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This paper is concerned with modelling the effects of swirling flow on turbomachinery
noise. We develop an acoustic analogy to predict sound generation in a swirling and
sheared base flow in an annular duct, including the presence of moving solid surfaces
to account for blade rows. In so doing we have extended a number of classical
earlier results, including Ffowcs Williams & Hawkings’ equation in a medium at
rest with moving surfaces, and Lilley’s equation for a sheared but non-swirling jet.
By rearranging the Navier–Stokes equations we find a single equation, in the form
of a sixth-order differential operator acting on the fluctuating pressure field on the
left-hand side and a series of volume and surface source terms on the right-hand
side; the form of these source terms depends strongly on the presence of swirl and
radial shear. The integral form of this equation is then derived, using the Green’s
function tailored to the base flow in the (rigid) duct. As is often the case in duct
acoustics, it is then convenient to move into temporal, axial and azimuthal Fourier
space, where the Green’s function is computed numerically. This formulation can then
be applied to a number of turbomachinery noise sources. For definiteness here we
consider the noise produced downstream when a steady distortion flow is incident on
the fan from upstream, and compare our results with those obtained using a simplistic
but commonly used Doppler correction method. We show that in all but the simplest
case the full inclusion of swirl within an acoustic analogy, as described in this paper,
is required.

Key words: acoustics, aeroacoustics

1. Introduction
Prediction and control of turbomachinery noise is a key challenge facing

manufacturers of civil aeroengines. Strong swirling flow between rotor and stator
stages is present throughout the engine, and is known to have a very significant
effect on noise generation and propagation. The presence of swirl, however, introduces
considerable theoretical complexity and is a subject of much current research (see
Peake & Parry 2012). This paper considers the aeroacoustics of swirling mean flow
in an annular duct. The first analysis of the effect of swirling mean flow on the
properties of small disturbances in a duct is attributed to Kerrebrock (1977), who
emphasized that the centrifugal and Coriolis forces produced by the mean swirl induce
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a force imbalance that couples the vortical, entropic and acoustic disturbances, and
deflects the fluid. Kerrebrock used a spectral method to analyse the propagation
of small disturbances in an isentropic mean flow made up of a solid-body and a
free-vortex swirl of small amplitude, and found ‘shear’ perturbations that are no
longer purely convected, and may be associated with a weak pressure field. Further
analysis of Kerrebrock’s model has been performed by Roger & Arbey (1985). More
recently, Kousen (1995, 1996) and Golubev & Atassi (1995, 1996, 1998) extended the
result of Kerrebrock (1977) by removing the hypothesis of small swirling mean flow
amplitude. In the presence of swirl, the modal disturbances split into two parts, the
sonic modes and the nearly convected modes. The sonic modes, which are analogous
to acoustic modes in irrotational flow, are pressure-dominated and are mostly sustained
by compressibility effects. In addition to these sonic modes, the problem may involve
other modes, the nearly convected modes, which are vorticity-dominated and are
sustained by the mean vorticity. Finally, the singularity of the system of equations
for the perturbations leads to the existence of a critical layer. As in irrotational flow,
only a finite number of the sonic modes are propagating at any given frequency. On
the contrary, there are often infinitely many nearly convected modes, which cluster
at the ends of the critical layer. Tam & Auriault (1998) studied this problem for
a non-homentropic swirling mean with uniform mean density, and also found the
two families of sonic and nearly convected modes. In their study, the additional
unstable mode observed is related to the mean flow, which is unstable in their
case, as mentioned by Heaton & Peake (2006). Further, the spectrum with swirl
has been investigated numerically with a finite element method by Nijboer (2001) for
a homentropic flow, again exhibiting the two families of modes and the continuous
spectrum of convected perturbations. The physical existence of the critical layer, or
otherwise, has been debated in the literature. Heaton & Peake (2006) showed that
a critical layer is present and corresponds to a continuous spectrum of perfectly
convected perturbations. In addition, under some conditions, the continuous spectrum
contribution can be unstable and grow algebraically downstream.

The presence of a swirling mean flow between the rotor and the stator of a fan stage
significantly modifies both the vortical disturbances, such as the rotor wakes, as they
evolve downstream, and the radiation of noise by the stator or the rotor. It is therefore
important to account for swirl when predicting turbomachinery noise. Elhadidi et al.
(2000) and Golubev & Atassi (2000a) predicted the downstream evolution of an
incident vortical perturbation from the exit of the rotor by using an initial-value
analysis, and pointed out how a change in the radial distribution of the swirl may lead
to very different distortions of the wakes. The effect of the swirl on the rotor wakes
has also been observed experimentally by Podboy et al. (2002b), for instance. Taking
advantage of the large number of rotor blades, Cooper & Peake (2005) performed
an asymptotic analysis to simplify the initial-value analysis. Then, a boundary layer
correction had to be introduced to account for the impermeability of the duct walls.
They observed the skewing of the wakes and the generation of a radial velocity
component. Recently, Lloyd & Peake (2008) extended this work to include dissipative
effects.

As emphasized by Atassi et al. (2004) and Cooper & Peake (2005), for instance,
the swirling mean flow also significantly modifies the propagation of sonic modes
(cut-on frequencies, radial distribution, existence of caustics, etc.). Golubev & Atassi
(2000b) developed a model for the interaction of unsteady disturbances in a swirling
mean flow with an annular cascade of unloaded blades using a linearized Euler code.
The coupling between the potential and vortical parts of the unsteady velocity in
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mean swirling flow is shown to be weak in a fan stage because of the large number
of blades B (high associated reduced frequency), which allowed them to perform an
asymptotic analysis. Ali & Atassi (2002), Elhadidi & Atassi (2002, 2003) and Atassi
et al. (2004) extended this work, and found a strong dependence of the loading
and the radiated noise on the swirl, and they confirmed the need to account for the
effect of swirling mean flow when predicting rotor–stator interaction noise. Cooper
& Peake (2005) developed an analytically based model to predict the rotor–stator
interaction noise radiated upstream of the stator with swirl. Their large-B asymptotic
analysis allows the evolving wake to be used as input into a local linear cascade of
thick aerofoils, using the model of Evers & Peake (2002), with a mode matching
strategy allowing the cascade radiation to be matched onto swirling duct modes. This
demonstrates the strong effect of the radial distribution of the wake hitting the stator
on the noise generation. This result was extended by Cooper & Peake (2006) to
include various stator design features, such as lean and sweep.

We also note that the aeroacoustics of swirling flow has been studied in a number
of other situations. Swirling jets have received much attention: see the experimental
studies by Lu, Ramsay & Miller (1976) and by Yu & Chen (1997); while Carpenter
(1985) develops a corresponding linear theory; and Cooper & Peake (2002) study the
stability of a slowly spreading subsonic swirling jet. For internal flows, we mention
here the experimental investigation of oscillatory instability in the so-called vortex
whistle by Chanaud (1965). Howe & Liu (1977) derive a model for the sound
generated when vorticity passes through a contraction in swirling ducted flow, while
Carpenter & Johannesen (1975) extend classical theory to predict choking conditions
for swirling flow.

Lighthill (1952) introduced his famous acoustic analogy to predict the noise of a
turbulent jet by rearranging the Navier–Stokes equations for mass and momentum into
a single equation for the fluctuating density with, on the left-hand side, the wave
operator in an ambient medium at rest, and, on the right-hand side, all the remaining
terms. The right-hand side is interpreted as an equivalent sound source, and can be
written as the double divergence of the so-called Lighthill stress tensor Tij. Lighthill’s
acoustic analogy can be extended to account for the presence of surfaces and to
account for some propagation effects in a moving medium. We will discuss these two
extensions briefly below, but see Colonius & Lele (2004) for a very detailed review.

First, Curle (1955) extended Lighthill’s (1952) theory to account for the presence
of static surfaces, using the Kirchhoff boundary solution to the homogeneous wave
equation. He showed that the effects of the solid boundary are equivalent to a
distribution of dipole sources representing the force per unit surface area acting on
the fluid. Ffowcs Williams & Hawkings (1969) extended this further to account for the
presence of arbitrary moving impermeable or permeable surfaces, by using generalized
functions. In addition to sources corresponding to the surface force distributions, a
surface term representing volume displacement effects now also appears. The Green’s
function in free space is often used to solve this equation, but Green’s functions that
are tailored to the geometry features can also be chosen.

Second, Lighthill’s acoustic analogy may be extended to account for some
propagation effects in a moving medium (convection, refraction, etc.), which gives
the corresponding propagation operator on the left-hand side and a new source term
on the right-hand side. In two different contexts (ducted flow and jets, respectively),
Goldstein (1976) and Dowling, Ffowcs Williams & Goldstein (1978) introduced the
effect of the convection of the waves by a uniform axial flow, which exhibits the
convected wave operator on the left-hand side and the double divergence of a modified
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Lighthill tensor (written for relative velocities) on the right-hand side. Famously, Lilley
(1974) derived an acoustic analogy in a transverse shear flow, with, on the left-hand
side, a third-order nonlinear operator acting on just the logarithm of the pressure
– see the reviews of Doak (1972, 1973) for more details. This operator is often
approximated by the (linear) Pridmore–Brown operator, and the right-hand side is
often simplified, as given by Goldstein (1984). More recently, Colonius, Lele & Moin
(1997) gave the exact source terms on the right-hand side of Lilley’s equation, and
Goldstein (2001) rearranged the Navier–Stokes equations as a single exact equation,
with the Pridmore–Brown operator applied to new dependent variables to represent the
pressure fluctuations on the left-hand side, and on the right-hand side the equivalent
noise sources, which split into a quadrupole term and a dipole source produced by the
temperature fluctuations. Morfey & Wright (2007) proposed a modified formulation
of Ffowcs Williams & Hawkings’ (1969) acoustic analogy that is more suitable for
heated and inhomogeneous fluid flows. The density variable is replaced by either the
pressure or a pressure-related variable to remove the local density from the source
terms. Moreover, it can deal with initial-value problems by introducing equivalent new
source terms.

