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1. Introduction

This paper concerns finite peaking and boundary interpolation problems for complex-
valued polynomials. The main results are about univalent polynomials.
Let A = {z € C: |z| < 1}. The following theorem is proven in [1, p. 101, Theorem 9].

Theorem 1.1. Let Z be a finite set of n_elements in OA. Then there is a polynomial
P of degree n such that RP(z) >0 for z € A — Z and RP(z) =0 for z € Z.

Using Theorem 1.1 and a suitable Mébius transformation implies that there is a rational
function R of degree n such that |R(z)| <1 for z€ A —Z and |R(z)| =1 for z € Z.
Theorem 2.1 shows that R may be replaced by a polynomial of degree n. Theorem 2.2
asserts that there is a polynomial P of degree n such that |P(z)| > 1 for 2 € A — Z and
|P(z)] =1 for z € Z.

Our next result gives general information about finite boundary interpolation by
univalent polynomials.

Theorem 1.2. Suppose that ® is a Jordan domain and O® is a curve belonging to C?.
Let {z1, 22, ..., 2n} be distinct points on 0® and let {wy,ws, ..., w,} be distinct points in
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C. Then there is a polynomial P which is univalent in a neighbourhood of ® and satisfies
P(zp) =wy for k=1,2,...,n.

Our proof of Theorem 1.2 shows that there are infinitely many polynomials P which
provide the stated interpolation.

Interior interpolation by univalent functions is quite different. For functions f ana-
lytic and univalent in A, interpolation is possible when n =1 if f satisfies the growth
theorem [5, p. 33]. For general n, the numbers {z1,22,...,2,} in A and the numbers
{f(z1), f(22),..., f(2n)} are restricted by the Goluzin inequalities [5, p. 128].

The following result was proved in [3, p. 568].

Theorem 1.3. For k =1,2,...,n let z;, = e'% and w;, = e*?* where ; < 6y < --- <
0, < 01421 and p1 < P2 < -+ < @, < @1+ 2m. Then there is a polynomial P which
is univalent in A and satisfies |P(z)| <1 for |2| <1 and z # 2z (k=1,2,...,n), and
P(zp) =wy for k=1,2,...,n.

Theorem 3.1 generalizes Theorem 1.3 for univalent polynomials mapping a Jordan
domain into another Jordan domain. Theorem 3.2 treats the more general situation in
which the points {wy,} for the interpolation P(zx) = wy, (k = 1,2,...,n) may repeat and
have any order on the boundary of the Jordan domain.

The references [2, 7, 8, 11, 13] also concern finite boundary interpolation and peaking
by analytic functions whose domain or range is an open disk or an open half-plane.

The results in §2 rely in part on facts about self-inversive polynomials, that is polyno-
mials p of degree n such that p(z) = z"p(1/z). This relates to the material contained in
§4.4 and Chapter 7 of [12].

2. Peaking on A and on C — A

Theorem 2.1. Let Z be any finite subset of A of n elements. There is a polynomial
P of degree n such that |P(z)| =1 for z € Z and |P(z)| <1 for z € A — Z.

Proof. Let Z = {21, 20,...,2,} and for k = 1,2,...,nlet z, = ¢ where 0 < ), < 27.
For 6 real let T'(0) =1I}'_,[1 — cos(§ — 0y)]. If U and V are trigonometric polynomi-
als then so is the product UV and deg(UV) = degU + deg V. Since 1 — cos(f — 6y,) is a
trigonometric polynomial of degree 1, this implies that T is a trigonometric polynomial
of degree n. Also, T(0x) =0 for k =1,2,...,nand T(0) > 0 for 0 < 0, < 2w and 0 # 60,
(k=1,2,...,n).

