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URN SAMPLING DISTRIBUTIONS GIVING
ALTERNATE CORRESPONDENCES BETWEEN
TWO OPTIMAL STOPPING PROBLEMS
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Abstract

The best-choice problem and the duration problem, known as versions of the secretary
problem, are concerned with choosing an object from those that appear sequentially. Let
(B, p) denote the best-choice problem and (D, p) the duration problem when the total
number N of objects is a bounded random variable with prior p = (p1, p2, ..., pn) for
a known upper bound . Gnedin (2005) discovered the correspondence relation between
these two quite different optimal stopping problems. That is, for any given prior p, there
exists another prior ¢ such that (D, p) is equivalent to (B, ¢). In this paper, motivated
by his discovery, we attempt to find the alternate correspondence {p™, m > 0}, i.e.
an infinite sequence of priors such that (D, p™~D) is equivalent to (B, p") for all
m > 1, starting with p(o) = (0,...,0,1). To be more precise, the duration problem is
distinguished into (D1, p) or (D2, p), referred to as model 1 or model 2, depending on
whether the planning horizon is N or n. The aforementioned problem is model 1. For
model 2 as well, we can find the similar alternate correspondence { p[m] , m > 0}. We treat
both the no-information model and the full-information model and examine the limiting
behaviors of their optimal rules and optimal values related to the alternate correspondences
asn — 00. A generalization of the no-information model is given. It is worth mentioning
that the alternate correspondences for model 1 and model 2 are respectively related to the
urn sampling models without replacement and with replacement.

Keywords: Secretary problem; best-choice problem; alternate correspondence; duration
problem; Bruss extension
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1. Introduction

In the best-choice problem, a version of the secretary problem (see, e.g. Samuels (1991) for
a survey), a fixed known number n of rankable objects appear one at a time in random order
with all n! permutations equally likely (1 being the best and n the worst). Each time an object
appears, we must decide either to select it and stop observing or reject it and continue observing,
based on the relative rank of the current object with respect to its predecessors. The objective
is to find a stopping rule that maximizes the probability of selecting the best of all n objects.
Evidently we can confine our selection to a relatively best object. For ease of description, we
often call an object a candidate if it is relatively best upon arrival.

As adifferent version of the secretary problem, Ferguson et al. (1992) considered the optimal
stopping problem, referred to as the duration problem, in the same framework described above.
We only select a candidate. Define T as the time of the first candidate after & if there is one,
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and as n + 1 if there is none. Then the duration of holding a candidate selected at time & is
(Ty, — k)/n (division by n is for normalization) and the objective of this problem is to find a
stopping rule that maximizes the expected duration of holding a candidate.

These two classical problems with fixed horizon n were generalized to the problems with
random horizon by introducing uncertainty about the number N of the available objects. The
selection must be made by time N. See, e.g. Presman and Sonin (1972), Irle (1980), Petruccelli
(1983), and Tamaki (2011) for the best-choice problem, and Gnedin (2004), (2005) and Tamaki
(2013) for the duration problem. Throughout this paper, we assume that the random variable
N, independent of the arrival order of the objects, is bounded by n and has a prior distribution
p = (p1, p2. ..., pn), where py = P{N = k}aresuchthat) ;_, px = land p, > 0. Itisalso
assumed that n > 2, unless otherwise specified. Define, for later use, * = (71, 72, ..., T,)
and o = (01, 02, ..., 0y) as functions of p where, for 1 <k <n,

Tk = Pk + Pk+1 + ...+ Pn, o =m, + (n— k) px.

When N has a prior p, we simply denote the best-choice problem by (B, p) and the duration
problem by (D, p). Though the objective of (B, p) is to select the best of all N objects, (D, p)
can be distinguished into two problems denoted by (D1, p) or (D>, p) depending on whether
the final stage of the planning horizon is N or n. That is, the duration of a candidate selected at
time k is defined as (Ty — k)/n, as before, but if no further candidate appears by time N, Ty is
interpreted as N + 1 for (D1, p) and as n + 1 for (D», p). The problem (Dy, p),k = 1,2, is
referred to as model k of the duration problem. We denote the optimal values of the problems
(B, p) and (Dg, p) by vf (p) and vnD *(p), respectively, to make explicit the dependence on n
and p. Note that the classical problems occur if N degenerates ton (i.e. p = (0,...,0, 1)),in
which case there exists no difference between (D1, p) and (D>, p).

A stopping rule is said to be simple if, for a given positive integer s, (< n), it passes over
the first s,, — 1 objects and stops with the first, if any, candidate. The value s,, is referred to as
the critical number of the simple rule. It is well known that the optimal rules of the classical
problems are simple. However, the form of the optimal rule depends on p, implying that it is
not necessarily simple. An example of p for which the optimal rule of (B, p) whenn = 8isnot
simple is when p = (p1, p2, ..., pg), where p; = 0, pop = 0.895, p3 = --- = p7; = 0.001,
and pg = 0.1, see Irle (1980) .

