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ABSTRACT

We single out a large class of groups M for which the following unique prime factor-
ization result holds: if I'y,..., I, € M and I'y x --- x I'); is measure equivalent to a
product Ay X --- X A, of infinite icc groups, then n > m, and if n = m, then, after per-
mutation of the indices, I'; is measure equivalent to A;, for all 1 < ¢ < n. This provides
an analogue of Monod and Shalom’s theorem [Orbit equivalence rigidity and bounded
cohomology, Ann. of Math. 164 (2006), 825-878] for groups that belong to M. Class
M is constructed using groups whose von Neumann algebras admit an s-malleable
deformation in the sense of Sorin Popa and it contains all icc non-amenable groups
I' for which either (i) I" is an arbitrary wreath product group with amenable base or
(ii) T' admits an unbounded 1-cocycle into its left regular representation. Consequently,
we derive several orbit equivalence rigidity results for actions of product groups that
belong to M. Finally, for groups I satisfying condition (ii), we show that all embeddings
of group von Neumann algebras of non-amenable inner amenable groups into L(I") are
‘rigid’. In particular, we provide an alternative solution to a question of Popa that was
recently answered by Ding, Kunnawalkam Elayavalli, and Peterson [Properly Proxzimal
von Neumann Algebras, Preprint (2022), arXiv:2204.00517].

1. Introduction

Classifying countable groups up to measure equivalence is a central topic in measured group
theory that has witnessed an explosion of activity for the last 25 years, see the surveys [Sha05,
Furll, Gabl0] and the introduction of [HHI21]. The notion of measure equivalence has been
introduced by Gromov [Gro93] as a measurable analogue to the geometric notion of quasi-
isometry between finitely generated groups. Specifically, two countable groups I and A are called
measure equivalent if there exist commuting free measure-preserving actions of I' and A on a
standard measure space (€2, m) such that the actions of I" and A on (€2, m) each admit a finite
measure fundamental domain. Natural examples of measure equivalent groups are two lattices
in a locally compact second countable group.

Measure equivalence can be studied through the lenses of orbit equivalence due to the
fundamental result that two countable groups are measure equivalent if and only if they
admit free ergodic probability measure-preserving (pmp) actions that are stably orbit
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D. DRIMBE

equivalent [Fur99]. Recall that two pmp actions I' ~ (X, ) and A ~ (Y, v) are called stably
orbit equivalent if there exist non-null subsets A C X, B C Y and a measure space isomorphism
6 : A — B such that §(I'z N A) = A8(z) N B, for almost every z € A. If u(A) = v(B) =1, then
the two actions are called orbit equivalent (OE).

The celebrated work of Ornstein and Weiss [OW80] (see also [Dye59, CEW81]) proves that
any two free ergodic pmp actions of infinite amenable groups are OE and, consequently, any two
infinite amenable groups are measure equivalent. In sharp contrast, classifying non-amenable
groups up to measure equivalence is a much more challenging task and it reveals a very strong
rigidity phenomenon. By building on Zimmer’s work [Zim84], Furman showed that any countable
group which is measure equivalent to a lattice in a higher rank simple Lie group is essentially
a lattice in the same Lie group [Fur99]. Then Kida showed that most mapping class groups
Mod(SS) are measure-equivalent superrigid which means that any countable group that is measure
equivalent to Mod(S), must be virtually isomorphic to it [Kid10]. Subsequently, other such
measure-equivalent superrigid groups have been found and we refer the reader to the introduction
of [HH22] for more details.

There have been discovered several other remarkable instances where various aspects of the
group I' can be recovered from its measure equivalence class or certain properties of the group
action I' ~ (X, u) are remembered by its associated orbit equivalence relation. We only highlight
the following developments in this direction and refer the reader to the surveys [Sha05, Furll] for
more information. Gaboriau used the notion of cost to show that the rank of a free group F,, is an
invariant of the orbit equivalence relation of any of its free, ergodic, pmp actions [Gab00]. Then
his discovery that measure equivalent groups have proportional £2-Betti numbers [Gab02] led to
significant new progress in the classification problem of pmp actions up to OE, see the survey
[Gab10]. Using a completely different conceptual framework, Popa’s deformation rigidity /theory
[Pop07a] led to an unprecedented development in the theory of von Neumann algebras and
provided many other spectacular rigidity results in orbit equivalence, see the surveys [VaelO,
Toal4, Ioal8.

In their breakthrough work [MS06], Monod and Shalom employed techniques from bounded
cohomology theory to obtain a series of OFE rigidity results, including the following unique prime
factorization result: if I'; x - -+ x I';, is a product of non-elementary torsion-free hyperbolic groups
(more generally, of groups belonging to class Creg; see [MS06, Notation 1.2]) that is measure
equivalent to a product A X --- x A,,, of torsion-free groups, then n > m, and if n = m, then,
after permutation of the indices, I'; is measure equivalent to A;, for all 1 <4 < n. By building
upon C*-algebraic methods from [Oza04, BO08], the above unique prime factorization result has
been extended by Sako [Sak09] to products of non-amenable bi-exact groups (see also [CS13]).

In our first main result of the paper, we use the powerful framework of Popa’s deformation/
rigidity theory to establish a general analogue of Monod and Shalom’s unique prime factorization
theorem, which applies, in particular, to product of groups with positive first £2-Betti number.
More generally, we obtain such a result for product of groups for which their von Neumann
algebras belong to a certain class M of II; factors that admit an s-malleable deformation in
the sense of Popa [Pop06a, Pop06b] (see Definition 3.1). For simplicity, we say that a countable
group I' belongs to M if its associated von Neumann algebra L(I") belongs to M. We refer the
reader to Definition 3.3 for the description of class M and to Example 1.1 for more concrete
examples of groups that belong to this class.

THEOREM A. Let I'y,...,I",, be groups that belong to M. If I'y x --- x I', is measure equiv-
alent to a product Ay X --- X A, of infinite icc groups, then n > m, and if n = m, then after
permutation of indices, I'; is measure equivalent to A;, for any 1 < i < n.
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Example 1.1. A countable group I' belongs to M whenever I' is a non-amenable icc group that
satisfies one of the following conditions (see Proposition 3.5):

(1) T =% /i G is a generalized wreath product group with ¥ amenable, G non-amenable and
H < G is an amenable almost malnormal subgroup;

(2) T' admits an unbounded cocycle for some mixing representation 7 : I' — O(Hg) such that
7 is weakly contained in the left regular representation of I';

(3) I' =T *x I'g is an amalgamated free product group satisfying [I'; : ] > 2 and [I's : X] > 3,
where ¥ < T' is an amenable almost malnormal' subgroup.

We continue by making several remarks about Theorem A. First, note that the class Creg
considered by Monod and Shalom in their unique prime factorization result [MS06, Theorem 1.16]
does not contain groups that have infinite amenable normal subgroups [MS06, Corollary 1.19]
and, hence, the subclass of wreath product groups considered in Example 1.1(1) is disjoint from
Creg. Moreover, Example 1.1 provides a large class of groups that are not bi-exact [Sak09] since
any bi-exact group cannot contain an infinite subgroup with non-amenable centralizer.

Next, we contrast our result with the following corollary of Gaboriau’s work [Gab02]: if a
product I' =Ty x --- x I', of n groups with positive first £>-Betti number is measure equiv-
alent to a product A = Aj X --- x A, of m infinite groups, then n > m. Indeed, by [Gab02,
Théoréme 6.3.] we have that the nth ¢2-Betti number of I' vanishes if and only if the nth
¢>-Betti number of A vanishes. On the other hand, the Kiinneth formula [Gab02,
Propriétés 1.5] implies that the nth £2-Betti number of T' is positive, while if n < m, then the
nth ¢2-Betti number of A equals to 0. Theorem B strengthens this conclusion in two ways in the
case I', A are icc. First, if n = m we are able to recover the measure equivalence class of each I';.
Second, since the groups with positive first ¢2-Betti number are precisely the non-amenable
groups that admit an unbounded cocycle into the left regular representation [PT11],
Example 1.1(2) extends the previous result of Gaboriau to the larger class of groups that admit
an unbounded cocycle for some mixing representation that is weakly contained in the left regular
representation.

Remark 1.2. Popa’s deformation/rigidity theory gave rise to a plethora of striking rigidity results
for von Neumann algebras of wreath product groups. Popa’s pioneering work [Pop06b, Pop06c]
allowed one to distinguish between the group von Neumann algebras of Z/2Z 1 T', as I is an infinite
property (T) group, while Ioana, Popa, and Vaes used a wreath product construction to obtain
the first class of groups that are entirely remembered by their von Neumann algebras [IPV13].
Subsequently, several other rigidity results have been obtained for von Neumann algebras of
wreath products including primeness, relative solidity, and product rigidity, see [loa07, Pop08,
CI10, Toall, IPV13, SW13, CPS12, BV14, IM19, Dri2l, CDD21]. Theorem A establishes a
new general rigidity result for wreath product groups by showing that products of arbitrary
non-amenable wreath product groups with amenable base satisfy an analogue of Monod and
Shalom’s unique prime factorization result.

Theorem A follows from the following more general result in which we classify all tensor
product decompositions of L(A), whenever A is an icc group that is measure equivalent to a
finite product of groups that belong to M.

THEOREM B. Let I' =11 x --- x I, be a product of groups that belong to M and let A be an
icc group that is measure equivalent to I'. Assume L(A) = Pi® - -- @ P,, admits a tensor product
decompositions into II; factors. Then n > m and there exists a decomposition A = Ay X --- X A,y
into infinite groups.

1 A subgroup H < G is called almost malnormal if gHg™' N H is finite for any g € G\H.
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Moreover, there exist a partition Sy U---USy, ={1,...,n}, a decomposition L(A) =
Pf1® - @Pbm . for some ty,...,ty, >0 with ty...t,, =1, and a unitary u € L(A) such that
for any 1 < 7 < m:

(1) xkes, Iy is measure equivalent to Aj;

(2) Py =uL(Aj)u*.
In particular, if n = m, then after permutation of indices, I'; is measure equivalent to A;, for
any 1 <1< n.

We note that Theorem B provides a complement to [DHI16, Theorem C] where such a
classification result has been obtained by Hoff, Ioana, and the present author in the case the
groups I'; are hyperbolic. Although the proof of Theorem B is inspired by the strategy of the
proof of [DHI16, Theorem C], we implement quite differently some of the steps. In order to
effectively work with groups from M, which are defined by a property of their von Neumann
algebras, we are making use in an essential way of newer techniques from [BMO20, IM19, Dri21].
In particular, our proof uses a relative version of the flip automorphism method introduced by
Isono and Marrakchi in [IM19].