Let M > maxT and for 6 real let S(f) = M — T'(f). Then S is a nonnegative trigono-
metric polynomial of degree n. By the Fejér lemma [12, p. 150, Thm 4.3.5], there is a
polynomial Q of degree n such that |Q(e'?)|? = S(6) for 6 real. See also [9, p. 77, prob-
lem 40]. Let P = Q/v/M. Then P is a polynomial of degree n, |P(z)| =1 for z € Z and
|P(z)| <1 for z € 0A — Z. The maximum modulus theorem implies that |P(z)| < 1 for
|z| < 1. O

Theorem 2.2. Let Z be any finite subset of 9A of n elements. There is a polynomial
P of degree n such that |P(z)| =1 for z € Z and |P(z)| > 1 for z € A — Z.

https://doi.org/10.1017/50013091521000031 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091521000031

Peaking and interpolation by complex polynomials 131

Proof. Let Z = {21, 22,..., 2, } and let T denote the trigonometric polynomial defined
in the proof of Theorem 2.1. For 6 real let S(f) =T(0) + 1. Then S is a nonnegative
trigonometric polynomial of degree n. Hence there is a polynomial P of degree n such
that |P(e?)|? = S(0) for 6 real. We have |P(e%*)| = 1 for k =1,2,...,n and |P(e")| > 1
for 0 <0 <27 and 0 # 6 (k=1,2,...,n). Suppose that P has no zeros in A. Then the
minimum modulus theorem implies that |P(z)| > 1 for z € A. Hence, in this case, the
proof is complete.

Now suppose that P has at least one zero in A. We claim that P(0) # 0. Other-
wise, Q(z) = P(z)/z defines a polynomial of degree n — 1 and then |Q(e?)|? defines a
trigonometric polynomial of degree at most n — 1. This trigonometric polynomial has
a minimum at n values of # in [0,27). This is impossible. This verifies our claim and
hence P has the form P(z) =b(z—C1)(z — () - (2 =)z —01)(z —02) -+ (2 — o)
where b#£0, £>1, m >0, 0<|[¢x| <1 for k=1,2,...,¢, |og| >1 for k=1,2,...,m
and ¢ + m = n. The case m = 0 corresponds to the factors (z — o) not being present in
the product. If |2| =1 and ¢ € C then |z — (| = |1 — (z|. Hence the polynomial R(z) =
b1~ Cr2) (1 = C2) - (1~ Cp2)(z — 01) (2 — 03) -+« (2 — o) satisfies [R(e?)] = |P(e")]
for 6 real. Since R has no zeros in A, the minimum modulus theorem implies that R
satisfies the conclusions about P stated in the theorem. (]

Theorems 2.1 and 2.2 do not hold for a polynomial of degree less than n. To see
this, suppose that n > 1 and P is a polynomial of degree m where 0 < m < n. Then
U(0) = |P(e"?)|? for 0 real defines a trigonometric polynomial of degree at most m. Hence
there are at most m values of € in [0,27) where U has a relative maximum and at most
m values of § where U has a relative minimum.

We ask the question of describing all domains 2 such that for every positive integer
n and for every set {z1, 22, ..., 2, } of distinct numbers on OA there exists a polynomial
P of degree n such that P(z;) € 00 for k=1,2,...,n and P(z) € Q for |z| <1 and
z# zk(k=1,2,...,n). An open half-plane, an open disk, and the exterior of an open
disk are such domains.

3. Boundary interpolation by univalent polynomials

Let n be a positive integer. An arc w = \(t), a <t < b belongs to C™ provided that A
has n derivatives, A is continuous, and N (t) # 0. When ® is a Jordan domain, the
assumptions that O® € C™ and A" satisfies a Lipschitz condition together imply that
each conformal mapping of A onto ® has an extension to A which has a continuous n*”
derivative [10, p. 49].

Let A be the Jordan curve w = A(t), a < t < b, and let ® denote the interior of A. Let
F denote a conformal mapping of A onto ®. Then F extends to a homeomorphism of
A onto ®, and F gives a homeomorphism of A onto A. We say that A is in conformal
order provided that the mapping from [0, 0y + 27) to [a,b) given by 0 — w — t where
w = F(e") and t = \~!(w) and where F(e?%) = \(a) = A\(b), is strictly increasing. When
A is rectifiable this is equivalent to each point in ® has index 1 with respect to A.

