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PROBABILISTIC CELLULAR AUTOMATA
WITH GENERAL ALPHABETS POSSESSING
A MARKOV CHAIN AS AN INVARIANT DISTRIBUTION

JEROME CASSE,* Université de Bordeaux

Abstract

This paper is devoted to probabilistic cellular automata (PCAs) on N, Z or Z/nZ,
depending on two neighbors with a general alphabet E (finite or infinite, discrete or
not). We study the following question: under which conditions does a PCA possess a
Markov chain as an invariant distribution? Previous results in the literature give some
conditions on the transition matrix (for positive rate PCAs) when the alphabet F is finite.
Here we obtain conditions on the transition kernel of a PCA with a general alphabet E.
In particular, we show that the existence of an invariant Markov chain is equivalent to
the existence of a solution to a cubic integral equation. One of the difficulties in passing
from a finite alphabet to a general alphabet comes from the problem of measurability,
and a large part of this work is devoted to clarifying these issues.
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1. Introduction

1.1. Cellular automata and probabilistic cellular automata with finite alphabet

Cellular automata (CAs), as described by Hedlund [11], are discrete local dynamical systems
on a space EL, where E = {0, ..., k} is a finite alphabet, the set of states of cells, and L is a
discrete lattice. Formally, a cellular automaton A is a tuple (L, E, N, f), where

e [Lis alattice, called a set of cells. In this paper, L is N, Z or Z/nZ.

e N is the neighborhood function fori € I, N(i) = (i +1: [ € L), where L C L is finite.
Each neighborhood has cardinality |N| = |L|. In this paper, N (i) = (i, i + 1) when the
lattice is Nor Z and N (i) = (i,i + 1 (mod n)) when the lattice is Z/nZ.

e f is the local rule. It is a function f: EINl — E.

The CA A = (L, E, N, f) defines a global function F: EX + EY on the set of configu-
rations E™. For any configuration So = (Sp(i): i € L), the image S| = F(Sp) of So by F is
defined by, for any j € L, S1(j) = f((So(i): i € N()))).

In words, the state of all cells are updated simultaneously and the state S1(j) of the cell j
at time 1 depends only on the states (So(i): i € N(j)) of its neighborhood at time 0. Hence,
the dynamics are as follows. Starting from an initial configuration S;, € E" at time 1), the
successive states of the system are (S;: t > fy), where S;41 = F(S;). The sequence of

Received 27 November 2014; revision received 20 April 2015.
* Postal address: LaBRI, Université de Bordeaux, 351 cours de Libération, 33405 Talence cedex, France.
Email address: jerome.casse @univ-lorraine.fr

369

https://doi.org/10.1017/apr.2016.5 Published online by Cambridge University Press


http://www.appliedprobability.org
mailto:jerome.casse@univ-lorraine.fr?subject=Adv. Appl. Prob.%20paper%2015570
https://doi.org/10.1017/apr.2016.5

370 J. CASSE

configurations S = (S; = (8;(i): i € L), t > tg) is called the space—time diagram of A. The
state S; (i) of the cell i at time ¢ will be denoted by S(i, 7).

Probabilistic cellular automata (PCAs) with finite alphabets are generalizations of CAs in
which the states (S(i, t): i € L, t > fg) are random variables defined on a common probability
space (€2, 4, P), each of the random variables S(i, ¢) taking almost surely its value in E. Seen
as a random process, S is equipped with the o-field generated by the cylinders. The definition
of a PCA relies on a transition matrix 7' indexed by EN! x E (instead of a local rule f),
which gives the distributions of the state of a cell at time ¢ + 1 conditionally on those of its
neighborhood at time #:

PSS, t+ D) =b (S0 1) =ai:i€N(j)) =TWa;i:ieN())b).

Conditionally on S;, the states (S(j,t + 1): j € L) are independent (see (1)). The transition
matrix 7 is then an array of nonnegative numbers satisfying, for any (ay, ..., an)€ E INT,
Y peeT (a1, ..., aqnp;b) = 1. Formally, a PCA A with a finite alphabet E is an operator
F . M(E]L) — M(E ]L) on the set of probability distributions eM(E]L) on the set of configura-
tions. If Sp has distribution ¢ then S; has distribution ©; = ¥ (o). We can also define
directly from po and T by giving its finite-dimensional distribution (Kolmogorov extension
theorem) as follows. For any finite subset C C L and forany (b;: j € C) € E ¢,

bz jeCy = Y polla:ieNO)[][TWi:ieNG):b), (1)

(ai)ienc)€EN© JjeC

where N(C) = UKC N(j). Ameasure u € M(EH‘) is said to be invariant by A if F (1) = .

The simplest case of a PCA is the two colors case £ = {0, 1} on Z with neighborhood
N(@) = (i,i + 1). This case has been studied in depth and there are many results in the
literature; see Toom [19]. For example, Belyaev [2] characterized the set of a PCA possessing
as an invariant distribution a Markov chain indexed by Z. Nevertheless, there are still interesting
open problems concerning them. For instance, it remains an open question as to whether all
positive rate PCAs (i.e. for any a, b, ¢ € {0, 1}, T (a, b; ¢) > 0) are ergodic or not.

So far, it has been observed in different frameworks that explicit calculus of the invariant
distribution of PCAs can be done only if the transition matrix satisfies some algebraic equations
(that form a manifold in terms of the (T (a, b; ¢): a, b, ¢ € E)). In Belyaev [2] this was shown
for PCAs with a two-letter alphabet whose invariant distributions are Markov chains or product
measures. In [13] and [21], this was shown for quasi-reversible PCAs on 74 with finite alphabet
whose invariant distributions are Markov chains or Gibbs measures. In [17], this was done for
PCAs on Z? with a two-letter alphabet and whose invariant distributions are Gibbs measures.
In [6], the same phenomenon was observed for PCAs on Z or Z/nZ with a finite alphabet
possessing a Markov chain as an invariant distribution. Hence, the literature has been focused
on the characterization of PCAs having simple invariant measures: product measures and
Markov chains for |[N| = 2, and Gibbs measures for PCAs on 74 . In addition to [2], the
study of PCAs on Z admitting an invariant product measure was carried out by Mairesse and
Marcovici [15] (in a finite alphabet case). For PCAs possessing a Markov chain as an invariant
distribution, in addition to [2] and [6], Bousquet-Mélou [4] characterized those on Z/nZ with
a two-letter alphabet and Toom [19] gave a sufficient condition for PCAs on Z with a finite
alphabet.

The most general results are given in [6] where it is proved (in Theorem 2.6) that a positive
PCA on Z with two neighbors and a finite alphabet £ = {0, ..., '} admits a horizontal zigzag
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Markov chain (see Definition 3) as an invariant distribution if and only if the following two
conditions are satisfied:

(i) foranya,b,c € E,
T(a,b;c)T(a,0;0)T(0,b;0)7T(0,0;¢c) =T(a,b;0)T(a,0;c)T(0,b; c)T (0, 0; 0);
(ii) DYUY = UY DY, where

20 r® |-
D’(a;0)=) Ta ko @k C){Z m}

keE keE
and

b k -
U (c; b):LT(O,b;c) ZLT(O,](;C) foranya, b, c € E,
T(0, b;0) s T(0,k;0)

where y is an eigenvector of an explicit matrix that depends only on 7.
This theorem is an extension of [2, Theorem 3] valid only for a 2-letter alphabet.

1.2. PCAs with general alphabets

Inspired by this recent work, in this paper we investigate the case where the alphabet E is
general (finite or infinite, discrete or not). As we have to define probability distributions on E,
as usual in probability theory, we will assume that E is a Polish space (a separable complete
metrizable space) equipped with its Borel set B8(E). It could be finite or infinite and discrete or
not. In the following, when we write ‘general alphabet’, we are thinking about a Polish space
alphabet.