Another application of Theorem B is to the study of tensor product decompositions of von
Neumann algebras by providing new classes of prime II; factors. Recall that a II; factor is called
prime if it does not admit a tensor product decomposition into II; factors. Popa discovered in
[Pop83] the first examples of prime II; factors by showing that the free group factors L(Fg),
with S uncountable, are prime. Then Ge showed in [Ge98] that the free group factors L(FF,,),2 <
n < oo, are prime, thus providing the first examples of separable prime II; factors. Subsequently,
a large number of prime II; factors have been discovered; see, for instance, the introduction of
[CDI22]. As a corollary of Theorem B, we obtain that if " is a countable group that belongs to
M and G = (x}4I') X Z/nZ is the semidirect product group of the natural translation action
Z/nZ ~ x?_I', then L(G) is a prime II; factor. In fact, a more general result holds and for
properly formulating it, we give the following notation. Let n be a positive integer, denote
by S, the group of permutations of {1,...,n} and consider the permutation action of S,, on
{1,...,n}. For any subset J C {1,...,n} and subgroup K < S,,, we denote Fixg(J) = {g € K |
g-j=17j, forany j € J}.

CoOROLLARY C. Let I' be a countable group that belongs to M. Let n be a positive integer
and let K be any subgroup of S,. Consider the permutation action K ~ X} ;I" and denote
G=(x"I')x K.

Then L(G) is a prime II; factor if and only if there exists no partition Jy U Jo = {1,...,n}
for which K = Fixg (J1) X Fixg(J2).

Note that Corollary C provides a large class of prime II; factors which admit finite index
subfactors that are not prime. Additional such prime II; factors have been obtained previously in
[DHI16, CD19] by replacing I' in the statement of Corollary C by any non-elementary hyperbolic
group, see also [CDI22, §5].

We continue by discussing some OFE rigidity results for actions of product groups that belong
to class M. Furman discovered in [Fur99] the first class of group action I' ~ (X, 1) that are OF
superrigid, that is, any free, ergodic, pmp action that is OE to I' ~ (X, u) must be virtually
conjugate? to it. Subsequently, a large number of OE superrigidity results have been obtained,

2 Two pmp actions I" ~ (X, p) and A ~ (Y, v) are virtually conjugate if there exist some finite normal subgroups
A < T and B < A such that the associated actions I'/A ~ X/A and A/B ~ Y/B are induced from conjugate
actions.
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see the introduction of [DIP19]. By using part of the proof of Theorem B together with results
from measured group theory [HHI21], we derive the following OE superrigidity result within the
class of mildly mixing actions. Before stating the result, we recall some notions. A pmp action
'y x...xTy (X, u) is called irreducible if its restriction to any subgroup T'; is ergodic. A
pmp action A ~ (Y, v) is called mildly mizing if whenever A C Y is measurable subset satisfying
liminfy_.o v(gAAA) =0, then v(A) € {0,1}.

THEOREM D. Let I' =1y x --- x I';, be a product of n > 2 groups that belong to M. Let
' ~ (X, ) be a free, irreducible, pmp action that is OE to a free, mildly mixing, pmp action
A (Y,v).

Then ' ~ (X, ) and A ~ (Y, v) are virtually conjugate.

Note that this type of superrigidity has been obtained by Monod and Shalom [MSO06,
Theorem 1.9] for groups I'; that are torsion-free hyperbolic groups (more generally, groups that
belong to Creg). In Theorem D we extend this result to groups from M which are purely defined
by a property of their von Neumann algebra.

Finally, in the last part of this paper we discuss some structural results for II; factors that
belong to a subclass of M. We say that a non-amenable tracial von Neumann algebra M belongs

to class My if there exists an s-malleable deformation (M, (at)ier) of M satisfying:

. L2(]\:4) © L?(M) is a mixing M-M-bimodule relative to C1;
e L}(M)o L?(M) is weakly contained in the coarse bimodule L*(M)® L?(M) as M-M-
bimodules.

We refer the reader to §§2.3 and 3.1 for the terminology used in defining the class Mg and
we note that any II; factor from Mg belongs to M, see Definition 3.3.

In Theorem E we show that all embeddings of group von Neumann algebras of non-amenable
inner amenable groups in any II; factor that belongs to My are rigid. A countable group T is
inner amenable if there exists an atomless mean on I' which is invariant by the action of I' on
itself by conjugation. Effros made in [Eff75] a connection of this group theoretic notion to von
Neumann algebras by showing that an icc group I' is inner amenable whenever its group von
Neumann algebra has property Gamma. The converse is false as was shown by Vaes [Vael2].

THEOREM E. Let M be a von Neumann algebra in Mg and let (M, (at)icr) be the associ-
ated s-malleable deformation of M. Let I' be a non-amenable inner amenable group satisfying
L(T) C M.

Then L(T") is a-rigid, i.e. ay — id uniformly on the unit ball of L(T).

Note that von Neumann algebras with property Gamma exhibit strong structural results
(see, for instance, [Pet09, HU16, IS19]) that are enough for obtaining various rigidity results
via Popa’s deformation/rigidity theory. In order to work with the more general class of inner
amenable groups, we use an idea from [Tucl4, Theorem 11] on how to use Popa’s spectral gap
principle. An additional obstacle that arises here is the fact that E7r(at(uy)) is not necessarily
a scalar multiple of u4, where g € I'; here, we denoted by {ug}ger the canonical unitaries that
generate L(I') and by Epry: M — L(T') the canonical conditional expectation. We overcome
this difficulty by using an augmentation technique based on the comultiplication map associated
to L(T") (see [PV10]).

We continue by discussing several applications of Theorem E. Chifan and Sinclair
proved in [CS13] that any countable group I' for which 652)@‘) > 0 is not inner amenable.
Theorem E recovers and strengthens this fact in the following way. While it is unknown that the
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non-vanishing of the first £2-Betti number is a group von Neumann algebra invariant, we derive
from Theorem E that any group that has isomorphic von Neumann algebra to L(T") is not inner
amenable as well.

COROLLARY E. Let I' be any countable group for which ﬁf) (T') > 0. If A is any countable group
for which L(T') = L(A), then A is not inner amenable.

To put Theorem E into a better perspective, we note that it provides an alternative solution
to a question of Popa. Since any non-amenable property Gamma von Neumann algebra cannot
embed into the free group factor L(F,,) (see [Oza04]), Popa asked in [Pop21] if it still true that
the group von Neumann algebra of a non-amenable inner amenable group cannot embed into
L(FF,,). Recently, inspired by the notion of properly proximal groups [BIP21] (see also [IPR19]),
Ding, Kunnawalkam Elayavalli, and Peterson developed in [DKP22] subtle boundary techniques
to define a notion of proper proximality for tracial von Neumann algebras, and as a conse-
quence, they answered Popa’s question in a positive way. As a particular case of Theorem E,
we give a new proof for Popa’s question by using methods from Popa’s deformation/rigidity
theory.

Moreover, as a corollary of Theorem E we completely classify all embeddings of group
von Neumann algebras L(G) of non-amenable inner amenable groups in any free product
M = M; * My of tracial von Neumann algebras by showing that L(G) < M;, for some i. Here,
< refers to Popa’s intertwining-by-bimodules technique, see §2.2. Consequently, we obtain
a new class of examples for which the Kurosh-type rigidity results discovered in [Oza06] for
free products von Neumann algebras hold. Namely, Ozawa proved using C*-algebraic techniques
that if there is an isomorphism 0 : My * - - - % My, — Ny * - - - % N,,, where all von Neumann alge-
bras M; and N; are non-amenable, semiexact, non-prime II; factors, then m =n, and after
a permutation of indices, 6(M;) is unitarily conjugate to Nj;, for any i € 1,n. By using Popa’s
deformation /rigidity theory, Ioana, Popa, and Peterson obtained the previous Kurosh-type rigid-
ity result for property (T) II; factors [IPP08]. Shortly after, by developing a new approach rooted
on closable derivations, Peterson unified and generalized these Kurosh-type rigidity results by
covering L?-rigid II; factors, which include all non-amenable non-prime, property (T), and prop-
erty Gamma II; factors [Pet09]. By classifying certain amenable subalgebras of amalgamated free
product von Neumann algebras, Ioana then extended the previous Kurosh-type rigidity result
by covering non-amenable II; factors that admit a Cartan subalgebra [loal5]. We also refer the
reader to [HU16] for certain Kurosh-type rigidity results for type III factors. As a corollary of
Theorem E, we extend the previous Kurosh-type rigidity results to the class of II; factors of
non-amenable inner amenable groups, see Corollary 8.1.

2. Preliminaries

2.1 Terminology

Throughout the paper we consider tracial von Neumann algebras (M, ), i.e. von Neumann
algebras M equipped with a faithful normal tracial state 7 : M — C. This induces a norm on
M by the formula ||z||y = 7(2*z)'/2, for any € M. We will always assume that M is separable,
i.e. the || - ||2-completion of M denoted by L?(M) is separable as a Hilbert space. We denote
by Z(M) the center of M and by U(M) its unitary group. For two von Neumann subalgebras
Py, P, C M, we denote by Py V P, = W*(P, U P,) the von Neumann algebra generated by P
and Pg.
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All inclusions P C M of von Neumann algebras are assumed unital. We denote by Ep : M —
P the unique 7-preserving conditional expectation from M onto P, by ep : L?(M) — L?(P) the
orthogonal projection onto L?(P) and by (M, ep) the Jones’ basic construction of P C M. We
also denote by PPN M = {x € M | zy = yz, for all y € P} the relative commutant of P in M
and by Ny (P) = {u €e U(M) | uPu* = P} the normalizer of P in M.

The amplification of a I1I; factor (M,7) by a number t >0 is defined to be M!=
p(B(2(Z))@M)p, for a projection p € B(¢*(Z))@M satisfying (Tr@7)(p) = t. Here Tr denotes
the usual trace on B(£?(Z)). Since M is a II; factor, M? is well defined. Note that if M = Pi@ P,
for some II; factors P, and Ps, then there is a natural isomorphism M = Pf@le / t, for any t > 0.

Finally, for a positive integer n, we denote by 1,n the set {1,...,n}. If S C 1,n we denote
its complement by § = 1,7\ S. In the case that S = {i}, we will simply write i instead of {/2\} In
addition, given any product group I' =1'y x --- x I';,, we will denote their subproduct supported
on S by FS = Xiesri.

2.2 Intertwining-by-bimodules
We next recall from [Pop06b, Theorem 2.1 and Corollary 2.3] the powerful intertwining-by-
bimodules technique of Popa.

THEOREM 2.1 [Pop06b]. Let (M, ) be a tracial von Neumann algebra and P C pMp,Q C qMgq
be von Neumann subalgebras. Let U C U(P) be a subgroup such that U" = P.
Then the following are equivalent.

