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CORRELATED RANDOM WALK

By J. GILLIS
Received 9 December 1954

ABSTRACT. Random walk on a d-dimensional lattice is investigated such that, at any stage,
the probabilities of the step being in the various possible directions depend upon the direction
of the previous step. The motion may be characterized by a generating function which is here
derived. The generating function is then used to obtain some general properties of the walk.
Certain special cases are considered in greater detail. The existence of recurrent points is
investigated in particular, and the probability of returning to the origin after 2n steps. This
latter function is evaluated asymptotically for the cases d =1 and d = an even integer.

1. Introduction. We shall consider random walk on a d-dimensional rectangular
lattice with a correlation between the directions of successive steps. Let m denote
the general lattice point (m,, m,, ..., m4) and E, the unit vector parallel to the positive
direction of the ith axis. Then a step in the walk is to be strictly of the typem —-m + E,.
The random walk process is defined as follows.

The walker starts from the origin and, for the first step, all of the 2d possible directions
are equally likely. At any later stage the probability distribution is to be as follows:

p = the probability that the walker will continue in the same direction and sense as
in the previous step,

g = the probability that he will move in exactly the opposite sense, and

r = the probability that he will take any one of the directions orthogonal to his
previous step.

Then p+g+2(d—1)r = L.

Processes of this sort do not seem to have been studied except for the case d =1
(ef. (3) and (4)). Goldstein (3) has considered the distribution in the one-dimensional
case and has obtained formulae for the moments as well as an asymptotic estimate of
the distribution function in terms of hypergeometric functions. He has, moreover,
computed some interesting numerical tables in which the accuracy of this asymptotic
formula is checked for a number of values of p —g.

We shall denote by P,(m) the probability of arriving at the lattice point m on the
nth step and shall begin by deriving a generating function for this probability.
Subsequently our chief interest will be in P,(O), the probability of returning to the
origin (not necessarily for the first time) at the nth step. We shall study it, for simplicity,
only for the special case p = r. This greatly simplifies the form of the generating
function for P,(m), though it is fairly clear intuitively that the limitation will not
affect the general character of the motion very fundamentally. Various aspects of the
motion in other special cases—some of which appear to have some biological interest—
will be discussed in a subsequent paper. We shall write p —g = &, and, in the special
case referred to, shall denote P,(O) by R, ;(6) to make clear exactly on what it depends.
The quantity R, ;(0) was studied by Polya (5), who showed that, for large =,

E,,4(0) = O(n39). (1-1)
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It followed that (cf. (1), p. 244) for d = 1,2, every lattice point is a recurrent point,
1.e. a point through which the walker will, with probability 1, pass an infinite number
of times, while for d > 2 no recurrent points exist at all. We shall show that, when
d =1 or an even integer, Polya’s result remains valid (except for the trivial case
d=—1,ie. p=r=0,9=1). Indeed, we shall prove that, for these values of d,

(1 =4\t
Roa®)~(15g) FnO) (12)
We shall derive the generating function for £,(m) in §2, and this will be used in §4 to
derive information about the function R, ,;(8). In §3 we digress a little from this main
line of development to consider in more detail the motion in one dimension. There
seems to be little doubt that (1-2) holds for every d, but the method of proof used for
d>1 (cf. §§4 and 5) depends on a }d-fold integration and does not apply to odd d.

2. The generating function. Let @, ,(m,n) denote the probabilities that the nth step
will bring the walker from m ¥ E; to m, respectively. Then clearly

d
F,(m) = _Zl [@:(m, n) +Q_,(m, n)]. (2-1)
i
For all ¢ (1 <7< d) we define
Qu;(m,0)=1ifm=0 (e ifm =my=..=my;=0), 9.9
= 0 otherwise. } (22)
Also, from the conditions of the walk,
1 . .
Q,..(m,1)= 33 if m=+E, respectlvely,} 23)
= ( otherwise

We can now write down the following recurrence relations (¢ = 1,2, ...,d)