In a slightly different direction, Goldstein (2003) developed a generalized acoustic
analogy by recasting the full Navier–Stokes equation into a set of five linearized
inhomogeneous Euler equations in convective form, for any chosen base flow and with
different nonlinear dependent variables. Goldstein has also extended this formulation
to include the presence of surfaces (M. E. Goldstein, private communication, 2012).
The radiated field is obtained by using the vector Green’s function associated with the
linearized operator. Goldstein & Leib (2008) later used this approach to predict the
sound from a unheated weakly non-parallel supersonic jet.

The present study aims at addressing the effect of swirling mean flow in
turbomachinery noise. The approach adopted here is to develop an acoustic analogy
similar to that of Lilley (1974) in sheared mean flow and to that of Goldstein (1976)
in ducted uniform mean flow, but valid in the presence of sheared and swirling mean
flow and of solid boundaries. It can be seen as a generalization of Ffowcs Williams &
Hawkings’ (1969) acoustic analogy to swirling mean flow with duct walls. First, the
Navier–Stokes equations are written as linearized inhomogeneous Euler equations in
cylindrical coordinates in § 2, and Ffowcs Williams & Hawkings’ (1969) procedure is
used to exhibit the equivalent volume and surface terms in §§ 3.1 and 3.2. Second, in
§ 3.3 this system of equations is recast to obtain, for the first time, a single sixth-order
differential operator in time and space acting only on the fluctuating pressure field
p on the left-hand side and a source term on the right-hand side. Third, in § 4
the Green’s function tailored to the rigid annular duct with swirl is derived in the
frequency domain. Fourth, the formulation to be used in the fan noise context is
detailed in § 5. This formulation can be applied to a range of tonal and broadband
fan noise sources, including rotor-alone trailing-edge noise and rotor–stator interaction
noise, which will be the subject of further publication. However, as the first application
of our new theory, the noise produced by the interaction of an incoming steady non-
uniform flow with the fan (so-called fan inflow distortion tone noise) is investigated
in § 6 to emphasize the possible effects of swirling mean flow for a less complicated
noise mechanism. For swirl distributions that are most representative of the industrial
situation, we will show that full consideration of the swirl, as presented in this paper,
is required.
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2. Navier–Stokes equations: linearized inhomogeneous Euler equations
Let us consider an infinite cylindrical annulus, h 6 r 6 1, with hard impermeable

walls at r = h and r = 1, where r, θ, x are non-dimensional cylindrical polar
coordinates. Throughout, dimensional variables are marked with an asterisk, and
results are given in a non-dimensional form, where lengths are made non-dimensional
by the outer radius of the duct, R∗T , densities by the mean flow density at
r = 1, ρ∗0 (R

∗
T), and velocities by the mean sound speed at r = 1, c∗0(R

∗
T). Let

uto = (uto, vto,wto), ρto and pto be the total variables (velocity, density and pressure)
of the compressible flow. The base flow is chosen to be representative of a swirling
mean flow between the rotor and the stator, neglecting viscous and dissipation effects
(but note that we will include dissipation in the unsteady flow). It is defined as
subsonic, inviscid and homentropic, with velocity

U = (Ur,Uθ ,Ux)= (0,Uθ(r),Ux(r)), (2.1)

density ρ0(r) and pressure P0(r), and satisfies dP0/dr = ρ0 U2
θ/r, with

c2
0(r)= c2

0(1)+ (γ − 1)
∫ r

1

Uθ(r′)
2

r′
dr′. (2.2)

Let u= (u, v,w), ρ and p be the associated perturbations to this base flow, that is to
say,

uto = U + u, ρto = ρ0 + ρ, pto = P0 + p. (2.3)

The compressible Navier–Stokes equations in cylindrical coordinates can be exactly
rearranged as a linear operator acting on the perturbations on the left-hand side with a
right-hand side including all nonlinear, viscous and non-isentropic effects:

1
c2

0

D0p

Dt
+ u

dρ0

dr
+ ρ0 div u= Sρ, (2.4)

ρ0

[
D0v

Dt
+ u

r

d(rUθ)

dr

]
+ 1

r

∂p

∂θ
= Sθ , (2.5)

ρ0

[
D0u

Dt
− 2

Uθ

r
v

]
+ ∂p

∂r
− U2

θ

rc2
0

p= Sr, (2.6)

ρ0

[
D0w

Dt
+ u

dUx

dr

]
+ ∂p

∂x
= Sx, (2.7)

together with the energy equation (not given here), where the operator

D0

Dt
= ∂

∂t
+ Ux

∂

∂x
+ Uθ

∂

r ∂θ
(2.8)

is the convective derivative linearized around the base flow and t is the time,

Sρ =−div(ρu)+ D0Z

Dt
, (2.9)

where the non-isentropic factor Z is

Z = (p− c2
0ρ)/c

2
0, (2.10)

and the vector S= (Sr, Sθ , Sx) is defined by

S=∇ · τ to − ρto(u ·∇)u− ρ D0u
Dt0
− ρH− U2

θ

r0
Zer, (2.11)
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FIGURE 1. Sketch of the problem and the notation.

where τ to is the viscous stress tensor and

H=−2
Uθ

r
v er + u

r

d(rUθ)

dr
eθ + dUx

dr
u ex. (2.12)

This system of equations will be referred to later as

L (u, ρ, p)=
(

Sρ
S

)
. (2.13)

3. Derivation of the governing equation for the pressure field in an annular
duct with swirling mean flow

The approach proposed by Ffowcs Williams & Hawkings (1969) generalizes
Lighthill’s (1952) acoustic analogy to include the presence of (possibly moving)
surfaces and uses the free-space Green’s function for a medium at rest. The purpose
of this section is to apply the approach developed by Ffowcs Williams & Hawkings
(1969) to the present configuration involving duct walls and a swirling mean flow.

3.1. Definitions of the surface and of the generalized functions
Let Σ(t) be the set of the B blade surfaces ΣB =⋃j=0:B−1ΣB,j and of the hub and tip
duct surfaces ΣD = Σhub ∪ Σtip, so that Σ = ΣB ∪ ΣD. The surface Σ can be defined
by 

f (x, t)= 0 on Σ(t),
f (x, t) > 0 in the fluid, volume V (t),
f (x, t) < 0 outside V (t).

(3.1)

A sketch of the problem is shown in figure 1. The fluid region outside Σ is referred to
as region (2), and the region inside the surface Σ is referred to as region (1); ∇f = n
is the outward unit normal of the surface Σ directed into the fluid, i.e. from region
(1) to region (2). Let us define vΣ to be the surface speed. For any variable ϕ defined
in the fluid domain V (t), it is possible to define the generalized function ϕ̃ in the
whole space, and equal to ϕ inside the fluid and zero outside, by ϕ̃ = H( f ) ϕ. In the
following, the tilde symbol denotes generalized functions and generalized derivatives.
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3.2. Linearized inhomogeneous Euler equations in the sense of generalized functions
Let us multiply (2.4)–(2.7) by H( f ) and use the three relations ∂f /∂t = −vΣ · n,
∇[H( f )] = δ( f )n and ∂[H( f )]/∂t = −vΣ · n δ( f ) (see e.g. Farassat 1977, 1994; Jones
1982). Then, the system of equations (2.13) becomes

L̃ (ũ, ρ̃, p̃)=
(

S̃ρ
S̃

)
+
(

SFWH,ρ

SFWH

)
δ( f ), (3.2)

where the operator L̃ is the generalized operator L , S̃ρ and S̃ stand for the
generalized source terms given by replacing the physical variables in (2.9) and (2.11)
by the generalized variables, and SFWH,ρδ( f ) and SFWHδ( f ) are additional surface
source terms arising from the use of the generalized function and the presence of the
surface Σ . They are defined by

SFWH = (SFWH,r, SFWH,θ , SFWH,x)= L ·n
= ρtou(u+ U − VΣ) ·n+ pn− τ to ·n

= ρtou(uto − VΣ) ·n+ pn− τ to ·n, (3.3)

which will later be related to the loading noise, and

SFWH,ρ = ρto(u+ U − VΣ) ·n− ρ0(U − VΣ) ·n= Q ·n

= ρto(uto − VΣ) ·n− ρ0(U − VΣ) ·n, (3.4)

which will later be related to the thickness noise (e.g. Goldstein 1976; Hanson
1976). Since there are zero fluctuations in region (1), surface terms [SFWH]21δ( f )
and [SFWH,ρ]21δ( f ) are simply evaluated from the value on the surface in the fluid
region (2), and the index (2) is omitted in the following expressions. The two surface
terms (3.3) and (3.4) generalize the surface source terms obtained by Ffowcs Williams
& Hawkings (1969) in a medium at rest and the surface source terms given by
Najafi-Yazdi, Brès & Mongeau (2011) in the case of an axial uniform mean flow, to
a more general medium with sheared and/or swirling mean flow. Our expressions are
very similar to these previous results, but there are two differences. First, the definition
of u differs. It is equal to uto in zero base flow (medium at rest), to uto − Uxex in
a uniform axial base flow and to uto − Ux(r)ex − Uθ(r)eθ in the present case. This
modifies the velocity u in front of the brackets in the first term of (3.3) and the base
flow velocity U in the second term of (3.4). Second, we allow the base flow pressure
P0 and density ρ0 to vary spatially (along the radial direction). Finally, some specific
configurations may occur. If the surface Σ is rigid, i.e. impermeable and non-vibrating,
(U + u) · n = VΣ · n, and the first terms in (3.3) and (3.4) are zero. If the base flow
is parallel to the surfaces (for instance, if there is no angle of attack on the blades),
U ·n= VΣ ·n, and the second term in (3.4) is zero.