Let {wy,wa,...,w,} be distinct points on a Jordan curve A. Let F be described as
above and for each k let F'(z) = wy where |z;| = 1. We say that {w,ws,...,w,} is in
conformal order on A provided that z;, = % and 6, < 6y < --- < 6,, < 61 + 2.
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Proof of Theorem 1.2. Suppose the curve A = 9P is given by z = A(t), a <t < b,
where X and )" exist and are continuous and \'(t) # 0, and that this parametrization
gives A in conformal order. We may assume that zp = A(ty) for k =1,2,...,n where
a<t; <ty <ts<---<t, <b. We now construct small e-perturbations A’ = A’(e) of
the curve A in the direction of the outward pointing normal and show that they are also
Jordan curves, and, for sufficiently small €, are disjoint from A.

For each positive real number ¢, let the curve A’ = A’(g) be defined by w = u(t) =
A(t) — i) (t), a <t < b. Let tg € [a,b] and let N (tg) = €|\ (¢o)| where @ is real. Since
N(to) #0 and X is continuous there is a neighbourhood of tg, say N, such that
R[e= N (t)] > $|N(to)| for t € N. Let M = max|\'(t)|. For t € N and & small, we
have R[e= ! (t)] = R[e 70N (t)] — eR[ie N (t)] > %\)\’(to)| —eM > %|)\'(t0)|. Hence, if
ti,ta € N, t; <ty and e is small, then R[e™"(u(ts) — u(t1))] = f:f Rle= O/ (t)] dt >
3N (to)|(t2 — t1). This implies that pu(tz) # p(t1). Hence, for each ¢ there is a neigh-
bourhood of ¢ such that u is injective in that neighbourhood for all small €.

We claim that p is injective on [a, b) for all small e. Suppose this is false. Then there are
sequences {e,}, {t,}, and {t,} such that e, > 0, &, — 0, u(t,) = p(t,) and ¢, # t), for
every n. By considering subsequences of {t,} and {t/,}, we may assume that tq = limt,
and t; = lim ¢/, exist. Since u(¢),) = u(ty), this is the same as A(t),) — e,iN (¢)) = A(t,) —
entN (t,), which yields A(t}) = A(to). By re-parametrizing the curve as follows:

A(t) ifat+d<t<b
Ai(t) = )
At4+a—b) ifb<t<b+34,

for some small § > 0, we may assume that {to, ¢} is distinct from the endpoints of the
interval on which A is defined. Note that this does not change any of the properties
required of the curve. Because A is simple this implies ¢, = ty. The previous argument
gives a neighbourhood of ty, say N, such that p is injective in N for all small . This
contradicts u(t]) = u(t,) where ¢, # t, when n is large.

Because of the smoothness conditions on A, we have that lim;_,,+ X (¢) = lim;_,— X' (¢),
and so A’ is closed. We have shown that A’ is a Jordan curve for all small . Let ®' denote
the interior of A’. Also, /() = N(¢t) — eiA”’(t) shows that p' is continuous. Let m =
min [N (t)] and M = max |\ (¢)|. Then |g/(t)] > m —eM > 0 for all small e. Therefore,
the curve A’ belongs to C'! for all small «.

