition of d.

Let Uy :=V(H)\ (U, U---UU,). By (i) and (i), we have [Uy| < (¢) an. We partition Uj, into
Upis---»Up 4 as follows. For each v € U, since IN,, (W \Uy| = (1/4=37)n—|U,| > don, there
exists i € [d] such that | N, (v) NU;| > an. In this case we add v to Uy, ; (we add v to an arbitrary
U, if there are more than one such i).

Let P = {V,,...,V,} be the partition of V(H) such that V, = U; UU,y; for all i € [d]. Let
Ne_q <N <N <K n5_,. Consider any i € [d] and any v € U, . Since |N,,(v) NU,| > o, it is
easy to see that U;Uv is (25-¢ + 1,1’)-closed. Similarly, U; U {v,v'} is (25-¢ +2,1")-closed for
any v,V € Uy ;. Thus each V; is (2574 4-2,1m")-closed, so 2*-closed by Proposition 5.2. Further,

Vi 101> (1437 (3 )an > (1/4— 40n O

5.3. Proof of Lemma 2.2

By Lemma 5.9, there is a partition P = {V,,...,V,} of V(H) such that d < 4 and each V, is

(16,n)-closed in H and [V;[ > (1/4 —4y)n. Our new goal is to find many (V;,V,)-bridges for

some i # j so that we can apply Lemma 5.3 to reduce that number of (c,n’)-closed components

of V(H). The following lemma is crucial in proving Lemma 2.2; we defer its proof to Section 5.4.
For any U,,U,,U;,U, C V(H), we say that a copy F of K, is of type U U,U,U, if there is an

ordering v,,v,,v5,v, of V(F) such that v, € U, for all i € [4].

Lemma 5.10. Let0<1/n<n’ < e,n < y<p<1/c Let H be a 3-graph of order n with
0,(H) = (1/2—y)n. Suppose that there is a partition P ={V,,...,V,} of V(H) such that 2 < d <
4 and each V, is (c,n)-closed in H and |V;| > (1/4 —4y)n. Suppose that there are not necessarily
distinct iy iy, iy,i, € [d] such that {i,,i,} N{i5,i,} = 0 and at least en* copies of K, are of type
V; Vi, ViV, Then there exist distinct i, j € [d] such that V;UV is (3¢ +1,n')-closed in H.

Proof of Lemma 2.2. Let 1, be as defined before Lemma 5.6. Since ¢ < v < 1, we may
assume that £ < 1),.. Let g, be such that ¢ < g, < €. Let H be a 3-graph of order n with 6,(H) >
(1/2—7y)n and so that H is not 3y-extremal.

If there exists a vertex v € V(H) such that there are less than g,n° edges e € E(H) such that
v € L(e), then Lemma 5.6 implies that there exists V;, C V(H) of order at most 8,/€;n such that
H[V;] contains a K -factor and H \ V,, is (6,7,)-closed. Apply Lemma 5.1 to H \ V, and obtain
an absorbing set W' C V(H) \ V,, of order at most €n/2 such that for any U C V(H) \ (V, UW’)
such that |[U| < ¢n and |U| € 4N, both H[W’] and H[U UW'] have K -factors. Lemma 2.2 holds
by setting W := W' UV,

Therefore, we may assume that for every v € V(H) there are at least g,n° edges e € E(H)
such that v € L(e). Let ¢, := 16 and for d € [3], let ¢, := 5c,,, + 1. Let n,m,,...,n, be such
that ¢ <M KN, KNy K 1Ny K 1N K g Let d < 4 be the smallest integer such that there is a
partition P = {V,,...,V,} of V(H) where each V, is (c,,n,)-closed and |V,| > (1/4 —47y)n. Note
that d exists by Proposition 5.8 and Lemma 5.9. If d = 1, then Lemma 2.2 holds by Lemma 5.1.
We will now show that we obtain a contradiction if d = 2,3,4 and so d = 1, as required.
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Case 1: d € {3,4}.

Without loss of generality, assume |V;| < --- < |V,|. Note that we have (1/2 —87y)n < |V,|+
[V,| < 2n/3.

First assume that e(V,V,V;) > nn’ for some j > 3. Since 8,(H) > (1/2 — y)n, by Proposi-
tion 3.2, each V,V,V -edge is contained in at least (1/2 —3y)n/2 copies of K, . By averaging,
there exists i € [d] such that there are at least

1 4/1 n 1 S Mo

Al (2_37')2 27 40"
copies of K, of type V,V,V,V, (1 /2 appears because a copy of K, may be counted twice if
i€{1,2,j}).Itis easy to see that we can order 1,2, j,ias iy, i,,iy,i, such that {i|, i, } N {i5,i,} = 0.
By Lemma 5.10 and Proposition 5.2, there exist distinct i, j € [d] such that VUV is (¢, ;,1,_,)-
closed in H. Also, by Proposition 5.2, every set in {V},...,V,}\{V,,V;} is (¢, ;,n,_,)-closed
in H. Altogether, this contradicts the minimality of d.

So we may assume that e(V,V,V;) < nn’ for all j > 3. Since

d
Y, IN(xy)| =2e(V,V, V. )+2e(VVV)+Ze(V,V2Vj),

x€V,yeV,

it follows that
VilIVal(1/2 = 7)n < 2e(V,V,V,) 4 2¢(V, V,Vs) + 210

As [V{[|V,| = (1/16 —27)n?, we have 2nn? < 34n|V, ||V, |n. It follows that
2e(ViViV,) +2e(V,V,V,) = [Vi|[V,[(1/2 — y—34n)n.