3.3. Sixth-order partial differential equation for the fluctuating pressure field
Goldstein (1976, chap. 4) derived an acoustic analogy for a uniform mean flow
confined in a circular duct, a result that is easily transposed to an annular cross-
section using the proper eigenfunctions and the associated tailored Green’s function.
This acoustic analogy is often used to predict the rotor–stator interaction tonal
noise (as proposed by Ventres, Theobald & Mark (1982)), or even the rotor–stator
interaction broadband noise (again as proposed by Ventres et al. (1982) and used
by Nallasamy & Envia (2005) or Posson, Moreau & Roger (2011)), or the rotor
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self-noise (as investigated by Glegg & Jochault 1998). Like the acoustic analogies
of Lighthill (1952) and Ffowcs Williams & Hawkings (1969), this acoustic analogy
relies on solving one single inhomogeneous second-order partial differential equation
for the fluctuating density (or pressure). The left-hand side is seen as a wave operator
and the right-hand side is an equivalent source. The pressure field can be expressed
by introducing a scalar Green’s function associated with the left-hand side operator,
and tailored to the rigid boundary conditions of the duct walls. The pressure field
is given in terms of a volume integral, which is interpreted as a volume quadrupole
source term, and two surface source terms, referred to as the thickness or volume
displacement term and the loading noise term. In practice, in the subsonic regime, the
volume term and the surface term corresponding to the volume displacement effect are
often neglected.

Our present result, written as a system of four equations in (3.2), could be used as
it is to solve for the pressure, and to do this it would require us to introduce a vector
Green’s function, as proposed by Goldstein (2003) in another context (here with the
surface terms). However, it is attractive to be able to write the problem in terms of a
single scalar equation for the pressure field. First, it will allow the swirling problem to
be written in exactly the same form as has been done for uniform and sheared axial
mean flows, and therefore allow direct comparison between the various cases. Second,
it may be more efficient to solve numerically a single equation. In particular, when
working in the frequency domain and Fourier space, the system may be reduced to a
low-order ordinary differential equation (ODE) in the radial direction.

After some considerable algebra, described in appendix A, the problem reduces to a
single equation with a sixth-order operator F in time and space operating on only the
fluctuating pressure field p on the left-hand side and a source term on the right-hand
side:

F (p)= S̃+ SFWH, (3.5)

with

F (p)=D

(
D0

Dt

(
∂

∂r
(M (p))

))
+
{[

1
r

D0

Dt
− d(rUθ)

r dr

∂

r ∂θ
− dUx

dr

∂

∂x

]
D

+ 2
D2

0

Dt2

[
dUx

dr

∂

∂x
+ d

dr

(
Uθ

r

)
∂

∂θ

]
+ d

dr

[
2Uθ

r2

d(rUθ)

dr

]
D0

Dt

}
M (p)

−
[
∂2

r2 ∂θ 2
+ ∂2

∂x2
− 1

c2
0

D2
0

Dt2

]
D2 (p) (3.6)

and

S̃=A (S̃1)+D2 (S̃2) and SFWH =A (SFWH,1)+D2 (SFWH,2), (3.7)

where the operator A is

A (ϕ)=
{

D

[
D0

Dt

(
1
r
+ ∂

∂r

)
− d(rUθ)

r dr

∂

r ∂θ
− dUx

dr

∂

∂x

]
+ 2

D2
0

Dt2

[
dUx

dr

∂

∂x
+ d

dr

(
Uθ

r

)
∂

∂θ

]
+ d

dr

[
2Uθ

r2

d(rUθ)

dr

]
D0

Dt

}
(ϕ) (3.8)

and the source terms are

S̃1 = D0S̃r

Dt
+ 2

Uθ

r
S̃θ , S̃2 = D0S̃ρ

Dt
− 1

r

∂S̃θ
∂θ
− ∂S̃x

∂x
, (3.9)

ht
tp

s:
//

do
i.o

rg
/1

0.
10

17
/jf

m
.2

01
3.

21
0 

Pu
bl

is
he

d 
on

lin
e 

by
 C

am
br

id
ge

 U
ni

ve
rs

ity
 P

re
ss

https://doi.org/10.1017/jfm.2013.210


The acoustic analogy in an annular duct with swirling mean flow 447

and

SFWH,1 = D0[SFWH,rδ( f )]
Dt

+ 2
Uθ

r
SFWH,θδ( f ), (3.10a)

SFWH,2 = D0[SFWH,ρδ( f )]
Dt

− 1
r

∂[SFWH,θδ( f )]
∂θ

− ∂[SFWH,xδ( f )]
∂x

. (3.10b)

Equation (3.5) is the key result of this paper, and will be applied to the prediction of
turbomachinery noise in later sections.

It is worth checking that, in the particular case of a fluid with no swirl (Uθ = 0)
and no solid surfaces, Lilley’s (1974) equation restricted to an isentropic shear flow
is recovered from (3.5). In this case, the fluid occupies the whole space, i.e. f > 0
and ϕ̃ = ϕ everywhere, D0/Dt = ∂/∂t + Ux ∂/∂x and D = −D2

0/Dt2. Replacing these
expressions in the sixth-order operator defined by (3.6) leads to

F (p)= D3
0

Dt3

[
D0

Dt

(
1
c2

0

D2
0p

Dt2
−∇2p

)
+ 2

dU1

dy2

∂2p

∂y1 ∂y2

]
, (3.11)

where now, in order to match with Lilley’s (1974) original notation, we take the 1 and
2 directions to be aligned with the x axis and the direction of radial shear, respectively.
Let

Tij = ρtouiuj + (p− c2
0ρ)δij − τij = ρtouiuj − τij + c2

0Zδij (3.12)

be the modified Lighthill tensor. It differs from Lighthill’s (1952) tensor in the fact
that ui is now the fluctuating velocity component around the chosen base flow instead
of the total velocity component in a medium at rest. Then, in the same way as
above, and introducing the same assumptions as Goldstein (1976) and Goldstein (1984,
§§ 6.5–6.6) (so that Z = p/c2

0 − ρ = 0 and τ = 0), the source term becomes

S= D3
0

Dt3

{
D0

Dt

[
∂2ρto uiuj

∂yi ∂yj

]
− 2

dU1

dy2

∂2(ρtou2ui)

∂y1 ∂yi

}
. (3.13)

Putting this together, we therefore find that the pressure field is the solution of

D3
0

Dt3

{
D0

Dt

(
1
c2

0

D2
0p

Dt2
−∇2p

)
+ 2

dU1

dy2

∂2p

∂y1 ∂y2

}
= D3

0

Dt3

{
D0

Dt

[
∂2ρto uiuj

∂yi ∂yj

]
− 2

dU1

dy2

∂2(ρtou2ui)

∂y1 ∂yi

}
. (3.14)

If the third-order convective derivative D3
0/Dt3 is now removed from both sides, we

find Lilley’s (1974) equation. (But note that we have assumed here that the fluctuations
are isentropic and that the fluctuating pressure is sufficiently small so that the operator
Π = log(p/P0) of Lilley can be approximated by Π ≈ p/(γP0) = p/(c2

0ρ0) – see e.g.
Goldstein (1976, § 6), Goldstein (1984), Colonius et al. (1997) and Goldstein (2001).)
It therefore follows that our new (3.5) reduces to the Lilley’s (1974) well-known
equation in the limit of zero swirl and in the absence of solid boundaries.

4. Green’s function tailored to a rigid infinite annular duct with swirling
mean flow

Before we can apply (3.5) to noise prediction in swirling flow, we must first
compute the appropriate Green’s function. Let G be the Green’s function tailored to a
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rigid infinite annular duct with swirling mean flow, namely G is the solution of

F (G)= δ(x− x0)
δ(r − r0)

r0

∑
n∈Z

δ(θ − θ0 − 2πn)δ(t − t0), (4.1)

together with the boundary condition that the normal velocity associated with G is
zero on the duct walls. In (4.1), the sum over n simply enforces the 2π periodicity
caused by the annular geometry (see e.g. Jones 1982, p. 304), and the 1/r0 comes
from the Dirac delta function in the azimuthal direction. Notice that the convention of
the positive right-hand side is chosen for consistency with the uniform mean flow case
(Goldstein 1976; Ventres et al. 1982; Posson et al. 2011).