Qa‘.(m: n) = in(m - Ei’ n— 1) +QQ—i(m - Ei’ n— 1)

d
+r jZI[Qj(m —E,n-1)+Q_jm-E;n—-1)], (24)
71
and an analogous relation for @_,(m, »n). We write

B(x,9)= 3 Y Qm,n)ap...aman, (2:5)

My, May eee=—0 =0
and a similar definition for B_;(xX, z) where X represents the set (z;, %, ..., ).
Multiply equation (2-4) by a2 ... 274" and sum over the entire range

—oo<m;<oo,n=0,1,

veoy

bearing in mind conditions (2-2) and (2-3). This leads to the equations

1
‘Bi_—— = in{pBi'*"qB_i‘*"r 2 (-Bj‘*‘-B—)}a . (2'6)
2d j+i i
1 z '
B_i— o =—{pB_;+q¢B;+r 3 (B;+B_)}, (2:7)
2d x; R e
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where, for simplicity of notation, we have omitted the arguments of the functions. We

shall write a
A(X, Z) = E [Bi(x) Z) + B—i(x’ z)], (28)
i=1

and it is clear from (2-1) that the coefficients in the expansion of 4(x,z) will give us
the distribution P(m, ). To solve (2-6) and (2-7) we begin by rewriting them:

1
B(1—px,z)—qu,2B_,—rx,2By—rxzB_,— ... = %3
x1B1+ (1 xl) B B2 xlB 2d’ (29)

ete.

Let Ad denote the determinant of order 2d whose elements are the coefficients of
the B, s in (2-9), and let D ; denote the determinant obtained from A; by replacing
the column of coefficients of B, respectively, by 1’s. Then, by Cramer’s rule,

B, = D.[(2d4,), (2-10)
1
and so A(x,2) = 5dA, ZI(D +D_)) = 2dAd,210 (say). (2-11)

It remains to compute the various determinants involved. For this purpose it is
convenient to make the following definitions:

£ = Ha;+a7t), (2-12)
1+2%—20x;z —a2+0x2
E = _1+§% 1_?;2 !
1 Ty |
= 1-2p¢;z+d(p+q)2?, (2-14)
1+22—-20z;2 O
G; = 8z rz
14— _—
x; z;
= 2r2(8z—¢;), (2-15)
1+ 25— 20zx; 1—a?
Bo=| 1% 1
Z;
= 2(1—6¢,2), (2-18)
No=Fy— Gy = 1= 2(p—1) iz + 823 p+q—2r), (217)
L= A7, (218)
i=1
i
K, =Y A6, (2-19)
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To compute A; we first multiply each (2:)th row by 2% and subtract from the previous
row. We then subtract each column of even order from the previous column. The

resulting determinant is

1+a%— 2002 —a2+0x2 0
14" -2 0
Z z,
Ag = SRR ) 0 1+ 2z} — 202z,
0 _ —14%

Ty Ty

0
r2
2
— i+ 8x,2
pz
I

.(2+20)

"We expand this determinant by the Laplace rule in terms of the minors of order 2
-obtained by selecting all pairs of columns in each row-pair 2; — 1, 2;. When allowance
is made for the zero terms and the signs of the remaining terms are allocated appro-
priately it is seen that A; reduces to the d-rowed determinant

F 6 6 .. 6
A=|® B G . G
dd Fdl
G+A, @ @,
Gy GotAy Gy
= G Gy :
G 6, G+ 2q
by (2-17),
Gi+A -2, O 0
02 Az ‘_Az O
= G, 0 Ag 0 ,
Gga O 0 — At
G 0 0 A

(2:21)

by subtracting successive columns. To evaluate the determinant in (2-21) we add
successively (A,/A;) x the first row to the second, (A3/2;) x the resulting second row

to the third, ete. This leads to
A(1+Ky) —A, 0
A1+ Kp) 0 —A
Ag = : : :
MA+Ky) 0 0

a
= (1 +Kd) H Ai-
i=1
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We now proceed to compute C;. Consider, to fix the ideas, the case ¢ = 1:

643

(2-23)

