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SUMMARY
Kinematic calibration plays an important role in the improvement of positioning accuracy for par-
allel manipulators. Based on the specific geometric constraints of limbs, this paper presents a new
kinematic parameter identification method for the widely studied 3-PRS parallel manipulator. In the
proposed calibration method, the planes where the PRS limbs exactly located are identified firstly as
the geometric characteristics of the studied parallel manipulator. Then, the limbs can be considered
as planar PR mechanisms whose kinematic parameters can be determined conveniently according
to the limb planes identified in the first step. The main merit of the proposed calibration method
is that the system error model which relates the manipulator’s kinematic errors to the output ones
is not required for kinematic parameter identification. Instead, only two simple geometric problems
need to be established for identification, which can be solved readily using gradient-based searching
algorithms. Hence, another advantage of the proposed method is that parameter identification of the
manipulator’s limbs can be accomplished individually without interactive impact on each other. In
order to validate the effectiveness and efficiency of the proposed method, calibration experiments are
conducted on an apparatus of the studied 3-PRS parallel manipulator. The results show that using the
proposed two-step calibration method, the kinematic parameters can be identified quickly by means
of gradient searching algorithm (converge within five iterations for both steps). The positioning accu-
racy of the studied 3-PRS parallel manipulator has been significantly improved by compensation
according to the identified parameters. The mean position and orientation errors at the validation
configurations have been reduced to 1.56 × 10−4 m and 1.13 × 10−3 rad, respectively. Further, the
proposed two-step kinematic calibration method can be extended to other limited-degree-of-freedom
parallel manipulators, if proper geometric constraints can be characterized for their kinematic limbs.

KEYWORDS: Kinematic calibration; Parallel manipulator; Error modeling; Geometric approach.

1. Introduction
Limited degree-of-freedom (DOF) parallel mechanisms have a wide range of industrial applications,
such as the high-speed pick-and-place devices,[1] heavy-duty manipulators,[2–4] and high-precision
machine tools.[5–7] In these applications, the positioning accuracy of the manipulator’s end-effector
becomes one of the most important performance indices.[8] Due to the existences of manufactur-
ing and assembling tolerances, there inevitably exist deviations between the kinematic parameters’
actual values and their nominal ones, which significantly reduces the absolute positioning accuracy of
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the manipulators. As a result, kinematic calibration is usually conducted as an economical and effec-
tive way to overcome this problem by correcting the inaccurate kinematic parameters in the control
algorithm.[9–13] For conventional serial robots, the issue of kinematic calibration has been inten-
sively studied and many systematic approaches[14–16] have been proposed during the past decades.
However, for parallel manipulators, especially those limited-DOF ones, this problem is still far from
being complete, although a lot of related research has been reported in the literature recently.

As it is known, kinematic calibration of robot manipulators includes four aspects: error modeling,
configuration measurement, parameter identification, and compensation control. Among these, error
models play an important role, which provide an explicit relation between the parameter inaccuracy
and the output errors. Due to the complexity of forward kinematics, inverse kinematics is usually
utilized to establish the error models of parallel manipulators.

Masory et al.[17, 18] presented a systematic investigation on the kinematic calibration of the well-
known Stewart platform based on its inverse kinematics. Hollerbach and Lokhorst[19] developed a
closed-loop calibration method for the kinematic parameter identification of the RSI 6-DOF paral-
lel mechanism. Based upon this, the error models of 6-PUS and 6-PSS parallel manipulators were
established by disturbance method, and the cost functions were defined as the residuals of the link
lengths.[20, 21] Zhuang et al.[22, 23] proposed the concept of self-calibration for kinematic calibration
of Stewart platforms by minimizing the residuals of inverse kinematics. To overcome shortages and
embrace merits of existing approaches, Chiu and Perng[24] also presented a self-calibration strat-
egy of a general hexapod parallel manipulator by means of using redundant sensors. By imposing
specific external position constraints, Rauf and Ryu[25] established an autonomous calibration tech-
nique to identify the kinematic parameters of the 6-DOF Hexa-slide parallel manipulator. Huang
et al.[26] also proposed an external calibration approach that enables the geometric parameter errors
of 6-DOF parallel kinematic machines using a minimum set of pose error measurements. Taking
the 6-DOF Hexapod parallel manipulator as an example, Chen et al.[27] proposed an optimal kine-
matic calibration method using a new observability index based on the infinity-norm assessment of
the residual errors. Generally, for the 6-DOF parallel manipulators, the error models can usually be
established readily by minimizing the residual link lengths of all limbs. However, for limited-DOF
parallel manipulators, the problem of error modeling becomes much more complicated.