Note that |V,| < (3/4 +4y)n/2 because |V;| > |V,| > |V,| > (1/4 — 4y)n. Therefore

1 1
S ARARIARABIAIA ( —2y)n

SIS (5 +2 )
V|(|V )

(IVal = De(VVi V) + (Vi = De(ViV,V,) = (Vi = 1) (e(V, Vi V,) + (Vi V)
_ 5 (MY (WAl
2\ 2 2
By Proposition 3.4, there are at least

L (V2 74
Z >4
(337

copies of K, with two vertices in V; and two vertices in V,. Lemma 5.10 and Proposition 5.2
imply that there exist distinct #,j € [d] such that V;UV; is (¢, ,n, ;)-closed in H. Also, by

as M < y< 1. Hence
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Proposition 5.2, every set in {V},...,V,}\{V,,V;} is (¢, ;,n,_)-closed in H. Altogether this
contradicts the minimality of d. So d & {3,4}.

Case 2: d = 2.

By Lemma 3.3, since H is not 3y-extremal, H contains at least y°n® V,V,V,-edges and at least
y*n® V,V,V,-edges. By Lemma 5.10, we may assume that there are at most nn* copies K, with
two vertices in V; and two vertices in V,; otherwise V, UV, is (¢, 1, )-closed in H. Thus, for all but
at most 2,/Nn’ V,V,V,-edges e, |L(e) NV,| < /Nn and so |L(e) NV,| > n/8 by Proposition 3.2.
Therefore, there are at least (y*n® —2,/mn*)(n/8)/3 > y2n4/50 nn* copies of K, with three
vertices in V; and one vertex in V,. So there are at most nn* copies of K, with all vertices in V.
(Indeed, otherwise Lemma 5.4 implies that V, UV, is (¢, N, )-closed in H , a contradiction to the
minimality of d.) Proposition 3.1 implies that

e(HV,)) < (130> ('V;).
Thus we have

v = (8.0~ 5wl ) (1) = (/2-mm- ) (),
Similarly, we have
v > (/2= pn- gl ) (2).

(IV,] = De(ViV, V) + (V| = De(VV,V,)

> 50Vi1= D%l = ) (/2= DV 4 D) = S5 VE +1%P))

So we have

1 3
AR (AR (LRI ATAE
Since |V, [|V,| < n?/4, we have (1/5—y)n* > 2|V,||V,|. Thus, we get
12 /Vil\ (V2
(vl = Devvva)-+ (% - Devavy) = 2 (1) (T2).
By Proposition 3.4, there are at least
LAXT (1Y 4
s(2)(5)>m

copies of K, in H with two vertices in V| and two vertices in V,, contradicting our assumption.
So d # 2. This completes the proof. U]

5.4. Proof of Lemma 5.10

Suppose that H is a 3-graph satisfying the hypothesis of Lemma 5.10. Let ¥ = Vi3 U Vi4 and
X =V(H)\Y. Then there are many copies of K, with two vertices in X and two in Y. Our aim
is to show that there are many (X,Y)-bridges so that we can apply Lemma 5.3.
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Let H be a 3-graph of order n. Let X, Y be two disjoint subsets of V(H). Given a constant
p >0, a set xx'y of three vertices with x,x’ € X and y € Y is called (p,X,Y)-typical if:

(T1) deg(xx',Y) = |Y| —

(T2) IN(xy,X)NN(x'y,X)| < pn,

(T3) |X| — pn < deg(xy,X) +deg(x'y, X).

In the next lemma, we show that given a copy of K; on xx'yy’ with x,x’ € X and y,y’ € Y, then
we can find many (X,Y)-bridges (containing this K3) unless xx'y is typical.

Lemma 5.11. Ler y > 0. Let H be a 3-graph of order n with 8,(H) > (1/2 — y)n. Suppose that
X,Y is a bipartition of V(H) and that xx'yy’ spans a copy of K3 in H with x,x' € X and y,y' € Y.
Then at least one of the following holds:

(a) xx'yy' is contained in at least yn/4 5-sets that span (X,Y)-bridges of length 1,
) (1/2—=4y)n < |X|,|Y| < (1/2+47y)n and xx'y is (9y,X,Y)-typical.

Proof. First note that each z € L(xxy) N X gives an (X,Y)-bridge (z,y, {x,x’,y}) of length 1
because both zxx'y and xx’yy’ span copies of K, . Thus we may assume that
|L(xx'y) N X|,|L(xx'y" ) N X], |L(xyy") N Y], |[L(X'yy )N Y| < yn/4 (5.6)
or else (a) holds. Since xx'y € E(H), this implies that
NGy, X) AN (9, X)) < [L(ex'y) NX| < pn/4,

Furthermore, by Proposition 3.2, we have

deg(xx', X)) +deg(xy,X) + deg(x'y,X) < |X|+ yn/2,

deg(xx',X) +deg(xy', X) +deg(¥'y', X) < |X|+ yn/2, 57
deg(xy,Y) +deg(xy',Y) +deg(yy'.Y) < [Y|+7n/2,

deg(x'y,Y) +deg(x'y',Y) +deg(yy',Y) < |Y|+yn/2.