CAs and PCAs with infinite alphabets appear in the literature under different forms. In [5],
CAs with alphabet £ = [0, 1] were used to solve the classification problem with arbitrary
precision: the classification problem consists of finding a CA such that, on any initial config-
uration of 1s and Os on the line Z, the CA configuration converges to the line colored 1 if the
initial fraction r of s is greater than % and to the line colored 0 if r < % CAs with alphabet
E = R are applicable to modeling the heat equation [18]. Theorems about surjectivity of CAs
have been extended to CAs whose alphabets are (possibly infinite) objects in some concrete
category and then guarantee that some CAs with infinite alphabets have a Garden of Eden
configuration (a configuration that does not have a predecessor) [7]. Recently, complex PCAs
with infinite and continuous alphabets have been proposed in [20] in order to model urban
dynamics. In Section 3.3 we will see that the synchronous totally asymmetric simple exclusion
process (TASEP) on R defined by Blank [3] (itis a discrete-time, synchronous, space-continuous
version of the TASEP studied by Derrida et al. [8]) could be modeled by a PCA on Z with
alphabet £ = R and neighborhood N (i) = (i, i 4+ 1). Hence, PCAs with general alphabets are
already present in the literature even if they are not generally studied as such.

We believe that the present approach of a PCA with general alphabets permits the connection
between different domains and points of view. The structure of the set of a PCA having the
distribution of a Markov chain as an invariant measure is shown to be characterized by some
algebraic-integral equations. These equations are reminiscent of the standard algebraic relations
(in the parameters space) appearing in

e statistical physics concerning the notion of integrable systems,

e combinatorics where it is often the case that exact computations can be performed only for
simple structures for which generating functions solve ‘simple’ functional equations [10],
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e probability theory where invariant distribution of Markov chain on Z can be computed in
some rare cases (conditioned random walks, birth and death processes), this being again
related to some algebraic questions.

Here, Theorem 2 and Proposition 1 have exactly this flavor and this is a case where everything
is quite transparent. If a Markov chain is conserved by a PCA (see (2)) then an infinite system
of algebraic-integral equations having the form ‘a product equals a sum of products’ possesses
a solution. Underlying this paper is the following question: ‘which PCA possesses a Markov
chain?’ (or anything else one may prefer) must be seen as an algebraic question in the discrete
case, and as an algebraic-integral question in the continuous one, solved here.

Theorem 2 and Proposition 1 provide the form of the solutions, those which explain such
‘miraculous’ simplification in the infinite system (2).

First, let us define formally a PCA with general alphabets. In this case, transition matrices
are replaced by transition kernels. Let F' and G be two Polish spaces, K = (K(x;Y): x €
F, Y € 8(G)) is a transition kernel from F to G: if, forall Y € B(G), x — K(x;Y) is
B(F)-measurable and if, forall x € F, Y + K (x; Y) is a probability measure on (G, B(G)).

Definition 1. (PCAs with a general alphabet.) Let E be a Polish space, IL a lattice, N a
neighborhood function, and 7 a transition kernel from EN! to E. A PCA A is a tuple
(L, E, N, T) that defines an operator ¥ : M(EY) — M(EY), where, for any po € M(ED),
m1 = F (o) is such that for any finite subset C C L, for any (Bj: j € C) € B(E)C,

ni((Bj: jeC)) = /EN@(H T((ai:i €N Bj)) dpo((a;i: i € N(C))).

jeC

As usual, the measure (1 is defined by its finite-dimensional distributions. If E is finite, this
definition is similar to the classical definition of a PCA.

Example 1. (Gaussian PCAs.) For any m, o > 0, we define a PCA (G, ») on N with alphabet
R and neighborhood N (i) = (i, i + 1) as follows. The transition kernel of G, , is as follows.
For all a, b € R and Borel set C € B(R),

b
T(a.b: C) = P(N(i, 02) c c),
m

where N (¢, 62) is a Gaussian random variable with mean ¢ and variance o 2. In Section 3.2.1
we prove that an invariant measure of this PCA is related to autoregressive processes of order 1.

The aim of this paper is to shed some light on the structure of the set of a PCA with a general
alphabet (finite or infinite, discrete or not) having a Markovian invariant distribution on lattices
N, Z or Z/nZ. In this case, some important complications arise (compared with the finite case).

The first problem is that in the case of a finite alphabet, it is known that each PCA admits
at least one invariant probability distribution [19, p. 25]. This property fails when the alphabet
size is infinite.

Example 2. Consider the following (infinite) transition matrix 7 defined, for any a, b, c € N,
by

T(a,b;¢) = 3 Umax(@,p)+11(€) + Lasp41)(0)).
The PCA indexed by N having transition matrix 7" does not admit any invariant probability
measure since, for any (¢,7), S(i,t +1) > S@i,t) + 1 and so S(i, 1) - coast — oo.
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The second problem is due to measurability issues. In continuous probability, two distri-
butions having a density are equal if these densities differ at most on a Lebesgue negligible
set. This fact holds in a more general context. If v; and v, are two probability measures
absolutely continuous with respect to a o -finite measure u, then v; = v; if and only if their
Radon-Nikodym derivatives with respect to y are equal p-almost everywhere (a.e.).

Now, assume that M and M’ are two Markov kernels such that M (x; -) = M’(x; -) except
possibly for some x in a p-negligible set. Under this condition, some distribution p may exist
such that the two Markov chain with initial distribution p and respective Markov kernels M
and M’ do not coincide in distribution.

For a PCA with any general alphabet, the same complications arise: a unique PCA can
have some ‘plural behaviors’. Hence, in this paper, each time a PCA A is studied, a o-finite
measure u is specified and, formally, it is on the pair (A, ) that the conditions and/or results
hold.

Example 3. (Gaussian PCAs except on the diagonal.) Let m,o > 0. We define the PCA
(Gm o) on N with alphabet R. Its transition kernel T is the same as that of G, - (see Example 1)
except when a = b; in this case, for any C € B(R), T(a, a; C) = 6,(C), where §, is the Dirac
measure in a.

The PCA Gmﬂ has the same behavior as G,,  if the initial state S;, does not contain two
consecutive cells in the same state, i.e. for any i, S(7, tp) # S(i + 1, #p). But, if, for example,
its initial state is OY then it will stay in this configuration until the end.

1.3. p-supported and p-positive transition kernels

Before stating our main results we recall some facts concerning the Radon—Nikodym the-
orem. Recall that if 4 and v are two measures on E such that u is absolutely continuous
with respect to v (u < v), there exists a unique (up to a v-null set) v-measurable function
f: E —> R such that for all A € B(E), u(A) = fA f dv. The function f is denoted by
du/dv and called the Radon—-Nikodym derivative of u with respect to v (or v-density). We
say that v and u are positive equivalent if v < @ and u < v. In that case, du/dv > 0 and
dv/du > 0, u-a.e.

If 1 is a measure on E and d € N then u? will stand for the product measure on E¢.

Now, we define the two crucial notions used throughout this paper: u-supported and u-
positive transition kernels.

Definition 2. Let E be a Polish space, u a o-finite measure on E, and d € N. Let K be
a transition kernel from E9 to E; K is said to be u-supported if for ud—a.e. X1, ..., %xq),
K(x1,...,xq;) < . If, moreover, for Md—a.e. Xty ..y X)), 0 K K(xq,...,xg; ), then K
is said to be p-positive.
For K, a p-supported transition kernel from E? to E, the u-density of K is the pud+!
measurable function k such that
dK(x1,...,x4;")

k: EIt] — R, k(x1,...,xq;y) —> T(y).

If, moreover, K is u-positive then for ,ud“—a.e. X1y ey Xq, V), k(x1, ..., xq;5y) > 0.

In the following, we will work with p-supported or p-positive kernels for d = 1 (transition
kernels of a Markov chain) or d = |N| = 2 (transition kernels of a PCA). We will see that such
transition kernels permit us to work with densities instead of measures. In the following, the
Radon-Nikodym derivative of any measure with respect to u will be also shorter in p-density.
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An example of a Lebesgue-supported transition kernel is the transition kernel 7' of a Gaussian
PCAs (defined in Example 1). This transition kernel is even Lebesgue-positive. In the following,
we call a u-supported (respectively p-positive) PCA a PCA whose transition kernel is p-
supported (respectively p-positive).