We claim that A’ N A = {) for all small e. Suppose this is false. Then there are sequences
{en}, {tn}, and {¢),} such that £, > 0, &, — 0, p(t),) = A(t,) for every n, and to = lim¢t,,
and t(, = lim¢,, exist. Since pu(t)) = A(t,) is the same as A(¢),) — €,iN (¢],) = A(t,,) this
yields A(t}) = A(to). As before, by a re-parametrization, we may assume that {to, )} #
{a,b}. Because A is simple we obtain ¢, = tg. We continue our argument assuming that
to = 0. By a translation and a rotation and a re-parametrization, we also may assume
that A(t) =t +if(t) for ¢ in a neighbourhood of 0, where the real-valued function f sat-
isfies f(0) =0, f/(0) =0, and f” is continuous at 0. Then u(t) =t +ef'(t) +i[f(t) —¢].
In order to obtain a contradiction, we again consider the equality u(s) = A(t). We know
it holds at least for the values ¢t =t¢, and s =], mentioned above. We wish to anal-
yse the local behaviour of f near ¢ = 0 starting from this equality, which is equivalent
to s+ef'(s) =t and f(s) —e = f(t), which implies f(s) —e = f[s+ef'(s)]. We have
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f(s) = bs* + o(s®) and f'(s) = 2bs + o(s) as s — 0, where b = 1 f”(0). Whenever we con-
sider a fixed but sufficiently small €, we will arrive at a contradiction. The equalities
above give —¢e + bs? + 0(s?) = bs® + 4b%es?[1 + be| + o(s?). This implies p(s) = 0 where
o(s) = e + 4b%es?[1 + be] + o(s?). If b > 0 then ¢(s) > 0 for all small s. This gives a con-
tradiction when ¢ = ¢,,, s = t/, and n is large. Now consider the case b < 0. Then for small
e >0 we have 14 be > 0. Again we get the contradiction that ¢(s) > 0 where € = ¢,
s =1t/ and n is large. This completes the proof that A’ N A = () for all small .

By the last result, we see that either A’ C ® for all small € or A’ C C — @ for all small
e. For any t( the vector —i) (tg) is in the direction of an outer normal to ® at 2o = A(ty).
Because A belongs to C? and is simple, it follows that w = A(¢y) — €i)\ (o) belongs to
C — @ for all small e. Therefore, A’ C C — ® for all small .

Let ¢ € . Then

/ L /b HONPA. /” N (t) —'ei)\”(t) @
AW =G o m(t)—¢ o At) —eiN(t) = ¢
For all small € >0, w = u(t) € C—® and ® is open. Hence, there is a constant d > 0
such that |u(t) — ¢| > d for all ¢t and for all small e. This implies that the limit of the
last integral exists as & — 0. That limit equals f:()\’(t)/()\(t) —()) dt, which is the same
as [,(1/(z = ¢))dz. Since (1/2mi) [, (1/(z —¢))dz =1 and (1/2mi) [,,(1/(w — ¢)) dw is
an integer for all small €, we conclude that (1/27i) [,,(1/(w —¢)) dw = 1 for all small e.
Therefore, ¢ € ®'. We have shown that ® C ®’. Because A’ N A = () this yields ® C ®'.

Henceforth, we let € be a fixed positive real number such that the various properties
of @ described above are valid. In what follows, we observe that the doubly connected
domain bounded by the curves A and A’(e) is the union of disjoint line segments and,
using this fact, we construct a new smooth Jordan curve A” inscribed in this domain.
Part of its boundary will consist of circular arcs. Later on, it will be important to con-
sider the conformal map onto the interior domain of this new curve. The part of the
boundary consisting of circular arcs will allow us to use Schwarz reflection to extend
the mapping analytically to a larger domain precisely around the points related to our
interpolation.

Let z € A. We will obtain closed disks D such that D N ® = z. We do this by making
a translation and rotation of ® so that z = 0 and a subarc of A containing 0 is given by
y=g(x), —¢ < x < ¢, where ¢ > 0 and the function g satisfies g(0) = 0, ¢’(0) = 0 and ¢”
is continuous at 0. Also, the orientation of this subarc corresponds to decreasing values
of x. For r > 0 let D(r) denote the closed disk with centre (0,7) and radius . Then
h(z)=r—+vr2—a?, —r <z <r, gives the lower semicircle on dD(r). Hence h(z) =
(1/2r)a* 4+ O(z*) as @ — 0. Also g(z) = bx? + o(x?) as x — 0, where b = 1¢”(0). Thus,
if 1/2r > b then h(z) > g(z) for all small z # 0. Therefore, there is a real number d such
that 0 < d < ¢ and the closed disk D(r) does not meet the subarc of A given by y = g(z),
—d <z <d, except at 0, for all small » > 0. Because A is simple and the subarc has the
stated orientation, this implies that D(r) N A = and then D(r) N ® = () for all small
r. Hence, for each k there is a closed disk Dy, such that Dy N ® = z;,, D), C ® and the
collection {Dy, Da, ..., D,} is pairwise disjoint.