(1) There exist projections py € P, qp € Q, a x-homomorphism 6 : poPpy — qoQqo and a non-
zero partial isometry v € qoMpg such that 6(x)v = va, for all © € poPpy.
(2) There is no sequence (uy)n, C U satistying || Eq(xuny)|l2 — 0, for all x,y € M.

If one of the equivalent conditions of Theorem 2.1 holds true, we write P <; @, and say that
a corner of P embeds into Q inside M. If Pp’ < @ for any non-zero projection p’ € P’ N pMp,
then we write P <3, Q.

LEMMA 2.2. Let A ~ B be a trace-preserving action and denote M = B x A. Let p € B be a
non-zero projection and let A C pBp be a von Neumann subalgebra such that A’ " pMp C A.

Let Ag < A be a subgroup and G C Npnp(A) a group of unitaries. If there is a projection
e € G'NpMp satisfying G"e <5, B x Ay, then there is a projection f € (AUG) NpMp with
e < f satisfying (AU G)"f <5, B X Ag.

Proof. Throughout the proof we use the terminology that a set F' C A is said to be small relative
to {Ag} if it is contained into a finite union of sAgt, where s,t € A. For any F' C A, let Hp C
L?(M) be the || - |[2-closed linear span of {Buvy | A € F'} and denote by Pg : L?(M) — Hp the
orthogonal projection onto Hp. Let € > 0 and denote T' = E g/parp(€). Note that T € (AUG)' N
pMp C A and that T belongs to the || - ||2-closed convex hull of {aea* | a € U(A)}. Thus, we can
take ai,...,a, € U(A) and ay,...,a, € [0,1] such that if we denote Tp =Y ;" | asaeal, then
1T = Toll2 < e.

Since G"e <3, B x Ay, it follows from [Vael3, Lemma 2.5] that there exists F' C A that
is small relative to {A¢} such that ||we — Pp(we)|l2 < €/n, for all w € G. Hence, for all a €
U(A),w € G, we have

n
awT — oy Z a(wa;w*) Pp(we)a;

=1

n
<e+ Z aillaw(aea) — a(wa;w*) Pr(we)a; || < 2e.
2 i=1

(2.1)
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Since A C pBp, we have a(wa;w*)Pp(we)a’ € Hp and, hence, ||awT — Pp(awT)||2 < 2e, for
all a € U(A),w € G. Therefore, there exists a sequence {F),},>1 of subsets of A that are small
relative to {Ap} such that |jawT — Pg, (awT')||2 — 0 uniformly in a € U(A),w € G.

For every ¢ > 0 define the spectral projection g5 = Xx(s5.00)(T) € A and let Ts5 € A satisfy-
ing TTs = gs. If we denote by gy the support projection of T, then |lgs — qoll2 — 0 as § — 0.
These altogether imply that |jawgs — Pp, (awgs)||2 — 0 uniformly in a € U(A), w € G and, hence,
|lawqo — Pr, (awqp)||2 — 0 uniformly in a € U(A), w € G. Finally, note that g0 € (AUG) NpMp
and gg > e. This concludes the proof. O

The following proposition follows from [BMO20, IM19] and it is essentially contained in the
proof of [Dri21, Theorem 4.2]. We record it here for the convenience of the reader.

PROPOSITION 2.3. Let M = P®Q be a tensor product of II factors. Let Q,,n>1, be a
decreasing sequence of von Neumann subalgebras such that P <y \/,,~(Q}, N M).
If P does not have property Gamma, then there exists m > 1 such that P <y; Q) N M.

Recall that a II; factor (M, 1) has property Gamma if it admits a central sequence (z,,), C
U(M) for which inf,, ||z, — 7(x,)1]|2 > 0.

2.3 Bimodules
Let M, N be tracial von Neumann algebras. An M-N bimodule jHy is a Hilbert space H
together with a x-homomorphism 7y : M © N°° — B(H) that is normal on M and N°P, where
M ® N°P is the algebraic tensor product between M and the opposite von Neumann algebra
N°P of N. Examples of bimodules include the trivial M-bimodule ;L?(M)y; and the coarse
M-N-bimodule jL*(M)® L?>(N)y. For two M-N-bimodules y;Hy and 3Ky, we say that
MHN is weakly contained in Ky if ||y ()] < ||mc(x)]|, for any z € M © N°P.

Let AC M be an inclusion of tracial von Neumann algebras and let j;/Hjys be an
M-bimodule. We say that pHps is mixing relative to A if for any sequence (z,), C (M)
satisfying || Ea(zuny)||2 — 0, for all ,y € M, we have

lim sup (z,&y,n), forall{,neH.
T ye(M)

2.4 Relative amenability

A tracial von Neumann algebra (M, 7) is amenable if there is a positive linear functional ® :
B(L*(M)) — C such that ®5; = 7 and ® is M-central, meaning ®(2T) = ®(Tx), for all x € M
and T € B(L?(M)). By Connes’ classification of amenable factors [Con76], it follows that M is
amenable if and only if M is approximately finite dimensional.

We continue by recalling the notion of relative amenability which is due to Ozawa and
Popa [OP10]. Fix a tracial von Neumann algebra (M, 7). Let p € M be a projection and P C
pMp,Q C M be von Neumann subalgebras. Following [OP10, Definition 2.2], we say that P is
amenable relative to @ inside M if there is a positive linear functional ® : p(M, eq)p — C such
that @y, = 7 and ® is P-central. We say that P is strongly non-amenable relative to Q if Py
is non-amenable relative to @ for any non-zero projection p’ € P’ N pMp (equivalently, for any
non-zero projection p’ € Ny (P) NpMp by [DHI16, Lemma 2.6]).

Note that if P C pMp and Q C M are tracial von Neumann algebras, then P C pMp is
amenable relative to Q if and only if pL?(pM )y is weakly contained in pL?(p(M,eq))n. We
also recall that pr L2((M, eq))m Zar (L2(M) ®g L?(M))ar. It is clear that P is amenable relative
to C1 inside M if and only if P is amenable. The following lemma generalizes this fact and it is
inspired by the proof of [DHI16, Lemma 5.6]. For completeness, we provide all the details.
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LEMMA 2.4. Let My and M C M be some tracial von Neumann algebras and let Q C
q(My®M )q be a von Neumann subalgebra. The following hold.

(1) Assume that Qz is amenable relative to My inside My®&M , for a non-zero projection z € Q' N
q(Mo®&DM)q. Then Qz is amenable relative to M inside My®@M , where z € Q' N q(My®@M )q
is the support projection of Ex(Z2).

(2) IfQ _<M0®J\~J My, then Q <ModM M.

Proof. (1) Let M = My®M and M= M0®M . The assumption implies that the bimodule
@zL?*(2M) i is weakly contained in gz L*(Z(M, eng,)) - If we denote by z € Q' N q(Mo@M )q)
the support projection of Ex(Z), we obtain that

0-L*(2M) a1 is weakly contained in QZL2(2<M, eMy) ) M- (2.2)

Note that aqL?((M, ens,)) i Zaq L2(M) @ L?(M) pq. Note also that aL?(M)yy, is weakly
contained in pL?(M)yy, and ¢L?(M)yy is weakly contained in ¢L?(M) ;.

These altogether imply that g,L?((M,enr))am is weakly contained in g.L>((M,enr)) -
Using (2.2) we deduce that g, L%(2M) v is weakly contained in ¢, L?(2(M, ens,)) m, which shows
that Qz is amenable relative to My inside M.

(2) By assuming the contrary, there exists a sequence u,, € U(Q) such that

| Er, (zuny)||2 — 0,  for all z,y € My®@M. (2.3)
We want to show that (2.3) holds for all z,y € M0®M , which will contradict the assumption.
Note that it is enough to consider x =1 and y € M. In this case, by using (2.3) we obtain

Eny(uny) = Evy(Engyan (Uny)) = Eny (unEy,e(y)), which goes to 0 in the || - [|2-norm. This
finishes the proof. O

3. Malleable deformations for von Neumann algebras: class M

3.1 Malleable deformations

Popa introduced in [Pop06a, Pop06b] the notion of an s-malleable deformation of a von Neumann
algebra. This notion has been successfully used in the framework of his deformation/rigidity
theory and led to a plethora of remarkable results in the theory of von Neumann algebras, see
the surveys [Pop0T7a, Vael0, Ioal4, Ioal8]. We also refer the reader to [dSHHS20] for recent
developments on s-malleable deformations.

DEFINITION 3.1. Let (M, ) be a tracial von Neumannn algebra. A pair (M, (oy)er) is called
an s-malleable deformation of M if the following conditions hold:

. (M ,7) is a tracial von Neumann algebra such that M C M and 7 = T\M

(at)ser C Aut(M,7) is a 1-parameter group with lim; .o ||y (z) — |2 = 0, for any = € M;
there is 3 € Aut(M,7) satistying §p; = Idu, (? =1d,; and Bay = a3, for any t € R;
ay does not converge uniformly to the identity on (M) as t — 0.

For a subalgebra @Q C ¢Mgq, we say that @ is a-rigid if oy converges uniformly to the
identity on (@)1 as t — 0. We will repeatedly use the following stability result for s-malleable
deformations.

PROPOSITION 3.2 [Vael3, Proposition 3.4]. Let (M, (at)icr) be an s-malleable deformation of
a tracial von Neumann algebra M. Let P C pMp be a subalgebra that is generated by a group
of unitaries G C U(P). Assume that oy — id uniformly on rGr for a projection r € pMp.

Then there is a projection z € Nyarp(P) N pMp with r < z such that Pz is a-rigid.
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3.2 Definition of class M
We are now ready to define the class of II; factors that is used in our main results stated in the
introduction.

DEFINITION 3.3. We say that a non-amenable I factor M belongs to class M if there exists
an s-malleable deformation (M, (c)¢cr) of M and an amenable subalgebra A C M satisfying
L*(M)© L*(M) is a mixing M-M-bimodule relative to A, L*(M) o L?*(M) is weakly con-
tained in the coarse bimodule L?(M)® L?(M) as M-M-bimodules and one of the following

holds:

(1) A=C1,;

(2) if N is a tracial von Neumann algebra and P C p(M®N)p a subalgebra such that
P <pyon A® N and P'Np(M®N)p is strongly non-amenable relative to 1® N, then
P <pygn 1® N.

As a consequence of Popa’s spectral gap principle [Pop07b], we continue with the following
remark.

Remark 3.4. Let M € M be a Il factor, denote by (M, (ay)scr) the associated s-malleable defor-
mation of M and let N be any tracial von Neumann algebra. If Q C ¢(M &N )q is a von Neumann
subalgebra which is strongly non-amenable relative to N, then Q' N ¢(M®N)q is (o ® id)-rigid.
This essentially follows from [Pop07b] (see, for instance, the proofs of [loal2, Lemma 2.2] or
[Dri21, Lemma 3.5]).