4.1. Expression for the Green’s function
Let us introduce the Fourier transforms in time t and axial direction x, and the Fourier
series in the azimuthal direction θ . Then G can be defined in terms of its Fourier
components:

G(x, t | x0, t0)=
∫ ∑

m∈Z

∫
Ĝm(r | k, ω, x0, t0) eikx dk eimθe−iωt dω. (4.2)

In the frequency domain, the inversion contours in the complex k–ω plane are chosen
to give a causal solution by applying the Briggs–Bers (Briggs 1964; Bers 1983)
procedure in a standard manner. By the linearity of the problem, let us consider one
particular Fourier component Ĝm(r | k, ω, x0, t0) for a triplet (k,m, ω). In Fourier space,
(4.1) becomes

−Dm,k(r)
2Λm,k(r)

2Lm(Ĝm)= δ(r − r0)

(2π)3r0
e−ikx0+iωt0−imθ0, (4.3)

with

Lm( p̂)= 1
r

d
dr

(
r

Dm,k

(
Bm,kp̂+ dp̂

dr

))
− 2mUθ

Λm,kr2Dm,k

(
Bm,kp̂+ dp̂

dr

)
+ 1
Λ2

m,k

(
Λ2

m,k

c2
0

− m2

r2
− k2

)
p̂, (4.4)

where

Λm,k(ω)= kUx + mUθ

r
− ω, (4.5a)

Dm,k(ω, r)=Λ2
m,k(ω)−

2Uθ

r2

d(rUθ)

dr
, (4.5b)

Bm,k(r)= 2mUθ

Λm,kr2
− U2

θ

rc2
0

. (4.5c)

Taking the Fourier transform in x and t and the Fourier series of (A 4), and setting the
radial velocity component to zero gives the boundary condition

Bm,kĜm + ∂Ĝm

∂r
= 0 at r = h and r = 1. (4.6)

With no swirl (Uθ = 0), Bm,k = 0, and the boundary condition of rigid duct walls is
equivalent to a zero normal pressure gradient, as obtained with uniform mean flow.
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Equivalently Ĝm is defined by

Ĝm(r | k, ω, x0, t0)= ̂̂Gm(r | k, ω, r0) e−ikx0+iωt0−imθ0 = p̂G,m(r | k, ω, x0, t0)

Dm,k(r0)Λm,k(r0)
2 , (4.7)

with p̂G,m the solution of

Dm,k Lm( p̂G,m)=−δ(r − r0)

(2π)3r0
e−ikx0+iωt0−imθ0, (4.8)

with

Bm,kp̂G,m + ∂ p̂G,m

∂r
= 0 at r = h and r = 1. (4.9)

Equations (4.8) and (4.9) and their solution are very similar to the results given
by Heaton & Peake (2006), but they differ because we consider here the pressure
Green’s function instead of the velocity potential Green’s function, and because of
our inclusion of the 1/r0 factor in the pulse source to deal with the pulse source in
cylindrical coordinates.

The solution of (4.8) is continuous at r = r0 but its derivative jumps (see e.g.
Reinhard 1982), [

∂ p̂G,m(r | k, ω, x0, t0)

∂r

]r=r+0

r=r−0
=− e−ikx0+iωt0−imθ0

(2π)3r0
. (4.10)

Using the general theory of differential equations (see e.g. Bender & Orszag 1978), the
Green’s function p̂G,m is found to be

p̂G,m(r | k, ω, x0, t0)=− e−ikx0+iωt0−imθ0

(2π)3r0K(k, r0)

{
p̂G,m,2(k, r0)p̂G,m,1(k, r), r 6 r0,

p̂G,m,1(k, r0)p̂G,m,2(k, r), r > r0,
(4.11)

where p̂G,m,1 and p̂G,m,2 are two solutions of the homogeneous equation Lm( p̂) = 0
satisfying the boundary conditionsBm,k(h)p̂G,m,1(k, h)+ ∂p̂G,m,1

∂r
(k, h)= 0,

hp̂G,m,1(k, h)= 1,
(4.12)

and  p̂G,m,2(k, 1)= 1,

Bm,k(1)p̂G,m,2(k, 1)+ ∂p̂G,m,2

∂r
(k, 1)= 0,

(4.13)

respectively, and where

K(k, r0)= p̂G,m,1(k, r0)
∂p̂G,m,2

∂r
(k, r0)− p̂G,m,2(k, r0)

∂p̂G,m,1

∂r
(k, r0). (4.14)

From Bender & Orszag (1978, chap. 1, Part I), it can be shown that

K(k, r0)= ρ0(r0)Dm,k(r0)

r0ρ0(h)Dm,k(h)

[
∂p̂G,m,2

∂r
(k, h)+ Bm,k(h)p̂G,m,2(k, h)

]
. (4.15)

The dispersion relation for the sonic and nearly convected modes is K(k, r0) = 0.
Indeed, by definition, p̂G,m,2 satisfies the wave equation and the rigid boundary
condition on the outer duct wall r = 1. If, in addition, k is the solution of K(k, r0)= 0,
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FIGURE 2. Upstream (grey) and downstream (black) sonic modes (× symbols), nearly
convected modes (black + symbols) and critical layer (grey line) with swirl, and upstream
(grey) and downstream (black) acoustic modes (© symbols) with uniform mean flow in
the complex k plane for h = 0.5, ω = 30, m = 16, Mθ (r) = 0.28r + 0.1/r, Mx(1) = 0.4
and radial equilibrium. The acoustic modes in uniform mean flow (© symbols) are given
for an average axial mean flow and speed of sound, which gives: ωunif = 30.234 and
Mx,unif = 0.5105. (a) Large view, with a schematic integration contour Γk (black dashed
line), and the asymptotic real part of the cut-off sonic modes (dashed–dotted grey line);
(b) zoom around the real axis and actual numerical integration contour Ck (black dashed
line). (In the studied case, the first four nearly convected modes are [32.036, 32.079] and
[59.946, 59.809].).

then p̂G,m,2 also satisfies the rigid boundary condition on the inner duct wall r = h,
from (4.15). Namely, k = k±m,µ is an eigenvalue of the ducted swirling flow. The latter
can correspond to an upstream-going sonic mode (k = k+,Sm,µ), a downstream-going sonic
mode (k = k−,Sm,µ) or a downstream nearly convected mode (k = k−,NC

m,µ ); see figure 2. For
each family of modes, the index µ ∈ N is the radial order. So let us introduce for
convenience Ψ ±m,µ, the particular eigenfunction scaled so that∫ 2π

0

∫ 1

h
|Ψ ±m,µ(r) exp(imθ)|2r dr dθ = π(1− h2), (4.16)

to be consistent with the dimensional norm πR∗T(1 − h2) used in the uniform mean
flow case (e.g. by Ventres et al. (1982) and Posson et al. (2011)). Eigenfunction Ψ ±m,µ
satisfies

p̂G,m,1(k
±,S
m,µ, r)= Ψ ±m,µ(r)

hΨ ±m,µ(h)
and p̂G,m,2(k

±,S
m,µ, r)= Ψ ±m,µ(r)

Ψ ±m,µ(1)
. (4.17)

Let C±m,µ = hΨ ±m,µ(h)Ψ
±

m,µ(1), then

p̂G,m,1(k
±
m,µ, r0)p̂G,m,2(k

±
m,µ, r)= Ψ

±
m,µ(r)Ψ

±
m,µ(r0)

C±m,µ
= p̂G,m,1(k

±
m,µ, r)p̂G,m,2(k

±
m,µ, r0). (4.18)

This result will be used in §§ 4.2 and 6.
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Finally, notice that the pressure-field solution of the sixth-order partial differential
equation in the real time–space domain can be obtained by solving in the Fourier
space (k,m, ω) a second-order ODE with respect to the radial coordinate with two
boundary conditions (of rigid duct walls here), exactly as in uniform axial mean flow.
As a result, this approach, using a single equation for the pressure, is expected to be
computationally attractive.

4.2. Green’s function computation
For each frequency ω and each azimuthal mode order m, the eigenvalue problem for
k is first solved by a pseudo-spectral method using both the Chebyshev collocation
grid and the Chebyshev staggered grid as proposed and detailed by Khorrami (1991).
The four equations (2.4)–(2.7) with a zero right-hand side are Fourier-transformed in
time and in the axial and tangential directions. The staggered grid is used to discretize
the pressure and the axial and tangential velocity variables, whereas the radial velocity
component on which the boundary conditions are defined (u= 0 at r = h and r = 1) is
discretized on the collocated grid. This yields the axial wavenumbers k±m,µ of the sonic
and nearly convected modes. The critical layer is also investigated, and an example
is plotted in figure 2. First, the critical layer (continuous grey line) lies on the real
axis and is defined by {kc(r) | Λ(kc(r)) = 0 and r ∈ [h, 1]}. Second, the modal content
splits into the sonic modes (× symbols close to the acoustic modes in uniform mean
flow) and the nearly convected modes (black + symbols). The nearly convected modes
cluster towards the ends of the critical layer. The infinitely many sonic modes split
into upstream-going modes (grey) and downstream-going modes (black), among which
only a finite number are cut on, as in uniform mean flow. Third, the swirl modifies the
sonic-mode eigenvalues and associated cut-on frequencies, with the consistent result
that fewer modes (two instead of five here) are cut on with swirl for a co-rotating
mode (m > 0). The real part of the cut-off sonic modes also differs from that of the
acoustic modes in uniform mean flow. The high-order limit of the real part of these
cut-off sonic modes, as is given by Heaton & Peake (2005, equation (2.16)) in a more
specific swirl, applies here (dashed–dotted vertical grey line in figure 2a).