Fore > 0and t € [a,b) let L(t) = L(t, ) denote the closed line segment {¢ : ( = A(t) —
xiX (t),0 <z < e}. Then for all small ¢, L(s) N L(¢t) = for s # ¢. This can be shown
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using an argument similar to that used to prove A’N A = () for all small . We also see
that & — & = J, -, L(¢).

For each k let (; denote the closed semicircle on dDj having the midpoint z; and
oriented clockwise. Let ¢ and rp denote the endpoints of G with ¢, 2z, 71 in clockwise
order. Then ¢ € L(tx) for some ti. Let py denote the endpoint of L(tx) which is on
A’. Let oy, denote the closed line segment from py to gr. We have ry = L(t},) for some
t}.. Let s, denote the endpoint of L(t}) on A’. Let 7; denote the closed line segment
from ry to sg. For k=1,2,...,n—1 let ) denote the subarc of A’ from si to pri1
with the same orientation as A’. Let ¢,, denote the subarc of A’ from s,, to p; with the
same orientation as A’. Let A” denote the curve obtained by successively joining the arcs
a1, 1,71, 01, a2, B2,72,02, . . ., O, By Y, and d,. Then A” is a Jordan curve in conformal
order. Let ®” denote the interior of A”. Then ® C ®” and ® N A" = {21, 22,..., 2, }.

For each k let 7, denote a closed semicircle of radius r having the midpoint wy and
a counterclockwise order. We can choose the radius r small enough that ny,m2,...,1,
are pairwise disjoint. Let wj, and w} denote the endpoints of n, with wj,wg,w) in
counterclockwise order. There is a simple arc vy from w{ to w) which does not meet
Ur_,mk except for its endpoints. There is a simple arc vo from w} to wj which does not
meet Ji_;mlJr1 except for its endpoints. There is a simple arc vs from w4 to wj which
does not meet (UZ:N?k)U(U?:Wj) except for its endpoints. We continue in this way
ending with a simple arc v, from w!_; to w], which does not meet (UZ:WIC)U(U;Zij)
except for its endpoints. Let © denote the curve obtained by successively joining the arcs
M, V1,12, V2, « s Tn—1, Yn—1, - Lhis is a simple arc. There are such arcs vq,vo,...,v,_1
which are as smooth as we like and where v}, joins smoothly at wj/ and at wj_ ;. In
particular, there are such arcs for which © € C2. The arc © starts at w] and ends at
wl. Let © be given by w = £(t), a <t < b, where ¢’ and £ exist and are continuous and
&'(t) #0. For € > 0 let the curve © be defined by w = ¢(t) = £(t) + ie’(t), a <t <b.
By arguments given earlier about A’, we see that for all small £ the curve ©' is simple
and ©' N O = (). Henceforth, we let € be a fixed positive real number for which these
properties of ©' are valid. Let ¥ = ¢ (a) and 19 = ¥(b). Let L; denote the closed line
segment from v to w}, let Ly denote the closed line segment from w!! to v, and let ©”
denote the opposite arc of ©'. Let I' denote the curve obtained by successively joining ©,
Ly, ©”  and Ly. Then T is a Jordan curve. Let Q denote the interior of I". Because the
vector ie€’(t) is in the direction of an inner normal to Q at £(t) for a < t < b, we see that

the points wq, ws, ..., w, are in conformal order on IT'.
Let F' denote a conformal mapping of A onto ®". Then F extends to a homeomorphism
of A onto ®”. For each k let F(oy) = 2z, where |o}| =1. Since {z1,29,...,2,} is in

conformal order on ®” we have o, = €% and 6; < 0y < --- < 0,, < 01 + 27.