Let
D :=2deg(xx',X) +2deg(yy,Y) +deg(xy) + deg(xy’) + deg(x'y) +deg(x'y').

By summing all the inequalities in (5.7), we derive that D < 2|X|+2|Y |+ 2yn. Since §,(H) >
(1/2—=7y)n and |X|+|Y| = n, it follows that

deg(xx',X) +deg(yy',Y) < 3yn. (5.8)
Note that
[X| = deg(3,X) = (1/2—y)n—deg(yy,Y) = (1/2—4y)n.
Similarly we have |Y| > (1/2 — 4y)n. Therefore
(1/2—4yn < |X],1Y| < (1/2+4y)n (5.9
and

(5.3
deg(xx.Y) > (1/2—y)n—3m > |Y|—8yn.
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If
deg(xx',X) +deg(xy,X) +deg(x'y,X) < |X|—11yn/2,
then we replace the first inequality in (5.7) and, summing the inequalities again, obtain that
deg(xy) +deg(xy') +deg(x'y) +deg(x'y') < D < 2|X[+2[Y| —4yn < 45,(H),
a contradiction. We thus have that
deg(xx',X) +deg(xy,X) +deg(x'y,X) = |X|—11yn/2.
Together with (5.8), it follows that deg(xy, X ) +deg(x'y,X) > |X| — 9yn. We thus deduce that xx'y
is (97,X,Y)-typical and (b) holds. U]

Now we prove a similar lemma in which we assume xx’yy’ spans a copy of K ; this requires a
more careful analysis of the neighbourhoods in the proof.

Lemma 5.12. Let y> 0. Let H be a 3-graph of order n with 8,(H) > (1/2 — y)n. Suppose that
X.,Y is a bipartition of V(H). Let x,x' € X and y,,y, € Y such that xy,y,,xx'y,,xx'y, € E(H).
Then at least one of the following holds:

(a) xx'y,y, is contained in at least yn/4 5-sets that span (X,Y)-bridges of length 1,
(b) there are at least yn/4 copies K of K3 such that |V(K)NX|=2=|V(K)NY| and |V(K)N

{xvx/ayl W =3
©) (1/2—=15y/4)n < |X|,|Y| < (1/24 15y/4)n and xx'y, is (26y,X,Y)-typical.

Proof. We assume that neither (a) nor (b) holds. Fix i € {1,2} and consider the edge xxy,. Note
that each z € L(xx'y;) N X gives an (X,Y)-bridge (z,y;,{x,x',y;}) of length 1, where j =3 —i.
Thus |L(xx'y;) NX| < yn/4 or else (a) holds. Therefore, by Proposition 3.2, we have

deg(xx’, X) +deg(xy;, X) +deg(x'y;, X) < |X|+ yn/2. (5.10)

On the other hand, each 7 € N(x¥',Y) N N(xy;,Y) "N(xy;,Y) yields a copy of K3 on xx'y,Z.
Thus

yn/4 > IN(xx',Y)NN(xy, Y)NN(x'y,,Y)| (5.1D
> deg(xx',Y) +deg(xy;,Y) +deg(x'y,,Y) —2|Y| (5.12)

or else (b) holds. By combining (5.10) and (5.12),
deg(xx’) +deg(xy;) +deg(x'y;) < |X|+2|Y|+3yn/4 =n+|Y|+3yn/4. (5.13)

Since 6,(H) > (1/2 — y)n, it follows that |Y| > (1/2 —15y/4)n.
By a similar argument on the edge xy,y,, we deduce that |X| > (1/2 — 15y/4)n. Therefore,

(1/2—15y/4)n <X, Y| < (1/2+ 157/4)n. (5.14)
We now bound deg(xx",Y) + deg(xy;,Y) + deg(x'y;,Y), i € {1,2}, from below. If

deg(xx',Y) +deg(xy;,Y) +deg(x'y;,Y) < 2|Y| —29yn/4,
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then together with (5.10) this gives that

(5.14)
deg(xx’) +deg(xy,) +deg(x'y;) < [X|+2|Y| —27yn/4 =n+|Y|—27yn/4 < 3(1/2—7)n,
implying that 6,(H) < (1/2 — y)n, a contradiction. Hence, we have
21Y| —29yn/4 < deg(xx',Y) + deg(xy;,Y) + deg(x'y;,Y). (5.15)

For 0 < ¢ < 3, let n, be the number of vertices of ¥ that belong to ¢ of the sets N(xx'), N(xy;),
N(x'y,). Clearly, ny+n, +n,+n; =|Y| and

n, +2n, +3ny = deg(xx’,Y) + deg(xy;,Y) + deg(x'y;,Y).

We may assume that n; < yn/4, otherwise (b) holds. By (5.15),
2|Y|—=29yn/4 < ny+2n, +3ny =2(ny+n, +n, +ny) —2ny —n, +n;,
<2|Y|—-2ny—n, +yn/4,

which implies that 2n,+n, < 15yn/2. In particular,

IN(xX,Y)\ (N(xy;, Y) NN (X'y,, Y))| < ny+n, <15yn/2, (5.16)
where N(xx',Y) :=Y \ N(xx',Y). Applying (5.16) twice with i = 1,2, we obtain

[N (e, Y)\ (NG, ) ANy, V) [N V) (N (o, Y) AN (3, )] < 157,
If |[N(xx',Y)| > 16yn, then we get
IN(xy;, Y) ANy, Y) NN (xp,, Y) N (Xy,,Y)| > pn.