Remark 1. (i) There exists some transition kernel that is not w-supported by any o-finite
measure y. For example, the transition kernel 7 from R2 to R defined by, for any a, b € R,
C € B(R),
8,(C) ifa # b,
T(a,b;C) = / L P2y ifa=p
cV2m

is not p-supported. Indeed, any measure p that could support this PCA has necessarily an atom
at each x in R. Then u is not a o -finite measure.

(ii) At the opposite, there exists some transition kernel that is supported by several singular
measures. The PCA G, , of Example 3 is Lebesgue-positive and also §,-positive for any
a el

(iii) Nevertheless, if a PCA A is i and v-positive then ¢ and v are positive equivalent or singular.
Indeed, if there exist (a, b) € E 2 such that the measure T (a, b; -) is both  and v-positive, then
they are positive equivalent by transitivity. Otherwise, P, = {(a, b): T(a, b; ) is u-positive}
and P, = {(a,b): T(a,b; -) is v-positive} are measurable and disjoint, and so taking N =
P, C P¢, u(N) =0and v(N¢) =0,ie. u L v.

w

We will make apparent below (in particular in Section 3.1 and Section 3.2.1) that to describe
the invariant distribution of a PCA, at least in the case where it admits a Markov chain as an
invariant distribution, we have to work under a reference measure p which, depending on the
case, can be the Lebesgue measure, a discrete measure, or any o -finite measure. The idea is that
the PCA can be seen to be trapped on some subsets of EZ of the type AZ, where A is the support
of a measure . When such a trap exists, the criterion for it to be an invariant distribution will
depend on p only (and its support). An example of this is the PCAs Gm,g of Example 3 for
which we will find different invariant distributions according to whether the reference measure
is the Lebesgue measure or §,.

The PCAs studied in this paper correspond to a p-supported PCA and its subset of a u-
positive PCA for u, a o-finite measure. For both sets, we characterize PCAs that have an
invariant horizontal zigzag Markov chain, as defined now.

Let us define the horizontal zigzag Markov chains (HZMCs) on N. First, the geometrical
structure of a horizontal zigzag is such that the rth horizontal zigzag (HZ) on a space—time

diagram is given by
. 1 -1 i+1
HZn(1) = {(BJ,H—HZ ) >,i GN}

as illustrated in Figure 1.

Since HZ(¢) is made by two lines corresponding to two successive times, a PCA A on N can
be seen as acting on the configurations of HZy. The image of a configuration (S(i, t), S(i, t +
1): i € N) on HZn(¢) by the PCA A is (S(i,t 4+ 1), S(i,t+2): i € N) on HZn(¢ + 1), where
the configuration of the second line of HZy(¢) becomes the configuration of the first line of
HZN(t + 1), and the configuration of the second line of HZy (¢ + 1) is the image by A of the
second line of HZ ().
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FIGURE 1: Shown in bold is HZy(#), the 7th horizontal zigzag on N on a space—time diagram.

Definition 3. A HZMC on HZy(#) with general alphabet E is a Markov chain with two
transition kernels D (for down) and U (for up) from E to E and an initial probability distribution
po on E such that

(i) the distribution of state S(0, t) is pg,
(ii) the distribution of state S(i, t 4+ 1) knowing S(i, t) = x; is D(x;; -), and
(iii) the distribution of state S(i + 1, #) knowing S(i,t + 1) = y; is U (y;; -).

In the following, we study the conditions under which a PCA admits a HZMC as an invariant
distribution. For p-supported PCAs, the HZMC itself will be w-supported: a (og, D, U)-
HZMC is p-supported if p9 < @ and D and U are u-supported. In this case, we den-
ote rp, d, and u their respective p-densities. Hence, a p-supported (po, D, U)-HZMC is
invariant by a p-supported PCA with transition kernel T, if, for any £ > 0, for u-a.e.
bo, b1, ..., bg+1,¢0,...,ck € E,

k
ro(bo) (1_[ d(bi: ¢;)u(ci; bl-m)

i=0

k+1 k
= /E ro(do)(l_[ d(aj; biyu(bi; a,»m) (1"[ t(bi, bit1; c») A ap, ..., arga).
i=0 i=0
)

The support E(po, p,uy of a (po, D, U)-HZMC on HZ(¢) is the union of the support
of the marginals of the first line of the HZMC, i.e. E(QO,D,U) = UieNsupp(,o,-), where p;
is the distribution of S(i, #). When the (pg, D, U)-HZMC is pu-supported then, for u-a.e.
x€eE (0o, D,U)» there exists i € N such that r; (x) > 0 (that holds because E is a Polish space).
In the case of a w-positive (pg, D, U)-HZMC, E(p(),D,U) = supp(u). When the context is clear,
E(4o.p.0) Will be denoted E.

Remark 2. Take two w-supported PCAs A and A’ with transition kernel 7 and 7' with
support E such that T and T’ coincide except on a uz-negligible set (u2({a,b: T(a,b;-) #
T'(a, b; -)}) = 0). Such PCAs are said to be u-equivalent. They have the same set of invariant
u-supported HZMCs. To see this, change ¢ by ¢’ in (2).

Let p be a measure on E and d: (a,¢) — d(a;c) and u: (c,b) — u(c; b) be two w3
measurable functions from EZ to R, then the ,u2—measurable function du from E2 to R is

https://doi.org/10.1017/apr.2016.5 Published online by Cambridge University Press


https://doi.org/10.1017/apr.2016.5

376 J. CASSE

defined by du(a; b) = fE d(a; c)u(c; b)du(c). For a u-supported HZMC, du(a: b) is the -
density of the transition kernel (DU) of the Markov chain (induced by the HZMC) on the first
line S; = (S(@i,1): i € N) of HZn(?).

1.4. Content

In the next section we present out main results; Theorems 1 and 2 and Proposition 1.

Section 3 is dedicated to some examples of PCAs. In Section 3.1 we show applications
of Theorems 1 and 2 and Proposition 1 to PCAs with finite alphabets. In Section 3.2.1 we
use Theorem 2 and Proposition 1 to show that the law of an autoregressive process of order 1
(AR(1) process) is invariant by both Gaussian PCAs G,, , and Gmﬁ (defined in Examples 1
and 3). In Section 3.2.2 we present a Lebesgue-supported PCA called a beta PCA. In Section 3.3
we present first a PCA with alphabet R that simulates a synchronous TASEP on R as defined
by Blank [3] and then a PCA with alphabet R that simulates the first-passage percolation as
presented by Kesten [12] on a particular graph §. Unfortunately, Theorems 1 and 2 do not
apply to these two PCAs.

In Section 4, Theorems 1 and 2 and Proposition 1, the main contributions of this paper, are
proved.

Section 5 is devoted to extensions of Theorems 1 and 2 for PCAs on Z and Z/nZ. First,
we extend in both cases the notion of HZMC: HZMCy on Z and cyclic-HZMC (CHZMC) on
Z/nZ (if E is finite, a CHZMC is a HZMC conditioned to be periodic and, in the general case,
it is a Gibbs measure). Then we characterize PCAs allowing the HZMCz to be invariant, and
also PCAs allowing the CHZMC to be invariant.

2. Main results
We start with a generalization to Polish space alphabets of [6, Lemma 2.3].

Theorem 1. Let u be a o-finite measure on a general alphabet E. Let A := (N, E, N, T) be
a p-supported PCA and (po, D, U) a p-supported HZMC with support E. The (pg, D, U)-
HZMC is invariant by A if and only if the following three conditions are satisfied.

(C.1) For ui-ae. (a,b,c) € E3 t(a, b; c)du(a; b) = d(a; c)u(c; b).
(C.2) For u*-a.e. (a,b) € E% du(a; b) = ud(a; b).

(C.3) The Markov chain with transition kernel D possesses po as an invariant distribution, i.e.
for u-a.e. c, ro(c) = fE ro(a)d(a; ¢) du(a).

We arrive at our main result, Theorem 2. When a PCA with transition kernel T is u-positive,
we can go further and reduce the existence of an invariant HZMC for the PCA to the existence
of a function 7 that is a solution to a cubic integral equation on 7'. In case of existence, we can
express the kernels of the invariant HZMC using 1 and T'. Let us first provide an introduction.