Let G denote a conformal mapping of A onto 2. Then G extends to a homeomorphism
of A onto Q. For each k let G(;) = wy where |7 = 1. Since {wy,ws,...,w,} is in
conformal order on I', we have 7, = ¢’?* and 1 < o < - <o < 91+ 2.

There is a function H which is analytic and univalent in A such that |H(o)| < 1 for
lo| <1 and H(op) =7k for k=1,2,...,n [3, p. 559]. Let I = Go H o F~'. Then I is
analytic and univalent in ®” and maps ®” onto , with I(zx) = wy for k =1,2,...,n.
For each k, I maps a subarc of 35 containing zj in its interior continuously and injectively
onto a subarc of 7 containing wy, in its interior. By the reflection principle, I extends
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analytically to a neighbourhood of zj,. Because of how the reflection takes place, there is a
neighbourhood of z, say Ny, such that  is analytic and univalent in ¥ = &"{J({J;_, Ni)-
Moreover, for small N, ¥ is simply connected.

Below and in the proof of Theorem 3.1, we make use of the following fact: If the
functions f, are analytic on an open set ¥, f, — f uniformly on compact subsets of ¥,
and f is univalent in ¥, then for each fixed compact subset ¥ of ¥ there is an integer
N such that f,, is univalent in ¥ for all n > N. To see this, for each function g analytic
in ¥ let D, denote the difference quotient of g, that is, for z € ¥ and w € ¥, we have
Dy(z,w) = (9(z) — g(w))/(z —w) if w # z and Dy(z, z) = ¢'(z). Then D, is analytic in
U x U, If g is univalent in ¥, then D, does not vanish. Let ¥ be any compact subset
of U. We claim that Dy, — Dy uniformly on ¥ x ¥. It suffices to show that for each
(20,wp) € ¥ x X, there is uniform convergence on C' x D, where C' and D are open disks
in ¥ with C' centred at zy and D centred at wg. This follows from the Heine—Borel
Theorem, where the collection {C' x D} is the open covering of the compact set ¥ x X.
We first consider the case wg = zg. Let C be an open disk in ¥ centred at zy with C' C ¥.
Let E be a closed disk in ¥ centred at zy and having radius greater than the radius of
C. Suppose that (z,w) € C x C. If w # z then Cauchy’s formula yields

s £ ()
Dpw =5 | e

This equality also holds when w = z. This implies that

1 f(Q)
Dy, (z,w) — —/ ————d(
! 2mi Jor (€= 2)(¢ — w)
uniformly on C' x C. The last integral equals D (z, w). Next, we consider the case wy # 2.
Let C' be an open disk in ¥ centred at zp and let D be an open disk in W centred at
wo with C C U, D C ¥, and C N D = ¢. Then there is a positive constant ¢ such that
|z — w| > ¢ for (z,w) € C x D. Therefore,

ful2) = fu(w) _ J(2) = f(w)

zZ—w Z—w

uniformly on C' x D. The number d = min|Dy(z,w)| where (z,w) varies in 3 x 3 is
positive. Thus the uniform convergence Dy — Dy on ¥ x 3 implies that there is an
integer N such that |Dy, (z,w)| > d/2 for z € 3, w € ¥ and n > N. Therefore, f, is
univalent in ¥ for n > N.

By Runge’s theorem, there is a sequence of polynomials {P,,} such that P,, — I
uniformly on each compact subset of W. Hence P,, — I on X, the closure of some neigh-
bourhood of ®. This implies that there is a sequence of polynomials {Q,,} such that
Q — I uniformly on ¥ and Qp,(2x) = I(z;) form =1,2,3,...and k =1,2,...,n [4, p.
121]. Since @, — I uniformly on the compact set ¥ and I is analytic and univalent on
the open set ¥ D ¥, it follows that @, is univalent in ¥ for all large m. Therefore, for
all large m, @, satisfies all the requirements for P stated in the theorem. O

Theorem 3.1. Suppose that ® and € are Jordan domains, and the curves A = 0®
and I' = 09 belong to C? and are in conformal order. Let zy, 2y, . . ., z, be distinct points
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on A in conformal order and let wy,wa, ..., wy, be distinct points on I' in conformal order.
Then there is a polynomial P which is univalent in a neighbourhood of ® and satisfies
P(z) = wy for k=1,2,...,n and P(® — U}_,{zx}) C Q.