In particular, [N(xy,,Y) N\ N(xy,,Y)| > yn. Since N(xy,,Y) N (xy,,Y) C L(xy,y,) NY, this im-
plies (a), a contradiction. Thus we assume that

IN(xx',Y)| < 16yn. (5.17)
‘We further have
deg(xy,,Y) +deg(x'y,,Y) < |Y|+|N(xy,) NN (x'y,)NY]
< Y|+ [Ny, ) NN (X'y, )NN(x' )N Y|+ Y \N(xx')|
(5.17),(5.1

El¥ |+ ym/d+ 16y < (1/24209)n.
Therefore

deg(xy;, X) +deg(x'y;,X) > 2(1/2 = y)n — (deg(xy;,¥) + deg(x'y;,Y))
> (1/2-22y)n (5;4) |X| —26yn.

So (T3) holds (with p = 26y). On the other hand, we have |N(xy,,X) NN(x'y,;,X)| < yn/4
because |L(xx'y,) NX| < yn/4 and N(xy,,X) NN(x'y,,X) C L(xx'y,) N X. So (T2) holds. Fi-
nally, (5.17) implies that deg(xx',Y) > |Y| — 16yn so (T1) holds. We thus deduce that xx'y, is
(267,X,Y)-typical and (c) holds. Ul

In the next lemma, we show how to use (p,X,Y)-typical edges to find (X,Y)-bridges.
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Lemma 5.13. Let 0< 1/n < € <K e <N <K y<p <K 1/c Suppose that H is a 3-graph of
order n such that 8,(H) > (1/2 —y)n. Let X,Y be a partition V(H) such that (1/2 —p)n <
[X| < (1/2+ p)n. Further assume X =V, UV, andY =V, UV, such that:

2 1)

(1) either V; =V, orV, NV, =0, and either V; =V, orV, NV, =0,

2

(2) for each j € [4], V; is (c,n)-closed in H and has size at least (1/4 — 47)n.

Suppose that there are at least en* copies xx'yy' of K, in H such that x,x' € X, y € Vi vy e Vi,
and xx'y is (p,X,Y)-typical. Then at least one of the following holds:

(a) there are at least €'n* > (X,Y)-bridges of length ¢+ 1 in H,
(b) V; NV, =0 and there are at least en’ (Vi,,V; )-bridges of length 1 in H.

Proof. Define g, so that &’ < g, < €.
Let Y be the set of pairs (y,y’) such that (i) y € V;, and y e V;,; and (ii) there are at least en?

pairs x,x" € X such that xx'yy’ spans a copy of K and xx'y is (p,X,Y)-typical. Note that || >

en?; otherwise there are at most |V|(5) + (})en* < en* copies of such graphs, a

contradiction.

Fix (y,y") € V. Let G be the graph on X such that xx’ € E(G) if xx’yy’ spans a copy of K and
xx'y is (p,X,Y)-typical. Thus e(G) > en®. Applying a classical result of Erdés [5], we can find
at least g,n® copies of K 5 in G. Fix a copy of K ; and label its vertices as {x,,x,,%;,x], %5, %3},
where x;x; € E(G) for all i, j € [3]. '

Claim 5.14. Let W := {x,,X,,X5,X|,X5,%5,,Y'}. Then at least one of the following holds:
(i) there are at least en* (X,Y)-bridges S, of length ¢ + 1 with |V (S,) "W | =5,
(il) X is not (c,n)-closed and |L(x,x,x;) NX| > |X| — 18pn or |L(x|x,x5) NX| > |X| — 18pn.

Proof of the claim.  Let i € [3]. Since x,x}yis (p,X,Y)-typical, (T2) and (T3) imply that
1X| — pn < deg(x;y,X) +deg(x}y,X) < [X|+ pn. (5.18)

Since deg(x,y,X) + deg(x}y,X) < |X|+ pn, by swapping x, and x| if necessary, we may assume
that deg(x}y,X) < (|X|+pn)/2 < |X|—11pn. For any i € [3], since x,x}y is (p,X,Y)-typical, we
have

deg(xx},Y) > |Y|—pn and (5.19)
NG, X) NN X)| < pi.

Since
deg('xzan) = |N(xzy7X) m]V(')C/lyﬂ)(” + ‘N(xzyvx) \N('xlly7X)‘7
it follows that

(5.18)
IN(xy,X) \N(x}y,X)| > deg(x;y,X) —pn > [X\N(x1y,X)|—2pn.
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This implies that, for distinct i, j € [3],
IN(xy, X) NN (x;3,X)] = [(N(x,y, X) NN (x;9, X)) \ N (x}, X))

> [Ny, X) \N(x13,X)| + N (x;3,X) \N(x}, X)| = [X \ N (x1y,X)|
> [X\N(x1y,X)| —4pn > Tpn. (5.20)

Suppose that there exist i, j € [3] such that deg(x;x;,Y) > 4pn. By applying (5.19) twice, we
derive that

IL(x)x;x;) NY | > [N(Xx;) "N (X1 x;) NN (x;x;) NY | > 2pn.