Define : -
p®=,...,0,1), p“)=<—,...,—,—>

n non
as two special priors. Then p© corresponds to the fixed horizon and p‘! to the random horizon
with N uniform on {1, 2, ..., n}. Ferguson et al. (1992) recognized the equivalence between
(D1, p©) and (B, p). Extending this equivalence, Gnedin (2005) discovered the further
correspondences between model 1 of the duration problem and the best-choice problem (see
also Samuels (2004) and Porosinski (2002) for related works). According to Gnedin (2005,
Proposition 4.1 and Corollary 4.1), this discovery can be stated as follows for our framework.

Proposition 1.1. (Equivalence between (D1, p) and (B, q).) For any given prior

P=(P1’P2,~-7Pn) OI’lN,

there exists another prior ¢ = (q1, q2, . . . , qn) defined from p as

T

= &N (1.1)

q
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such that (D1, p) is equivalent to (B, q) in the sense that these two problems have the same
optimal rules. Moreover, their optimal values only differ by the factor E[N]/n; namely,

E[N
vPi(p) = %vf @). (1.2)

Remark 1.1. Note that (1.2) can be written as nvnD '(p) = E[N ]vf (g), and that Gnedin con-
sidered the left-hand side, i.e. nvnD '(p), as the optimal value of the duration problem, because
the duration is, in his setting, not normalized (see the symbolic expression below his Corol-
lary 4.1). It is also noted that Propositions 1.1 and 1.2, given below, hold not only for the no-
information model but also for a wide variety of stochastic processes including the generalized
no-information model in Section 2.2 and the full-information model in Section 3.

In order to show that the prior p® = (piz), péz), s P2, for which (Dy, pV) is equiv-

alent to (B, p?), is given by

p —

= , 1<k <n,
nn+1)

from (1.1), Gnedin (2005) suggested a problem of finding iteratively an infinite sequence of

priors
p(m) _ (pim)’ pém)’ o pr(zm))7
with p©@ = (0, ..., 0, 1), such that (Dy, p"™~V) is equivalent to (B, p"). In this paper we
are motivated by this suggestion. The set {p™, m > 0} is then referred to as the alternate
correspondence of type-1.
We have a similar correspondence between model 2 of the duration problem and the best-
choice problem, which can be stated as follows.

m>1,

Proposition 1.2. (Equivalence between (D, p) and (B, q).) For any given prior

p=(p17p23"'7pn) OnNa

there exists another prior ¢ = (q1, q2, - - . , qn) defined from p as
o
q=— (1.3)
n

such that (Da, p) is equivalent to (B, q) in the sense that these two problems have the same
optimal rules and the same optimal values. Thus,

vP2(p) =2 (g).

Proof. We omit the proof because it is similar to the proof of Gnedin (2005, Proposition
4.1). O

Let pl® = (0,...,0, 1). Then the set {p!™! = (p!™, pgm], o, pMYy m > 0) s referred
to as the alternate correspondence of type-2 if (D>, p~1) is equivalent to (B, p"™) for all
m > 1. From (1.3), it is easy to see that

Py = ——

p = —, 3
k n n2
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Our main concerns are to find the explicit expressions of the two alternate correspondences
(type-k corresponds to model k of the duration problem, where k = 1, 2). We also examine the
optimal rules and the optimal values related to these alternate correspondences. It is of further
interest to derive the limiting values of vf (p™) and vf (p"™) asn — oo. These are discussed
in Section 2.1. In Section 2.2 we generalize the above problems by allowing the objects to appear
in accordance with Bernoulli trials. It is worth mentioning that the alternate correspondences
of type-1 and type-2 are respectively related to the urn sampling models without replacement
and with replacement.

In contrast to the above no-information model, in which the observations are the relative
ranks of the objects, the full-information model is the problem in which the observations are the
true values of N objects X1, X2, ..., Xu, assumed to be independent and identically distributed
(i.i.d.) random variables from a known continuous distribution, taken without loss of generality
to be the uniform distribution on the interval [0, 1]. We also assume that N is independent of
X1, Xo,.... Let Ly = max{Xy, X», ..., Xi} and call the kth object (or Xy) a candidate if it is
a relative maximum, i.e. Xy = L. Consider a class of stopping rules of the form

ty(@) =min{k: Xy = Ly > ar} A N,

wherea = (ay, az, .. ., a,) is a given sequence of thresholds satisfying the monotone condition
1>a; >ay>--->a, > 0. This rule is said to be a monotone rule (with thresholds a). It is
well known that the optimal rules of the classical problems, i.e. problems with fixed horizon, are
monotone (cf. Gilbert and Mosteller (1966) and Ferguson et al. (1992)). This full-information
model is considered in Section 3.

2. Alternate correspondences

Propositions 1.1 and 1.2 show how to construct the distribution which makes the duration
problem equivalent to the best-choice problem, but they are of little help for specifying the
optimal rules and deriving the optimal values. Fortunately, we can give the explicit expressions
of these quantities for the alternate correspondences from the existing literature.