(2-24)

l—-pz,z 1 —rzy2
e,
z; z,
—rrz 1 1—pryz
Da=| = | e b
= 5
o
Za g
while : 1 —gzz
1 1-%%
z
i
D, = D —raez
.
Ta
nge the first two columns of D, and then combine with D_, to give
1-0x,2 1 —rxzy2 '
14y 2
Ty 551
C, = 0 1 —pxyz
qz
Ty
0 1
We now perform on C, the same operations as were used on A; and obtain, after
a little reduction H G &,
H, F Gy
G| G
|3, G .. F

Now, by (2-15) and (2-16),

H; = (8]r) Gy +2(1- 8%,

and so C; = (8/r) X, +2(1—62)7] (say), where

G G
X, = qz @, * Ag
Gi G
and 1 Gy
v,=| ! Gt

o

i 4

Gy
G,
G+ Ay
Gy
G,

& i, |
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InY, we subtract the (d — 1)th column from the dth, the (d — 2)th from the (d —1)th, ...,
and finally the 2nd column from the 3rd. We operate on the resulting determinant as
before by adding (A,/A,) x the first row to the second, (A,4/A,) x the resulting second
row to the third, ete. This leads finally to

d

Y1 = (1+K;—2,G) I A, (2-29)

i=2

From (2-26), (2-27) and (2-29) we get '

Cyf LA = QI 2,)+ 21 A+ 200 = 85 (Kol Ay = LaGilhs], (230

It is clear from the symmetry that a similar formula must hold for the other C; and so

a a
S G II A, = (8/r) Kz+2(1 —6%2) L,. (2-31)
i=1 1 i=1

It follows that

A(x,2) = o5 [(8]r) Koo+ 2(1—8%) L)/ (1 + K.
a
| 2 (-8R -2Ap—n i+ 8(p+g—2) 3

--—*3 . (2-32)
1+ % 2r2(8z— E)/[1—2(p—17) £z + 0(p+q— 2r) 27

In the special case p = r, G, =1-0%%(:=1,2,..,d), (2-33)
and so

oz 8
15 26

A(x,z) = ~ . (2-34)
1—2pz 3 &, + 922
i=1
3. One-dimensional motion. (a) The motion is given by
_ 1—48z(x+271) - . )
A(z,2) = I+ dmta) 1022 menEOPn(m)x 2", (3-1)

When § = 0 (uncorrelated walk), P, (m) is simply the coefficient of ™ in Ll (x + —1—)n ,
2n x
and A(z, z) reduces to

Aylx,2) = _1_——4}_2(901—-!-?——1)' (3-2)

It is easily verified, by considering [04/08];_,, that

[8Pn(m)] _ mi—n
8=0

28 n [Pn(m)]8=0' (3.3)

Tt follows that, for small | 8, |,
[Fu(m)]ss, — [Zn(m)]s—0

has the same sign as (m?—n=)d,, i.e. the introduction of a small positive correlation
increases the probability that the walker will be at distances from the origin between
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nt and n and decreases the probability that he will be nearer than n# to the origin. The
effect of a small negative correlation is in the exactly opposite direction.

(b) Moments of distribution. Let

o= % Bmym

m=-—n
n
and uR = 3 PBm){mm—1)...(m—i+1)}, (3-4)
m=—n
then x#{ = p{) = 0, and £ = 0 for all odd .
It follows from (2-1) that

no® ) ot
_Z_ go P (m){m(m—1)...(m—i+1)}azm2" = poe [A(z,2)]. (3-5)
Put = 1. Then ;‘; Rz = M(z) (say) = [%lé;] . (3-6)
n=0 T* | pe1

It is easily seen, after some algebraic manipulation, that

il (L4 8)i22i-Y(1 + 8z) at~1 — bi-1

Yio) = g T =e T a=b (37)
where a, b are the roots of the quadratic equation
2(1—2)(1-462) 2(1—2)(1-62)
2 _ - .
¢ 2(1+98) ¢ 2(1+96) 0. (3:8)
. _ z(1+8d7)
In partlcular M2(Z) = (1-—2)2——-(1——(%)
02—26—-1 1 1+6 1 20 1
= T2 1—2 1-8(1—27 (1—0p1—02’ (3:9)
1+8  28(1—07)
(n) _ . .
and so HE = 73" T (3-10)
Since u{™ = 4 = 0, it follows that the scatter o2 is given by
1+6  28(1-06m)
2 _ ln) — _ .
Tp = M5 _1_8n a=ey - (3-11)
Again it follows from (3-7) that, for large n and even 1,
(n) o 1) ! 1+6 LY .