To yield the pressure field in the space domain, the integration contour Γk, over
the wavenumbers k, must be carefully defined by causality considerations using the
Briggs–Bers procedure described by Heaton & Peake (2006, § 4). The continuous
spectrum and the nearly convected modes must lie above Γk and contribute to
the integral downstream of the forcing when the contour is closed in the upper
half-plane. The sonic modes can originate from either Im(k) > 0 (downstream-going
propagating or evanescent modes, contributing when x > x0) or Im(k) < 0 (upstream-
going propagating or evanescent modes, contributing when x < x0). A resulting
integration contour is illustrated in figure 2(a) by the dashed black curve. In practice,
the integration over the wavenumber k is split into two parts. First, the contribution
of each sonic mode is computed using the residue theorem. This permits a fast and
accurate evaluation of the contribution of the sonic modes. It also permits us to exhibit
the contribution of each mode separately to quantify their respective effects and give a
result very similar to that in uniform mean flow: the contribution of a sonic duct mode
(m, µ) to p̂G,m(r | k, ω, x0, t0) is

p̂±,SG,m,µ(r |ω, x0, t0)= p̂G,m(r | k±,Sm,µ, ω, x0, t0)

=±i
eik±,Sm,µ(x−x0)eim(θ−θ0)−iω(t−t0)

(2π)2r0C±,Sm,µ

∂K

∂k
(k±,Sm,µ, r0)

Ψ ±,Sm,µ (r)Ψ
±,S

m,µ (r0), (4.19)
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using (4.18). The associated G±,Sm,µ is obtained from (4.7). To shorten the notation,
Λm,k±,Sm,µ

is written Λ±,Sm,µ, and similarly for other variables like Dm,k and Bm,k. The
derivative of K with respect to k is computed from (4.15), and reduces to

∂K

∂k
(k±,Sm,µ, r0)= ρ0(r0)D(r0)

r0ρ0(h)D(h)

[
∂2p̂G,m,2

∂r ∂k
(k±,Sm,µ, h)+ B±,Sm,µ(h)

∂p̂G,m,2

∂k
(k±,Sm,µ, h)

− 2
mUθ(h)Ux(h)

hΛm,µ(h)
2 p̂G,m,2(k

±,S
m,µ, h)

]
. (4.20)

Second, the contribution of the nearly convected modes and of the critical layer
is obtained from a numerical evaluation of the integral around the closed contour
Ck in the complex k plane that encloses them, as shown by the dashed black line
in figure 2(b). Both for an eigenvalue k = k±m,µ and for k on Ck, the two functions
p̂G,m,i(k, r), i = 1, 2, are found as solutions of an initial-value problem for a system
of two first-order differential equations by noting that the second-order differential
operator L can be written as a system of two first-order equations, as described in
§ B.1. In addition, ∂ p̂G,m,2(k±,Sm,µ, r)/∂k must be evaluated to compute the contribution
of the sonic modes (see (4.20)). Computing this derivative numerically, e.g. by finite
differences, is time consuming and not sufficiently accurate, and instead a new system
of two first-order ODEs is solved as an initial-value problem. The details are given
in § B.2

If the swirl is zero and the axial flow is uniform, the sixth-order operator in (3.6)
corresponds to applying the fourth-order convective derivation D4

0/Dt4 to the wave
operator in uniform mean flow, and the boundary conditions on the duct walls are
exactly those in uniform mean flow: ∂G/∂r = 0 at r = h and r = 1. Furthermore,
the derivatives can be swapped in F , and D4

0G/Dt4 is exactly the Green’s function
tailored to an annular duct with uniform mean flow, as used for instance by Goldstein
(1976), Ventres et al. (1982) and Posson et al. (2011).

4.3. Implementation, assessment and sensitivity to the numerical parameters
In this subsection we briefly describe the validation of our Green’s function
computations.

First, spurious eigenvalues produced by the pseudo-spectral method are discarded
by application of a continuity criterion and a resolvedness criterion. The first of these
removes modes that vary significantly as the number of points in the pseudo-spectral
method, N, is increased, while the second removes modes for which the eigenmode is
not sufficiently well resolved. Full details of this procedure are described by Brambley
(2007). Furthermore, the convergence of the evaluation of the eigenvalues and the
Green’s function as a function of N has been checked by doubling the number of
points, showing a perfect agreement for the chosen precision (N = 200 or N = 100),
as observed in figure 3. Second, we have checked that both the eigenvalues and the
Green’s function obtained for the swirl of figure 2 vary slowly and smoothly when
the swirl is varied slowly (e.g. varying Ω or Γ , other parameters being kept constant),
as shown for instance in figure 3, where Ω is varied. In addition, when the swirl
and axial shear have been set to zero, our computations of the eigenvalues and the
Green’s function are in perfect agreement with the results from the uniform mean
flow case, for which the Green’s function is defined analytically in terms of Bessel
functions. Third, our computation of the eigenvalues has been checked by comparison
with results from previous studies with non-zero swirl (e.g. Golubev & Atassi 1998;
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FIGURE 3. Eigenvalues obtained for different Ω = {0.28; 0.26; 0.24; 0.22} with Γ = 0.1 and
Mxd(RT) = 0.4 with a radial equilibrium as in figure 2. For N = 200: Ω = 0.28 (squares),
Ω = 0.26 (triangles), Ω = 0.24 (diamonds), Ω = 0.22 (circles). For N = 100: Ω = 0.28
(pluses), Ω = 0.22 (crosses).

Heaton & Peake 2005, 2006), and in particular the nearly convected modes are well
predicted in each of the three kinds of accumulation found by Heaton & Peake (2006).
The present Green’s function is closely related to Heaton & Peake’s (2006) Green’s
function, and, once the differences have been accounted for, we obtain complete
agreement with these previous results.

5. Pressure-field solution of the governing equation
Having found the Green’s function, we can now solve (3.5) for the pressure p. First,

define a generalized Green’s function G̃ equal to G in the region defined by f > 0, and
taking any value in the region defined by f < 0. Then, p is given by

p(x, t)=
∫∫∫∫

V
G̃(x, t | x0, t0)(S̃(x0, t0)+ SFWH(x0, t0))r0 dθ0 dr0 dx0 dt0, (5.1)

where V is the whole space. This expression is true whatever the value of G̃ is in
f < 0, because no sources of noise (volume or surface) are included in f < 0. We can
now write p as a sum of contributions from volume and surface terms, respectively,

p(x, t)= TV(x, t)+ TS(x, t), (5.2)

with

TV(x, t)=
∫∫∫∫

V
G̃(x, t | x0, t0)(A0(S̃1)+D2

0 (S̃2))(x0, t0) dV0 dt0 (5.3)

and

TS(x, t)=
∫∫∫∫

V
G̃(x, t | x0, t0)(A0(SFWH,1)+D2

0 (SFWH,2))(x0, t0) dV0 dt0, (5.4)

where the subscript 0 on the operators A and D means that the derivatives in the
operator A defined by (3.8) and D defined by (A 5) are performed with respect to
the source time t0 and space coordinates x0, instead of with respect to the observer
variables t and x. The next step is to perform sufficiently many integrations by parts
in (5.4) to remove all derivatives from the terms SFWH,i so as to be able to use the
Dirac delta distribution to complete integrals over the surfaces defined by f = 0, and
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similarly in (5.3) so as to uncover the Heaviside function and obtain an integral over
the fluid volume V . The final expression for TS is

TS(x, t)=+
∫∫∫

ΣB(t0)
SFWH ·∇(D

2
0 (G))− SFWH,ρ

D0

Dt0
(D2

0 (G)) dΣ0(t0) dt0

+
∫∫∫

ΣB(t0)
2SFWH,θ

Uθ

r0
R0,1(G) dΣ0(t0) dt0

+
∫∫∫

ΣB(t0)
SFWH,rR0,2(G) dΣ0(t0) dt0, (5.5)

where the operators R0,1 and R0,2 are defined in appendix C. The surface integrals
in (5.5) reduce to integrals over the blade surfaces. Indeed, it can be shown that the
surface integral along the duct walls is zero if we use the tailored Green’s function
derived in the previous section and neglect the acoustic pressure generated by the
viscous stresses on the inner and outer duct walls. This result generalizes the result
in uniform base flow; the first integral in (5.5) is analogous to the result obtained by
Goldstein (1976) for a uniform base flow. If there is no swirl nor any radial shear of
the axial mean flow, then the last two integrals in (5.5) are zero and D2

0 (G) reduces
to the Green’s function tailored to an annular duct in a uniform base flow. The second
integral in (5.5) is caused by the swirl and is associated with the force on the blade
in the azimuthal direction. The third integral in (5.5) is caused by either swirl or shear
(see (C 2)) and is associated with the force on the blade in the radial direction. As a
result, if the viscous force on the blade is neglected and the blades are aligned radially
this last integral is zero.

The final expression for the volume term TV is

TV =+
∫∫∫∫

V (t0)
Z

{
D2

0

Dt2
0

− c2
0∇2

}
[D2

0 (G)] + Tij
∂2

∂yi ∂yj
[D2

0 (G)] dV0 dt0

−
∫∫∫∫

V (t0)
∇(D2

0 (G)) ·

[
ρH+ U2

θ

r0
Zer

]
+ ρu

[
dUx

dr0

∂

∂x0
+ d

dr0

[
Uθ

r0

]
∂

∂θ0

]
(D2

0 (G)) dV0 dt0

−
∫∫∫∫

V (t0)
2

Uθ

r0

[
τ · (∇[R0,1(G̃)])

+ R0,1(G̃)

(
ρto(u ·∇)u+ ρ D0u

Dt0
+ ρH

)]
· eθ dV0 dt0

−
∫∫∫∫

V (t0)

[
τ · (∇[R0,2(G̃)])+R0,2(G̃)

×
(
ρto(u ·∇)u+ ρ D0u

Dt0
+ ρH+ U2

θ

r0
Zer

)]
· er dV0 dt0. (5.6)

The first integral in (5.6) is analogous to the usual quadrupole term in a medium at
rest or in a uniform mean flow (see (3.12)). We recall that, since we write down an
equation for the pressure rather than the fluctuating density, we find also the first term
in the first integral in (5.6) involving the non-isentropic variable Z. Every integrand
in the other three integrals in (5.6) is proportional to at least one of Uθ , dUθ/dr or
dUx/dr, and so they are zero in a uniform non-swirling base flow.
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Finally, note that the integration by parts has allowed us to move all the derivatives
from the source terms onto the Green’s function. This is an important practical point,
because calculating higher-order derivatives of the sources, which have themselves
been obtained with limited precision from computational fluid dynamics (CFD) or
experiment, is a clear source of error. As a result, in our formulation one may expect
not to need any extra precision in the evaluation of the noise sources than what is
required in uniform mean flow. (For instance, in the following section, only the blade
pressure distribution will have to be evaluated, just as is required in uniform mean
flow case when considering subsonic turbomachinery noise.) On the other hand, it
might appear that there is some increased difficulty in computing the derivatives of the
Green’s function compared to the uniform flow. However, since we Fourier-transform
in time and in axial and azimuthal directions, only the first and second derivatives
in r are required numerically, but in fact, given the way that our Green’s function
computation has been set up, these radial derivatives are actually rather easy to obtain
accurately – see appendix B.