1. No-information model

If the optimal rule of (B, p)((Dg, p), k = 1, 2) is simple, we denote its (optimal) critical
number by s5( p)(s,l,) ¥(p)). The following results give a sufficient condition for the optimal
rule to be simple for each of these problems and also give, when this condition is met, the
explicit expressions for the critical numbers and the optimal values.

Lemma 2.1. Define, for given n and positive vectort = (t1, ta, . . . , t,) satisfying the condition
that ty4 j /1y is nonincreasing in k for each possible value of j,

Sn(t)—mm{k>1 Z_> Z(Z ]_1>f_i}

i=k+1 “j=k+1
and then _
spt) —1 & ! 1 \nt
Un(t)=T'Z Z ]Tl - Jor sy (t) > 2,
i=sy(t) “j=sn(t)

and v, (t) = Y1, t; /i for s,(t) = 1.
The (B, p)-problem. (i) A sufficient condition for the optimal rule to be simple is that
Dk+j/ Pk is nonincreasing in k for each possible value of j.
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(i1) Suppose that the optimal rule is simple. Then the corresponding critical number and the
optimal value are respectively

sB(p) = su(p), @1
vB(p) = v(p). 2.2)

The (D1, p)-problem. (iii) A sufficient condition for the optimal rule to be simple is that
Tk j / Tk IS nonincreasing in k for each possible value of j.

(iv) Suppose that the optimal rule is simple. Then the corresponding critical number and the
optimal value are given as

sP1(p) = su(n), (2.3)
1
v (p) = ~vn ().
n
The (D3, p)-problem. (v) A sufficient condition for the optimal rule to be simple is that
Ok+j/ Ok is nonincreasing in k for each possible value of j.

(vi) Suppose that the optimal rule is simple. Then the corresponding critical number and the
optimal value are given as

sP2(p) =su(0), v (p) = 1vn(a>.
n

Proof. See the proof of Theorem 2.3 because the (D>, p)-problem is a special case of the
Bruss extension (corresponding to @ = (1, % %, ..., 1/n) € A*). For more detail, see Tamaki
(2011) and (2013). ]

The following theorem gives the main results concerning the alternate correspondences.

Theorem 2.1. (i) Alternate correspondence of type-1. Let p© = (0, ...,0, 1) and

—1—-k —1
pi’")=("+m )/(H’" ) 1<k<n, 2.4)
m—1 m

form > 1. Then {p™, m > 0} is the alternate correspondence of type-1. The optimal rule is
simple for both (D1, p"™) and (B, p™), and we have the following relations for m > 0:

sPrp™)y = sE(pmth), 2.5)
m+n
U,I,,)l (P(m)) = mvf (P(mH))- (2.6)

(ii) Alternate correspondence of type-2. Let pl%=(,...,0,1) and

—k+1\" —k\"
o= (Y (Y e @)

n n

form > 1. Then {p"™, m > 0} is the alternate correspondence of type-2. The optimal rule is
simple for both (D>, p") and (B, p™), and we have the following relations for m > 0:

sP2(plmly = sB(plm+1ly, (2.8)
vP2(plmly = B (plmt)y, (2.9)
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Proof. For convenience, when N has a prior p™ (p™1), denote the corresponding N, r,
and o by N® g and g™ (NI glml and glm), respectively.

(i) We first show that, for each m,

miy MLy 1w (2.10)

P m—{—nn _IE[N(’”)]”

Dividing both sides of the well-known identity

n+m—k " n4+m—j—1
(=5
by ("*7~") immediately yields

m4+n ui1) (m)
_— =, . 2.11
m—+1 k ( )

Summing up with respect to k on both sides yields

m-+n
m+1

owing to E[N™] = Y"¢_ 7. Then (2.10) is obtained from (2.11) and (2.12).

In order to show that the optlmal rule is 51mp1e it suffices to show from Lemmas 2.1(i)
and 2.1(iii) that p,(:i)] / p(m) and (m) / nkm for m > 1, are both nonincreasing in k
for each j. For this, see Tamaki (2016 Appendix B, Example (e)) together with the
property p; +)]/ M = (m /"1 obtained from (2.10). Equations (2.5) and (2.6)
are immediate consequences from Proposition 1.1 because (2.10) is just (1.1) by taking
p™ as p and p™+1 as ¢, respectively ((2.5) holds because the same optimal rules have

the same critical numbers).

=E[N™)], (2.12)

(ii) We have, for each m,

e+l — — glml (2.13)

because

~

n m
—k+1
”/Em] p ml (u) (2.14)

J

Il
~

and, hence,

k[m]z [m]_l_(n k)p[m
=<n—k+l> +(n—k)|:<n_k+1> _<n—k) :|
n n n
|:<}’l—k+l)m+l <n_k)m+l]
=n B — —
n n

— np][{m—i—l].

In order to show that the optimal rule 1s sunple it suffices to show from Lemmas 2.1(i)
and 2.1(v) that p / 23 Im] and ok iy /ok , for m > 1, are both nonincreasing in k for
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each j. For this, see Tamakl (2016, Appendix B, Example (d)) together with the property
et . Lpi = o161 obtained from (2.13). Equations (2.8) and (2.9) are then
immediate consequences from Proposition 1.2 because (2.13) is just (1.3) by taking p!™!
as p and pl"*11 as ¢, respectively.