As it is known, in the type synthesis of lower-mobility parallel manipulators, particular geometric
conditions are usually constructed to impose prescribed kinematic constraints to the moving plat-
form. However, these conditions will be violated if geometric errors are taken into account. As a
consequence, error models of these parallel manipulators are not easy to obtain from the nominal
inverse kinematics directly. Hence, assumptions guaranteeing particular geometric conditions are
usually made for the kinematic calibration of limited-DOF parallel manipulators.

Verner et al.[28] presented the kinematic calibration of a 3-PRS parallel manipulator under the
assumption that the P and R joints are perpendicular to each other, which only requires one parameter
to describe their relative position. Wang and Fan[29] neglected the errors between the axis of P joint
and the base plate when established the error model of a 3-PRS serial–parallel machine tool. The error
model of a 3-RPS parallel manipulator was established by Denavit-Hartenberg method and the cost
functions were selected as the link length residuals, which means three more geometric constraints
should be built up, otherwise not all of the kinematic parameters can be exactly identified.[30] To
guarantee the 3-DOF translational mobility, Pashkevich et al.[31] assumed that the linear actuators are
mutually orthogonal and intersected at a common point, namely the legs are strictly parallel to the
corresponding Cartesian planes, in the kinematic calibration of orthoglide-type mechanisms. Gojtan
et al.[32] analyzed the positioning accuracy of a 2-UPS-PRP parallel manipulator by assuming a
perpendicular relation of joint axes in the PRP limbs. Similarly, Bai et al.[33] conducted the kinematic
calibration of Delta parallel robot by assuming the traveling plate perfectly parallel to the base frame.
Besides, in the kinematic calibration of planar parallel manipulators,[34–36] the error sources that
violate the prescribed plane constraints of the mechanisms are usually neglected from the system for
the sake of simplicity.

In this paper, a new kinematic calibration method is presented for the 3-PRS parallel manipulator
based on the geometric constraint of limbs. Unlike existing ones depending on the manipulators’
system error models, the proposed method takes advantage of geometric characteristics of the stud-
ied parallel manipulator and the kinematic parameters can be identified via two separated steps. In
the first step, the spatial planes where the PRS limbs exactly located are determined through an
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Fig. 1. Kinematic structure of the studied 3-PRS parallel manipulator.

optimization problem minimizing the residual distances of the spherical joints to these planes. As a
consequence, the identification of limbs’ kinematic parameters, which are considered as planar PR
linkages, can be accomplished individually within the limb planes determined in the first step. The
main advantage of the proposed method is the simplification of calibration modeling which does not
require overall error models relating all kinematic errors to output ones. Instead, only two simple
geometric problems need to be established for the planes of limbs and the axes of prismatic joints,
successively. The effectiveness and efficiency of the proposed method have been validated via the
calibration experiments on an apparatus of the 3-PRS parallel manipulator.

This paper is organized as follows: the schematic structure of the studied 3-PRS parallel manip-
ulator is presented in Section 2, where the nominal inverse kinematics is also established. Then,
Section 3 presents the error modeling of the proposed calibration method in detail, based on which
the kinematic parameters can be identified via two simple geometric problems. To verify the correct-
ness and efficiency of the proposed method, calibration experiments are conducted on the studied
3-PRS parallel manipulator in Section 4. In the end, some conclusions are drawn in Section 5.

2. Architecture and Kinematics of the Studied 3-PRS Parallel Manipulator

2.1. Architecture description
The studied 3-PRS parallel manipulator has a symmetric kinematic structure. Here, “P,” “R,” and “S’
represent the prismatic, revolute, and spherical joints, respectively. And the underlined “P” means
that the prismatic joint is actively actuated. As shown in Fig. 1, the P joints are vertically arranged,
which form an equilateral triangle on the horizontal. In each limb, the axis of R joint is perpendicular
to the corresponding P joint and parallel to the opposite side of the aforementioned triangle. The S
joints on moving platform also locate at the vertices of an equilateral triangle.

As illustrated in the figure, the intersection points of P-joint with the horizontal plane are denoted
by Pi , i = 1, 2, 3. Thus, �P1 P2 P3 is an equilateral triangle. The inertial frame of the parallel manip-
ulator, denoted by {S}, is located at the center of �P1 P2 P3, namely the point O in the figure. The
z-axis of {S} is perpendicular to the triangle plane and the x-axis passes through P1. Therefore, the
position coordinates of Pi with respect to {S} can be represented as

rPi = rp ui =
⎡
⎣ rp Cθi

r p Sθi

0

⎤
⎦, i = 1, 2, 3 (1)
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where rp denotes the distance from the origin O to the prismatic joint, namely ‖O Pi‖.
θi = 2(i − 1)π/3 represent the directions of P joints. And ui is the corresponding unit vector. Cθi

and Sθi stand for cos θi and sin θi , respectively.
Analogously, the tool frame {T } is attached to the manipulator’s moving platform at the center

of the equilateral triangle �S1S2S3. Here, Si , i = 1, 2, 3, denote the positions of spherical joints.
Similar to {S}, u-axis of {T } passes through S1 and w-axis is perpendicular to the plane �S1S2S3.
Thus, the coordinates of Si in {T } can be obtained as si = rs ui , where rs is the distance from the
origin P to Si , namely ‖PSi‖.