6. Pressure-field solution in the particular case of subsonic rotor noise
The above developments are now applied to the problem of noise generation by

the rotor of an aeroengine fan stage. The flow upstream of the rotor is almost
uniform (in practice, some shear is observed because of the duct wall boundary
layers and distortion in the ingested flow, but this will be neglected here). The rotor
has rotational speed ΩR, and downstream of the rotor the mean flow has swirl of
azimuthal component Uθ(r) and radially varying axial component Ux(r). We choose
to investigate here very general axial mean flow profiles (defined as a sum of a
polynomial and a rational polynomial in r). However, an axial mean flow profile
defined by radial equilibrium and assuming that the stagnation enthalpy is constant and
the fluid is homentropic (e.g. Golubev & Atassi 2000a,b) could also be studied with
the present acoustic analogy.

6.1. Assumptions and general result

We will neglect the contribution of the volume integral TV in (5.2), as is usually
done in this context for subsonic blade speed (e.g. Goldstein 1976, § 4.3). However,
in a uniform mean flow configuration, Morfey (1971), for instance, suggests that the
quadrupole terms may be important even at moderate subsonic Mach numbers, and
Goldstein, Dittmar & Gelder (1974) proposed a model to include their contribution for
fan inflow distortion tone noise. As a result, further investigation will be required
to evaluate the effect of the term TV as a function of the axial and azimuthal
Mach numbers and to determine to what extent the swirl modifies the weight of
the quadrupole terms. The blade surfaces are supposed to be impermeable and non-
vibrating: (U + u − VΣB) · n = 0. The term associated with SFWH,ρ is related to the
thickness noise or volume displacement effect, and, in the case of subsonic blade
relative Mach number, Goldstein (1976, para. 4.3.2) showed that this noise is cut off in
the duct with zero swirl. Since only the co-rotating modes of azimuthal order m = sB,
with s a positive integer, are radiated, this result still holds when swirl is added. As a
result, only the loading noise will be investigated here. The effect of the viscous stress
tensor is neglected, τ ∼= 0, so L · n = pn. Finally, the blades are assumed to be purely
radial (zero lean and sweep angles), i.e. of radial blade normal component nr = 0,
merely to simplify the calculations. The orientation of the normals and the main blade
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n

c

 

  

 

x0

FIGURE 4. (Colour online) Sketch of the rotor in an unwrapped view at radius r, including
the coordinate systems.

parameters are defined by

(nr, nθ , nx)= (0,− cosχ,− sinχ)= (0,−q2, q1), (6.1)

as in the sketch in figure 4, where χ is the blade stagger angle and (q1, q2) are simply
introduced to be in line with previous cascade models (Hanson 2001b; Posson 2008;
Posson, Moreau & Roger 2010a; Posson et al. 2011). As a result of these assumptions,
the pressure field is found from (5.5) by an integration over the blade surface of the
product of the blade pressure distribution and a derivative operator T0 acting on G, i.e.

p(x, t)=
∫∫∫

⋃
j ΣB,j(t0)

p(x0, t0)T0(G(x, t | x0, t0)) dΣ0(t0) dt0, (6.2)

with

T0(G)=
[

nx,jD
2
0

∂G

∂x0
+ nθ,j

(
D2

0

r0

∂G

∂θ0
+ 2

Uθ

r0
R0,1(G)

)]
. (6.3)

It is now possible to use the same strategy as was done previously in uniform mean
flow (e.g. Goldstein 1976; Ventres et al. 1982; Posson et al. 2011) to compute the
noise generated, by simply providing the blade pressure distribution as input from
an analytical model or a CFD simulation. Equation (6.2) reduces to that derived by
Goldstein (1976) in a uniform mean flow case applied to an annular cross-section (e.g.
Ventres et al. 1982; Posson et al. 2011) instead of a circular section (Goldstein 1976).
Indeed, in this particular case, T0(G)≡ n ·∇(D4

0G/Dt4
0) and D4

0G/Dt4
0 = Gunif is exactly

the Green’s function tailored to a rigid annular duct with uniform axial mean flow.
In the following, the pressure distribution on the two blade surfaces (suction side ps,

pressure side pp) will be given by an analytical model in terms of a pressure jump
distribution across the blade, neglecting the effects of thickness and camber,

[ps(x0, t0)− pp(x0, t0)] dSj nj =−1Pj(x0, t0) dSj nj, (6.4)
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as sketched in figure 4, where j is the index of the current blade. As is usually done
in uniform mean flow (e.g. Goldstein 1976; Ventres et al. 1982), the surface integral in
(6.2) is evaluated in the reference frame RR of the rotor. By definition, θ0 = θ0R+ΩRt0,
where θ0R is the angular position of a point x0 (denoted x0,R = (r0, θ0R, x0)) in RR. The
Fourier decomposition (4.2) of the Green’s function is introduced, and the time and
space integrals are switched. Then 1P̂j(x0,R, ω), the Fourier transform in time of the
pressure jump across the blade j, and Tm,k,r0 , the time and axial Fourier transform and
azimuthal Fourier series of the operator T0 defined by (6.3), are introduced to write
the pressure field as

p(x, t)= 2πi
∫
ω

∑
m∈Z

∫
k

∫∫
⋃

j Sj

1P̂j(x0,R, ωm)Tm,k,r0(
̂̂Gm(r | k, ω, r0))

× eik(x−x0)+im(θ−θ0R,j)−iωt dS0,j dk dω, (6.5)

with ωm = ω − mΩR. The noise radiated in mode m at frequency ω is caused by
noise sources at frequency ωm. For each frequency ω and azimuthal order m, the
pressure-field components can be split as the sum of the contribution P±,Sm,µ(x, t |ω) of
the sonic modes (m, µ) and the contribution P−,NCCL

m (x, t |ω) of the sum of the nearly
convected modes plus the critical layer obtained by numerical integration over k ∈ Ck

of P−,NCCL
m (x, t |ω, k). The exponent ± stands for the field radiated upstream (+) and

downstream (−) of the blade row. Note that the nearly convected modes and the
critical layer only contribute downstream of the sources, as explained in § 4.2.

After some algebra, the contribution of a sonic mode (m, µ) reads

P±,Sm,µ(x, t |ω)=P±,S
m,µ(ω)Ψ

±
m,µ(r)e

ik±,Sm,µx+imθ−iωt, (6.6)

with

P±,S
m,µ(ω)=

B−1∑
j=0

ei(2πmj/B)

∫ 1

h

∫ c(r0)

0
1P̂j(x0,R, ωm)S

±
m,µ(ω, r0) e−ik±,Sm,µ,cxc0 dxc0 dr0 (6.7)

and

S±m,µ(ω, r0)=± 1

2πC±m,µr0
∂K

∂k
(k±,Sm,µ, r0)

{(
q2

m

r0
− q1k±,Sm,µ

)
D±,Sm,µ(r0)

Λ±,Sm,µ(r0)
2Ψ
±

m,µ(r0)

+ 2q2Uθ

r0Λ±,Sm,µ(r0)

[
B±,Sm,µ(r0)Ψ

±
m,µ(r0)+

dΨ ±m,µ(r0)

dr0

]}
. (6.8)

Here k±,Sm,µ,c = k±,Sm,µ cosχ − (m/r0) sinχ is the chordwise wavenumber.
Similarly, the overall contribution of the nearly convected modes and the critical

layer is

P−,NCCL
m (x, t |ω)=

∫
Ck

P−,NCCL
m (r |ω, k) eikx+imθ−iωt dk, (6.9)

with

P−,NCCL
m (r |ω, k)=

B−1∑
j=0

e+i(2πmj/B)

∫ 1

h

∫ c(r0)

0
1P̂j(x0,R, ωm)S

−
m(ω, k, r0) e−ikcxc0 dxc0 dr0

(6.10)
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and

S−m(ω, k, r0)= i
{(

q2
m

r0
− q1k

)
Dm,k(r0)

Λm,k(r0)
2 M̂m

+ 2Uθq2

r0Λm,k(r0)

[
∂M̂m

∂r0
+
(

2mUθ

r2
0Λm,k(r0)

+ 1
Dm,k(r0)

dDm,k(r0)

dr0

)
M̂m

]}
.

(6.11)

In (6.10), kc = k cosχ − (m/r0) sinχ , and if r > r0 then

M̂m(r | k, ω, r0)=+ 1

(2π)2r0K(k, r0)
p̂G,m,1(k, r0)p̂G,m,2(k, r), (6.12)

and the term in square brackets in (6.11) is equal to

1

(2π)2r0K(k, r0)

∂p̂G,m,1

∂r0
(k, r0)p̂G,m,2(k, r)+ Bm,kM̂m, (6.13)

whereas if r < r0 then

M̂m(r | k, ω, r0)=+ 1

(2π)2r0K(k, r0)
p̂G,m,2(k, r0)p̂G,m,1(k, r), (6.14)

and the term in square brackets in (6.11) is equal to

1

(2π)2r0K(k, r0)

∂p̂G,m,2

∂r0
(k, r0)p̂G,m,1(k, r)+ Bm,kM̂m. (6.15)

6.2. Specific case of the rotor tonal noise
We believe that the effects of swirling flow must be included in a number of key noise
sources, including rotor-alone broadband noise and rotor–stator interaction noise. The
application of our new result (5.2), (5.5) and (5.6) in these contexts will be described
in later papers (see Posson & Peake (2012) for preliminary results in the rotor-alone
case). However, both these cases require significant additional technical elaboration. So
in order to exhibit the effect of swirl, we consider in this paper the simpler case of
the noise produced by the interaction of an upstream steady non-uniform flow with the
fan. This may be caused by installation effects such as the presence of the wing, or
ingested turbulence (Goldstein 1976), and is believed to be a significant noise source
in certain configurations (see e.g. Koch 2012).