This completes the proof. (]

Remark 2.1. The critical numbers and the optimal values in (2.5), (2.6), (2.8), and (2.9) are
computed from Lemma 2.1. It is noted that the validity of (2.5), (2.6), (2.8), and (2.9) can be,
in turn, ascertained directly from Lemma 2.1. For example, we obtain (2.5) through

sPr(p™) = 5,(x™)  from (2.3)
=sB@™)  from (2.1)

m-+n 1
=sB <m—+1p(m+ >) from (2.10)

=52 (p"*),

where the last equality follows from s, (ct) = s, (¢) for any positive constant c. We obtain (2.6)
in a similar manner, taking account of the property v, (ct) = cv,(¢). Equations (2.8) and (2.9)
are also obtained similarly. The study of the uniqueness of the optimal rule, as touched on by
Szajowski (1992), (1993), might be interesting.

Remark 2.2. The two random variables N and N"! can be related to sampling balls from
an urn without replacement and with replacement, respectively. Suppose that there exists an
urn containing n + m — 1 balls numbered 1,2, ...,n +m — 1. We draw m balls randomly
from the urn without replacement. Then N denotes the smallest of the m numbers drawn.
Suppose that there exists an urn containing n balls numbered 1, 2, . .., n. We draw m balls one
at a time randomly from the urn with replacement. Then N denotes the smallest of the m
numbers drawn.

To obtain the further properties of N and N1, we briefly review the concept of ‘stochasti-
cally larger’ and the distribution of the smallest value from the uniform sample. We say that N ")
is stochastically larger than NI written as N0 > N if PN > k) > P{NIM > k),
or, equivalently,

™ =a™ 1<k<n (2.15)
LetYy, Y, ..., Y, beindependent random variables each uniformly distributed on (0, 1). Then
it is known that V,, = min{Yy, Ys, ..., ¥;,} representing the smallest of these m random

variables has a density fy,, (v) = m(l — )" 0<v<1,withE[V,]=1/(m+1).
Corollary 2.1. (i) We have, form > 1,

N > Nl

(i) If, for a given m, we let n, k — o0 in such a way that k/n — v, then, for0 < v <1,

np,i’”) - fv, V), (2.16)
npk I v, (V). (2.17)
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Proof. (1) We show (2.15) by induction on m. This is obvious for m = 1. Assume that
(2.15) holds for some m > 1. Then, using the recursive relations

n,ﬁ’"“):"_kJrlern"") S R el d s )

n4+m k k n k >

which are straightforward from (2.4), (2.10), and (2.14), and the fact that

n—k+1+m>n—k+1
n+m - n

s

we have

n—k+1
n]gm+1) . n/Em+1] - [nlgm) _ n[gm]]’

thus completing the induction.

(i) From (2.4) and (2.7), we can write

k k k
np™ =m(1———)(1- BN [ [ —
n+1 n+2 n+m-—1
K" 21 m k\’
(m] _
np; —m<1—;) +an—1—f<j><1_ﬁ)’ (2.18)
j=0

verifying (2.16) and (2.17) by letting k/n — v, because the second term on the right-hand side
of (2.18) vanishes as n — oo. O

Remark 2.3. As a result of N™ >, NI™I we have E[N™] > E[N™], or, equivalently,
(m+n)/(m+1)>37_ (k/n)" from(2.12) and (2.14). From Corollary 2.1(ii) we see that, as
n — 00, the difference fades away between the two urn sampling schemes without replacement
and with replacement, implying that both N /n and N /n converge in distribution to V,.

Now we examine the limiting properties of the optimal values and the optimal rules as
n — oo. The duration problems are solved through the corresponding best-choice problems,
so we concentrate on the study of the best-choice problems. First we consider the alternate
correspondence of type-1. Let, form > 0,

B (m)
s
sBm = |jm 22 (p ),

v B = lim vf(p(’")).
n— 00 n n—o00

Itis well known that s(8-0) = y(B.0) — ¢=1 (see, e.g. Gilbert and Mosteller (1966)) and s (& D=
e Zand vB-D = 2¢72 (see, e.g. Presman and Sonin (1972)). We have the following results for
m > 2.

Theorem 2.2. Form > 2, s&™ and vB-™ gre calculated as follows.
(i) The value of s'B-™ is given as a solution x € (0, 1) to

1 m—1
Elogzx + A+ hp-1)logx + 21
j=

V+hy | —hi .
T mo1 Z Rl i, (2.19)

where h = Zl;=1 1/j, k> 1and hy = 0.
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(ii) The value of v'B™ is given by

00 : m—1 i

1 — s)/ 1 —s)/

v B — e Z ( .s) = —ms <logs + Z ( .s) ) (2.20)
jom =

where, for ease of notation, s'8™ is abbreviated to s.