Without loss of generality, assume that |L(xx;x;) NV, .| = pn. Consider any z € L(¥x;x;) N Vi,
with z#Y. Let Sbe a (y', z)-connector of length ¢ such that SNW = 0 (there are at least nn“"‘ /2
choices for S). Then SU {x;,x},)",z} is an (x;,y)-connector of length ¢ + 1 because both

H[SU{x;, x|,y ,2,x;}] = H[¥|xx;zZ] UH[SUY'] and
H[SU{X),x;,y 2y} = Hlx|xyy JUH[SUZ]

have K, -factors. Hence (x;,y,SU{x},x;,)',z}) is an (X,Y)-bridge of length ¢ + 1. Since a given
4c-set may be partitioned into a singleton and (4c — 1)-set in 4¢ ways, there are at least
(pn—1)-(nn*=1/2)-(1/4c) > en* (X,Y)-bridges S, of length c+ 1 such that |V (S,) "W |=5.
This proves (i) and we are done.

Now suppose that deg(x;x;,Y) < 4pn for all distinct , j € [3]. Since |X| < (1/24p)n,

1]7

deg(xx;,X) > (1/2—7y)n—4pn > |X| — 6pn. (5.21)

lj7

Thus |L(x,;x,x;) N X| > |X| — 18pn. If X is not (c,n)-closed, then we obtain (ii); otherwise
assume that X is (¢, n)-closed. By (5.20) and (5.21),

|L(x,2,9) N X[ 2 [N (xy) NN (x9) NN (x,x,) N X| > pn

Consider any z’ € L(x,x,y) NX so that ’ # x}. Let §’ be an (x},2)-connector of length ¢ such that
S'NW = 0 (there are nn*~' /2 choices for S). Then S’ U {x{,x,,y,7'} is an (x,,y')-connector of
length ¢+ 1 because both

H[S'U{x|,x|,%,,y,7 }] = H[x;x,yZ]JUH[S'UX|] and
H[S'U{x],x;, Y ,7}] = HX\x,yy]UH[S' UZ]

have K, -factors. Thus (x,,y’,S'U{x|,x,,y,Z'}) is an (X,Y)-bridge of length ¢ + 1. In total, there
are at least (pn—1) - (nn*~'/2) - (1/4c) > en* (X,Y)-bridges S, of length ¢+ 1 such that
[V(S,) "W| =5, implying (i). Ul

Now we return to the proof of the lemma. We apply the claim for each pair (y,y") € ) and
each copy of K; ; in G.

First assume that for some pair (3,)') € Y, at least ,n°/2 copies of K; 5 in G satisfy (ii) in
the claim. Then X is not (c,n)-closed, so X =V, UV, with V; NV, = 0. In addition, either
|L(x,x,%3) N X| > |X| — 18pn or |L(x|xyx;) N X| > |X| — 18pn. This implies that at least g,n° /2
3-sets § C X satisfy [L(S) N X| > |X|—18pn. Forany v € L(S)NV; and V' € L(S)NV,, (v,/,S)

L
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isa (V, ,V, )-bridge of length 1. Recall that |V;[, |V,| > (1/4 —4y)n. Thus, there are at least
(e* [2)(1V, | — 18pm)(IV, | — 18pn) > €n°

(Vi1 ,Viz)-bridges of length 1, implying (b).

The only other case to consider is when for every (y,)') € Y, at least g,n° /2 copies of K;5inG
satisfy (i) in the claim. In this case, for each (y,)’) € ), there exist at least £,n°/2 6-sets W' C X
such that there are at least £;n* (X,Y)-bridges S, of length ¢+ 1 with [V (S,) N (W' U{y,y'})| =5.
By averaging, for each such W', there is a 5-subset W, C (WU {y,y'}) that is contained in at least
80n4c/(§) (X,Y)-bridges of length ¢ + 1. Since there are at least |V|(gyn°)/2(}) choices of W,
and a (4¢ + 5)-set contains at most (4";5) such W, the total number of (X,Y)-bridges of length
c+11is at least

|V]ggn®/2 . gon'* . 1 et
G 6 )

yielding (a). U]

We are ready to prove Lemma 5.10.

Proof of Lemma 5.10.  Since each copy of K, misses one edge, after averaging (and rela-
belling the indices if necessary), we assume that there are at least en* /4 copies of K, of type
Vi] ViZViz V,-4 such that all the missing edges are of type ViQViz Vi4. Denote by F the family of these

copies of K. LetY :=V, UV, and X := V(H)\Y. Let &’,&” be such that

1
n'<e<e <emn, /e

We claim that it suffices to show that there exists ¢’ < ¢+ 1 such that there are at least &/n* !
(X,Y)-bridges of length ¢’. Indeed, there are at most four types of pairs (V;,V;) such that V; C X
and V; C Y. If there are at least &’ n**1 (X,Y)-bridges of length ¢, then by averaging, there exist
i # j € [d] such that there are at least &'n**! /4 (V,, V,)-bridges of length ¢’. By Lemma 5.3 and
Proposition 5.2, we conclude that V; UV is (3¢ + 1,n')-closed in H as 2c +¢" < 3c+ 1.

Since each F = xx'yy’ € F satisfies x,x’' € X, y,y € Y, xx'y,xx'y’,xyy’ € E(H), we can apply
Lemma 5.12 to F. Recall that | F| > en*/4. First assume that there are at least en*/12 copies
F satisfying Lemma 5.12(a), that is, each V(F) is contained in yn/4 5-sets that span (X,Y)-
bridges of length 1. Then there are at least 1 (en*/12-yn/4) = £yn® /240 > €'n’ (X,Y)-bridges
of length 1, as desired.