6.2.1. Formulation
To illustrate the effect of the swirl, an inflow obstacle upstream of the rotor is

supposed to produce a stationary mean Gaussian wake of half-width θ0 and depth
αU∞x inside the uniform axial mean flow U∞x coming from upstream infinity. The total
incident steady non-uniform flow is

uinc(x)= U∞x (1− α e− ln 2(θ/θ0)
2
)ex =

∑
q∈Z

uq eiqθex, (6.16)

with Fourier coefficients uq = δq0 − {(αθ0)/(2
√
(π ln 2))} exp[−(qθ0/2)

2/ ln 2]. The
analytical blade response model used is only sensitive to the fluctuation w of the
incoming velocity in the direction normal to the blade, i.e. of the Fourier coefficients
wq = −uq sinχR (since uinc is purely axial). In practice, all the following results
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are obtained for α = 40 %, a half-width θ0 = π/20, taking at most q ∈ [−30, 30].
A uniform upstream mean flow is defined by taking the average axial mean flow
component of the swirling mean flow (to be specified in due course) downstream
of the rotor and dividing by the square root of the average square speed of
sound, i.e. defined in non-dimensional variables by c0,unif = mean(c0(r)

2)
1/2

and
Ux,unif = mean(Ux(r))/c0,unif . Similarly the density in uniform mean flow is defined
from an average of that with swirl. This uniform mean flow is used to define
U∞x = Ux,unif and c∞0 = c0,unif .

Since each blade rotates in the direction of the increasing θ0 at speed ΩR, the
perturbation rotates in the direction of decreasing θ0R at ΩR in the reference frame RR

fixed to the rotor, and the blade loading fluctuates periodically at frequency ΩR. A
Fourier series in time is performed and the space–time periodicity properties are used
to give the pressure jump across blade j,

1Pj(x0,R, t0)=1P(x0, r0, θ0R,j, t0)=1P

(
x0, r0, θ0R,0 − 2π

B
j, t0

)
=1P

(
x0, r0, θ0R,0, t0 − 2π

BΩR
j

)
=1P0

(
x0,R, t0 − 2π

BΩR
j

)
(6.17)

and

1Pj(x0,R, t0)=
∑
q∈Z

1P̂q,0(x0,R) ei(2πq/B)j e−iqΩRt0, (6.18)

where 1P̂q,0(x0,R) is the time Fourier series harmonic of order q of the pressure jump
on blade 0 corresponding to the loading at frequency qΩR that is produced by the
harmonic q of the flow distortion wq. For identical equi-spaced blades, m and q satisfy
the well-known Tyler & Sofrin (1962) condition m+ q= sB, s ∈ Z, and finally

p(x, t)=
∑
s∈Z

p̂sB(x) e−isBΩRt, (6.19)

with

p̂sB(x)= 2iπB
∑
q∈Z

∫∫
S0

1P̂q,0(x0,R)

∫
k
Tm,k,r0(

̂̂Gm(r | k, sBΩR, r0))

× eik(x−x0) dk e−imθ0R,0 dS0,0 eimθ . (6.20)

We have therefore obtained the well-known result that the non-uniform mean
flow–rotor interaction noise is produced at a multiple of the blade passing frequency
(BPF, sBΩR), and is the sum of the contributions of dipole noise sources (pressure
jump distribution) at the harmonics of the rotation (qΩR), and these noise sources
contribute to the duct mode of azimuthal order m= sB−q (if it is cut on at ω = sBΩR).
Then, for each frequency ω and azimuthal order m, the pressure-field components can
be split as the sum of the contribution of the sonic modes and the contribution of the
sum of the nearly convected modes plus the critical layer as detailed in § 6.1. The
expression is given by setting ω = sBΩR (ωm = qΩR) and m = sB − q in the final
results (equations (6.6) and (6.9)) of § 6.1.
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FIGURE 5. Radial profile of the axial Ux(r) (grey) and tangential Uθ (r) (black) non-
dimensional mean flow components in configuration with swirl (RS) defined in table 1: case
(I) triangles, (II) solid lines with circles and (III) dashed lines with crosses.

In practice, the unsteady blade loading response to a fluctuation of the velocity
field in its reference frame is computed using the unsteady blade response function of
Posson, Roger & Moreau (2010b) based on Glegg’s (1999) cascade response model.
Since the purpose is to illustrate the effect of the swirling mean flow, only two-
dimensional gusts are considered for simplicity. The spanwise variation of the mean
flow fluctuations are only accounted for parametrically in the amplitude wq(r). The
required inputs at each strip are the gust amplitude wq(r), the frequency ω = qΩR, the
inter-blade phase angle σ = 2πq/B, the local chord cd(r) and stagger angle χ(r), and
the local mean flow Mach number along the blade M = U∞xd/(c

∞
0 cos(χ(r))).

6.2.2. Test case
Our test case is inspired by the rotor geometry and the mean flow downstream of

the rotor at approach condition of the 22-inch Source Diagnostic Test (SDT) fan rig
of the NASA Glenn Research Center (Hughes et al. 2002; Podboy et al. 2002a). The
rotor has B = 22 blades, the hub-to-tip ratio h = 0.5, the non-dimensional chord is
constant cd = 0.3, and the stagger angle varies linearly from hub to tip between 20
and 55◦. Three different swirling mean flows downstream of the rotor are investigated.
They are defined in table 1, and their profiles are plotted in figure 5: case (I) is
solid-body swirl; case (II) is a rather general swirl involving both a solid body and
a free vortex; and case (III) corresponds to a realistic swirl for the studied rotor at
approach condition inspired by the SDT results, involving both swirl and a sheared
flow caused by the boundary layers. We look at the first harmonic of the BPF (s = 2),
which corresponds to a non-dimensional frequency ω = sBΩR = 30, and consider all
the cut-on modes m that are excited, i.e. m = sB − q for q ∈ [−30, 30]. The extremal
values of the cut-on and excited m in each case are given in the last column of table 1.
However, in practice, the response for |q|> 27 is negligible.

A calculation using the actual swirl and the acoustic analogy derived in this paper
will be referred to as (RS). In order to evaluate the effect of swirling mean flow,
the above-defined uniform mean flow Ux,unif is also investigated. Its values are given
in the second column of table 1. The calculations performed with a uniform mean
flow and the associated acoustic analogy (Goldstein 1976; Ventres et al. 1982) will be
referred to as (UF). In a third calculation, the swirl effect is approximated by a simple
Doppler shift in the frequencies while using the above-defined uniform mean flow, as
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FIGURE 6. Eigenvalues in case (I) for the azimuthal mode orders (a) m = 18, (b) m = 20,
(c) m = 21 and (d) m = 24. Downstream eigenvalues obtained with (RS) (black squares),
(DC) (black crosses) and (UF) (grey circles); and upstream eigenvalues with (UF) (grey
diamonds).

Case Ux,unif Ux(r) Uθ (r) m= sB− q

(UF) ∈ [14, 29]
(I) 0.351 0.35 0.2 r (DC) ∈ [14, 24]

(RS) ∈ [14, 24]
(UF) ∈ [14, 29]

(II) 0.352 0.35 0.1 r+0.2/r (DC) ∈ [14, 22]
(RS) ∈ [14, 22]

(III) 0.343 0.35− 0.1
(

2r − 1− h

2(1− h)

)10 0.12
r
+ 0.07

(UF) ∈ [14, 29]
(DC) ∈ [14, 24]
(RS) ∈ [14, 24]

TABLE 1. Definition of the parameters of the tonal noise test cases. UF = uniform mean
flow, DC = Doppler effect correction, RS = real swirl.

proposed by Topol (1999), i.e. the duct mode eigenvalues and eigenvectors, and, as a
result, the duct mode cut-on frequency, the duct mode axial wavenumber and radial
shapes are computed using a uniform mean flow but replacing the actual frequency
ω/c0,unif by (ω − mUθ/r)/c0,unif . In practice, since Uθ(r)/r is not constant (except for
a solid-body swirl), we chose in the present paper (ω − mUθ(1))/c0,unif . This approach
will be referred to as Doppler effect correction (DC), and is often thought of as a
way of dealing with the swirling mean flow effect in a very simple way (Topol 1999;
Hanson 2001a; Posson & Moreau 2011). Its actual validity will be investigated here by
comparison with our full solution.

6.2.3. Results
The axial wavenumbers of the downstream-going cut-on sonic modes are plotted in

each of the three flow configurations (I)–(III) in figures 6–8, respectively. The number
of cut-on modes (m, µ) for m fixed tends to decrease with swirl; for instance, in
case (II) there are four, three and two cut-on modes in uniform mean flow at m = 17,
m ∈ [18, 20] and m ∈ [21, 22], respectively, whereas there are only two at m = 17 and
one at m ∈ [18, 22] with swirl. The maximal azimuthal mode order m of a cut-on
mode is also decreased, as reported in the last column of table 1, where the mode
m = 29 is cut on in uniform mean flow whereas modes m > 25 are all cut off with
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FIGURE 7. Eigenvalues in case (II) for the azimuthal mode orders (a) m = 17, (b) m = 18,
(c) m = 19 and (d) m = 22. Downstream eigenvalues obtained with (RS) (black squares),
(DC) (black crosses) and (UF) (grey circles); and upstream eigenvalues with (UF) (grey
diamonds).
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FIGURE 8. Eigenvalues in case (III) for the azimuthal mode orders (a) m = 19, (b) m = 20,
(c) m = 21 and (d) m = 24. Downstream eigenvalues obtained with (RS) (black squares),
(DC) (black crosses) and (UF) (grey circles); and upstream eigenvalues with (UF) (grey
diamonds).

swirl. This is the well-known result that swirling mean flow increases the cut-on
frequency of co-rotating modes (m> 0).