Proof. 1tis noted that, as is easily suggested from (2.2), the probability of selecting the best
for (B, p™) by using a simple rule with critical number i is given by

(m)

v (pm) = —Z(Z}_l)np]ﬁ . 2.21)

If we let n — oo and write x, y, and v as the limits of i/n, j/n, and k/n, respectively,
vﬁ i ( p™), combined with (2.16), becomes a Riemann approximation to an integral

1 v 1 — m—1

v (x) = x/ </ —dy)udv, x e (0,1). (2.22)
X X y v

In Appendix A we show that v (x) can be simplified to

v (x) = mxg™ (x), (2.23)
where
1 hi_ .
g™ (x) = log X+ hp_y logx + Z ot = hjz1 g x)4. (2.24)
J
j=1

(i) The value of x that maximizes v (x) is easily found by setting the derivative with
respect to x equal to O and then solving for x. The value obtained in this manner is
obviously s@&m Thys, dp™ (x)/dx = 0, or, equivalently,

dg™ (x)

gMx) +x=2—"2=0 (2.25)
dx
from (2.23) yields (2.19), because a straightforward calculation from (2.24) gives
dg™(x) 1 (= x)d
— =—11 — ). 2.26
= - ( ogx + ; ; (2.26)

(ii) Considering that v®™ in (2.20) is obtained as v (s(™)) and that (2.25) holds for
x = sB™ we immediately have (2.20) through (2.23) and (2.26).

This completes the proof. ]

Note that (2.19) and (2.20) in Theorem 2.2 are still valid for m = 1 since the vacuous sum
is 0. In Table 1 we present some numerical values of s and v(&-™
The following corollary gives the additional limiting relations if we let, for m > 0,

B plm] Dy (m)
S S
B — gy SUPTD) s gy Bty O gy S PT)
n—00 n n— 00 n— 00 n
)
o1 = fim pPr(pmy gDzl — gy 3P Do) iy D2l
n— 00 n— 00 n n— 00
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TaBLE 1: Values of (8™ and v&™) for several m.

m

0 1 2 3 4 5 10

sBm 03679  0.1353  0.0775 0.0539 0.0412 0.0334 0.0171
vBm 03679  0.2707 0.2535 0.2469 0.2435 0.2414  0.2372

Corollary 2.2. We have the following relations for m > 0:
(i) sIBml = g(Bam) [B.m] —_ \(B.m).
(i) s@rm) — (B.m+1) ) (Di,m) — (m + 1)—1v(3,m+1);
(iii) stP2ml — gIB.m+1] [Dym] — o [B.m+1].

(iv) stP2.m]l — ((Drm) o)[D2.m] — (m + l)v(Dl,m)_

Proof. Corollary 2.2(i) is obvious because the same argument as in the proof of Theorem 2.2
applies if (2.17) is used instead of (2.16) in (2.21). Of course, this coincidence is intuitively
clear from Remark 2.3. Corollaries 2.2(ii) and 2.2(iii) follow from (2.5), (2.6), (2.8), and (2.9).
Corollary 2.2(iv) follows from Corollaries 2.2(i)—2.2(iii). (Il

Remark 2.4. From Corollary 2.2(iv) we see remarkable features between the two models of the
duration problem with alternate correspondences. From the first expression in Corollary 2.2(iv)
we see that the critical numbers of the two models are asymptotically the same. This does not
hold in general (compare, e.g. Lemma 3.2 with Lemma 4.2 for the generalized uniform prior in
Tamaki (2013)). The second expression says that the optimal value of model 2 is just m 41 times
as large as that of model 1 asymptotically. This may be viewed in a sense as the equivalence
between two models, because it can be written as v!P21 = (Pt /E[V, ] and the right-hand
side is interpreted as the normalized value of model 1.

2.2. Bruss extension

Here we attempt to generalize the no-information model by allowing the objects to appear
in accordance with Bernoulli trials. A total number N of objects appear one at a time and each
object is judged either to be a candidate or not upon arrival. Let I, 1 < k < n, be the indicator
of the event that the kth object is a candidate and suppose that I, I, ..., I, is a sequence of
independent Bernoulli random variables with P{l; = 1} = a;, 1 <k <n, where 0 < a; <1
for simplicity. Here the best-choice problem must be considered as a problem of choosing the
last candidate prior to N. It is easy to see that the no-information model occurs as a special
case if ay = 1/k, 1 < k < n (this case satisfies ar4+1 = ar/(1 + ar), 1 < k < n, starting with
a; = 1, implying that Theorem 2.3 below is applicable).

This generalization was introduced by Bruss (2000) to describe the celebrated odds theorem.
Though the optimal rule of the best-choice problem with fixed horizon is simple, the form of the
optimal rule depends both on p and a = (ay, ay, ..., a,). Note that, as in the no-information
model, the stopping rule is said to be simple with critical number s, if it passes over the first s, — 1
objects and stops with the first candidate, if any. Let by = 1 — a; and ry = ax /by, 1 <k <n,
and define

By = bryibiga - - by, 0<k<ic<n,
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with By x = 1 for convenience. For given p and a, denote simply the best-choice problem by
(B, p, a) and model k of the duration problem by (D, p, a), k = 1, 2. The optimal values of
these problems are denoted by vf (p, a) and v,ll) *(p, a), and the critical numbers of the optimal
rules are denoted by s (p, a) and s,ll) ¥(p, a) if they are simple. The following theorem gives
a sufficient condition (on a) for the optimal rule to be simple for the alternate correspondences
of type-1 and type-2.