The following proposition provides concrete examples of group von Neumann algebras that
belong to M. The result is a consequence of Remark 3.4 and [Dri21, Proposition 3.4]).

ProprosiTION 3.5. IfT" belongs to one of the three classes of groups mentioned in Example 1.1,
then L(I") belongs to M.

Next, we present a useful result for group von Neumann algebras L(T") that belong to M in
order to understand structural results of trace-preserving actions of I'. In fact, this is a direct
consequence of Popa’s spectral gap principle [Pop07b].

LEMMA 3.6. Let I' ~ B be a trace-preserving action and denote M = B x I"'. We denote by
U: M — MKL(T') the x-homomorphism given by V¥(buy) = buy ® ug, for allb e B and g € I'.
Assume that L(I") belongs to M and let (M, (c)iecr) be the associated s-malleable deformation.

If P C pMp is a von Neumann subalgebra that is strongly non-amenable relative to B inside
M, then ¥(P' N pMp) is (id ® a)-rigid. Moreover, if we also assume that P' N pMp Ay B, then
(P V (P NpMp)) is (id ® a)-rigid.

Proof. Denote M = L(T"). By applying [Dri20a, Lemma 2.10], we get that ¥(P) is strongly
non-amenable relative to M®1 inside M®&M. Then Remark 3.4 implies that W(P' N pMp) is
(id ® a)-rigid. For proving the second part, assume in addition that P’ N pMp Ay B and let
A C M be an amenable subalgebra as given by the assumption that M belongs to M. By using
[loal2, Lemma 9.2(1)] we get W(P' N pMp) Amam M @ 1, and by assumption we must have
V(P NpMp) Aymem M @ A. Hence, in combination with ¥ (P’ N pMp) being (id @ «)-rigid and
the fact that L2(MM) & L2 (M®AM) is a mixing M&M-bimodule relative to M®A, we get
from [dSHHS20, Corollary 6.7] that (P V (P’ NpMp)) is (id ® a)-rigid. O
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3.3 Measure equivalence and non-property Gamma for class M

In this subsection we show that the lack of property Gamma is preserved under measure
equivalence for finite products of groups whose von Neumann algebras belong to M, see
Proposition 3.8. For proving this result, we first establish the following notation that will be
assumed for Proposition 3.8, but will also be useful for the following sections.

Notation 3.7. Let A be a countable icc group that is measure equivalent to a product I' =
'y x -+ x 'y, of n > 1 groups. By using [Fur99, Lemma 3.2], there exist d > 1, free ergodic pmp
actions I' ~ (X, p) and A ~ (Y, v) such that

RAAY)=R( x Z/dZ ~ X x ZJdZ) N (Y x Y).

Here, we considered that Z/dZ ~ (Z/dZ,c) acts by addition and ¢ is the counting measure.
We also identified Y as a measurable subset of X x Z/dZ and denote p = 1y € L>®(X x Z/dZ).
Note that L>°(Z/dZ) x Z/dZ = M4(C). Hence, by letting B = L>®(Y), A = L>®(X) ® My(C),
and M = AxT, we have pMp =B x A and B C pAp. Denote by {ug}ger and {vy}rea the
canonical unitaries implementing the actions I' ~ A and A ~ B, respectively.

Following [PV10] we define the *-homomorphism A : pMp — pMpRL(A) by A(bvy) = buy ®
vy, for all b € B, A € A. One can extend A to a x-homomorphism A : M — M®L(A) and verify
that A(M)' N M&L(A) = C1 since A is icc (see the first part of [DHI16, § 5] for more details).

For any i € 1,n, let ¥': M — M®L(T;) be the x-homomorphism given by ¥i(zu,) = ru, ®
ug, for all z € AxT5, g €T

PROPOSITION 3.8. Assume that L(I';) belongs to M, for any 1 < i < n.
Then L(A) does not have property Gamma.

Proof. Let (M;, (a})er) be the associated s-malleable deformation of L(T';) € M. By assuming
that L(A) has property Gamma, we can use [HU16, Theorem 3.1] to obtain a decreasing sequence
of diffuse abelian von Neumann subalgebras @, C L(A) with n > 1 such that L(A) = \/,,~,(@;, N
L(A)). Since Q7 is abelian, it follows that (Q} NpMp) NpMp C Q; NpMp. Hence, for all k,
n > 1, we have

Z(Q, NpMp) € Qi NpMp C Q. NpMp. (3.1)

Using Zorn’s lemma and a maximality argument, one can show that for any m > 1, there
exist maximal projections r} ..., 7% € Q) N pMp satisfying Q7 Ay A x I, for any i € 1,n.
One can check that %, € Z(Q., NpMp) and Qn,(p —ri)) <5, A % I, for any i € 1,n (see the
proof of [DHI16, Lemma 2.4]).

Since Qm Am A, [DHIL6, Lemma 2.8(2)] implies that A, (p — r%,) = 0, which proves that
Vi, rt, = p. Hence, for any m > 1 there is i,, € 1,n such that 7(rém) > 7(p)/n. Up to passing
to a subsequence, we can assume that there is j € 1,n such that i, = j, for all m > 1. Next, note
that (3.1) gives that ri, € Z(Q), NpMp) C Q. _, N pMp. Since Qu—17 Arr A ¥ I, it follows

from the choice of all the rgn’s that {r?ﬁ}mzl is a decreasing sequence of projections. If we let

= A\,>1 7, we deduce that 77 is a non-zero projection since 7(r?) > 7(p)/n. Forallm > k > 1,

since @y, C @ we have that r, € (@), NpMp) N pMp. Consequently, by letting m — oo, we
deduce that 77 € (Q)}, N pMp) NpMp, for all k > 1, which implies that 7/ € L(A) N pMp = Cp.
Since 77 # 0, we derive that r/ = p and, therefore, we must have r,jﬁ = p, for any m > 1. This
implies that Q,, Apr A % F;, for any m > 1.

Since I'j is non-amenable, it follows from [DHI16, Lemma 2.9] that L(A) is non-amenable
relative to A x I‘; inside M. Since relative amenability is closed under inductive limits

(see [DHI16, Lemma 2.7]), there exists k > 1 such that Q) NpMp is non-amenable relative to
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Ax Is inside M. Using [DHI16, Lemma 2.6] there is a non-zero projection 2/ € Z(Q), N pMp)
such that

(Q}, N pMp)2’ is strongly non-amenable relative to A I's inside M. (3.2)

This implies by Lemma 3.6 that U7 (Q27) is (id ® o)-rigid. Fix an arbitrary m > k. Since Q,, C
Qy, we have 27 € Z(Q), N pMp) C Q.,, N pMp and

U (Qn2?) is (id ® o’ )-rigid and Q,2” Aar A F;. (3.3)
Equation (3.2) also implies that
zj(Q, N pMp)z7 is strongly non-amenable relative to A x I~ inside M. (3.4)

By combining (3.3) and (3.4), it follows from the second part of Lemma 3.6 that W/ (27 (Q’, N
pMp)z7) is (id ® of)-rigid, for any m > k. Note that (3.3) gives, in particular, that 2/(Q’, N
pMp)z? £y A x F}, for any m > k. Therefore, we may apply [dSHHS20, Theorem 3.5] (see
also [Dri21, Theorem 3.2]) to deduce that W7 (27 \/, .. (@), NpMp)z7) is (id ® o’)-rigid. Using
[ASHHS20, Proposition 5.6] there exists a non-zero projection 7/ € Z(\V,yon (@, N pMp)) such
that W (\/, -, (Qh NpMp)7) is (id ® of )-rigid. Note, however, that \/, -, (Q’, N pMp) is a fac-
tor since \/m;k(Q;C N L(A)) = L(A) and A is ice. In particular, W9 (L(A)) is (id ® of )-rigid. Since
Wi(B) C M ®1, it follows that /(M) is (id ® af)-rigid, which gives that L(T;) is o/-rigid,
contradiction. This ends the proof of the proposition. O

4. Measure equivalence and tensor product decompositions for class M

In this section we establish the main ingredients needed for the proof of Theorem B by building
upon methods from [DHI16, IM19]. Throughout this section, we will use Notation 3.7 and the
following assumption.

ASSUMPTION 4.1. For any i € 1, n, assume that L(I';) belongs to M and denote by (M;, (a})icr)
the associated s-malleable deformation of L(I;).

4.1 Step 1
The main goal of this subsection is to prove the following theorem.

THEOREM 4.2. Let L(A) = Pi®P, be a tensor product decomposition into II; factors.
Then there is a partition S;U Sy ={1l,...,n} into non-empty sets such that A(A x
I's,) <MaL M®P;, for all i € {1,2}.

Before proceeding to the proof of Theorem 4.2, we make the following remark and prove two
lemmas.

Remark 4.3. In this remark we explain why the proof of Theorem 4.2 uses a relative version of
the flip automorphism method introduced by Isono and Marrakchi [IM19]. The conclusions (C1)
and (C2) of Theorems 4.2 and 4.6, respectively, assert that:

(C1) 3 apartition S1 U Sy ={1,...,n} such that A(A xI'g,) <VaLn) M®P;, for all i € {1,2};
(C2) 3 a partition Ty UTh = {1,...,n} such that P; <3, A xT', for all i € {1,2}.
Note that conclusion (C2) cannot be directly obtained by using Popa’s spectral gap arguments

(Lemma 3.6) since if Py and P» are both amenable relative to A x I'; for some i € 1,n, one
cannot immediately derive a contradiction. To overcome this difficulty, we first show conclusion
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(C1) and use this result in order to prove conclusion (C2). Finally, note that since P, and P,
do not hold any ‘relative solidity properties’, Lemma 3.6 cannot be directly applied for proving
conclusion (C1). Hence, we proceed by using the flip automorphism method [IM19] in order to
obtain a situation where Lemma 3.6 can actually be applied.

LEMMA 4.4. Let L(A) = Pi®P> be a tensor product decomposition into II; factors and denote
M = MRL(A).

Then there is a partition S; U Sy = {1,...,n} and a projection 0 # z € A(L(T"))’ N M such
that:

e A(L(T';))z is strongly non-amenable relative to M®P; inside M for all i € Sa;
e A(L(T;))z is strongly non-amenable relative to M® P, inside M for all i € S;.

Proof. Let i € {1,...,n}. Since I'; is non-amenable, by [KV15, Proposition 2.4] we get that
A(L(T;)) is strongly non-amenable relative to M ® 1 inside M. It follows that for every non-
zero projection z € A(L(T))" N M, there exist f(i,2) € {1,2} and a non-zero projection p(i,z) €
A(L(T)) N M with p(i,z) < z such that

A(L(T;))p(i, 2) is strongly non-amenable relative to M®@Py(; .y inside M. (4.1)

Indeed, otherwise there exists a non-zero projection z € A(L(T"))’ N M such that for any
k € {1,2} and non-zero projection zg € A(L(T"))' N M with 2y < z, there exists a non-zero pro-
jection Zy € A(L(T")) N M with Zy < zp for which A(L(T;))Zp is amenable relative to M®Py
inside M. By using [PV14, Proposition 2.7] we derive that there exists a non-zero projection
zZ1 € A(L(T)) N M with Z; < z for which A(L(T;))Z; is amenable relative to M®]1 inside M,
contradiction.