Second if there exist at least en*/12 copies F € F that satisfy Lemma 5.12(c), then we are
done by Lemma 5.13.

Finally, if there exist at least en*/12 copies F € F that satisfy Lemma 5.12(b), then there are
(en*/12-yn/4)/4n > €"n* copies K of K; with |V (K)NX| = [V(K)NY|. Apply Lemma 5.11 to
each such K. First suppose there exist at least €”n*/2 copies K that satisfy Lemma 5.11(a), that
is, V(K) is contained in yn/4 5-sets that span (X,Y)-bridges of length 1. Then there are at least
1(e"n*/2-yn/4) > €'n® (X,Y)-bridges of length 1 and we are done. Thus we may assume that
at least €"n* /2 copies K = xx'yy’ with x,x’ € X and y,y’ € Y satisfy Lemma 5.11(b). Then we are
done by Lemma 5.13. |
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6. The extremal case

In this section we prove Lemma 2.3, that is, Theorem 1.1 in the case when H is extremal. Let
H,H' be two k-graphs on the same vertex set V. Let H'\ H := (V,E(H') \ E(H)). Suppose that
0< a<1and|V|=n. Avertex v €V is called a-good in H (otherwise ot-bad) with respect to
H' if degH,\ () < an*~!. We first deal with the extremal case in the special case when every
vertex in H is ‘good’ with respect to 5B[A, B].

Lemma 6.1. Let0<1/m< o < 1/10° where m € N. Suppose that H is a 3-graph onV = AUB
where |A| = |B| = 6m. Further, suppose that every vertex in H is a-good with respect to BJA, B].
Then H contains a K, -factor.

Proof. Write n := 12m. Define an auxiliary 3-graph Hy with vertex set B and where xyz €
E(Hy) precisely if there are at least |A| — 30t!/?n vertices a € A such that xyza spans a copy of
K, inH

” .

Claim 6.2. Hj contains a perfect matching M.

Proof. To prove the claim, consider any vertex x € B. Since x is o-good, all but at most o/'/?n
vertices y € B\ {x} are such that deg,, (xy,A) > |A| — a'/?n. Fix such a vertex y € B. Similarly,
all but at most 20¢'/?n vertices z € B\ {x,y} are such that deg,, (xz,A),deg, (yz,A) > |A| — a'/?n.
Fix such a vertex z € B. Notice that xyza spans a copy of K, for at least |A| — 3a'/?n vertices
a € A. Thus, xyz € E(Hy).

There are at least |B| — 2ct'/?n choices for y and at least |B| — 3ct'/?n choices for z. Hence,

1
degy, (x) > 5 (|B| —20/'?n)(|B| =30 n),

and so &, (Hy) > (|B| —2a'/*n)(|B| — 30t'/*n). This minimum vertex degree condition forces a
perfect matching in Hy (for example, by a result of Daykin and Haggkvist [4]), as required. [

By definition of Hy, for each edge xyz in My, we can greedily pair off xyz with a distinct vertex
a € A so that xyza forms a copy of K in H. We therefore obtain a K, -tiling M, in H that covers
all of B and 2m vertices in A. Let A" := A\ V(M,). So |A"| = 4m.

Set H' := H|[A’]. Further, define an auxiliary 4-graph H,, with vertex set A’ and where xyzw €
E(H,,) precisely if xyzw spans a copy of K in H. Consider any x € A’. Since x is o-good, all
but at most 2a/?n vertices y € A’ \ {x} are such that deg,, (xy) > |A’| =2 — a'/?n in H'. Fix
such a vertex y. Next fix a vertex z € N, (xy) where deg,, (xz) > |A’| —2 — a'/?n. There are at
least |A’| —2 —3a'/?n choices for z. Finally, fix a vertex w € Ny, (xy) NNy, (xz); there are at least
|A’| —4 —2a'/?n choices for w. Then xyzw spans a copy of K, in H' and so xyzw € E(H,,). There
are at least |A’| — 30'/2n choices for y, |A’| — 4a'/?n choices for z and |A’| — 30c'/?n choices for
w. Therefore,

1
8 (Hy) > 5, (14| =30 Zn) (A" —4a" ) (A - 30 n).

This implies that H,, contains a perfect matching (again, by the result of Daykin and Haggkvist
[4]), and thus H’ contains a K, -factor M,. So M, UM, is a K, -factor in H, as desired. ]
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We now apply Lemma 6.1 to prove Lemma 2.3.

Proof of Lemma 2.3. Let0<1/n, < y< 7, < 7% < 7 < 1. Suppose that H is as in the
statement of the lemma. In particular, since H is y-extremal, there exists a partition A, B of V(H)
such that |A| = |B| and H y-contains B[A, B]. Furthermore, this implies that all but at most y;n
vertices in H are y,-good with respect to B[A, B]. Let A, and B, denote the set of y,-bad vertices
in A and B respectively.

We say that a vertex x € A, U By, is B-acceptable if there are at least n®/40 pairs (a,b) of
vertices where a € A, b € B and abx € E(H ). Otherwise we say that x € A, UB,, is A-acceptable.
Since §,(H) > (n—1)(n/2—1)/2, if x is A-acceptable then:

o there are at least 3('4)) /4 pairs (a,a’) of vertices where a,a’ € A and aa'x € E(H), and
e there are at least 3 (lgl)/4 pairs (b,b") of vertices where b,b’ € B and bb'x € E(H).