Let vi and wi be the unit vectors associated with the axes of R and P joints, respectively. It is
obvious that vi is perpendicular to ri and wi is parallel to z-axis of {S} for all i = 1, 2, 3. Then, the
position coordinates of R joint with respect to {S} can be obtained as

rRi = rPi + qi wi , i = 1, 2, 3 (2)

where qi , i = 1, 2, 3 represent the distances from the sliders to Pi , which are also considered as the
input variables of the manipulator’s active P joints.

Since the revolute joints are perpendicular to the corresponding prismatic ones, the position of
the spherical joints is constrained on the vertical planes passing through O and Pi , denoted by Pi .
Obviously, the unit vector vi just relates to the normal direction of Pi .

2.2. Normal inverse kinematics analysis
As it is known, the moving platform of the studied 3-PRS parallel manipulator has two rotational
and one translational DOFs. Simultaneously, parasitic motions of the moving platform will occur
about the other 1-DOF rotation and 2-DOF translations. In other words, only three components of
the manipulator’s pose variables are independent, and the others should be determined according to
them. Let α, β, and γ be the rotation angles about the u, v, and w axes of {T }. And let p = [x, y, z]T

be the relative position vector of {T } with respect to {S}.
Let α, β, and z be the independent pose variables. Then, the others can be determined accord-

ing to the geometric constraints of spherical joints on the corresponding limb planes, which can be
represented as ⎧⎪⎨

⎪⎩
vT

1 (rS1 − rP1) = 0

vT
2 (rS2 − rP2) = 0

vT
3 (rS3 − rP3) = 0

(3)

where rSi = R si + p represents the position coordinates of spherical joints with respect to {S}. Here,
R denotes the rotation matrix of {T } relative to {S}, which can be expressed in terms of α, β, and γ as

R = Rot(u, α) Rot(v, β) Rot(w, γ ) =
⎡
⎢⎣

CβCγ −Cβ Sγ Sβ

Cα Sγ + Sα SβCγ CαCγ − Sα Sβ Sγ −SαCβ

Sα Sγ − Cα SβCγ SαCγ + Cα Sβ Sγ CαCβ

⎤
⎥⎦ (4)

where C(·) = cos(·) and S(·) = sin(·) for (·) representing α, β, and γ .
Substituting Eq. (4) into Eq. (3), the parasitic motion variables can be derived analytically as⎧⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩
γ = arctan

−Sα Sβ

Cα + Cβ[
x

y

]
=

[
ṽT

1

ṽT
2

]−1 [
vT

1 R s1

vT
2 R s2

] (5)

where ṽi = [−Sθi , Cθi ]T, i = 1, 2 is the vector comprising the first two components of vi .
According to Eq. (5), the pose of the end-effector can be determined once the independent pose

variables α, β, and z are given. Then, the position coordinates of the spherical joints in {S} can be
derived accordingly, which specify the inputs of the active prismatic joints on the limb planes.
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According to Eq. (2), the input variables can be established according to the links’ length
constraints, which can be represented in the form of quadratic equations as

‖rRi − rSi ‖2 = (qi wi + rPi − rSi )
T (qi wi + rPi − rSi ) = l2

i , i = 1, 2, 3 (6)

where li denotes the length of the limb’s link.
Solving Eq. (6), the closed-form solution to the input variable qi can be obtained readily as

qi = −wT
i (rPi − rSi ) −

√
l2
i − ‖rPi − rSi ‖2 + |wT

i (rPi − rSi )|2, i = 1, 2, 3 (7)

where wT
i (rPi − rSi ) denotes the projective distance of Pi Si on the corresponding prismatic joint,

and ‖rPi − rSi ‖ relates to the distance between rSi and rPi . Here, it should be noted that there exist
two different solutions for each qi , i = 1, 2, 3. And they correspond to different assembling con-
figurations of the limbs. In the above equation, the improper solution to the studied manipulator is
eliminated for the sake of simplification.

According to Eq. (7), for a given pose of the manipulator’s end-effector, the required input vari-
ables of the active prismatic joints can be derived in a straightforward way. However, due to the
manufacturing/assembling tolerances, there exists a deviation between the actual values of the manip-
ulator’s kinematic parameters and their nominal ones. In order to minimize the influence of those
errors on the positioning accuracy, kinematic calibration should be carried out on the parallel manip-
ulator to compensate these errors by means of using the identified kinematic parameters in the control
algorithm.