Theorem 2.3. Let

A* = {a: ak4+1 <

=< ,1§k<nwith0<a1§1}.
1+ a;

Then the optimal rules of the problems (B, p™, a), (B, p"™, a), (D1, p'™, a), and (D5, p"™,
a) are simple if a € A*. Moreover, for a € A*, we have the following.
(i) Alternate correspondence of type-1. We have

m-+n B

S,?I (P(m), a) = S,?(P(mﬂ), a), Ur?'(l’(m), a) = mvn (P(mﬂ), a).
(i1) Alternate correspondence of type-2. We have
s ) =5t " @), 2", @) = vl (p" !, a).

These values are computed via the following formulae for the problem (B, p, a) with simple
optimal rule:

sB(p,a) =min{k >1: ) piBii= Y, ( > r,-)p,-Bk,i} (2.27)

i=k i=k+1 Nj=k+1
and _
n 1
vi(p.a) = Z(Zr;)m&nl,i, (2.28)
i=sy j=sn
where s, is understood to be s,f (p,a).

Proof. For given p and a, define, for j =0, 1, 2,

n
Gk =af —ry1 Y Brial,  1<k<n, (2.29)
i=k+1
where al-(o) = Di; oz-(l) = m;, and al-(z) = o;, for each i. Then Tamaki (2013, Remark 4.1) states

l
that these functions give a unified approach to the three problems to determine whether their

optimal rule is simple or not (‘j = 0’ corresponds to the best-choice problem and ‘j # 0’
to model j of the duration problem). That is, a sufficient condition for the optimal rule to be
simple for problem ‘;” is that GU)(k), as a function of k, changes its sign from negative to
positive at most once. This condition is clearly met if

_ n—k NO)
Uk =" Qk,i( "*’) (2.30)
i=1

)
Qy

https://doi.org/10.1017/apr.2016.25 Published online by Cambridge University Press


https://doi.org/10.1017/apr.2016.25

Alternate correspondences between two optimal stopping problems 737

is nonincreasing in k, where Qk ; = ak+1Bk+1,k+i = Ak+1bk+2 - - - br+i, because (2.29) can be
written as

Gy =11 —UD ().

To prove that U /) (k) is nonincreasing in k, it suffices to show that the following two properties
are satisfied:

(1) Qk.; is nonincreasing in k for each i;

)

i /oz(’ ) is nonincreasing in k for each i

(i) o
because each term on the right-hand side of (2.30) is nonnegative, so removing it does not
increase the sum. For the alternate correspondences, (ii) has already been shown to hold in
Theorem 2.1 (exactly speaking, (ii) is shown for j = 0, 1 for type-1 and for j = 0,2 for

type-2). Property (i) is equivalently written as Qx—1,; > Qi or

axbiy1
Ak+1

> br4; for each possible i. (2.31)

Hence, it holds that a satisfies (2.31) if @ € A* because ax4+1 < ax/(1 4 ai) is equivalent to
arbiy1/ak+1 > 1 and because byy; < 1. Considering that, for p and a satisfying (i) and (ii),
(2.27) and (2.28) are given by Tamaki (2011, Equations (2.26) and (2.27)), withm = 1, and

1
sPi(p,a) =sB(x,a), vPi(p,a) = ;vf(n,a),

1
sP2(p,a)=sP(e,a), vP(p,a)= ;vf(o,a)

hold from Tamaki (2013, Section 3, Equations (3.11) and (3.12)) and Tamaki (2013, Section 4),
respectively, we immediately obtain Theorems 2.3(i) and 2.3(ii) from Propositions 1.1 and 1.2
in a similar manner as in Theorem 2.1. 0

3. Full-information model

For the full-information model, the following results give a sufficient condition for the
optimal rule to be monotone for each of the three problems and also give, when this condition
is met, the explicit expressions for the optimal monotone thresholds and the optimal values.

Lemma 3.1. For given n and positive vector t = (t1, 12, . .., ty) satisfying the condition that
tiy j [ tr is nonincreasing ink for eachpossible value of j, let, depending ont, r(t) = min{i : t; >
0 ti4j/j) and define

a(t) = (al (t)’ a2(t), AR al’l(t))

as a vector of monotone thresholds such that ax(t) is a unique root x € (0, 1) to

Zzlx—Zr, Ztl”_—.xj, <k <r), (3.1)

J

and ax(t) =0 forr(t) <k <n. Deﬁne also

v (t) = Z [1 +21:li‘(

i=1 k=1 j=k

) 1{ - Z(l + hi—k)a;i], (3.2)

i—j k=1

where ai(t) is abbreviated to ay.
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The (B, p)-problem. (i) A sufficient condition for the optimal rule to be monotone is that
Dk+j/ Pk is nonincreasing in k for each possible value of j.