Next we modify the partition A, B of V(H) as follows. Move all A-acceptable vertices that lie in
B to A and move all B-acceptable vertices that lie in A to B. Since |A,| +|B,| < 7,1, A, B remains
a partition of V(H) where now:

o n/2=nn<|A}[Bl <n/2+yn,

e H y,-contains B[A, B].

Moreover, there is a partition A;,A, of A so that:

(o) |4, <y,

(o) every vertex in A, is 7,-good with respect to B[A, B],

(0y) if x € A, then

e there are at least 2(‘3‘) /3 pairs (a,a’) of vertices where a,a’ € A and aa’x € E(H), and

e there are at least 2(“23‘) /3 pairs (b,b") of vertices where b,b’ € B and bb'x € E(H).
Similarly, there is a partition B,,B, of B so that:
(By) |B,| <mn.
(B,) every vertex in B, is 7,-good with respect to B[A, B],

(By) if x € B, then there are at least n? /50 pairs (a,b) of vertices where a € A, b € B and abx €
E(H).

Our aim will be to find a small K, -tiling which covers all the vertices in A, UB, so that the
set of uncovered vertices, A* and B* in A and B respectively, are such that |A*| = |B*| =0 mod 6.
Then (0,) and (B,) will ensure that every vertex in H[A* UB*] is y;-good with respect to B[A*, B*].
Thus, Lemma 6.1 ensures a K -factor in H[A* UB"*] and hence a K -factor in H. To guarantee
that |[A*| = |B*| = 0 mod 6, we will require the existence of two ‘parity breaking’ copies of K-
in H. These subgraphs will be obtained in the following claim. We say a copy K of K" in H is
of type (i, j) if K contains i vertices from A and j vertices from B.

Claim 6.3. H contains two copies K,K' of K, so that one of the following conditions holds:
(i) K and K’ are not necessarily vertex-disjoint; K is of type (2,2); K is of (3, 1),

(il) K and K’ are vertex-disjoint; K and K’ are of type (3,1),

(iii) K and K’ are vertex-disjoint; K and K’ are of type (2,2).
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Proof. To prove the claim we split our argument into two cases depending on the size of B.
Case 1: |B| <n/2—1.

Fix a € A and b € B. Then there exists a vertex a’ € Ny (ab) NA since 6,(H) > n/2—1 and
[B\{b}| <n/2—-2.Letx€A\{a,d'} andy € B\ {b} be arbitrary. Again there exists a vertex ' €
Ny (xy) NA. Suppose that X' # a,d’. Certainly, at least two of the sets Ny, (aa’), Ny (ab),Ny (a'b)
have an intersection of size at least 4. Thus, H contains a copy K of K, of type (2,2) or
(3,1) where a,d’,b € V(K) and K is disjoint from xyx’. Moreover, at least two of the sets
Ny (xx"), Ny (xy),Ny (x'y) have intersection at least 5. Thus, H contains a copy K’ of K, of type
(2,2) or (3,1) where x,x’,y € V(K') and so that K and K’ are vertex-disjoint. Hence, K and K’
satisfy one of (i)—(iii) as desired.

The claim is therefore satisfied in this case, unless for every x € A\ {a,a'} and y € B\ {b} we
have that Ny, (xy) NA C {a,a’}. Suppose there are distinct x,x;, € A\ {a,a'} and y,y, € B\ {b}
such that a € Ny, (xy) NA and @’ € Ny (x,y,) NA. Then, as above, we obtain vertex-disjoint K,
K’ that satisfy one of (i)—(iii). This implies we may assume that for every x € A\ {a,d'} and
y € B\ {b} we have Ny (xy) NA = {a}. We now show that in this case (i) is satisfied.

Choose any edge a,b,b, € E(H) where a; € A\ {a,d'} and b,,b, € B\ {b}; such an edge exists
since H 7,-contains B[A, B]. Then by assumption aa,b,,aa,b, € E(H). Thus, aa,b,b, spans a
copy K of K, in H of type (2,2).

Since a € A, (0,) and (o) imply that there exists an edge axx’ € E(H) where x,x’ € A\ {a,d'}.
Let y € B\ {b} be arbitrary. Then by assumption axy,ax’y € E(H). Thus, axx’y spans a copy K’
of K in H of type (3, 1). Hence, the claim is satisfied in this case.

Case 2: |B| > n/2.

Fix a,a’ € A. Then since §,(H) > n/2 — 1, there exists a vertex b € Ny (aa’) N B. Let x,y €
A\ {a,d'} be arbitrary. So there exists a vertex z € Ny (xy) N B. Suppose that b # z. At least two
of the sets Ny, (ad’), Ny (ab),Ny (a’'b) have intersection at least 4. Thus, H contains a copy K of
K, of type (2,2) or (3,1) where a,da’,b € V(K) and K is disjoint from xyz. Moreover, at least
two of the sets Ny, (xz), Ny (xy), Ny (yz) have intersection at least 5. Thus, H contains a copy K’ of
K, of type (2,2) or (3,1) where x,y,z € V(K’) and so that K and K’ are vertex-disjoint. Hence,
K and K’ satisfy one of (i)—(iii) as desired.