3. Error Modeling of the Proposed Two-Step Approach
In conventional kinematic calibration approaches, an overall error model which comprises all
kinematic errors is usually established for iterative identification of the manipulator’s kinematic
parameters. In this section, a two-step identification approach is proposed for the kinematic cal-
ibration of the studied 3-PRS parallel manipulator by taking advantage of the limbs’ geometric
constraints.

3.1. Identification of the positions of spherical joints and limb planes
As indicated in the above section, the position of spherical joints on the moving platform is con-
strained on the corresponding limb plane Pi . Ideally, these planes are vertical ones and commonly
intersected at the z-axis of {S}. But in practice, their poses (position and orientation) will be deviated
from the nominal ones due to kinematic errors. Hence, in the proposed calibration method, the exact
poses of these limb planes are identified in the first step.

Let ni be the unit normal vector of Pi and di the directional distance from the origin O to Pi .
Then, the position of plane can be represented by the projection point of O on Pi , which is denoted
by Oi as illustrated in Fig. 2. Thus, the position vector of Oi in {S} can be obtained directly as
rOi = di ni . And the distance from the spherical joint Si to the corresponding limb plane Pi can be
derived as

yi = nT
i (rSi − rOi ) = nT

i R si + nT
i p − di , i = 1, 2, 3 (8)

It is worth noting that the distance (8) should be zero in the case of the manipulator’s nominal
kinematics as indicated in Eq. (3). However, due to the position error of the spherical joints and those
of the limb planes, the calculated distance yi according to the measured configurations of moving
platform will not vanish using the nominal kinematic errors. Therefore, the identification problem
can be transformed to find the best values of the parameters ni , si , and di to minimize yi for all
measured configurations.

It should be noted that the position p and orientation R of the manipulator’s tool frame {T } are
directly measured using an external pose sensor. Since the measurement noise is not taken into
account, p and R are considered as accurate variables in proposed calibration method. Hence, Gauss-
Newton algorithm can be used to identify the best solutions of those kinematic parameters, and the
objective function can be described as

min
∣∣nT

i R si + nT
i p − di

∣∣, i = 1, 2, 3 (9)
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Fig. 2. Identification of the spatial planes for the PRS limbs.

Let p j and R j , j = 1, · · · , m, be the position and orientation of {S} associated with the j th
measurement. Then, the gradient equation of (8) can be obtained as

δyi, j = nT
i R j δsi + (R j si + p j )

T δni − δdi = Jpi, j
δpi , i = 1, 2, 3; j = 1, · · · , m (10)

where Jpi, j
= [nT

i R j , (R j si + p j )
T, −1] ∈R

1×7 can be regarded as the sensitivity matrix of the geo-
metric parameters on the unexpected distance between the corresponding S joint and limb plane.
pi = [

sT
i , nT

i , di
]T ∈R

7×1 is the column vector consisting of the limb’s kinematic parameters.
Equation (10) relates to a general optimization problem; the unknown variables pi can be

determined by gradient-based searching algorithm. Therefore, the iterative update theme can be
established readily by means of assembling all configuration measurements together, as

δyi =
⎡
⎢⎣

δyi,1

...

δyi,m

⎤
⎥⎦ =

⎡
⎢⎢⎣

Jpi,1

...

Jpi,m

⎤
⎥⎥⎦ δpi = Jpi

δpi ⇒ pk+1
i = pk

i + (
JT

pi
Jpi

)−1
JT

pi
δyk

i , i = 1, 2, 3 (11)

where the superscript k means the kth iteration of the searching algorithm.
According to Eq. (11), the kinematic parameter pi will be repeatedly updated until δpi approaches

zero and the residual distance yi converges to some stable value. According to the identified values
of si , ni , and di , the actual positions of spherical joints on the moving platform and the corresponding
poses of limb planes can be specified conveniently.

3.2. Identification of the limb parameters
As indicated in Section 3.1, in the first step, the position of S-joint and limb plane has been iden-
tified according to the geometric constraints. Thus, the identification of the prismatic joints and the
link lengths can be accomplished by considering the kinematic limbs as planar PR linkages on the
corresponding limb planes.

As shown in Fig. 3, the projection of Pi on Pi , denoted by Qi , is employed to construct the limb’s
local frame. Let {Oi } be the local frame whose origin coincides with Oi and xi -axis passes through
Qi . The zi -axis of {Oi } is parallel to normal vector of Pi , namely the identified unit vector ni .
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Fig. 3. Identification of limb parameters within the identified plane.