Let A be a PCA with transition kernel 7 whose p-density is t. Define, for any positive
measurable function ¢ € L'(n) (i.e. for p-ae. x € E, ¢(x) > 0, and qub(x)dy,(x) < 00),
the two p2-measurable functions d?: E? — R and u?: E? — R by

—1
d¢(a;c>=/ ﬂr(mxm)du(x){/ ﬂdu@)} 3)
E t(a, x; co) E t(a, x; cp)
and X
P () ) {/ o (x) ) }_
u?(c; b) = —t(ao,b; Co)t(ao,b, c) : —t(ao,x;co)t(ao’x’ c)du(x) . 4)
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Theorem 2. Let u be a o-finite measure on a general alphabet E. Let A == (N, E, N, T)
be a p-positive PCA. It holds that A admits a p-positive invariant HZMC if and only if the
following three conditions are satisfied.

(C.4) There exists atriplet (ag, by, co) € E> suchthat T (ag, by; -) and w are positive equivalent
and, for ,u3—a.e. (a, b, c),
t(a, b; o)t (ao, bo; )t (ao, b; co)t(a, bo; co)
= 1(ao, bo; co)t(a, b; co)t(a, bo; ¢)t(ag, b; ¢). (5)

(C.5) There exists a positive function n € L! (w) that is a solution to, for ,uz—a.e. (a, b) and for
the (ag, co) of (C.4),

n(b) 7(x) !
1(a. b; co){/E ta, x; co) d“(x)}

:/[Lt(ao,c;a){/ ﬂdu(}c)}_l
gLt (ao, c; co) £ t(c, x;co)

x[ ﬂt(c,x;b)du(x)
E

t(c, x; co)

-1
x {/E Lt(ao,x;a) du(x)} i|d,u(€)- (6)

1(ao, x; co)

(C.6) The Markov chain with transition kernel D", whose |1-density is d" given by (3) and (4),
possesses a (unique) invariant probability distribution po such that pg and . are positive
equivalent.

In this case, the (pg, D", U")-HZMC, where D" and U" are transition kernel of -
densities given by (3) and (4) is invariant by A.

Remark 3. The uniqueness of pp comes from Lemma 1 presented below. It implies that the
u-positive (po, D", U)-HZMC is necessarily taken under its invariant probability distribution,
i.e. foranyi € I, p; = po.

If (C.4) and (C.5) hold and if E is finite, the Markov chain with transition kernel D" is
irreducible and aperiodic (because, for any a,c € E, D"(a,c) > 0) and, so it possesses a
unique invariant distribution, i.e. (C.6) always holds. If E is not finite, we refer the reader to
the book of Meyn and Tweedie [16] for the conditions on D" for which the Markov chain with
transition kernel D" possesses an invariant distribution.

When the alphabet is finite, we can go further and show that 5 satisfying (6) is, in fact, an
eigenvector of a computable matrix [6]. That allows us to simplify (C.5). For a PCA with a
general alphabet, this cannot be performed because we are not permitted to take a = b in (6)
in general. Nevertheless, under stronger conditions on ¢, we can characterize a set of functions
that contains the set of functions 7 that are solutions to (6).

Proposition 1. Let u be a o -finite measure on a general alphabet E. Let A := (Z, E, N, T)
be a p-positive PCA. Suppose that (C.4) and the following two conditions are satisfied.

(C.7) For the same triplet (ag, by, co) of (C.4), for u*-a.e. (a, c),

t(a, a; ¢)t(ao, bo; ©)t(aop, a; co)t(a, bo; cp)
= t(ao, bo; co)t(a, a; co)t(a, bo; )t (ap, a; ¢).
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(C.8) There exists a positive function n € L' (i) that is a solution to, for pu-a.e. a and for the
(a0, co) of (C.4),

n(a) n(k) !
t(a. a; co) {/E t(a. x: co) d“(x)}

= n(©) . n(x) -1
B /E[M’(“O’ © a){/; fcxco) du(x)}

x/ ﬂt(c,x;a)d,u(x)
E

t(c, x; co)

—1
X {/ Lt(ag,x;a}du(x)} i|du(c).
E

t(ag, x; co)

Then n is a positive eigenfunction of

<o)

A f i (Az(f) a'—>/f(k)t(a >

v(a) du(x)>
where v is a positive eigenfunction (unique up to a multiplicative constant) in L' () of
A f > (Al(f)I ar / f©)i(e, c; a)dM(C))

Remark 4. Any positive PCA with finite alphabet E (i.e. for all @, b, ¢, T(a, b;c) > 0) is
a pg-positive PCA, where g is the counting measure on E. Hence, (C.7) and (C.8) are
necessarily implied by (C.4) and (C.5) in the case of finite alphabets. Moreover, in this case,
A1 and A7 have their own unique eigenfunction (due to the Perron-Frobenius theorem) and
(C.6) holds necessarily. So, applying Theorem 2 and Proposition 1 to a positive PCA gives [6,
Theorem 2.6].

Let E = R and u be the Lebesgue measure. In the case where ¢ is continuous at any point
of E3, then (C.4) and (C.5) imply (C.7) and (C.8), respectively, by continuity. So a solution
to (6) is a function n given by Proposition 1.

If for a PCA A the conditions of Proposition 1 do not hold, it is in general a complex task to
find a function 7 that is a solution to (6). But it may happen that a -equivalent PCA A’ to A
(see Remark 2) satisfies the conditions of Proposition 1. Hence, in the best-case scenario, we
can characterize a (pg, D", U")-HZMC invariant by A’ using Proposition 1. This HZMC is
also invariant by A. The w-equivalence gives us some ‘degrees of freedom’ to solve the ‘rigid’
integral cubic equation (6). An application of this method is shown in Section 3.2.1, where it
is proved that the AR(1) process is an invariant distribution of Gm,a (defined in Example 3).

The uniqueness (up to a multiplicative constant) of the eigenfunction v (in Proposition 1) is
a consequence of the following lemma.

Lemma 1. (Durrett [9, Theorem 6.8.7].) Let A: f > (A(f) : y — fE f)m(x; y)u(dx))
be anintegral operator of kernel m. If m is the -density of a p-positive transition kernel M from
E to E, then A possesses at most one positive eigenfunction in L' (i) (up to a multiplicative
constant).
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3. Examples

Our first examples are PCAs with finite alphabets. Then we introduce two new models:
Gaussian PCAs and beta PCAs to illustrate our theorems. Finally, we present PCAs with infinite
alphabets that model existing problems in the literature. One PCA models a synchronous TASEP
on R as defined by Blank [3] and another one a variant of directed first-passage percolation.

All PCAs presented in this section are PCAs on N (except the PCA modeling the TASEP
that is on Z) and neighborhood N (i) = (i,i + 1).

3.1. PCAs with finite alphabets

For positive PCAs, see the first paragraph of Remark 4. For any finite set £ denote by
WE = Y ,.cp0x the counting measure on E. In the following example, we focus on the PCAs
that are not positive and we take a PCA not p g-positive, but u g-positive for some F' subsets
of E.

Let A be the PCA with alphabet E = {0, 1, 2} and transition matrix:

T@0,i;i) =T(,0;i)=1foralli € {0, 1, 2};

e 7T (1,1;D=T7T(1,1;2)=T72,2, 1) =T(2,2;2) = %;
e T(1,2: ) =T, 1;2)=1%;
e 7(1,2;2)=T(2,1;1) = %,

This PCA is not positive (7 (0, 1; 0) = 0), nevertheless it is po}-positive (7(0,0; ) =
t0y(-)) and also gy 2)-positive. These two measures are singular as ‘predicted’ by Re-
mark 1(iii).

An application of Theorem 2 and Proposition 1 to A seen as a jt{o}-positive (respectively
pq1,2)-positive) PCA allows us to compute an invariant pi(o)-positive (respectively fi(1,2)-
positive) HZMC. They are the only possible invariant HZMCs for A. In fact, these invariant
HZMC:s could also be obtained using [2, Theorem 3] and [6, Theorem 2.6] to A restricted to
having its value in alphabet {0} or {1, 2}.