By applying (4.1) finitely many times, the proof will be obtained as follows. Define z; =
p(1,1) and f(1) = f(1,1). For any i € {2,...,n} we recursively define z; = p(i, z;—1) and f(i) =
f(i,2i—1). Note that z; > 29 > -+ > 2, are non-zero projections in A(L(T"))’ N M. Hence, the
lemma, follows by letting S; = f~1(2), So = f~1(1), and z = z,. O

We continue with the following notation that will be used in the following lemma, but

also in the proof of Theorem 4.2. For any 1 < j < n, denote ¥/ = id); ® idys ® idys ® U7 and
al® =idy ®idy ®idy ®idy @ of. By letting M = M®L(A), note that ¥/ (p) =p® 1 and
W MRM) C MRL(A)@M@pMpRL(T;).
LEMMA 4.5. Let o € Aut(M®M) be an automorphism for which ovegneMel) =
id(nenemen and (1@ L(A)@(1® L(A)) is o-invariant. Then \Ilj’4(({(A(M)®A7(M))ziis not
a?5-rigid, for all non-zero projections z € W (a(A(M)RA(M)) N MRL(A)@M@pMpRL(T;)
and j € 1,n.

Proof. By assuming the contrary, there exist j € {1,...,n} and a projection z as in the statement
such that ¥4 (o(A(M)RA(M))z is a/?-rigid. Hence, for any e > 0, there is to > 0 such that

1954 (g @ v @ 01 1))z — (B0 (0, @ 0y ® v © )22 < 6,
for all g,h € A and [t| < ty. Since o acts trivially on (M ® 1)&(M ® 1), we obtain that
[W 4 (o(1@ vy @1 @wp))z — of (W o(1@ v, ® 1@ vp))2)|l2 < €,

for all g,h € A and |t| < tg. If we let G = {¥(o(1 @ v, ® 1@ vp))| g,h € A}, we get that G =
WA (1® L(A) ® 1I®L(A)) =1® L(A) ® 1®@WI(L(A)) since (1 ® L(A))®(1 ® L(A)) is o-invariant.
Note that Nygremepmpanr;) (") C 1@ 11 (W/(L(A)) N (pMpRL(T}))).
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By applying Proposition 3.2 we obtain a non-zero projection zg € W/ (L(A))' N (pMpRL(T;))
such that W7 (L(A))zg is (id ® o/)-rigid. Since ¥/ (B) = B® 1 and ¥/ (pMp)' N (pMpRL(T;)) =
C(p® 1), it follows from Proposition 3.2 that W/ (pMp) is (id ® a’)-rigid, and hence, U7 (M) is
(id ® o)-rigid. This shows that L(T;) is a/-rigid: contradiction.
Proof of Theorem 4.2. Denote M = M®L(A) and M = M&M. For proving this theorem, we
use the following variation of the flip automorphism method from [IM19]. Namely, since
L(A) = Pi®Ps, we define op, € Aut(MM) by letting op, (m @ p1 @ pe @ m' @ p) @ ph) =m®
Py @ p2 @ m' @ p1 ® phy, for all m,m' € M, p1,p| € Pi,p2,p € Ps.

By applying Lemmas 4.4 and 2.4 we obtain a partition S; L S = {1,...,n} and a non-zero
projection z € A(L(T"))’ N M such that

A(L(T;))z ® 1 is strongly non-amenable relative to (M@P2)®@(M®P;) inside MM,
1 ® A(L(I'}))z is strongly non-amenable relative to (M®P>)Q(M®P;) inside MM,

O

(4.2)

for all ¢ € S1 and j € Sy. By applying the flip automorphism op, to (4.2), we derive that
op, (A(L(T;))z ® 1) is strongly non-amenable relative to M®(M ® 1) inside MM,
op, (1 ® A(L(T;))z) is strongly non-amenable relative to M&(M ® 1) inside MM,
for all © € S1 and j € S>. By using Lemma 2.4, we further deduce that
op, (A(L(T;))z ® 1) is strongly non-amenable relative to M®(M ® 1) inside MM, (4.3)
op, (1 ® A(L(T;))z) is strongly non-amenable relative to M®(M ® 1) inside MM,

for all i €S; and j € Sy. Denote zZ=o0p (2 ® z) € op, (A(LT)RA(L(T))) N (MRM) and
note that 2 <op (2 ®1), Z<op,(1® z). For ease of notation, we denote Q; = A(L([;)) ® 1
and R; = A(L(T%)®A(L(T)), for all 7€ S;. Similarly, denote Q; =1® A(L(I'y)) and R; =
A(L())®A(L(T), for all j € Ss. Note that Q; V R; = A(L(I'))®A(L(L)), forany i € {1,...,n}.
By applying a similar argument to that used in the proof of Lemma 4.4, we deduce from (4.3)
that there exist a non-zero projection z € op, (A(L(T))QA(L(T)))' N (MA&M) and a function
e:{1,...,n} — {1,...,n} such that
op,(Q;)Z is strongly non-amenable relative to MM (A x F;(\i)), (4.4)
for all i € {1,...,n}. By Lemma 3.6, we get that for any i € {1,...,n},

WO (g, (Ri)2) is 0?02 vigid (45)

Next, we claim that the map ¢ is bijective. If this does not hold, it is easy to see that we
can deduce from (4.4) that there exists j € {1,...,n} such that

W (op (A(LT)RA(L(T)))Z) is ofS-rigid. (4.6)
Using the position of B C A, and op, (A(B)®A(B)) C M&(M ® 1), we obtain that
W(op (A(A)BRA(A)) is aS-rigid. (4.7)

Relations (4.6) and (4.7) in combination with Proposition 3.2 gives a contradiction
to Lemma 4.5. This shows that ¢ is indeed bijective. Next, we claim that for all

ie{l,...,n},
op (Ri)Z <55 0 MOMG(A X T ()) (4.8)

Assume by contradiction that there isi € {1,...,n} for which (4.8) does not hold. Then by using
[DHI16, Lemma 2.4(2)], it follows that, up to replacing Z by a smaller non-zero projection, we
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have op, (Ri)Z A g MOM@(A x Fg(i)). Using (4.4) and (4.5) we may apply Lemma 3.6 to
deduce that ¥/ (op, (A(L(T))RA(L(T)))Z) is a’o-rigid. As before, Proposition 3.2 leads to a
contradiction.

Finally, by applying [DHI16, Lemma 2.8(2)] finitely many times, we deduce from (4.8) that

Upl(A(L(FSq))@)A(L(F@))) VY MR(M ®1).

By applying Lemma 2.4 we further obtain that op (A(L(I's))@A(L(T'g))) <mam M®
(M ®1). By applying the flip automorphism op, to the previous intertwining relation, we
deduce that A(L(I's,)) <pm M®P;, for all i € {1,2}. Since A(A) <5, B ® 1, we may use [BV14,
Lemma 2.3] to get that A(A x I's,) <pm M®P;, for all i € {1,2}. Since Ny (A(A x T'g,)) N M C
A(M) N M = Cl, we obtain A(A xTg,) <5 MF;, for all i € {1,2}.

For showing that S; and S, are non-empty sets, we suppose the contrary. Hence, without loss
of generality, assume that Sy is empty. This shows that A(M) <y M&P;, which implies from
[loall, Lemma 9.2] that L(A) <) P1. This shows that P is not diffuse: a contradiction. [

4.2 Step 2
By using Step 1, we obtain the following intertwining result. Recall that we are using Notation 3.7
and Assumption 4.1.

THEOREM 4.6. Let L(A) = Pi®P, be a tensor product decomposition into II; factors.
Then there is a partition Ty UTy = {1,...,n} such that P; <3; A x 'y, for all 1 € {1, 2}.

Throughout the proof we are using the following notation: if N is a tracial von Neumann
algebra and P C pNp and () C ¢Nq are von Neumann subalgebras, we denote P —<§\/, Qif P <y
Qq, for any non-zero projection ¢’ € Q' NqNg.

Proof of Theorem 4.6. Theorem 4.2 implies that there exist projections r; € A(L(T'g,)),
¢1 € M®P;, a non-zero partial isometry w; € ¢1(M®M)r; and a s-homomorphism ¢ :
rA(L(Tg,))r1 — 1 (M®P))q: such that ¢ (x)w; = wyz, for all z € 1 A(L(Tg, ))r1. Fix an arbi-
trary jo € Si. Since L(I'j,) is a II; factor we can apply [CdSS18, Lemma 4.5] and therefore
assume without loss of generality that r; € L(I'j,). In addition, we can assume that the sup-

port projection of Eysgp, (wiw]) equals ¢i. For any j € Si, denote Q{ = p1(riA(L(T;))r) C
@1 (M®P1)q1 and let Q1 = \/ g, Q1. Note that for any subset S C Sy, we have A(L(T's)) '<}9\:I®P1
vjeS Q{. Indeed, let S C S; and consider a non-zero projection z € Q) Nq1(M®P;)q:. Note
that @ := zwy # 0 since otherwise zEy;gp, (wiw]) =0, which implies that z = 0, false. This
shows that the s-homomorphism ¢1 : r1A(L(T's))r1 — Veg Q] z satisfies ¢q(x)w; = w1z, for
all x € rA(L(I's))r1. By replacing w; by the partial isometry from its polar decomposi-
tion, we derive that A(L(.FS)) <map, Vjes @1z By using [DHI16, Lemma 2.4] it follows that
A(L(Tg)) <§\LI®P1 V,es @1- By applying [Dri20b, Lemma 2.3], we derive that for any subset
S C 51,

A(L(Ts)) <an V @1 (4.9)

jes

The rest of the proof is divided between three claims. O

CLAM 1. For any j €Sy and non-zero projection z € Q1 Nq(M®P;)q, there exist k €
{1,...,n} and a non-zero projection 2y € Q) Nq1(M®&Py)q1 with 29 < z such that @z is
strongly non-amenable relative to M®(A x I';) inside M®M.
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Proof of Claim 1. We assume by contradiction that there exist j € S; and a non-zero projection
z € Q1 Nq(M®Py)q such that Q2 is amenable relative to M®(A x I';), for all k € {1,...,n}.
By applying [PV14, Proposition 2.7] we get that lez is amenable relative to M ® 1 inside
M®M. Relation (4.9) implies that A(L(L';)) <;/5 @’ z. We can apply [DHI16, Lemma 2.4(3)
and Lemma 2.6(3)] and derive that there exists a non-zero projection r’ € A(L(T';)) N MM
such that A(L(T;))r’" is amenable relative to Q{z ® C(1 — z). Using [OP10, Proposition 2.4(3)]
we derive that A(L(T';))r’ is amenable relative to M ® 1. By using [IPV13, Lemma 10.2(5)] we
deduce that I'; is amenable: a contradiction. Thus, there exist k € {1,...,n} such that Q{z is
non-amenable relative to M®@(A x I';). By [DHI16, Lemma 2.6], there exists a non-zero pro-
jection zo € Ny, (mamnq (Q{)’ N (MMi)q1 C Q) Nqi(M&P;)q1 with zp < z such that Q{Zo is
strongly non-amenable relative to M®(A x I'7). O