And the yi -axis is specified according to the right-hand rule. As a result, the relative position and
orientation of the local frame {Oi } with respect to {S} can be obtained as

oi = di ni , Ri = [
xi , yi , zi

]
, i = 1, 2, 3 (12)

where xi = 1∥∥(I3−ni nT
i ) rPi

∥∥(
I3 − ni nT

i

)
rPi , zi = ni , and yi = zi × xi . I3 is the three-order identity

matrix.
Let Qi be the initial position of prismatic joint and qi be its axis direction. Then, the cost function

of the limb’s kinematic errors can be constructed as the deviation of link length of the form

ci = ∥∥rQi + qi qi − rSi

∥∥ − li , i = 1, 2, 3 (13)

where rQi and rSi are planar coordinates of Qi and Si , respectively, with respect to the local frame
{Oi }. qi = [Cϕi , Sϕi ]T represents the direction of prismatic joint in {Oi } with the directional angle ϕi .
And li is link length in the limb.

Theoretically, the cost function (13) should be equal to 0 for all limbs using the measured con-
figurations. However, in practice, there exist a deviation of the actual values from the nominal ones
due to the manipulator’s kinematic errors. In this problem, rSi and qi can be considered as measured
variables without noise errors. Hence, the identification problem can be stated as to find the best rQi ,
ϕi , and li to minimize ci for all measurements. The gradient function of (13) can be derived as

δci, j =
(
rQi + qi, j qi − rSi, j

)T∥∥rQi + qi, j qi − rSi, j

∥∥ (
δrQi + qi, j q⊥

i δϕi
) − δli = JLi, j δpLi

, i = 1, 2, 3; j = 1, . . . , m

(14)

where δqi = [−Sϕi , Cϕi ]T δϕi = q⊥
i δϕi denotes the planar unit vector perpendicu-

lar to qi . pLi
= [

rQi , ϕi , li
]T ∈R

4×1 is the limb’s kinematic parameters and JLi, j =[
(rQi +qi, j qi −rSi, j )

T

‖rQi +qi, j qi −rSi, j ‖ ,
qi, j (rQi +qi, j qi −rSi, j )

T q⊥
i

‖rQi +qi, j qi −rSi, j ‖ , −1

]
∈R

1×4 is the corresponding sensitivity matrix.

According to Eq. (14), it is known that in each limb there are four kinematic parameters to be
identified, namely rQi , ϕi , and li . From geometric point of view, they correspond to the position and
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direction of prismatic joint on the limb plane, and the length of link, respectively. Using the same
theme as in Eq. (11), the gradient-based searching algorithm can be iteratively repeated according to

δci =
⎡
⎢⎣

δci,1

...

δci,m

⎤
⎥⎦ =

⎡
⎢⎣

JLi,1

...

JLi,m

⎤
⎥⎦ δpLi

= JLi δpLi
⇒ pk+1

Li
= pk

Li
+ (

JT
Li

JLi

)−1
JT

Li
δck

i , i = 1, 2, 3 (15)

where the identification matrix can be obtained readily as JLi = [
JT

Li,1
, · · · , JT

Li,m

]T ∈R
m×4.

Analogous to the first step indicated in Section 3.1, the actual values of the prismatic joints’
positions and the lengths of links can be identified when the searching algorithm (15) converses to
stable values. Then, the coordinates of the identified vector rQi and qi can be transformed from {Oi }
to {S} as

rQi = oi + Ri rQi , qi = Ri qi , i = 1, 2, 3 (16)

where Ri and oi are defined in Eq. (12).
With this, all kinematic parameters of the studied 3-PRS parallel manipulator have been identified

and represented with respect to the system inertial frame. Thereinto, rQi and qi specify the position
and direction of the prismatic joint. li denotes the link length in the limb. ni and di determine the
direction and position of the corresponding limb plane. And si is the position coordinates of spherical
joint with respect to {T }.

3.3. Actual inverse kinematics of the 3-PRS parallel manipulator
In order to increase the positioning accuracy of the studied 3-PRS parallel manipulator, the inaccurate
kinematics should be corrected in terms of the identified parameters in the above two steps. The
required inputs of prismatic joints can be determined by means of two steps according to the actual
geometric constraints of the parallel manipulator.