A p-supported PCA. Let A be the PCA with alphabet E = Z/kZ with transition kernel T
such that T (a, b; -) is the uniform distribution on E if b = a or b = a + 1 (mod k), and on
the circular interval {a + 1,...,b — 1} otherwise. This PCA is a ug-supported PCA, but
not p-positive for any measure p on E. It has an invariant (pg, D, U)-HZMC with D(a; a +
1 (modk)) =U(a;a+1(modk)) = 1foralla € Z/kZ and for any a € Z/kZ, po(k) = 1/k.
This invariant HZMC seems to be the unique invariant HZMC for A (proved for k = 3,4, 5
by Theorem 1 and MAPLE® to solve the conditions of this theorem). But we do not know if
there exists some other invariant distribution(s) (which would not be a HZMC) for A.

3.2. Two new models of PCAs with infinite alphabet

3.2.1. Gaussian PCAs. Denote by g[m, o] the density of the Gaussian distribution of mean m
and variance o 2.

Gaussian PCA G, . For G, +, it can be checked that (C.4) holds for any triplet (ag, bo, co)
in R3, so let us choose (ao, bo, co) = (0,0, 0). We use Proposition 1 to obtain a function 7.

The first step consists of studying the eigenfunctions of

A LY — LY, f|—>Al(f):cn—)/;gf(a)g[il—a,a](c)da.
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The function v(x) = exp(—(cm/202)x2) is a positive eigenfunction of #A; forc,, = 1 — 4/m2.
Moreover, we need v to be in L', hence ¢, must be positive and so we need |m| > 2. Without
this condition, for any i, the function r — var(S(i, t)) increases and goes to co with 7. When
|m| > 2, we can go further with Proposition 1 and study the eigenfunctions of

t(a,a; 0)v(a)

Ll 1 .
Ar: L' — L, fn—),Az(f).an—)/Rf(b) b 0) db

with

t(a, b; 0) 202 202
One can check that n(x) = exp(—(1+ Jem)x2/40?) is a positive eigenfunction of +A;

associated to the eigenvalue v/ 2/(1 4+ /cm)?. Moreover, 7 satisfies (6) (this is an example
where Proposition 1 allows us to compute a solution 1 to (6)). We obtain

d"(a;c) = g[%a, \/ga](c), u'(c; b) = gl:%c, \/?a](b) forl =1+ /cp.

To end, we need to find an invariant probability distribution pg for the Markov chain of
transition kernel D" (with density d"). The measure py with density rg is satisfactory: ro(x) =
810, ey o).

This allows us to conclude that the (pg, D", U")-HZMC is an invariant measure for the
Gaussian PCA. In fact, this invariant HZMC is an AR(1) process (see [22]) that is a process
(X;) such that X; = 0 4+ ¢X;_1 + ¢&;, where 6 and ¢ are two real numbers and (g;) are
independent and identically distributed (i.i.d.), of Gaussian law N (O, 6’?). In our case, the
invariant HZMC is an AR(1) process on HZy with @ = 0, ¢ = 2/ml, and 6> = 20%/1.

Gaussian PCAs except on diagonal Gm,g. As already seen in Remark 1(ii), this PCA is
Lebesgue-positive and also ji(4)-positive for any a € R.

When we consider Gm,a as a Lebesgue-positive PCA, Proposition 1 cannot be used to find
a solution 7 to (6). Hopefully, (N}m,a is Lebesgue-equivalent to G, . Hence, by Remark 2,
the invariant Lebesgue-positive (pg, D", U")-HZMC that corresponds to an AR(1) process
obtained for G, » is also invariant for Gm,g. Besides, for any a € R, the constant process
equal to a everywhere is also an invariant measure to Gm,o.

t(a, a; 0)v(a) . ( b? )exp<((a+b)/m)2)

3.2.2. Beta PCAs. We define a class of PCAs with alphabet R depending on three positive real
parameters «, B, and m. The transition kernel is as follows. For all a, b € R and C € B(R),

T@a,b;C)=P((b—a)X +a—me(C),

where X is a beta(x, 8) random variable. In words, the PCA takes a random (following a beta
law) number between the two values of its two neighbors and subtracts m from it.

This PCA is Lebesgue-supported but not Lebesgue-positive.

Now we try to search for an invariant (pg, D, U)-HZMC to this PCA. Let 8 be a positive real
number. Let Di(a; C) =P(X1+a—m € C)and Uy(c; B) = P(X2+c+m € B), where X
(respectively X») is a gamma(c, 0) (respectively gamma(g, 6)) random variable. For D = Dy
and U = Uy, (C.1) and (C.2) hold; unfortunately, there does not exist a probability distribution
po that satisfies (C.3). Hence, this PCA does not possess a Lebesgue-supported HZMC as an
invariant distribution. Nevertheless, the image of a Lebesgue-supported (p, D1, U1)-HZMC by
this PCA is the (p D1, Dy, U1)-HZMC, meaning that one can describe simply the distribution
of the successive image of a (p, D1, U;)-HZMC by this PCA.
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3.3. PCAs with infinite alphabet in the literature

3.3.1. PCAs modeling TASEP. We model the synchronous TASEP on R introduced by Blank [3]
by a PCA on Z with alphabet R. In the following, when we say the TASEP, we refer to this
variant of the TASEP. The TASEP models the behavior of an infinite number of particles of the
same radius r > 0 on the real line, that move to the right that do not bypass, that do not overlap,
and, at each step of time, each particle moves with probability p (0 < p < 1), independently
of each others. When a particle moves, it travels a distance v > 0 to the right, except if it can
create a collision with the next particle; in that case, it moves to the rightmost allowed position.
In this model, the state of a cell ; at time 7 is the position x| of the ith particle at time ¢. Formally,
the evolution of (xl? ) is defined as
i1 min(x! + v, xl.’H —2r) with probability p,
X. =
! x! with probability 1 — p.

Here we propose to model this TASEP by a PCA A on Z with alphabet R. The transition

kernel of the PCA is as follows. Foranya, b € Rsuchthata+r < b—r and forany C € B(R),

(1= p)oa(C) + pbuyv(C) ifa+v<b-2r

T(a,b;C) =
(a ) {(l—p)éa(C)+p8b2r(C) ifa+v>b-—2r

The transition kernel for other pairs (a, b) is not specified since they concern forbidden con-
figurations. Hence, if we start with an admissible configuration at time O for the PCA (i.e. for
anyi € Z, S(i,0) +r < S(i + 1, 0) — r), then the PCA models the TASEP.

We remark that if v = 2r and, for any i € Z, x;(t) € 2rZ, then x;(t + 1) € 2rZ for any i.
In terms of the PCA, this says that the PCA A is u-supported for u = )", 82+;. Rescaling
this alphabet by 1/(2r), this PCA models a synchronous TASEP on Z [14, Section 2.3]. It
is known that this TASEP possesses a family of invariant Markov chain distributions indexed
by a parameter g € (0, p) [14, Section 4.3]. As a consequence, the corresponding PCA owns
some ‘quasi’ invariant distributions (see below to understand the exact meaning of ‘quasi’). It
appears that these ‘quasi’ invariant distributions are HZMCzs (see Section 5.1). The transition
kernels of the HZMCyz are D and U defined by, for any a € Z, C € B(Z),

- - = (p—gm!
D(@: ) = T—284(0) + T —28041(C). U@ O) = Y q ——5,4n(C).
-4 1- m=1

One can verify that these two transition kernel satisfy (C.1) and (C.2) in the context of Theorem 3
(see Section 5.1). In Theorem 3, (C.10) holds only in the degenerated case where g = p. In that
case, all the (deterministic) HZMCyzs which satisfy S(i +1,7) = SG+ 1, + 1) = S@, 1) + 1
for any i and ¢ are invariant by A. They correspond to the infinite traffic jam where nobody can
move. Otherwise, for g € (0, p), D does not possess an invariant probability measure and so
(C.10) cannot hold. Nevertheless, theimage of a (R, D, U)-HZMCz isthe (R’, D, U)-HZMCz,
with p! = p; D, meaning that we can describe simply the distribution of the successive images
ofa (R, D, U)-HZMCz by A (that is the sense of the ‘quasi’). In addition, with this view of the
TASEP, the mean speed of particles is simple to obtain: itis D(a;a + 1) = (p — q)/(1 — gq).