(i) Suppose that the optimal rule is monotone. Then the corresponding thresholds a® (p) and
the optimal value vf (p) are given as

a®(p) = a(p), (3.3)
vB(p) = va(p). (3.4)

The (D1, p)-problem. (iii) A sufficient condition for the optimal rule to be monotone is that
T4 j / Tk is nonincreasing in k for each possible value of j.

(iv) Suppose that the optimal rule is monotone. Then the corresponding thresholds a®' (p) and
the optimal value v,,D '(p) are given as

a? (p) = a(n), (3.5)

1
vPi(p) = ~0, (). (3.6)

The (D3, p)-problem. (V) A sufficient condition for the optimal rule to be monotone is that
Ok+j /O is nonincreasing in k for each possible value of j.

(vi) Suppose that the optimal rule is monotone. Then the corresponding thresholds aP?(p) and
the optimal value v,? 2(p) are given as

aP(p) = a(o), (3.7)
1
vP2(p) = (). (3.8)
Proof. Define, depending on ¢,

i i 1 )
fi@) = h; +ZZ;(1¢H —hjx —Day,

k=1 j=k

i

J al ai‘+1
gi(t)— Zi(i—kj)_ ]i ] forl <i <n,

k=1

where ay (¢) is abbreviated to ai as before. Then it is a simple matter to show that

gi+1(t) = fir1(t) — fi(®), 0<i<n, (3.9

with fp(#) = 0. Observe also that (3.2) is written as

— JG —J)

vn(0) =) tigi(0).

i=1

First we dispose of the (D1, p)-problem. Lemma 3.1(iii) and (3.5) are just Tamaki (2016,
Corollary 3.1 and Theorem 3.1). We have the expression of

1 n
vPi(p) = - ; pi fi (1)
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from Tamaki (2016, Lemma 3.2 and Theorem 3.1) (notations are not consistent). To show (3.6),

it suffices to show that
n n
Y opifitr) =) migi(n)
i=1 i=1

because of v, (1) = Z?:l migi(m). Putting p; = m; — m;4+1 and then using (3.9), we have

n—1

> pifim) = Zmﬁ(n) Zm+1<ﬁ+1<n>—g,+1(n>>—ng,m
i=1

i=1 i=1 i=1

where the last equality follows from fi(x) = g1(sr). This is the desired result. Note that, in a
similar manner, we also have

Y pifite) =) mgi(o). (3.10)

We now turn to the (D;, p)-problem. Lemma 3.1(v) and (3.7) are just Tamaki (2016,
Corollary 4.1 and Theorem 4.1). To show (3.8), observe that

v (p) = Zp,[ﬁ(a>+(n—z)g,(a) Zo,gl(a)

i=1

where the first equality follows from Tamaki (2016, Lemma 4.2 and Theorem 4.1) and the
second from (3.10). Then the desired result is immediate because v, (o) = Z?:l o;gi(o).
Finally we dispose of the (B, p)-problem. Equations (3.3) and (3.4) follow from Porosinski
(1987, Theorem 2). More specifically, (3.4) is just Porosinski (1987, Equation (19)) and
(3.3) follows because af( p) is the solution x of the Porosiniski’s equation c(k, x) = 0, or,

equivalently,
St 3 [ (S )ar =0
i=k i=k+1 X Nj=i
which reduces to (3.1) with ¢; replaced by p;. The sufficient condition Lemma 3.1(i) is derived
in a similar manner as for the duration problem (see, e.g. Tamaki (2016, Lemma 3.1 and

Corollary 3.1)). O

Since Propositions 1.1 and 1.2 hold for the full-information model as well, we can give the
following results analogous to Theorem 2.1.

Theorem 3.1. (i) Alternate correspondence of type-1. The optimal rule is monotone for both
(D1, p™) and (B, p™), and we have the following relations for m > 0:

aP (p™y = aB(p™mth), (.11)
m-+n
wPr(pMmy = mvf(pW“)). (3.12)

(ii) Alternate correspondence of type-2. The optimal rule is monotone for both (D>, p"™) and
(B, p'™), and we have the following relations for m > 0:

a2 (plmly = aB(plmt1ly, P2 (plmly = B (plmtlly, (3.13)

Note that, for consistency with the propositions, we use the same notation vf (p) and v,? (p)
to denote the optimal values for the full-information model if no confusion occurs.
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Remark 3.1. We can give the full-information analogue of Remark 2.1. The optimal thresholds
and the optimal values in (3.11)—(3.13) are computed from Lemma 3.1 and the validity of (3.11)-
(3.13) can in turn be ascertained from Lemma 3.1. For example, we obtain (3.11) through

aP (p™) =a@x™) from (3.5)
=aB@™)  from (3.3)

=a® <m_+np(m+])> from (2.10)
m+1

=a®(p"th),

where the last equality follows from a(ct) = a(t) for any positive constant c. We obtain (3.12)
in a similar manner, taking account of the property v, (ct) = cv,(¢). The equations in (3.13)
are also obtained similarly.