By applying Claim 1 finitely many times and proceeding as in the proof of Lemma 4.4, there
exist a non-zero projection z € Q) Nq1(M®P;)q1 and a map 1,n > j — k; € 1,n such that

12 is strongly non-amenable relative to M®@(A x T'r), for any j € T,n. (4.10)
J
CrAam 2. We claim that Py <3, Ax 'y, for all j € 5.
J

Proof of Claim 2. Fix an arbitrary j € S;. We are in one of the following situations. First,
if we assume that (1 ® Py)z <pran M®(A FI%)’ we get Py <pr Ax T Since Noamp(P2)' N
pMp C L(T')' npMp = Cp, the claim follows from [DHI16, Lemma 2.4(3)]. Second, assume
that (1 ® P2)z Ayan MR(A x I‘kAj) Since @1z C ((1 ® P2)z) N z(M&M)z, (4.10) implies that
(1® Py)z) Nz2(M®&M)z is strongly non-amenable relative to M®(A x FkA]) Altogether, we
can apply Lemma 3.6 to deduce that (1 ® W% )(2(M&L(A))z) is (id ® id ® o*9)-rigid. Since
M&L(A) is a II; factor and (1@ ¥%)(1® B) C1® B® 1, it follows that (1 ® ¥k)(M&M)
is (id ® id ® a¥4)-rigid, which implies that L(T;) is oFi-rigid: a contradiction. This completes
the proof of the claim. O

Note that Q1 and (1 ® P3)q; are commuting subalgebras of ¢; (M &M )q; Thus, (4.10) together
with Lemma 3.6 imply that for any j € S; we have

(1® \Ifkf)( \/ Qzv(e P2)2> is (id ® id ® of7)-rigid. (4.11)
i€S1\{j}
We now ready to prove the following.

CramM 3. The map Sy > j — k; € {1,...,n} is injective.

Proof of Claim 3. Assume by contradiction that there exist two distinct elements ji,j2 € S
such that k := kj, = kj,. Thus, (S1\ {j1}) U (S1 \ {j2}) = Si. Since the algebras Q] z,j € Sy, are
commuting, we deduce from (4.11) that (1 ® ¥*)(Q12) is (id ® id ® a¥)-rigid. As in the proof
of Claim 1, we note that zw; # 0. Note also that Qizw; = zw1r1A(L(I's,))r1. By applying
Proposition 3.2 we obtain a non-zero projection e; € (1 ® W*)(A(L(T))) N M&M&L(T) such
that

(1® UF)(A(L(Ts,)))er is (id @ id ® of)-rigid. (4.12)
Since z € ¢1(M®P;)q; and M®P; is a II; factor, one can check that (4.11) implies
Uk (Py) is (id @ oF) -rigid. (4.13)
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Next, since A(L(I's,)) <MaL M®&Ps, we obtain from [DHI16, Remark 2.2] that
(1® ) A(LTs,))) <iamarr,) MOV (P).

Therefore, (1 ® U*)(A(L(Ts,)))er <memarry,) MRW¥(P2), which implies by (4.13) that there is
a projection 0 # ey € (1® UF)(A(L(T's,))) N (M&M®L(T})) with ez < e7 such that

(1® UF)(A(L(Ts,)))es is (id @ id ® of)-rigid. (4.14)

Note that (4.12) implies that ea(1 @ U*)(A(L(T's,)))ez is (id ® id ® o)-rigid. Together with
(4.14) and the fact that W*(A) C A® 1, we deduce from Proposition 3.2 that there exists a
non-zero projection ez € (1 ® ¥*)(A(M)) N M&M&L(T},) such that

(1@ UF)(A(M))es is (id ® id ® a)-rigid. (4.15)
This implies that for any € > 0, there exists ¢ty > 0 such that for all [¢t| < ¢ty and g € A,
(16 99) (0, @ v)es — (id @1d @ al) (1 W) (0, @ vy)es)]ls < e
and, therefore,
(1@ UF) (1@ vg)es — (id @id @ af) (1@ U)(1 @ vg)es)|la < e

Note that ¥*(B) ¢ B ® 1. By applying Proposition 3.2 we get that U*(M)eg is (id ® o¥)-rigid for
a projection 0 # eg € W*(M) N (M&L(T})). Since T, is icc, we get WF(M)' N (M&L(I';)) = C1.
Thus, we obtain that L(I'y) is a*-rigid, contradiction.

Denote Ry ={k;|j € Si} C{l,...,n}. Claim 3 implies that |Si| =|Ri| while Claim 2
together with [DHI16, Lemma 2.8(2 )} gives that P1 <j; B x Az . In a similar way, there
exists a subset Ry C {1,...,n} with |Sa| = |Ra| such that P» <3, A x 'z . By using [CDD21,
Proposition 4.4] we deduce that L(T") <M A X FR UR,- Using [BV14, Lemma 2.3] we get that

M <p A X FR UB which implies that RiUR, = {1,...,n}.

Finally, we let T} = Ry and Ty = Ry. Since Sy U Sy = {1,...,n} is a partition, it follows that
Ty UTy ={1,...,n} is a partition as well. This ends the proof. O

5. From unitary conjugacy of subalgebras to cohomologous cocycles

In this section we prove Proposition 5.1 which provides sufficient conditions at the von Neumann
algebra level for untwisting the underlying cocycle of an orbit equivalence of irreducible actions.

Throughout this section we will use the well-known fact that if I' ~ (X, u) and A ~ (Y, v)
are free ergodic pmp actions such that there is a measure space isomorphism 6 : X — Y with
0(Tx) = AO(x), for almost every xz € X, then the induced isomorphism of von Neumann alge-
bras 7 : L®(X) — L(Y) given by m(a) = a 0 §~! extends to an isomorphism 7 : L>(X) x T —
L>(Y) x A satisfying m(uy) = vgogop-1, for any g € I'. Here and throughout the section, we
denote by vy € U(L>®(Y) x A) the associated unitary of ¢ € [R(A ~ Y)]; see [AP10, §1.5.2] for
more details.

PROPOSITION 5.1. Let I'=T1 x--- xI'y n (X, ) and A=A; x--- x Ay ~ (Y,v) be free,
irreducible, pmp actions such that are OE via a map 6 : X — Y. Denote by 7 : L*(X) xT' —
L>(Y) x A the *-isomorphism associated to 6 and let ¢:T' x X — A be the Zimmer cocycle
associated to 6.

If there exist uy, ..., u, € U(L>®(Y) x A) such that w(L>°(X) x I;) = u;(L>®(Y) x A;)uj, for
any i € {1,...,n}, then c is cohomologous to a group isomorphism ¢ : I — A.

2039

https://doi.org/10.1112/S0010437X2300739X Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X2300739X

D. DRIMBE

We first need the following elementary result. For completeness, we provide a proof.

LEMMA 5.2. Let I' ~ (X, p) and A ~ (Y,v) be free, ergodic, pmp actions. For any 1 <i <2,
assume that there exist a x-isomorphism m; : L>(X) x I' — L*°(Y') x A such that m;(L>=(X)) =
L>(Y), let 0; : X — Y be the measure space isomorphism defined by m;(a) = a o 91-_1, for any
a € L*®(X), and let ¢; : I' x X — A be the Zimmer cocycle associated to 0;.

If there exists w € U(L>°(Y') x A) such that mo = Ad(w) o 71, then the cocycles ¢1 and co are
cohomologous.

Proof. Since w € Npoo(yysa(L™(Y)), we can write w = bvy, for some b € U(L*(Y)) and ¢ €
[R(A ~Y)] (see, for instance, [AP10, Lemma 12.1.16]). Take a measurable map ¢ :Y — A
such that ¢~ (y) = ¥(y)y, for almost every y € Y. For any a € L>°(X), we have a0 0; " = w(a o
Hfl)w* =aqao 9;1 o @~ L. This shows that 8, = p o #;. We will prove the lemma by showing that

c1(g, )Y (02(x)) = ¥ (02(gx))ca(g, x), for all g € T and almost every x € X. (5.1)

To this end, fix an arbitrary ¢ € I'. Define ¢ = 1) 0 6. Since for almost every y € Y and
i€ {1,2}, we have (6; 0 g0 0; ")(y) = ci(g,0; ' (y))y, it follows that

cr(g™", 05 )05 (v)y = ea(g™", 07 (B (W)y) e (v)y
= (0109007 )(W(y)y) = (Brogob o )(y)
= (p " 0b0g06;")(y) = P((B20906;")(y) (020906, ") (y)
= 4905 (9))ea(9, 05 (9))y-
Since A ~ Y is free, we obtain that (5.1) holds, thus proving the lemma. O

The following lemma is a particular case of [HHI21, Lemma 3.1] and it goes back to [MS06,
§5]. For the convenience of the reader, we provide a short proof for it using von Neumann
algebras.

LEMMA 5.3 [HHI21]. LetT' =T x I'y A (X,p)and A = Ay x As A (Y, v) be free, ergodic, pmp
actions with I'y and Ay acting ergodically. Assume that there exists a measure space isomorphism
0:X — Y such that 0(T'-x) = A-0(x) and (I'y - z) = Ay - 6(z) for almost every x € X. Let ¢
be the Zimmer cocycle associated to 6.

Then there exists a group isomorphism g : I'y — Ag such that ¢(g,x) € A1d2(g2) for every
g =(91,92) € T and almost every z € X.

Proof. Denote by m: L*°(X) xT' — L>®(Y) x A the x-isomorphism associated to 6. For ease of
notation, we suppress 7. Recall that for each g € I' we can decompose

Ug = Z Ly, \ox, (5.2)
AEA
where Y\ ={y € Y | (971,07 (y)) = A71}, as A € A. By assumption, c(g,z) € Ay, for any g €
I'y and almost every € X. Hence, we deduce N := L®°(X) xI'y = L®(Y) x A;.