Proof. Let A” denote the Jordan curve defined in the proof of Theorem 1.2, and let
®" denote the interior of A”. Let D;, denote the same disks described there.

Since the curve I' belongs to C2, it is given by w = £(t), a <t < b, where ¢ and
&"” exist and are continuous and &'(t) # 0. We may assume that this parametrization
gives I' in conformal order and we have wy = £(tx) for k=1,2,...,n where a <t; <
to < --- <t, <b. For each positive real number ¢ let the curve I =I"(¢) be defined
by w =1(t) = &(t) +€if’(t), a <t <b. Using arguments similar to those given in the
proof of Theorem 1.2, we find that for all small &, I' is a Jordan curve and belongs to C'.
Letting Q’ denote the interior of I'" we have Q' C Q. If ¢ is small, then for each k there is a
closed disk Fj such that wy € OFk, Ex, — {wi} C Q and the collection {Fy, Es, ..., E,}
is pairwise disjoint. Furthermore, there is a Jordan curve I containing each wy and
I — Up_jwi C Q— Q. Note that I' is made up of the semicircle on Ej with centre wy,,
line segments which connect the end points of this semicircle to points on IV, and arcs on
I'. Let " denote the interior of I'/. Then " C Q and I N T = {wy,wa, ..., wy,}. Also,
{wy,ws, ..., w,} is in conformal order on I'”.

Let F denote a conformal mapping of A onto ®” and let G denote a conformal mapping
of A onto . Then F extends to a homeomorphism of A onto ®” and G extends to a
homeomorphism of A onto 2. For each k let F((;) = 2z where |[(x| = 1 and G(n) = wy,
where |n;| = 1. Because {z1, 22, ..., 2, } is in conformal order on A and {wy,wa,...,w,}
is in conformal order on I', we have (; = €% where 0; < 6y < --- < 6, <0, + 27 and
e = €% where @1 < o < -+ < @, < @1 + 2.

There is a function H which is analytic and univalent in A such that H((y) = n
for k=1,2,...,nand |[H({)| <1for [(|<1and (#( (k=1,2,...,n) [3, p. 559]. Let
I =GoHoF~! Then I is analytic and univalent in ®”, I(®”) = Q”, and I(z) = wy,
for k =1,2,...,n. We have that I is continuous on a subarc of 9D}, containing z in its
interior and maps that subarc onto a subarc of JFE}) containing wy in its interior. The
reflection principle implies that I extends analytically to some neighbourhood of z;. For
each k there is a neighbourhood of zy, say Ni, so that this extension of I is univalent
in U = ®"J;_,Nj, and ¥ is simply connected. The univalence of I implies I'(z) # 0 for
zeW.

By Runge’s theorem, there is a sequence of polynomials {P,,} such that P,, — I uni-
formly on each compact subset of U. Let ¥ denote the closure of a neighbourhood of
® with ¥ € ¥. Then P,, — I uniformly on Y. Therefore, there is a sequence of polyno-
mials {Q,,} such that Q,, — I uniformly on 3, and Q,,(zx) = I(zx), Q,,(zk) = I'(2x),
and QU (zr) =1"(z) for k=1,2,...,n and m =1,2,3,... [3, p. 566]. Since Q,, — I
uniformly on the compact set ¥ and [ is analytic and univalent on the open set ¥ O X, it
follows that Q,, is univalent in ¥ for all large m. Hence Q,,, is univalent in a neighbour-
hood of ® for all large m, and so @/, (z) # 0 for every z in that neighbourhood. For each
positive integer m, let T';, = Q. (A”). We have that T, is a Jordan curve for all large m.