We may therefore assume that for every x,y € A\ {a,a’} we have Ny, (xy) "B = {b}. We will
show that (i) is satisfied in this case. Choose any three vertices a,,a,,a; € A\ {a,a’'}. Then by
assumption a,a,b,a,a;b,a,a;b € E(H). Thus, a,a,a;b spans a copy K’ of K in H of type (3,1).

Since b € B, (8,) and (f3;) imply that there are vertices x,y € A\ {a,d'} and z € B such that
xzb,yzb € E(H). Also, by assumption we have that N, (xy) N B = {b}. So xyzb spans a copy K
of K, in H of type (2,2). Hence, the claim is satisfied in this case. Ul

The next claim will allow us to cover the vertices in A, UB, with a small K -tiling.

Claim 6.4. Let W C V(H) such that |W| < y,n. Every vertex x € (A, UB,) \ W lies in a copy
K. of K in H of type (1,3) such that K, is disjoint from W.
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Proof. Ifx €A, \W,then (o) together with Mantel’s theorem implies that the subgraph L,[B\
W] of the link graph L, contains a triangle 7. Note that T corresponds to a copy of K, in H of
type (1,3) that contains x.

Suppose that x € B, \ W. Since H Y,-contains B[A, B, (f;) implies that there are vertices
a €A\ W and b,b’ € B\ W such that abb’,abx,ab’x € E(H). Therefore, x indeed lies in a copy
of K in H of type (1,3) that is disjoint from W. O

By repeatedly applying Claim 6.4, we can obtain a K, -tiling M in H so that:

M| <2yn,

M, is vertex-disjoint from K and K,

every copy of K, in M, is of type (1,3),

every vertex in (A, UB,) \ (V(K)UV(K")) is covered by M.

LetA' :=A\V(M,) and B’ := B\ V(M,). Since n = 0 mod 4 we have that |A’UB’| =0 mod 4
and so |A’| = |B| mod 2. Further, n/2—7y,n < |A'|,|B'| < n/2+y,n. Since H 7,-contains B[A, B],
itis easy to see that we can greedily construct a K -tiling M, in H so that:

|M,| < 8nn,

M, is vertex-disjoint from M, K, K’,

every copy of K, in M, is of type (4,0) or (1,3),

|A”| = |B"| where A” := A’\V(M,) and B := B'\ V(M,).

Note that |A”| = |B”| =0 mod 2 and so (a) |A”| = |B”| =0 mod 6, or (b) [A”| = |B"| =2 mod 6,
or (c) |A”| =|B"| =4 mod 6. If (a) holds we set M := 0. Suppose that (b) holds. If Claim 6.3(i)
or (iii) holds then we set M, := {K}. If Claim 6.3(ii) holds then we set M := {K,K',K" K"}
where K” and K" are two vertex-disjoint copies of K, in H of type (1,3) which are additionally
vertex-disjoint from M, M,,K,K’. (It is easy to see such K" and K" exist since H ,-contains
BJ[A, B].) Finally, suppose that (c) holds. If Claim 6.3(i) or (ii) holds then we set M, := {K',K"}
where K" is a copy of K, in H of type (1,3) which is vertex-disjoint from M, M, ,K,K'. If
Claim 6.3(iii) holds then we set M, := {K,K’'}.

In every case we have chosen M, so that |A”'| = |B”| = 0 mod 6 where A” := A"\ V(M,;)
and B” := B"\ V(M,;). Depending on the definition of M5, A” and B” could contain vertices
from K, K’, and thus perhaps vertices from A, and B,. However, by applying Claim 6.4 we can
obtain a K, -tiling M, in H so that:

[M,[ <24,

M, is vertex-disjoint from M, M,, M,

every copy of K, in M, is of type (4,0) or (1,3),

|A*| = |B*| = 0 mod 6 where A* := A"\ V(M,) and B* := B"\V(M,),
A*CA, and B* C B,.

Note that |[A*|,|B*| > n/2 — y,n. Set H* := H[A* UB*]. By (0,,) and (f3,) we have that every
vertex in H* is y;-good with respect to B[A*, B*]. Therefore, Lemma 6.1 implies that H* contains
a K -factor, M. We have that M, UM, UM, UM, UM;yis a K -factor in H, as desired. []
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7. Concluding remarks

In this paper we have determined the minimum codegree threshold that ensures a K, -factor in
a 3-graph of sufficiently large order by the absorbing method. It is tempting to attempt to apply
[11, Theorem 2.9] of Keevash and Mycroft to handle the non-extremal case directly. However,
since the 4-system defined in (4.1) is not a complex (downward-closed system), we cannot apply
[11, Theorem 2.9] directly.

It would also be interesting to determine the minimum vertex degree threshold for K, -tiling.

Conjecture 7.1. Letn € 4N be sufficiently large. If H is a 3-graph on n vertices and

5, (H) > (3n/421— 1)7

then H contains a K, -factor.

Note that, if true, the minimum vertex degree condition in Conjecture 7.1 is best possible.
Indeed, consider the 3-graph H whose vertex set has a partition X,Y so that |[X|=n/4+1, |[Y| =
3n/4 — 1 and so that the edge set of H consists of precisely all those edges whose intersection
with Y is at least 2. Since |Y| = 3n/4 —1 < 3(n/4), H does not contain a K, -factor. Further,
6,(H) = (3’1/;71)‘
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