3.3.2. PCAs modeling a variant of first-passage percolation. We propose a model of directed
first-passage percolation on a directed graph which can be seen as a PCA with alphabet [0, 00).
We use the same notation as [12] to present the classical model of first-passage percolation.

https://doi.org/10.1017/apr.2016.5 Published online by Cambridge University Press


https://doi.org/10.1017/apr.2016.5

382 J. CASSE

The set of nodes of § is N2 and the set of directed edgesis & = {((@, j), (G, j+1)):i,j €
NYU{(G+1,)),G j+1):i,j e N}. Welet Lo = {(i,0): i € N} the set of the nodes of
the first line. Now associate with the edges some i.i.d. weights (¢(e), e € &) with common
distribution F, where 7(e) is the time needed to pass through edge e. The passage time of a
directed path r = (e1,...,e,) on §is T(r) = > ;_,t(e;). The travel time from a node u
to a node v is defined as T (u, v) = inf{T (r): r is a directed path from u to v}. If there is no
directed path from u to v then T (u, v) = oco. We define the travel time from U C N? to a
node v by T (U, v) = inf{T (u, v): u € U}. Finally, we define V(¢t) = {v € N: T(Lg, v) <t}
as the set of nodes visited at time ¢. The object of study in the first-passage percolation is this
set V(t).

The first-passage percolation on § can be seen as a PCA A on N with alphabet [0, co) as
follows. Let S(i, j) represent the travel time 7 (Lo, (i, j)) from L to the node (i, j). The
transition kernel of the PCA is as follows. For any a, b € [0, c0), for any C € B([0, 00)),
T(a,b; C) = L, (C), where L, j is the distribution of the random variable X = min{(a +
T1), (b + T»)}, where T; and T, are i.i.d. with common law F.

If F is nontrivial, A cannot have an invariant distribution because E[S(i, j)] —> o0 as
Jj — oo for all i. Nevertheless, (for some F) two transition kernel D and U could exist
such that if at time 0, the initial distribution is a (pg, D, U)-HZMC, then at time 1 it is the
(poD, D, U)-HZMC. Such a property should allow us to describe the evolution of A as in
Section 3.2.2.

4. Proofs of the main results

Proof of Theorem 1. First, let (pg, D, U) be a p-supported HZMC invariant by A with
transition kernel 7', a u-supported PCA. For all A, B, C € B(E), and foralli € N,

P(SG,t) e A,SG+1,1) e B,S(i,t+1) e C)

=/i ri(@)d(a; (s by du(a, b, ©)
AxBxC

= f ri(a)du(a; b)t(a, b; ¢)dp’(a, b, c),
AXBxC

where p; is the law of cell i of u-density r;. Taking the difference, we obtain, forall A, B, C €
B(E),

/ (ri(@)d(a; c)u(c; b) — ri(a)du(a; b)t(a, b; ¢)) di’(a, b, ¢) = 0.
AxXBxC
Hence, since this holds for any Borel set A x B x C,

ri(a)d(a; o)u(c; b) = ri(a)du(a; b)t(a, b; c) for u’-ae. (a,b,c) € E>.

If a € E, there exists i such that r;(a) > 0 almost surely and then (C.1) holds.
We also have, for all A, B € B(E), on the one hand,

P(SG,t+1) € A, SG+1,t+1) € B)
=PSG,t+1)eA Si+1,t+1)eB,SG+1,1) €E)

:/ ri(ayud(a; b) dp’(a, b)
AxB
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because (S50, 1), S(0,r+1),S(1,1),...)1isa (pg, D, U)-HZMC and, on the other hand,

P(SG,t+1)€ A, SG+ 1,1+ 1) € B)
=PSG,t+1)eA Si+1,t+1)eB, Sl t+2) cE)

- f ri(@)du(a; b) du(a, b)
AxB

because (S(0,¢ + 1), S(0,r 4+ 2),S(1,t + 1),...) is also a (pg, D, U)-HZMC due to its
invariance by A. Then, as before, r;(a)ud(a; b) = ri(a)du(a; b) for p*-ae. (a,b) € E?
and so (C.2) holds.

Moreover, the law of S(0, t) and S(0, ¢+ 1) must be the same because (pg, D, U) is invariant
by the PCA. Hence, the law of S(0, ¢ + 1) of u-density fE ro(a)d(a; ¢) du(a) must be equal
to po of p-density ro(c), i.e. (C.3) holds.

Conversely, suppose that (C.1), (C.2), and (C.3) are satisfied. Suppose that the horizontal
zigzag HZ(¢) is distributed as a (pg, D, U)-HZMC. Now, compute the push forward measure
of this HZMC by A. For any n > 0, and for any

F2n+1 =By x--- X Bn+1 x Cox---xCp EQT)’(E)Z"'H’
we have

P(S(0,7+1) € By, SO, t4+2) € Co, ..., S+ 1,t+1) € Byyy)
n+1

-/ rotao) | [ dCas; biuths ass)t b, by ci)

E"+2><F2n+1 i=0

X d/"{’3n+6(a07 cees dp42, b()’ R bl‘l+1 » €Oy v ey Cn)
n

= f </ ro(ao)d (ao; bo) dM(ao)) H(/ u(bi; ai+1)d(aiy1; bit1) dM(ai+1))

F2n+1 E i=0 E

n
X ( / w(bnt1; Gnt2) du(an+2))1_[l(bi, biti; i) d® P (bo, ... buy1, o, -y cn)
E i=0
n

= [ oo [T bbb ) 40 b by )

Fany1 i=0

n
= / ro(bo) [ [d@i; coueis biy1) du? P (bo, ... bugi, co, -, ca).
Fonti i=0

This shows that the push forward measure of a (pg, D, U)-HZMC is a (pg, D, U)-HZMC.
Hence, the (pg, D, U)-HZMC is an invariant measure of A. O

In the case of a y-positive HZMC, taking E or E does not make any difference in Theorem 1.
Indeed, by the basic properties of measurability for any property P, P(x) holds for u-a.e.x € E
if and only if P (x) holds for u-a.e. x € supp(u) N E (set equal to E here). In addition, for a
u-positive (po, D, U)-HZMC for u,z—a.e. (a,b) € E2, du(a,b) > 0.

To prove Theorem 2, we first prove Lemmas 2 and 3.
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Lemma 2. Let A be a pu-positive PCA with transition kernel T. The three conditions (C.1),
(C.4), and

(C.9) for pb-a.e. (a,a’,b, b, c,c),
t(a,b;c)t(a,b; @, b;cNHtd,b';c)
=t(d,b'; ), b;c)t(a,b';c)(a,b;c) (7
are equivalent.

Proof. From (C.1) to (C.9), replace in (C.9) the expressions of ¢ by the ones given in (C.1).
From (C.9) to (C.4), we prove its contrapositive. Suppose that, for all (ag, by, cp), (C.4) does
not hold. Hence, for all (ag, by, cg) € E 3 either T (ag, bo; -) and p are not positive equivalent,

or
;L3({(a, b, ¢) such that (5) does not hold}) > 0. (8)

But, by the definition of u-positivity, the set of (ag, bg) such that T (ag, bg; -) and p are not
positive equivalent is Mz-negligible. Hence, for M3—a.e. (ao, bo, cp), (8) holds. But, by Fubini’s

theorem,
w8{(a, b, c,a’, b, ") such that (7) does not hold})

= / w3 ({(a, b, ¢) such that (5) does not hold}) du(ag, bo, co)
E3

>0
and, on the other hand, (C.9) is equivalent to
wo{(a, b, c,a, b, ") such that (7) does not hold}) = 0.
From (C.4) to (C.1), set
t(a, bo; ¢)
“t(ao, bo; ¢) Jr

t(a, bo; x)

d(a;c) =K T
t(ao, bo; x)