Hence by a well-known theorem originally due to Markoff (cf. (2)) the distribution for
large n is asymptotically Gaussian with zero mean and standard deviation (cf. (3))

1+8\?

One immediate application is the estimate, for large n, of the value of m at which
[Pn(m)]a:al = [Py(m)];o-
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It turns out that me o i 0 0g 101 (3-13)
25, °t1-g,

This agrees with the result obtained above for small §,.
(¢) Probability of return. We write

prae) = 3 R, (82" (3-14)

= the part of A(x,z) independent of z.
We define R, ,(0) = L. (3-15)

The function p, 4(z) is, as we have said, simply the absolute term in the Laurent
expansion of A(x,z) as a series of positive and negative powers of z. To evaluate this

we éxpand A(z,2) in positive powers of (x+£) , remembering that the absolute term

1
‘in (x + 5) is zero if ¢ is odd, while if ¢ is even it is

(32 = (— ¥ 2i( ;ﬁ) . (316
After a little manipulation this finally gives us
Pra(2) = (1+8) {8+ (1 - 6%2)} (1 —22) 4}, (3:17)

Now E, ,(d) is given by 5 fpl s(2) 2~"-1dz, where the complex integral is to be taken

!
round any simple contour encircling the origin once posutlvely and excluding the

branch points at z = £+ 1, + -1, For n>1, we have
2 — 2\, —2n-1 .
R,, ,(8) = 27r(1+8)f1 0222)b (1 —22)-tz—2n-14y, (3-18)
(While R, 1(0) is clearly zero for odd . The integral in (3-18) is a well-known integral
representation of a hypergeometric function of &2 (cf. (7), p. 292). In fact, it may be
.verified by direct differentiation that it satisfies the differential equation for
F(—3, —n; §—n; 8%).
Being also a polynomial in 6% it must therefore be proportional to this hypergeometmc
function.
The constant of proportionality is determined from the case § = 0, and we get finally
Ry, 1(8) = Ry 1(0) (14 0) 1 F (-4, —n; —mn; 67). S (319)
It can be deduced from the general properties of the hypergeometric function (cf. (6),
P- 298), or may be verified even more easily in this case by expansion and inspection

of the series, that, as » tends to infinity, the hypergeometric function in (3-19) tends
to (1—62)t. It follows that, for large =, :

Ry 1(6)~ (1= 8) (148 Ry, 1(0). (3-20)

4. Two-dimensional lattice. We shall consider the case p = r and so can describe
the walk in terms of the single parameter 8 where : - J

p=r=4}1+4), gq=41-30), (41)
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‘and (2-34) may be written

_ 1—3(£+£,) 02 .
Al 2) = 1—%(1+6)(1£1+2€2)z+622' *2)

‘We define P2,8(2) = 020] R, ,(8) 2z, (4-3)
n=0

with Ry 5(8) = 1. (4-4)

To derive p, 4(z) from A(x, z) we have to expand (4-2) and isolate the terms independent
-of x;, z,. For this, as well as for later applications, we shall need the following lemma.

Lemma. (a) R, ;(0)isthe term independent of x,, %,, ..., %, tn the multinomial expansion
of(2d)‘"(x1+xf1+x2+x2 vty g )
(6) R, 4(0) = 0 for all odd n.

(©) Rans(0) = o O = 55 (+5)
id
(d) For large n, R,, 4(0)~2 (Z?r_ﬁ) [1 - S% + O(n""’)] . (4-6)
3d
(e) For d<4, R,, 4(0)~2 [7-7(7‘;%3] (4:7)

‘gives a good approximation for all n> 1.
Proof. (a) and (b) are obvious. (¢) and the leading term in (4-6) are due to Polya (5).
(The approximation (4-7) clearly agrees with (4-6) for large » and its validity for small»
can be verified directly by computation. It is, in fact, not needed for what follows but
has been included as having an interest of its own. It remains to prove the expansion

(4-6). Now, by (a),
!