Next, we fix g € I'2. Note that the actions oy, and pj,, extend in a natural way to actions
on N. We can write ug = Y55, bva, with b € N, for all A € Ay. Note that for any a € N we
have b{px(a) = o4(a)by, for all A € Ap. Thus, for any A € Ay, we get (b9)*05 € N'NM =Cl1.
Assume by contradiction that there exist A1 # Ao € As such that ngl and b‘g\2 are non-zero. Thus,
there exist A\g € A2 \ {e} and a unitary ¢ € N such that py,(a)c = ca, for all a € N. By writing
€ =) xen, CAUx, We have pyy-1(a)py-1(ca) = apy-1(cy), for all a € L>(Y) and A € A;. Since
MA~! acts freely, we get that ¢ = 0: a contradiction. Thus, we have shown that there exist a

2040

https://doi.org/10.1112/S0010437X2300739X Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X2300739X

MEASURE EQUIVALENCE RIGIDITY VIA S-MALLEABLE DEFORMATIONS
map 02 : ' — Ay and a unitary b, € N, as g € Iy satisfying

Ug = byVs,(g)- (5.3)

One immediately obtains that do : I'o — Ao is a group homomorphism. In a similar way, we can
write vy = 5,\un2(,\) for some by € N and a group homomorphism 1o : Ao — T'g. Tt follows that
12 0 92 = Id and d2 o 19 = Id, hence showing that do is a group isomorphism.

Therefore, by combining (5.2) and (5.3), we deduce that for any g € I's, we have that
1Yy r) =0, for any A ¢ Aid2(g). This implies that ¢(g,x) € A1d2(g), for any g € I's. Finally,
if g = (g1, 92) € I', we get that c(g,z) = c(g1, g27)c(ge, ©) € A162(g2). This ends the proof of the
lemma. O

5.1 Proof of Proposition 5.1

Fix an arbitrary ¢ € 1, n. By Lemma 5.2 we get that the underlying Zimmer cocycle ¢; : I' x X —
A of the orbit equivalence 0; : X — Y associated to m; := Ad(u}) o : L®(X) xI' = L>®(Y) x A
is cohomologous to c. Hence, there is a map ¢; : X — A such that ¢(g, ) = ¢;(92) i (g, ) pi(z),
for all g €' and almost every x € X. Note that I> ~ X and A; » Y are ergodic. Since
mi(L2(X) x %) = L=(Y) x A3, we get that 0;(I%; - x) = A; - 0(x), for almost every z € X and,
hence, we obtain from Lemma 5.3 that there is a group isomorphism §; : I'; — A; such that
ci(g,r) € A:6i(gi), for every g = (g;,9;) € T' = T'; x T; and almost every z € X.

Next, since A = Ay X - -+ x A,, we decompose ¢; = ¢ ... and ¢; = c} ...l where gog and C‘Z
are valued to Aj, for any j € 1, n. By letting ¢ = ol @l X - Aandé: T x X — A defined by
&(g,x) = p(ga)c(g, x)p(x) ", we get &(g,x) = d(gx)i(gr) " ci(g, x)pi(x)p(z) ", for all i € T, n,
g € I and almost every € X. Consequently, we obtain that for every g = (¢g;,9;) € I' = I'; x I
and almost every x € X, we have & (g,z) = ci(g, ) = §;(g;); here, we denoted by ¢ = &' ...¢&" the
decomposition along A = Ay x --- x A,,. We define the group isomorphism ¢ : I' — A by letting
5(g1---gn) =061(g1) ... On(gn), for all g1 € I'1, ..., gn € I'y,. This shows that ¢(g,z) = 0(g), for all
g € I and almost every = € X, which entails to ¢ is cohomologous to the group isomorphism §.

6. Proofs of Theorems A and B and Corollary C

In this section we prove the first three main results stated in the introduction. Towards this,
we first prove an abstract version of [DHI16, Lemma 5.10] in the sense that we only require the
lack of property Gamma instead of relative solidity assumptions. In order to properly state and
prove the result, we assume the terminology introduced in Notation 3.7.

LEMMA 6.1. Let L(A) = Pi®P, be a tensor product decomposition into II; factors.

Assume there exist two partitions Ty LTy = S1 U Sy = {1,...,n} such that for any i € {1,2}
we have P; <5; Ax 'y, and A(AxTg,) %}*\4®L(A) M&P;.

If L(A) does not have property Gamma, then T; = S;, for any i € {1,2}. Moreover, there
exist subgroups X1, Y9 < A such that for all i € {1,2} we have:

1) BxY; <5, AxI't and A xTg <3 B xX;;
M i i M
(2) P <3 ) L(S:) and L(S) <3y P

Proof. (1) The assumption A(A xTg,) <VeL) M®P, implies from [DHI16, Theorem 4.1]
(see also [loal2, Theorem 3.1] and [CdSS16, Theorem 3.3]) that there exists a decreas-
ing sequence of subgroups Qi < A, k> 1, such that A xI's, <3, B x ), for any £ > 1 and
i) =L(A) L(Uk21CA(Qk))- Using Proposition 2.3, there is k£ > 1 such that P, =L(A) L(Qk)/ N L(A)
and using [Vae08, Lemma 3.5] we further derive that L(Q) <pa) P1- By letting 1 = (),
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we get
A~ FS1 -<}9\/[ B x Y1 and L(El) ‘<L(A) P (61)

We continue by showing that B x ¥; <3, A x I'r,. By applying [DHI16, Lemma 2.4], we
get from (6.1) a non-zero projection e € L(X;1)' N L(A) such that L(X;)e <L) P1. Since Py <3,
A x T'r,, we obtain from [Vae08, Lemma 3.7] that L(3)e <3; A x I'ry. By applying Lemma 2.2
there exists a projection f € (B x 31)' NpMp C B with f > esuch that (B x X1)f <3, AxT'p,.
Since f € B, e € L(A) and f > e, we deduce that f = 1. Thus, B x ¥; <}; A x I'7,. Similarly,
there exists a subgroup ¥s < A satisfying conclusion (1).

(2) This follows verbatim the proofs of Claims 2 and 3 from [DHI16, Lemma 5.10]. O

6.1 Proof of Theorem A

Assume Notation 3.7. Fix an arbitrary ¢ € 1, m. By applying Theorem 4.2 there is a partition
Siu Sy =T1,n such that A(Ax D) <pern) MOL(A;) and AA X Tgi) <pern) MOL(A).
Standard arguments (see, for instance, the proof of [Ioall, Lemma 9.2(1)]) imply that

AxTDg <3y BxA; and AxDg <3y BxA;. (6.2)

Hence, Theorem 4.6 combined with [BV14, Lemma 2.3] gives that there is a partition T} U T3 =
1,n such that

BxA; <y Ax Ty and B xA; <3 Ax Ty (6.3)

By applying [Vae08, Lemma 3.7] we derive that St = T¢, Si = Ti. Consequently, by using rela-
tions (6.2) and (6.3), [DHILG6, Proposition 3.1] implies that I'yy and A; are measure equivalent
and FTQ@- and A; are measure equivalent as well, for any ¢ € 1, m. The conclusion now follows by
a simple induction argument.

6.2 Proof of Theorem B

We first obtain the following classification of tensor product decompositions in the spirit of
[DHI16, Theorem C|. Theorem B will then follow by applying this result together with an
induction argument.

THEOREM 6.2. LetI' and A be countable icc groups that are measure equivalent. Assume L(A) =
Pi®@Py andT' =T x --- x Iy, is a product into icc groups such that L(I';) belongs to M for any
ie{l,...,n}.

Then there exist a direct product decomposition A = Ay X Ay, a partition Ty UT, =
{1,...,n}, a decomposition L(A) = PI'®PL?, for some t,ty > 0 with tity = 1, and a unitary
u € L(A) such that:

(1) P* = uL(Ay)u* and Py* = uL(Ag)u*;
(2) Ay is measure equivalent to X jer,I'; and Ay is measure equivalent to X jer,I';.

Proof. For the proof, we assume Notation 3.7. Using Proposition 3.8, we get that L(I") does
not have property Gamma. Next, by applying Theorems 4.2 and 4.6 and Lemma 6.1, we obtain
a partition 79 UT5 = {1,...,n} and some subgroups ¥, ¥y < A such that for all i € {1,2} we
have:
(1) Bx%; <3, AxI'p and A xT'g, <5, B % Xj;

Part (2) together with [DHI16, Theorem 6.1] give a product decomposition A = A x Ag, a
decomposition L(A) = P{*&P4?, for some t1,t3 > 0 with t1t5 = 1, and a unitary u € L(A) such
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that P{* = uL(A;)u* and Pi* = uL(Az)u*. In addition, we have that A; is measure equivalent
to ¥;, for any i € {1, 2}.

Part (1) together with [DHI16, Proposition 3.1] implies that for any ¢ € {1, 2}, I'7;, is measure
equivalent to ¥; and, hence, to A;. O

6.3 Proof of Corollary C

Assume first that there exists a partition J; U Jy = {1,...,n} for which K = Fixg(J1) X
FiXK(JQ). By letting G| = (xiejll“) X FiXK(JQ) and G = (XieJQF) X FiXK(Jl), it follows that
G = G1 x Ga. This clearly shows that L(G) is not prime.

For proving the other implication, assume that L(G) = Pi®P, can be written as a tensor
product of diffuse factors. Using Theorem B and its proof, it follows that there exist a direct
product decomposition G = G x G5 into infinite groups and a partition J; U Js = 1, n such that
L(Gi) <) L(T'y,), for any i € 1,2. By [CI18, Lemma 2.2] we get a finite index subgroup G? <
G; such that GY < Ty, for any i € 1,2. By passing to relative commutants, we get that I'j, <
G4 since (G is icc. By passing again to relative commutants, we deduce that G; < Cg(I'y,) =
(Xies, I') x Fixg (J2). Similarly, we get G2 < (X;e,I") ¥ Fixg (J1). This proves K = Fixg(J1) X
Fixg (J2) which ends the proof.

7. Proof of Theorem D

7.1 OE rigidity for irreducible actions
An important ingredient for proving Theorem D is the following OE rigidity result for irreducible
actions of product group that belong to M.

THEOREM 7.1. Let ' =11 x --- xI';, be a product of n > 2 groups that belong to M. Let
A=Ay x--- x Ay, be a product of m > 2 infinite icc groups. AssumeI' ~ (X, ) and A ~ (Y, v)
are OF free, irreducible, pmp actions.

Ifm >n, then m =n and I' ~ (X, u) and A ~ (Y, v) are conjugate.