Since the actual limb planes are not vertically intersected at the z-axis of {S} any more, the
geometric constraints of the moving platform’s spherical joints (3) should be modified as

nT
i (R si + p − di ni ) = 0 ⇒ nT

i R si + nT
i p = di , i = 1, 2, 3 (17)

Since α, β, and z are independent pose variables of the manipulator’s moving platform, the
geometric constraint equation (17) can be rewritten as⎡
⎢⎣

n′
11s11 + n′

12s12

n′
21s21 + n′

22s22

n′
31s31 + n′

32s32

⎤
⎥⎦ cos γ +

⎡
⎢⎣

n′
12s11 − n′

11s12

n′
22s21 − n′

21s22

n′
32s31 − n′

31s32

⎤
⎥⎦ sin γ +

⎡
⎢⎣

n11 n12

n21 n22

n31 n32

⎤
⎥⎦

[
x

y

]
=

⎡
⎢⎣

d1 − n′
13s13 − n13z

d2 − n′
23s23 − n23z

d3 − n′
33s33 − n33z

⎤
⎥⎦

(18)

where ni = [ni,1, ni,2, ni,3]T and si = [si,1, si,2, si,3]T and n′
i = [n′

i,1, n′
i,2, n′

i,3]T = Rot(v, β)T

Rot(u, α)T ni .

Let λ = [λ1, λ2, λ3]T be the unit vector satisfying λ1n11 + λ2n21 + λ3n31 = 0 and λ1n12 +
λ2n22 + λ3n32 = 0. Then, pre-multiplying (18) with λT , the dependent variable γ can be derived as

Aγ cos γ + Bγ sin γ = Dγ ⇒ γ = arcsin
Dγ√

A2
γ + B2

γ

− arctan
Aγ

Bγ

(19)

where the scalar coefficients are given by⎧⎪⎪⎨
⎪⎪⎩

Aγ = (
n′

11s11 + n′
12s12

)
λ1 + (

n′
21s21 + n′

22s22
)
λ2 + (

n′
31s31 + n′

32s32
)
λ3

Bγ = (
n′

12s11 − n′
11s12

)
λ1 + (

n′
22s21 − n′

21s22
)
λ2 + (

n′
32s31 − n′

31s32
)
λ3

Dγ = λT d − (
n′

13s13 + n13z
)
λ1 − (

n′
23s23 + n23z

)
λ2 − (

n′
33s33 + n33z

)
λ3

where d = [d1, d2, d3]T .
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Table I. The nominal kinematic parameters of the 3-PRS prototype (unit: m/rad).

Limbs no. rPi rSi Vi

1 [ 0.3140, 0.0000, 0.0000 ]T [−0.1705, 0.2953, 0.0000 ]T [−0.1705, 0.2953, 0.0000 ]T

2 [ 0.2000, 0.0000, 0.0000 ]T [−0.1000, 0.1732, 0.0000 ]T [−0.1000, −0.1732, 0.0000 ]T

3 [ 0.0000, 1.0000, 0.0000 ]T [−0.8660, −0.5000, 0.0000 ]T [ 0.8660, −0.5000, 0.0000 ]T

Fig. 4. Experimental apparatus for the kinematic calibration of the 3-PRS parallel manipulator.

Substituting Eq. (19) into Eq. (17), the position vector can be derived as

p =
⎡
⎢⎣

nT
1

nT
2

nT
3

⎤
⎥⎦

−1 ⎡
⎢⎣

d1 − nT
1 R s1

d2 − nT
2 R s2

d3 − nT
3 R s3

⎤
⎥⎦ (20)

According to Eqs. (19) and (20), the actual pose of the manipulator’s tool frame {T } can be
uniquely obtained in terms of the independent variables α, β, and z, so are the corresponding position
vectors of spherical joints. Then, the input variables of the prismatic joints can be derived as

qi = qT
i (rSi − rQi ) +

√
l2
i − ‖rSi − rQi ‖2 + |qT

i (rSi − rQi )|2 (21)

where rSi = R si + p denotes the actual position of spherical joint according to the identified
parameters.

Comparing Eqs. (19)–(21) with Eqs. (5) and (7), it is known that the solving strategy of the par-
allel manipulator’s actual kinematics is as same as the nominal one. The difference is caused by the
misalignment of the manipulator’s limb planes due to kinematic errors, namely ni �= ui and di �= 0.
Therefore, the inverse kinematics solution in the control theme should be corrected by the actual ones
in terms of the identified parameters.

4. Experimental Validation
In this section, an experimental apparatus was built up to validate the effectiveness and efficiency of
the proposed two-step method for kinematic calibration of the studied 3-PRS parallel manipulator.
The results show that the iterative searching algorithms converge quickly for both identification steps,
and the positioning accuracy of the manipulator has been significantly improved using the identified
kinematic parameters.