Roa®) =i 5 1 (F)
fi+fs...+fa=n I-I ( f)|‘i== i

j=

(2n)! i _
= @ay > IT (f:H~2

Ht..tfa=ni=1

= (2n)!/d" x the coefficient of 22 in the expansion of [1(z)]¢
_ (2n)!

2mid™

where C is any appropriate contour encircling the origin once in the positive direction.

" The integrand in (4-8) has maxima at z = 0 and z = o0 on the positive real axis and

/& unique minimum along that axis. To obtain an asymptotic evaluation of the integral

for large n we write it

f [Io(=)]? 22" 1dz, (4-8)

[
where d(z) = dlog In(z) - (2n+ 1)log 2, (4-9)
¢'(2) = dly(2)/Ip(z) — (2n + 1) 2, (4-10)
and so the minimum is given by the root of the equation
zh,(2)[Ly(2) = (2n + 1)/d. (4-11)
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For large z the left-hand side of (4-11)~z, and so we expect, for large n, that the root
will lie in the neighbourhood of (2n +1)/d. Since the root z, (say) is, therefore, large,
we estimate it by the use of an asymptotic expansion of I,(z)/Iy(z). This can be obtained
directly from the known asymptotic series for I, I, (cf. (7), p. 373) or, more simply,
by noting that yr = I,/I, satisfies the Riccati equation

W -yl (+12)
and lim ¢ = 1. (4-13)

If we substitute 1 + %1 + %2 + ... for ¢ in (4-12) the a,’s can be computed successively.

This leads to 1,(2) 1 1 1 25 5
ot AP R . —_ —5). 4-14
I(2) 1 2z 822 828 12824 +0(") ( )
The asymptotic evaluation of (4-8) is now completely straightforward except that we
have to bear in mind that the saddle-point is duplicated at —x, because, by (4-10),
¢’(2) is an odd function of z. The estimate (4-6) follows by a standard argument.
We next write u = 4(§; + &,) and

1—uéz

40,9 = =T (4-15)
B {ew —200/(1+8) _e~0— 260/(1+3)) (160
 2%sinf| 1-¢95}: 1—et0gk; |’

where cos 6 = v = 36—}(1+6) u.
If we write A(x,2) = § A, (x) 2" we have from (4-15) that
n=0
A,(x) = 8T, - 260/(1+6)U,_,}, (4-17)

where U, = U, (v) = sin (n + 1) /sin 6, the Tchebycheff polynomial of the second kind.
We can easily deduce from the elementary properties of the polynomials U, the

simpler form shn
An(x) = m(Un—é\Un—z): (418)
on
and so R2n,2(6) = m(%n_(ﬂén—Z)’ (419)
where V;; represents the result of replacing the powers v? in U,; by the respective
quantities ot 4 o-h\2
( 3 ) R,; 5(0). (4+20)

Since U,,, U,,,_, are both even functions of » there is no need to consider odd powers.
To estimate (4-19) for large n we note that, by (4-6)

1 1
Bop o0~ (1= )

2[_ 2 3 a .
~7_f[2n+1+(2'n+ D (@n+2) @nt 1)(2n+2)(2n+3)+"']’ (4-21)
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where a, ... are constants and the series converges asymptotically. If now

U,,(v) = ayv2* +a,v®* 24 ... (4-22)
2
then Von~— (L + 3L +alP + ...], (4-23)
2n 2n—2
h I — ayw a,w .
where T @D (2n+2).. Cntd)  (@n1).. @nii—9)
1 [w On A
=— f J | U6, d6,d6,...d6,, (4-24)
W) 6,=0J 4., =0 6,=0
with w = %(3%4.3—&), (4-25)

The estimation of V,, is thus reduced to that of the successive L{. The repeated
integration in (4-24) can be effected by the use of the trigonometric representation of
the polynomials involved and it is easily shown by induction that for large » (since
|w|>1)