-1
(a0, b: ¢) dM(b){ /E dM(X)}

and .
u(cs b) =z(ao,b;c){/ r(ao,x;c)dum} ,
E

where K, is a normalization constant such that f gd(a; c)du(c) = 1. Then

— t(a, by; c)t(ag, b; ¢) t(a, by; x) -1
du(a; b) = K / {/ d (x)} du(c)
“Je T o boi ©) £ Hao, by ) o
and
d(a; cyu(c; b)  t(a, bo; c)t(ap, b; ¢) t(a, bo; x)t(ag, b; x) !
— = . - du(x) )]
du(a, b) t(a()’ b05 C) E t(a()v b()’ x)
t(a, bo; )t (ag, b; c){/ t(a, bo: co)t (ag, b: co) }‘1
= t(a, b; x) du(x)
t(ao, bo; ©) E t(ao, bo; co)t (a, b; co) o
(10)
t(a, bo: )t (ag, b; )t (ag, bo: co)t(a, b: -1
_ 1@, bo; ©)t (a0, b; )t (a0, bo; co)t (4, ,Co){f t(a,b;x)du(x)} (1)
t(ao, bo; o)t (a, bo; co)t(ao, b; co) E
=t(a, b; ). (12)
In this computation, we pass from (9) to (10) and from (11) to (12) by using (C.4). O
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Lemma 2 says that (C.1) is equivalent to (C.4) for u-positive PCA. In the next lemma we
give some necessary conditions for a (pg, D, U)-HZMC to be invariant by a p-positive PCA.

Lemma 3. Let A be a u-positive PCA. If A satisfies the conditions of Lemma 2 then there
exists H, a w-positive probability distribution on (E, B(E)) of u-density n such that the
respective ji-densities of D and U are, for pu3-a.e. (a, b, c), d", and u” as defined in (3) and

(4).
Proof. Suppose that, for u3-ae. (a, b, c),
d(a; c)u(c; b)  d(a; co)u(co; b)

du(a; b) = =
t(a, b;c) t(a, b; cp)
Then d(a; c)u(c; b) = d(a; co)(u(co; b)/t(a, b; cp))t(a, b; ¢). Integrating with respect to b,
we have (co: b)
d(a: ¢) = d(a: co) / 2 (a, b ¢) du(b)
£ t(a, b; co)
and then
u(co; b) / u(co; x) !
;b)) = —————1(a, b; ——"t(a,x;0)d . 13
u(c; b) [ b: o) (a 0){ 1@ o) (@, x; ¢)dp(x) (13)
Then (C.4) and (C.9) allow us to replace a by ap on the right-hand side of (13). Then taking
n(b) = u(co; b) completes the proof. O

Now we end with the proof of Theorem 2.

Proof of Theorem 2. Let A be a u-positive PCA. If (pg, D, U) is an invariant HZMC for A
then there exists n € L' () such that (3) and (4) holiby (Ci), Lemma 2, and Lemma 3.
Moreover, u and d satisfy (C.2). Hence, writing du and ud in terms of 1, we obtain

n(x) . n(x) -1
/E[/E mt(a’x’ ¢) d“(x){/E mdu(x)}

-1
n(6) r(ao,b;c>{/ Lf(ao,xw)du(x)} ]dM(C) (14)
E

t(aop, b; cp) t(ap, x; co)

n(x) . n(x) -1
~/1:3|:~/;3 mt(a’ x; ) d“(x){/E @ dM(x)}

-1
x—”(b) t(a,b;c){/ ﬂt(a,x;c)du(ﬂ} }dﬂ(c) (15)
E

t(a, b; cp) t(a, x; o)

n(b) f n(x) -
= d .
t(a, b; CO){ £ t(a, x; co) )
We pass from (14) to (15), replacing ¢ (ag, b; ¢)t (ag, x; co)/t(ag, b; co)t (ag, x; ¢) by t(a, b;
o)t(a, x; co)/t(a, b; co)t(a, x; c) using (C.4) and (C.9); and

— _/[ n(c) . {/ n(x) , }‘1
ud(a; b) = —————t(ap, c; a) ————t(ap, x; a)dp(x)
E E

du(a; b)

t(ao, ¢; co) t(ag, x; co)
n(x) n(x) !
xf —t(c,x;b)du(x){/ —du(x)} }dM(C).
g t(c, x; co) g t(c, x; co)

Hence, 7 is a solution of (6) which implies (C.5).
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Finally, we need a distribution pg to satisfy (C.3) with D = D". This is possible only if
(C.6) holds.

Conversely, if we suppose that (C.4), (C.5), and (C.6) hold, then all the previous computations
hold and then we obtain (C.1), (C.2), and (C.3) for D = D", U = U", and pg. Then we conclude
the proof by using Theorem 1. ]

Proof of Proposition 1. Let A be a PCA and suppose that (C.4), (C.7), and (C.8) hold. Then
we can replace in (C.5) the ag by ¢ using (C.4) and (C.7). Then n must verify the following
equation. For p-a.e. a, and for the cq of (C.4),

n(a) 1(x) !
t(a, a; co) {fE t(a, x; co) dﬂ(x)}

_ n(c) n(x) -1 ‘
B /E|:f(c» c; o) {/E t(c, x; co) du(x)} ]t(c’ c;a)du(c).

So, we see that 1
n(a) n(x) B
(a ~ t(a, a; cp) {/E t(a, x; cp) du(x)} )

is an eigenfunction of the operator A1 : f + (A1(f): a — fE f(o)t(c, c;a)du(c)). Hence,
by Lemma 1, if there exists a positive eigenfunction v in L'(u) for 41, it is unique up to a
multiplicative constant. Hence, there exists A > 0 such that, for p-a.e. a,

na) {/ n(x) d(x)}‘l_ma)
t@.arco) | J 1@ xie) .

which is equivalent to

n(a) =A/ 100 “L O, ) gy,
E t(a, x; cp)

Hence, 7 is an eigenfunction of

t(a, a; co)
t(a,x 0)

Ar: f i (Az(f) ar / Flo e co) (a)dM(X)> 0

5. Extension to Z and Z/nZ

5.1. PCAson Z

In this section we extend Theorems 1 and 2 to Z. The main change is that pg, the initial
probability distribution for a HZMC on N, is replaced on Z by a sequence of probability
distributions R = (p;);cz indexed by Z.

Let us define a HZMCgz on Z. The geometrical structure is now

. _1)\i+1
HZy (1) = {Q%JH %)z c Z};

see Figure 2 for a graphical representation. On this structure, a (R, D, U)-HZMC7 is a Markov
chain with two transition kernels D and U and a family of probability distributions R = (p;)iez
such that
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Time | t+1

FIGURE 2: Shown in bold is HZ7(t), the ¢th horizontal zigzag on Z on a space—time diagram.

e for all i € Z, the distribution of state S(i, ¢) is p;,

e the distribution of S(i,t 4+ 1) knowing S(i, t) is given by D, and that of S(i + 1, ¢t)
knowing S(i, t 4+ 1) is given by U.

Hence, for any i € Z, the distributions p;, pi+1, D, and U are constrained such that
pi DU = p;+1. In the case of a u-supported (R, D, U)-HZMCz (i.e. foralli € Z, p; < u, D
and U are p-supported transition kernel), we have

Vi+1(xz'+1)=/Eri(Xi)ﬁ(Xi;XiJrl)dM(xi)- (16)

A family of probability distributions R with this property is said to be compatible with (D, U).
As before, we define the support E = Uiezsupp(pi) of a HZMCy. If the HZMCy is u-
supported then, for u-a.e. a € E, there exists i such that r;(a) > 0 and, in the case of a
u-positive HZMCz (i.e. for all i € Z, p; and n are positive equivalent and D and U are
W-positive transition kernels), E = supp(w).
The following theorem is an extension of Theorem 1 for the PCA on Z.

Theorem 3. Let u be a o-finite measure on E. Let A := (Z, E, N, T) be a u-supported PCA
and (R, D, U) a u-supported HZMCy. The (R, D, U)-HZMCy, is invariant by A if and only
if (C.1), (C.2), and the following condition are satisfied.

(C.10) The distribution p is invariant by transition kernel D, i.e. for alli € 7, p; D = p;, i.e.
foralli € Z, ri(c) = fE ri(a)d(a; c¢)du(a).