Let pp denote the angle of the common ordered tangents to I', T, and T, at wy.
We introduce a Cartesian coordinate system with origin at wy and with coordinates
(u,v) such that the direction of the positive u axis equals uy; that is, we let u + iv =
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(w — wy,)e~*. In some deleted neighbourhood of the origin in this system, the points
on I'” are above the points on T'.

For w € T let k(w) denote the curvature of T' at w, for w € T let o(w) denote the
curvature of I at w, and for w € T, let 7,,,(w) denote the curvature of T, at w. Since
I' € C? it follows that  is continuous on I'. For w € I in a small neighbourhood of wy, we
have o(w) = 1/ry, where ry denotes the radius of Ej. Let by denote the maximum of x(w)
for points w in I" and in the closure of that neighbourhood. Since the disks Ej may have
arbitrarily small radii, we may let r; be small enough that 1/ry > by, for k =1,2,...,n.
From [6, p. 527, Equation (4)], we obtain

w0 = {5+ o ( G}

for w € Ty, in some neighbourhood of wy, where w = @,,,(z) and a(z) denotes the angle
of the directed tangent to A" at z. Also

il 258

for w € T” in some neighbourhood of wy, where w = I(z). Since Q/,(zr) = I'(zx) and
QU (z) = I"(zr), letting w = wy, in these formulas, we obtain 7, (wy) = o(wy) for k =
1,2,...,n and m large.

The functions f,, = @,, o I~ ! are defined in a small neighbourhood of wy,. Since @Q,, —
I uniformly in a small neighbourhood of z;, we see that f,,(w) — w uniformly on a
neighbourhood of wy. Also @, — I’ and @/, — I" uniformly in a neighbourhood of zj.
Hence the formulas above for 7, and o imply that 7,,(fm(w)) — o(w) uniformly for
w €T and in some neighbourhood of wy. This implies that there is a neighbourhood
of wy and a constant ¢, > by such that 7, (w) > ¢ for large m and for w € T, in that
neighbourhood.

We have k(w) < by for w € T near wg, 7 (w) > ¢ for w € T, near wy, and cx > by.
This implies that the curve I',, is above the curve I' in the u-v plane in some deleted
neighbourhood of the origin. Because I' is continuous and simple, we conclude that there
is a neighbourhood of zi, say Ny, such that Q,,(z) € Q for z € A" NN}, and z # 2
and for all large m. Hence Q(z) € Q for z € A N N|, and z # z; for large m and for
k=1,2,...,n.

Let A" = A" — J;_, (A" UN}). Since @, — I uniformly on A" and I(A") is a com-
pact subset of Q, it follows that Q,,(A"”") C Q for all large m. Therefore, @,,(A" —
Ur_,{zx}) C Q for all large m. This implies that Q,,(®” — Jp_,{zr}) C Q and hence
Qm(® —Up_{2x}) € Q. We have shown that for all large m, Q,, satisfies all the
requirements for P stated in the theorem. ([l

Our proof shows that there are infinitely many polynomials P which satisfy
Theorem 3.1.

The next theorem treats interpolation and peaking as in Theorem 3.1 but the numbers
wy, Wa, . .., W, are not restricted to being distinct nor in conformal order. The resulting
polynomial P need not be univalent.
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Theorem 3.2. Suppose that ® and ) are Jordan domains, and the curves A = 0®
and I = 0N belong to C?. Let 21, 2o, . . . , z, be distinct points on A and let w1, w, . .., w,
be points on I'. Then there is a polynomial P such that P(z) = wy for k=1,2,...,n
and P(® —UP_,z;,) C Q.

Proof. Theorem 3.2 is proven using arguments similar to those given for Theorems 1.2
and 3.1. The arguments rely on the analogous result for analytic maps of A into A given
in [3, p. 560, Prop. 1]. O
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