2

(@) <T2n+i(w) - (Z_l 1) Ty +i—a(w) + (z; 1) Ty vi-alw) + } (4-26)

)
1

where T; = cosj6, the Tchebycheff polynomial of the first kind. But it follows from
(4-25) and the definition of 7, (w) that

T, (w) = (8% 46—, (4-27)
and so, for large 7, T, (w) ~ 363, (4-28)
From (4-26) and (4-28) we see that
| LP ~ §—72n(1 + 6)} (1 — 8)*-L. (4-29)
Hence, by (4-23), Vo ~ {nmr(1 +0) 67}, (4-30)
It follows from (4-19), (4-30) and (4-6) that
Bans8)~ Ren,s0) (15)- (4:31)

One interesting consequence of (3-20), (4-5) and (4-31) is that, for large =,

R2n, 2(8) ~ {R2n, 1(8)}2’ (4-32)
an (asymptotic) extension of the first equation of (4-5).

5. Space of even dimension d > 4. The relation (4-15) remains valid except that we
now define 14

u=>%¢ (51)

and v = }(6* + 6-2)u as before. Equation (4-19) still holds but, in this case, the V’s
are obtained from the corresponding U’s by replacing the terms v by

w? Ry 4(0) (5-2)
respectively. '
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It follows from (4-6) that

d\3d 1 a
Rmd(o)”(%) {(2n+1)...(2n+§d)+(2n+1)...(2n+%d+1)+"'}’ (5:3)

and so, in this case,

3d
Vo ~2 (2d—7r) (LW +al{®,,+...} [cf.(4-21) and (4-23)]

2 iéda—n(l—a)éd—ll 8)~¥, by (4-29
- (1+6)72¢, by (4-29),

~ Ryp, o0) 871 — 8491 (1 + )44, (54)

on 1-¢8 X
Hence R, 4(8) = m(Vzn Ven—2) ~ Ry, 4(0) (1 +8) . (5°5)

The maximum possible positive value for dis given by § =p =r = 1/(2d—1), ¢ = '
In that case we have, for even d, .

RZn.d(a)
Rzn, d(O)

This gives an estimate of the extent to which the value of R,, ; may be influenced by
a positive correlation of this sort. Thereis, of course, no bound in the opposite direction,
and the effect of a negative value of d is seen clearly from (5-5), including the degeneracy
which arises when § takes the limiting value — 1.

1\#¢
~ (1 _E) —e¢ % for large d. (5-6)

6. We raise here the possibility of extending to the general case (d > 1, unrestricted

P,4,7) the results obtained in §3(a). Consider the generating function, as defined

n (2-32), . .

A(x,2) = > > B.(m)aPuas ... afezn, (6-1)
My, May o=~ n=0 :

Now let g = €;m, +€;my+ ... +€3m,, where each ¢, is fixed and is equal to + 1. Then

it is clear from the definitions that the value of x varies in accordance with a one-

dimensional walk. Analytically we can see it by writing = 2§ = 2§ = ... =2%. Then
g =& = ... = £; = £ (say). The expression (2-32) for A(z, z) reduces to that in (3-1),

while the right-hand side of (6-1) becomes
X X T,(p)zren,
p=—owon=0

where 7),(x) is the probability that, at the nth step, m, e, + my€, + ... +myze; = p. Thus
the generating function for 7, () is precisely the one-dimensional function

1—6¢z
1—(1+46)&z+82%

(6-2)

It is interesting to observe that this function depends only on p —q and not at allon r.
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If we denote by S,(€;, €, ..., €4; #; P, ¢,7) the probability that the nth step will end

on the hyperplane e;m; +e;my+ ... +€;mz; = p; we deduce that, for small non-zero
values of | p—gq|,

Sn(eli €25 -5 €35 I3 Dy, T) — S,,,(GI, €3, --5€35 [ p',P', ') (6-3)
has the same sign as (#2—n)(p —¢q) without any further restriction on p, ¢, 7, p’, 1.

This argument, of course, proves nothing about the probability of ending a walk at any
specific point.
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