The radii of the fixed and moving platforms’ circumcircles rp and rs of the 3-PRS prototype are
designed as 0.314 and 0.2 m, respectively, and the length of the links li is 0.514 m. According to
these important structure parameters, the other kinematic parameters can then be determined and are
listed in Table I. Besides, considering the rotation ability of the used spherical joints, the orientation
workspaces of this manipulator about u and v axes are about [−π/6, π/6] rad. As shown in Fig. 4, a
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high-precision laser tracker (API T3) is used to measure the configurations of the parallel manipula-
tor’s moving platform. According to the user manual of the laser tracker, the measurement accuracy
is about 5 µm/m. As illustrated in the figure, three spherically mounted reflectors (SMRs) attached
on the moving platform are measured to construct the manipulator’s tool frame {T }. The positions of
the measured points are denoted by rMi , i = 1, 2, 3. The origin of {T }, denoted by M0, is located at
the center of �M1 M2 M3. Meanwhile, the u-axis of {T } is set to pass through M1 and the w-axis keep
perpendicular to the plane M1 M2 M3. On the other hand, three SMRs, denoted by Ni , i = 1, 2, 3, are
attached on the fixed frame to construct the inertial frame {S} in a similar way as {T }. The origin of
{S}, denoted by O , is located at the center of �N1 N2 N3. The z-axis keeps perpendicular to N1 N2 N3

plane and the x-axis passes through N1. The y-axis is specified as y = z × x.
It should be noted that the tool frame established according to the SMRs is slightly different from

the ideal one by the three spherical joints on the moving platform. As a matter of fact, the manip-
ulator’s tool frame {T } is a virtual coordinate frame and can be arbitrarily constructed as long as
attaching to the moving platform. For the sake of simplification in kinematics modeling, it is located
at the geometric center of the spherical joints on the moving platform. Thus, the spherical joints are
equally distributed on a circle on the uv-plane of {T } and centered at the origin. In the experimen-
tal validation, the physical centers of the spherical joints cannot be measured by the laser tracker.
Hence, the tool frame {T } was reconstructed in terms of the positions of the SMRs, namely the three
black magnetic bases (M1, M2, and M3). In such a scenario, the pose of the moving platform is rep-
resented by the reconstructed tool frame, rather than the nominal virtual one. As well, the position
vectors of the spherical joints, namely si , i = 1, 2, 3, are also expressed with respect to the measured
tool frame. Similarly, the pose of the fixed base is also represented by the reconstructed frame in
terms of N1, N2, and N3, rather than the nominal S. Besides, the three SMRs on the moving platform
are very close to the three spherical joints, respectively. Thus, the pose deviation of the measured
tool frame is not very large from the nominal one. Besides, since all the identified parameters are
represented with respect to the measured tool frame, rather than the nominal one in kinematics anal-
ysis, the deviations between the measured and nominal frames only cause a rigid transformation of
kinematic parameters between different reference frames, which does not influence the identification
accuracy.

Then, the relative pose of the tool frame {T } with respect to the system’s inertial one {S} can be
obtained as

gst =
[

Rst pst

0 1

]
=

[
Rs ps

0 1

]−1 [
Rt pt

0 1

]
=

[
RT

s Rt RT
s (rP − rO)

0 1

]
(22)

where Rs ∈ SO(3) and rO ∈R
3×1 are the rotation matrix and position vector of {S} with respect to

to the measurement coordinate frame. Accordingly, Rt and rP are those of {T }.
The poses of {T } and {S} can be obtained in terms of the measured positions as

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

rP = 1

3

(
rM1 + rM2 + rM3

)
Rt = [ u, v, w ]

u = 1

‖rM1 − rP‖
(
rM1 − rP

)
w = (rM2 − rM1) × (rM3 − rM2)

‖(rM2 − rM1) × (rM3 − rM2)‖
v = w × u

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

rO = 1

3

(
rN1 + rN2 + rN3

)
Rs = [x, y, z]
x = 1

‖rN1 − rO‖
(
rN1 − rO

)
z = (rN2 − rN1) × (rN3 − rN2)

‖(rN2 − rN1) × (rN3 − rN2)‖
y = z × x

(23)

where rMi and rNi (i = 1, 2, 3) are the measured positions of the corresponding SMRs.
To obtain sufficient configurations for the identification and validation, the manipulator’s input of

each limb is discretized for measurements. The initial pose of the manipulator is firstly determined
when all the prismatic joints are at their midpoints. On this basis, the ranges of the inputs of the pris-
matic joints are set to [−75, 75] mm, which is discretized by 30 mm. Thus, totally 216 configurations
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Fig. 5. Mean distances of the spherical joints to the corresponding limb planes during the first step identification.

are measured for the kinematic calibration of the 3-PRS parallel manipulator. And the inputs for each
pose can be given as

gst, n ⇒

⎧⎪⎨
⎪⎩

q1 = −75 + (i − 1) × 30
q2 = −75 + ( j − 1) × 30
q3 = −75 + (k − 1) × 30

, i = 1, . . . , 6, j = 1, . . . , 6, k = 1, . . . , 6 (24)

where n = (i − 1) × 36 + ( j − 1) × 6 + k = 1, . . . , 216 denotes the sequence number of
measurements.