Proof. Theorem A implies that m > n. For the remaining part of the proof, assume that m = n.
By assumption, we have the identification M := L>(X) xI' = L>®(Y) x A with A := L®(X) =
L>(Y). By proceeding as in the proof of Theorem A, it follows that for any i there is a partition
St 1Sy =1,n such that A x I'gi =3 Ax A; and A x A; <3, A x Dgi. Hence, by using [IPPOS?
Lemma 8.4] there is u; € U(M) such that u;(A x Az)uj = A x ['gi. Theorem A implies that S}

has n — 1 elements. It is easy to see that there is a bijection ¢ of the set 1, n such that Si = g;(?) for
any ¢. Thus, we can apply Proposition 5.1 and derive that the Zimmer cocycle associated to the
orbit equivalence between I' ~ (X, 1) and A ~ (Y, v) is cohomologous to a group isomorphism.
Hence, by applying [Vae07, Lemma 4.7] we get that I' ~ (X, u) and A ~ (Y, v) are conjugate. [

7.2 Strongly cocycle rigidity

We start this subsection by recording the following particular case of [HHI21, Theorem 7.1]
which is inspired by several works [Fur99, MS06, Kid08]. For properly formulating the result we
introduce the following definition (see also [HHI21, § 7]). We say that a product group I' = T'; X
-+« x Iy is strongly cocycle rigid if given any two free, irreducible, pmp actions I' ~ (X, 1) and
I' ~ (Y, v) that are OE, the underlying Zimmer cocycle is cohomologous to a group isomorphism.

THEOREM 7.2 [HHI21]. Let I' =T x --- x I';, be an icc strongly cocycle rigid group. Assume

' ~ (X, p) is a free, irreducible, pmp action that is OF to a free, mildly mixing, pmp action
A (Y,v).
Then I' ~ (X, ) and A ~ (Y, v) are virtually conjugate.
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COROLLARY 7.3. If T'y,...,T',, are countable groups with L(I';) € M, for any i € {1,...,n},
then I'y x --- x I'y, is strongly cocycle rigid.

Proof. Denote I' =T'; x --- xI';, and let I' ~ (X, ) and T' ~ (Y, v) be free, irreducible, pmp
actions that are OE. The proof of Theorem 7.1 gives, in particular, that the underlying Zimmer
cocycle is cohomologous to a group isomorphism. O

7.3 Proof of Theorem D
This is a direct consequence of Corollary 7.3 and Theorem 7.2.

8. Proofs of Theorem E and Corollary F

8.1 Proof of Theorem E

Let {ug}ser be the canonical unitaries that generate L(T'). Denote M = M®L(T), M =
M®&L(T), and é; = ay ® id € Aut(M). Note that the s-homomorphism A : L(I') — L(T )@L( )
defined by A(u,) =u, ® uy, as g €' (see [PV10]), naturally extends to a map A : () —
2(T') @ £%(T). By denoting & = A(€), for any £ € £2(I), it follows that if £ = > ger Sog € 2
and t € R, then

()

164(8) = €113 = Y €[ lleve(ug) — ugll3. (8.1)

gerl’

Since T' is inner amenable, there exists a sequence (&,)n>1 C ¢*(T') of unit vectors satisfying
llugén — Enugllz — 0, for all g € " and &,(g) — 0, for any g € I'. Let w be a free ultrafilter on N.
The remaining part of the proof is divided between two claims.

CLAIM 1. We claim that limy o (lim, ., ||6¢(&,) — &) = 0.

Proof of Claim 1. We define the unitary representations 7 : I' — U(L*(M) & LZ(M)) by m4(§) =
ugéuy, for all g€ I',€ € L*(M)© L*(M) and d:T — U(LX(T)) by dy(z) = ugruy, for all g €
I,z € (2(T). Since L?(M) © L*(M) is weakly contained in the coarse bimodule L*(M) @ L*(M)
as M-bimodules, we derive that L2(M) & L2(M) is weakly contained in the coarse bimodule
L*(L(T)) ® L*(L(T)) as L(I')-bimodules. Therefore, 7 is weakly contained in the left regular
representation Ar. Consequently, by applying [BAIHV08, Corollary E.2.6] we derive that 7 ® d is
weakly contained in Ap. Note that 7 := 7 ® d: ' — U(L*(M) © L*(M)) is defined by 7,(n) =
dgniy for all g€ T',n € L2(M) & L?(M). Since T is non-amenable, it follows that the trivial
representation 1t is not weakly contained in 7. This implies that for any € > 0, there exist 6 > 0
and a finite set F C I satisfying that for any unit vector n € L?(M) for which ||7,(n) — 5|2 < 6,
as g € F, we have

In = Em(n)ll2 < e. (8.2)

Since 7 (& (ty)0y) = T(c(ug)uy)dgn, we obtain that Eapry)(du(ty)) = T(ou(ug)uy)iy, for any
g € T'. This implies that for all g € T and ¢ € £2(T), we have

64 (ig)€ — ag€ll2 = llaw(ug) — ugll2lléllz and  [[€Gu(dg) — Eagll2 = ae(ug) — ugll2l|€]l2- (8:3)

Let top > 0 such that ||a;(ug) — ugll2 < 6/4, for all |t| < tg and g € F'. Take also ng € N such that
llugén — Enuglla < /2, for all g € F and n > ng. Together with (8.3) we obtain

6 (@g)én — Endvelitg) |2 < [|Ga(ag)én — gl + llugén — Entgllz + [[ntly — Endue(itg) 2

(8.4)
<§/2+6/4+5/2=2,
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for all g € F,n > ng and |t| < tp. By applying &_; in (8.4) and by replacing ¢ by —t, we get
that Hdt(fn)fag Ugy(En)|l2 < 0, for all g € Fyn > ng and |t| < tg. Using (8.2), we get ||& (&) —
E (at(fn))HQ <€, and by using Popa’s transversality property, see [Pop08, Lemma 2.1], w

further derive that [|da¢(€,)) — &nlla < 2e, for all n > ng and |¢| < to. This ends the proof of the
claim. 0

For all t € R and 7 > 0, we denote B. = {g € I' | ||az(uy) — ugll2 < r}. We are now ready to
prove the following claim.

Crav 2. We claim that lim;—o(supgep [ (ug) — ugll2) = 0.

Proof of Claim 2. To this end, fix some arbitrary € >0. Let ¢{; >0 and n; € N such that
|6t (&n) — Enlle < €/4, for all |t| < t; and n > ny. Fix g € T and [t| < t;. We continue by showing
that there exists an unbounded sequence (k,), C I' such that k,, gkng~t € B§/27 for any n > 1.

Since ||igén — Enilgll2 — 0, we get that there exists ng € N such that
1Ge(€n) = Eull3 + [|Ge (Ggntiy) — Gglnigll3 < €/, for any n > ny.
By writing &, = >_ e &ngUg € ¢%(T") and using (8.1) we obtain that
D &nnlPUlae(un) = unll3 + llow(ugng-1) — ugng-1113) < €/4, for any n > ny.
hel

For any n > ng, since >, 1 [€n.n]? = 1, there exists k,, € T' with &, 5, # 0 such that |loy(uy, ) —
ug, |2 < €/2 and [Jay(ugy, g-1) — gk, g-1ll2 < €/2. Since &, , — 0, for any h €T, it follows that
k, can be chosen such that k, — oo.

Next, we note that for any n > ng, we have

et (ugr, g-1)tg = ugaus(un, )2 < llat(ur,) — un,ll2 + [lat(ugr,g-1) = ugr,g-1ll2 < e (8.5)

By letting e : L?(M) — L?(M) be the orthogonal projection, we have v, ; := vy (ug) — e(ay(ug)) €
L*(M) & L*(M). By applying a_; to (8.5) and by projecting onto L?(M) & L*(M), we get

Ugh, g-1V—t,g — Vot gk, |l2 < € for all n > na. (8.6)

Since the M-bimodule L(M) & L?(M) is mixing and k,, — 0o, we obtain that
nlggo@ft,gukmugkng*wft,g> = 0. (8.7)
By combining (8.6) and (8.7), it follows that ||v_s 42 < €/v/2. By using once again Popa’s
transversality property, see [Pop08, Lemma 2.1], we obtain [Ja_s(ug) — u,l|| < €v/2. Since ¢ was
arbitrary chosen such that [t| <t; and g € I' arbitrary, we get that lim;o(supyep [lou(ug) —

g l2) = 0.
Standard arguments now imply the conclusion. O

8.2 Proof of Corollary F
The proof follows directly from Theorem E.

8.3 Consequence to Kurosh-type rigidity results
We conclude our paper with the following rigidity result for tracial free product factors arising
from non-amenable inner amenable groups.

COROLLARY 8.1. Let M = L(I'y) *---x L(I'y,) = L(A1) % - - - % L(Ay,), where all the groups T;
and A; are non-amenable inner amenable icc groups.
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Then m = n, and after a permutation of indices, L(I';) is unitarily conjugate to L(A;), for
any i € 1,n.

Proof. Fix an arbitrary i € 1,m. By decomposing M = L(I'y *---*T',,_1) x L(T';,), we note
that M belongs to M and let (M, (oy)ier) be the associated s-malleable deformation of
M. Since I'; is non-amenable inner amenable group, Theorem E implies that L(I';) is
a-rigid. By applying the main technical result of [IPP08] (see also [loal5, Theorem 2.11]),
we get that L(I';) <pr L(T'y *---«Tp—1) or L(I';) <ar L(T'y,). By assuming the latter holds,
there exist projections p € L(T';),q € L(I',), a non-zero partial isometry v € ¢gMp and a
s-homomorphism 6 : pL(T';)p — ¢L(I',)q satisfying 6(x)v = vx, for all x € pL(I";)p. Note that
[IPP0O8, Theorem 1.2.1] gives that vv* € L(I',)) and, hence, vL(I';)v* C L(I';,). Note that since
L(T;) N M =C1 and v*v € p(L(T;)' N M)p, we get that v*v = p. By letting u be a unitary
that extends v, we derive that upL(I';)pu* C L(I'y). Since L(I',) is a factor, after passing to
a new unitary u, one can replace p by its central support in L(I';); therefore, we obtain that
uL(T;)u* C L(T'y,). Similarly, if L(I';) <as L(I'y % -+ - % T',—1) holds, we obtain a unitary u € M
such that uL(T';)u* C L(T'y *---*T',,_1). By repeating this argument finitely many times, we
conclude that there exists a map o : 1,m — 1,n such that for any i € 1, m, there is a unitary
u; € M satisfying w; L(I';)uj C L(Ay))-

In a similar way, we obtain a map 7:1,n — 1,m and a unitary w; € M, for any j € 1,n,
such that w;L(Aj)w} C L(I'+(;), for any j € 1,n. Thus, uT(j)ij(Aj)w;‘fuj(j) C L(As(r(j))), for
any j € 1,n. By applying [IPP08, Theorem 1.2.1] we deduce that o o 7 = Id and u,(jyw; € L(A;),
for any j € 1,n. Similarly, we get 700 = Id and wy;yu; € L(T;) for any i € 1,m. In particular,
m = n and u; L(I';)u; = L(Ag;)), for any i € 1,n. O
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