We now consider the limiting optimal values as n — oo. Let, form > 0,

v@B™ — 1im vf(p(’")), vlBml — lim vf(p[m]),
n—o00 n—o0
vPrm — lim Ur?l(P(m)), oP2ml — im vrlz)z(p[m])'
n—od n—0oo

Then, from Theorem 3.1, we obviously have the following results analogous to Corollary 2.2.

Corollary 3.1. We have the following limiting relations for m > 0:

@) plB.ml — v(B,m)’.

(11) U(Dl,m) — (I’)’l + 1)71U(B,m+1)’.

(iii) plP2.m] — [B,m+1]

@iv) vP2ml = (m 4 1pPrm,

The explicit expressions of vPrm) gnd plP2.m] were obtained in Tamaki (2016), however,
p(Prm) appeared as v,(,z ) in Theorem 3.2 and v[P2] a5 v,(,l2 ) in Theorem 4.2 (the derivation is
based on a planar Poisson process approach developed by Gnedin (1996), (2004) or Samuels

(2004)). Since v ™ = my@Prm=D for m > 1, from Corollary 3.1(ii), if we let

00 o—X CeaX _ 1
I(c) = dx, J(c) = dx,
c X 0 X

and introduce the additional functions

X mle ™ ¢ xMme* “mle™™
Im(6)=/ ——dx, Km(C)Z/ —dx, Lm(C)=/ — i Km(x) dx,
c 0 m! 0 X

xm—i—l m

for m > 0, we can state v&™ as follows.

Theorem 3.2. Form > 1, let ¢, be a unique root ¢ of

m—1 (—C)k .
> (- L) =71 = (e
k=0 ’
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Then

s _ (= D K1 (©) L1 (@) (" Hni(©) ()
cm—1 m+c (m —1)! m!
+ L L1(0)
[ _1(e),
m+c m—1

where c,, is abbreviated to c. Form = 0,
VB0 = g7 4 (&% — ¢y — 1)1 (co) & 0.580 16,
where co ~ 0.804 35 is a unique root ¢ of J(c) = 1.

Proof. See Tamaki (2016, Theorem 3.2) for m > 1 (note that his ¢,,—1 is equal to our c¢;,),

and see Samuels (1991) or Berezovskiy and Gnedin (1984) for m = 0. O
In Table 2 we present some numerical values of ¢, and v&"™)
Appendix A.
It is easy to see that
1 . Iy
~log’x = 1 — x)ktt Al
5 log” x Zk+1( x) A1)
k=1
from the power series expansion for logx = =Y 22, (1 — x)%/k. We first show that, as a
generalization of this identity,
o0 m—1
hy 1 1
Z X ~|—m(1 — x)ktm — > logzx — <hm_1 — Z ;(1 — x)k> log x
k=1 k=1
m—1
hm—1 — hj—
-3 %"1(1 — 0k form > 1, (A2)
k=1

which can be proved by induction on m. For m = 1, (A.2) reduces to (A.1). Suppose that (A.2)
holds for some m. Considering that iy = hxy1 — 1/(k + 1), we have

[} I 00 A [} 1

— (1= x)kmtl = — (1= x)km— — (- x)F" (A3
Zk+m+1( ) Zk+m( ) Zk(k+m)( ) (A3
k=1 k=1 k=1

TABLE 2: Values of ¢, and v&™ for several m.
m
0 1 2 3 4 5 10
Cm 0.8044 2.1198 3.6925 5.3520 7.0411 8.7423 17.3014

v@Bm 05802 04352 04045 03926 0.3865 0.3827  0.3753
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The second term is written as

ioo 1__ k+m
PN () (e

1 e (1 — ) (1 —x)
:Z[(l_x)z T i }

k=1 k=m+1
1 — (1= x)*
= Z[—(l—x)mlogx— (—logx—];%)] (A4

Substituting (A.2) (from the induction hypothesis) and (A.4) into the right-hand side of (A.3)
yields, after some rearrangements, the right-hand side of (A.2) with m replaced by m + 1. Thus,
the induction is complete.

We are ready to prove (2.23). From (2.22),

(m) 1 v _ aym—1
v (x)=/ (/ 1c1y)—(1 D7 4
mx Y " v
fll ( )m 1 / (1 )m 1
= ogv———— dv — logx

1—x umn— 1 um—l
=/ log(1 — u)du — logx/ du. (A.5)
0 1—u 0 1—u

The second integral can be expressed as

1—x ,,m—1 1—x 0 00 m—1 k
u , ; (1—x)* (1—-2x)
/ du:/ u™ ]<Zu1>du—z :—logx—z—.
0 1-u 0 j=0 k=m k k=1 k
(A.6)
The first integral becomes
flx umfl 1—x i i ul
log(l—u)du:—/ ( u1)< —)
0 I —u 0 j=0 iz1 !
1—x
= —/ u ! (Z hkuk> du
0 k=1
= h
=-> - a—nfm, (A7)
k+m
k=1
Substituting (A.6) and (A.7), combined with (A.2), into (A.5) immediately shows that
(m)
v (x)
—— ="
mx
as desired, where g (x) is defined in (2.24). O
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