Then, the corresponding pose can be obtained readily according to the nominal forward kine-
matics. By means of measuring the mounted SMRs for each configuration, the actual values of the
prescribed 216 poses can be derived according to Eqs. (22) and (23). As a result, the identification
process for the manipulator’s kinematic parameters can be carried out in terms of the corresponding
input–output measurements. Among these measured configurations, 108 are chosen for the two-step
identification of the kinematic parameters, while the other 108 are utilized for the validation of cal-
ibration result. Figure 5 illustrates the mean distances of the spherical joints to the corresponding
limb planes during the iterative identification process. From the results, it is known that the initial
distances are relatively large, due to the inaccuracy of the parameters’ nominal values. Using the
proposed gradient-based searching algorithm (11), the identification quickly (within four iterations)
converges to some stable values and the residual distances have been significantly reduced to small
values less than 5 × 10−5 m.

As mentioned above, there exists a specific shift of the spherical joints along the w-axis of {T }.
This issue is caused by the distance between the planes of spherical joints and measured SMRs. As
shown in Fig. 4, the centers of SMRs are higher than those of spherical joints, and this distances have
been identified as about 0.024 m in the first-step calibration.

According to the identified parameters in the first step, the second step of the proposed calibration
approach can be performed by following the procedures presented in Section 3.2. The mean length
residuals (13) of the limbs’ links are illustrated in Fig. 6 during the identification process. From the
figure, it is known that the mean residuals quickly converge to some stable values around 2 × 10−4 m.

To verify the correctness of the proposed two-step calibration method, the rest 108 measured
configurations, except for the above 108 for parameter identification, are used to compare the
manipulator’s positioning accuracy before and after calibration. It should be noted that a numerical
algorithm is utilized to calculate the forward kinematics of the studied 3-PRS parallel manipulator
in terms of the identified parameters. The position and orientation errors of validation configura-
tion can then be calculated by the results of the forward kinematics and the measured pose. Let
[xc,i , yc,i , zc,i , αc,i , βc,i , γc,i ]T and [xa,i , ya,i , za,i , αa,i , βa,i , γa,i ]T denote the calculated and
measured poses of the i th validation configuration; the position and orientation errors are described as

δpi = |[xc,i , yc,i , zc,i ]T − [xa,i , ya,i , za,i ]T |
δri = |[αc,i , βc,i , γc,i ]T − [αa,i , βa,i , γa,i ]T | (25)
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Fig. 6. Mean length residual of the limbs’ links during the second step identification.

Fig. 7. Position errors of the validation configurations.

Fig. 8. Orientation errors of the validation configurations.

The residual position and orientation errors of the validation configurations are drawn in Figs. 7
and 8, respectively. From the results, it can be seen that the exact pose of the parallel manipula-
tor’s moving platform can be precisely predicted using the identified kinematic parameters in the
two steps. And the mean position and orientation errors of the validation configurations have been
reduced to 1.56 × 10−4 m and 1.13 × 10−3 rad, respectively. As a comparison, the mean position and
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orientation errors according to the nominal kinematic parameters of the parallel manipulator are also
calculated as 1.64 × 10−2 m and 6.46 × 10−2 rad, respectively. In other words, the positioning accu-
racy of the studied 3-PRS parallel manipulator has been significantly improved using the two-step
calibration method proposed in this paper.

5. Conclusion
In this paper, a two-step parameter identification method is proposed for the kinematic calibration
of the 3-PRS parallel manipulator. Using the proposed method, parameter identification of the stud-
ied parallel manipulator can be accomplished by means of two simple steps according to the limbs’
geometric constraints. The spatial planes where the PRS limbs are locating are identified first as the
geometric characteristics, which determine both the parasitic motions of moving platform and the
locations of prismatic joints. The main advantage of the proposed calibration method is the sim-
plification of error modeling. Only two simple geometric problems, rather than complex system
error models, are required to identify the manipulator’s kinematic parameters. Then, gradient-based
searching algorithms can be used to solve the optimization problems efficiently. Calibration exper-
iments are conducted on an apparatus of the studied parallel manipulator to validate the proposed
method. From the results, it is seen that the kinematic parameters can be quickly identified by using
the proposed two-step calibration method. And the positioning accuracy of the manipulator’s moving
platform can be significantly improved by means of the actual kinematics in terms of the identified
parameters. Further, by a proper definition of geometric characteristics, the proposed two-step cali-
bration method can also be extended to the kinematic parameter identification of other limited-DOF
parallel manipulators.
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