Proof. This is an immediate consequence of Theorem 1 because we just need, for all i € Z,
the (p;, D, U)-HZMC to be invariant by A. U

As in Theorem 2 where we go further for w-positive PCA on N, we obtain a necessary and
sufficient condition on p-positive PCA to have an invariant HZMCz,.

Theorem 4. Let i be a o -finite measure on E. Let A .= (Z, E, N, T) be a u-positive PCA. It
holds that A admits a -positive invariant HZMCyz, if and only if (C.4), (C.5), and (C.6) hold.

In this case, the (R, D, U)-HZMCy, has for w-densities d" and u" as defined in (3) and (4)
and, for any i € 7, pi = po.

Proof. 1t is an immediate consequence of Theorem 2. The only new thing to verify is that
R = ,00Z is (D, U) compatible, i.e. ro satisfies (16) in order to check that (R, D, U) defines a
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HZMCz. By (C.6), for u-a.e. y;,

fE ro(x)d (xi: vi) die(x) = ro (). (17)

But, satisfying (16) and (17) is equivalent to satisfying, for u-a.e. x;41,

/E ro (s X1 A (o) = roxist).

Now, from (17), for u-a.e. xj41,
//2 ro(xi)d (x;; y)u(yis xiv1) d(x;) du(yi) = / ro(y)u(yi; xi+1) d(yi).
E E

But as du = W,

L(/Erom)u(x,-;yndu(x,-))d(yi;x,-+1>du<yf)=/Ero(y,-m(y,-;xiﬂ)du(yi).

So f:y —> f g ro(x)u(x; y)du(x) is a positive eigenfunction of the integral operator A of
kernel d. By Lemma 1, this eigenfunction is unique (up to a multiplicative constant) equal to
ro, SO f gro(u(x; y)du(x) = Aro(y) and A = 1 because they both integrate (with respect to
w) to 1. This completes the proof. (]

Due to the uniqueness of pg in (C.6) (deduced from Lemma 1), the (R, D, U)-HZMCz is,
in fact, necessarily taken under its invariant probability distribution.

In that case, Proposition 1 still holds and Remark 2 also holds if the (pg, D, U)-HZMC is
replaced by the (R, D, U)-HZMCz,.
5.2. PCAson Z/nZ

In this section we have results, similar to Theorems 1 and 2, on the lattice Z/nZ. The
main change is that we characterize the PCA whose invariant distribution is a cyclic-HZMC
(CHZMCO).

Consider, as represented in Figure 3,

_ i 1+ (=it 7
CHZ(t) = {(LEJ,I+ T),l € (2n)Z}

Let (D, U) be two u-supported transition kernel from E to E such that

Z(D,U)

- f U Ont3 300303 30) - d 13 Y1) AP (T, 30, X1, - Y1) & 10, 00},
E n
We define the measure M on the cyclic horizontal zigzag (CHZ) called a (u-supported) (D, U)-
CHZMC by its ,u2"-density m, that is, for p-a.e. xo, y0, ..., Yn—1 € E,

u(yn—1; x0)d(x0; Y0) - - . d(Xn—1; Yn—1)
Z(D, U) ‘

m(x07 )’0, LN} )’nfl) =

For simplicity, we define, formally, only w-supported (D, U)-CHZMCs (D and U are u-
supported transition kernels from E to E).
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Time | 7+1

FIGURE 3: Shown in bold is CHZ(¢), the rth cyclic horizontal zigzag on a space—time diagram.

When E is finite, a CHZMC is a HZMC conditioned to be periodic. In general, a CHZMC
is a Gibbs measure in the cyclic horizontal zigzag the CHZ.

The denomination ‘cyclic Markov chain’ were first introduced by Albenque [1] to define a
periodic Markov chain on Z/nZ. This notion is the same as Markovian fields in [4].

The distribution of the line S; (respectively S, 1) is denoted MV (respectively M) and
its u"-density is obtained by integration of m with respect to the n variables yo, ..., y,—1
(resgectively to the n variables xq, ..., x,_1). The distribution of the state S(i, t) is denoted
Ml.( and its p-density is obtained by integration of m with respect to the 2n — 1 variables
X0s YOy « o« s Xi—15s Yi—15 Yis Xi4+1s -+ Xn—1-

For any j € N, for pu-a.e. a, b, we let

(du)l (a; b) = /E d(@; yo)u(yos x1) - u(yj—13b) du o, 21, i),
-

First, we obtain a theorem about p-supported PCAs having p-supported CHZMC.

Theorem 5. Let v be a o-finite measure on E. Let A := (Z/nZ, E, N, T) be a pu-supported
PCA and (D, U) a u-supported CHZMC. The (D, U)-CHZMC is invariant by A if and only if
the two following conditions are satisfied.

(C.11) For p-a.e.a,b,c € E,
du(a; b)t(a, b; ¢) = d(a; A)u(c; b) or (du)*~1(b; a) = 0.
(C.12) For u-a.e. xo, X1, ..., Xp—1 € E,

du(xo; x1)du(x1; x2) - - - du(xy—1; x0) = ud(xo; x)ud(x1; x2) - - - ud (xXp—1; X0).
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Proof. Let a (D, U)-CHZMC be invariant by A. For all A, B,C € B(FE), and for all
i €Z/nZ,

P(SG, 1) € A, SG+1,0) e B, SG,t+1) )
1 -
= Z(D, U) AxCxB d(xi; yl)u(yl, -xi-l,-])(dl/l)n_l(xi_;’_l;xi) dM3(xl-’ Vi, xi+1)

1 _ -
= Z0.0) Jiens du(xi; xip )t (X, Xig1; ) (du)"= (i x) dpe (i, vi,y Xigr)-

Hence, for p-a.e. x;, y;, xiy1 € E,

du(xis x4 )1, Xigrs ) (@)= (g %) = d (s y)u(yis Xie) (du)™ (i %),

ie. (C.11).

To prove (C.12), we use the fact that the second line of the (D, U)-CHZMC at time ¢ is the
first line at time 7 4+ 1 and, since the CHZMC is invariant, the law of the CHZMC at time ¢ and
at time 7 + 1 is the same M. But M is the law of the first line and M@ of the second, so
MDD = M@ In terms of u"-densities, m) = m® . But

1 _ _
mW(xp, ..., 1) = mdu(m; x1) -+ - du(xp—1; X0)
and |
mP (xo, ..., Xp—1) = mﬁ(xo; x1) - - - ud(Xy—1; X0),

and we obtain (C.12).

Conversely, we suppose that (C.11) and (C.12) are satisfied. Then the push forward mea-
sure of the (D, U)-CHZMC by A is also the (D, U)-CHZMC (the computation is an adaptation
of that performed in the proof of Theorem 1 to compute the push forward measure of a HZMC).
This completes the proof. O

For p-positive PCAs, (C.11) could be exploited a little more.

Theorem 6. Let (1 be a o-finite measure on E. Let A := (Z/nZ, E, N, T) be a u-positive
PCA. It holds that A admits a p-positive invariant CHZMC if and only if (C.4) and the following
condition are satisfied.

(C.13) There exists a positive function n € L' (w) that is a solution of
d"u' (xo; x1)d"u (x1; x2) - - - d"u" (xXp—1; X0)

= ud" (xo; x1)ud"(x1; x2) - - - ud" (X, —1; X0)

for p-a.e. xo, ..., xp,—1 € E with d" and u" as defined in (3) and (4). In this case, the
(D, U)-CHZMC holds for u-densities d" and u” as defined in (3) and (4).

Proof. First, when a PCA is p-positive, (C.11) can be written, for u-a.e. a, b, ¢, as
t(a, b; ¢) = d(a; c)u(c; b)du(a; b)

because both du(a; b) and (du)"~1(b; a) are positive. Hence, we use Lemma 2 to prove that
(C.11) is equivalent to (C.4). Moreover, Lemma 3 still applies and the state space of possible
solutions for (D, U) is parametrized by 7, a function in L'(x). With (C.12) applied on d”
and u”, we obtain (C.13). O
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