If a solid-body swirl is considered as in case (I), the Doppler effect correction
predicts accurately the wavenumbers, as in figure 6, where the square and plus
symbols almost lie on top of each other. This is no longer the case for more general
flows, as in cases (II) and (III) in figures 7 and 8. The wavenumbers are no longer the
same, and the cut-on frequency is also changed, which can lead to a different number
of cut-on modes. For m = 18 in case (II) in figure 7(b) and for m = 20 in case (III)
in figure 8(b), the (DC) predicts two cut-on modes µ= 0 and µ= 1 whereas only the
mode µ= 0 is still cut on with the actual swirl.

Before investigating the pressure field generated by the interaction of the blades
with the non-uniform mean flow, the Green’s functions are compared in the case (II),
corresponding to a solid-body plus a free-vortex swirl. Since in uniform mean flow
the Green’s function is D4

0G/Dt4
0 = Gunif , we do not compare directly the two Green’s

function but we compare a downstream sonic mode (m, µ) component p̂−,SG,m,µ, part of
the Green’s function G−,Sm,µ (obtained from (4.19)), with the modal component (m, µ) of
the uniform mean flow Green’s function

G−m,µ,unif =
i

4π
Emµ(r)Emµ(r0)

Γmµκmµ
eik±mµ(x−x0)eim(θ−θ0). (6.21)

In addition, the result obtained with the Doppler effect correction and the overall
contribution of the nearly convected modes and critical layer for this m are also plotted
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FIGURE 9. Radial profiles of modal components (m, µ) of the Green’s function for m = 17
at (x, θ)= (0.4, 0) for a point source at (r0, θ0, x0)= (0.82, 0, 0.0) computed with (UF) (grey
lines), with (RS) (black thick lines) and with (DC) (black thin lines) for µ= 0 (plus symbols),
µ = 1 (circles) and µ = 2 (dashed lines, only UF). The contribution of NCCL is plotted in
thick lines with squares.

in figure 9. The plots in figure 9 are radial profiles obtained at one chordwise position
x = 0.4 and azimuthal position θ = 0 for a point source at (r0, θ0, x0) = (0.82, 0, 0.0).
The swirling mean flow changes not only the number of cut-on modes, as emphasized
previously, but also the amplitude of the contribution of each mode. The nearly
convected modes and the critical layer have a negligible contribution to the Green’s
function, and they also have no perceptible effect on the radiated pressure for the cases
studied. They will not be plotted in the following. This result is very helpful, because
the computation of their contribution is extremely time-consuming compared to the
computation of the sonic modes. There are two reasons for this. First, the contour Ck

in (6.9) must be sufficiently far from the nearly convected modes and critical layer to
avoid rapid oscillation, and therefore the numerical evaluation over this relatively long
contour needs a substantial number of points. Second, the integration of the unsteady
blade loading times the phase term exp(ikc(x − x0)) along the blade chord requires
computation of a double integral in x0 and k, and, while an analytical expression for
the integration with respect to x0 exists for the sonic modes, the integral must be
performed fully numerically for k on Ck. This is hardly tractable when many axial
positions x are computed for colour maps over all possible m. Additional study of the
effect of the nearly convected modes and critical layer (NCCL) has been performed
by Posson & Peake (2012) for a single azimuthal mode order m with a point dipole
source x0 = 0 at each radial location. In that study no perceptible effect of NCCL
was observed when the swirl is a solid body and/or free vortex with a uniform axial
flow or a flow in radial equilibrium. However, when considering the test case proposed
in Heaton & Peake (2006, § 3.3), both an algebraically unstable continuous spectrum
and unstable nearly convected modes are found, and the pressure field exhibits a
downstream growth of the amplitude and an increase in its spanwise spatial extent.
Even so, the amplitude at four tip radii downstream remains small. In the context of
a fan, the axial extent of the engine may not be sufficient for the amplitude and the
spatial extent of this unstable perturbation to have a significant effect, and it still seems
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FIGURE 10. Radiated pressure field in mode (a) m= 18, (b) m= 20, (c) m= 21, (d) m= 22,
(e) m = 23 and (f ) m = 24, in case (I), obtained with (UF) (top), with the sonic mode from
(RS) (middle) and with (DC) (bottom) in each panel.

reasonable to neglect the NCCL contribution. However, the nearly convected modes
and the critical layer are expected to contribute to the acoustic power if diffracting
surfaces are present (splitter, other blade row, etc.). In a future work, it would then be
necessary to investigate the efficiency of the diffraction of these perturbations by the
stator to make a final conclusion about their effect.

Colour maps of the pressure field radiated downstream of the rotor are plotted in
figures 10, 11 and 13 for the cases (I)–(III), respectively. Each panel corresponds to
a specific azimuthal order m and contains three colour maps corresponding to the
pressure field in the duct downstream of the rotor produced using a uniform mean flow
(UF, top), the sonic mode contribution from a real swirl using our present theory (RS,
middle), and the result from a Doppler effect correction (DC, bottom). In all the cases
studied, the pressure pattern obtained in swirling mean flow (RS) is very different
from that with uniform mean flow (UF) for the same azimuthal order. In addition,
the (UF) contains a significant part of the pressure field in modes m ∈ [25, 29], as
shown in figure 12 for m = 27. As a result, the swirling mean flow tends to decrease
the overall pressure amplitude, mostly because only co-rotating modes are excited for
this fan inflow distortion tone noise. This will no longer be the case for rotor–stator
interaction noise, because contra-rotating modes, which tend to be cut on by swirl,
will also be excited. Note that results close to a cut-on frequency must be considered
with care because specific treatments should be applied to the analytical model which
provides the unsteady blade loading (e.g. Posson & Roger 2011). It is then expected
that the effect of the modes m close to their cut-on frequency is overestimated in the
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FIGURE 11. Radiated pressure field in mode (a) m= 17, (b) m= 18, (c) m= 19, (d) m= 20,
(e) m = 21 and (f ) m = 22, in case (II), obtained with (UF) (top), with the sonic mode from
(RS) (middle) and with (DC) (bottom) in each panel.
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FIGURE 12. Radiated pressure field in mode m= 27 in uniform mean flow from case (II).

present study because the analytical model has been used in its two-dimensional form.
This is probably the case for m= 29 in uniform mean flow in all cases and for m= 18
with (RS) in figure 13(a). In other words, the sources may not be fully accurate, but
we emphasize that the Green’s function itself is properly computed.

The solid-body swirl of case (I) of table 1 is investigated in figure 10. The
result obtained with a simple Doppler effect correction gives very good results,
with very small discrepancies observed only for the higher mode order m = 24. A
complementary study performed with a radial line of dipoles by Posson & Peake
(2012) tends to the same conclusion, even if the discrepancies observed in that study
were slightly more pronounced. They also observed that at low azimuthal order (e.g.
m = 5 not excited here) the swirl has no noticeable effect either on the wavenumbers
or on the radiated pressure field with solid-body swirl. In this highly idealized case,
the Doppler effect correction can be used to predict the effect of swirl.
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FIGURE 13. Radiated pressure field in mode (a) m= 19, (b) m= 20, (c) m= 21, (d) m= 22,
(e) m = 23 and (f ) m = 24, in case (III), obtained with (UF) (top), with the sonic mode from
(RS) (middle) and with (DC) (bottom) in each panel.

A more realistic swirl, corresponding to the case (II) of table 1 involving both
solid-body swirl and free-vortex swirl, is studied in figure 11. In this case, the Doppler
effect correction (DC) is no longer able to capture the pressure-field pattern. This is
certainly the case, and is to be expected, for azimuthal mode orders for which the
number of cut-on modes differs between (RS) and (DC) such as in figure 11(b) for
m= 18 (see figure 7b), and when the wavenumbers are very different, such as m= 21
and 22 in figure 11(e,f ) (see figure 7d). However, even when the modes are far from
their cut-on frequency and the wavenumbers are quite close, such as m = 19 and 20
in figure 11(c,d) (see figure 7c), significant discrepancies between (RS) and (DC) are
observed.

Finally, a realistic swirl, inspired by the actual flow measured in the SDT case
(Hughes et al. 2002; Podboy et al. 2002a; Envia et al. 2008) at approach condition,
is investigated in figure 13. As in the previous case, the effect of the swirling mean
flow is strong when comparing the results with (RS) and without (UF) swirl, and
the Doppler effect correction is unable to capture the acoustic behaviour. To quantify
the overall effect of the swirl and the limitation of the Doppler effect correction, the
overall pressure field obtained by summing up the contribution of all the cut-on sonic
modes is plotted in figure 14(a). The maximum pressure levels found in the domains
shown are 6.43 × 10−5 and 9.68 × 10−5 for the Doppler effect correction and the
real swirl, respectively, with mmax = 24, and 7.39 × 10−4 for the uniform mean flow
case with mmax = 29 (if only the contribution of the modes m 6 24 were considered,
the maximum pressure would have been 4.35 × 10−5). This result shows the strong
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FIGURE 14. (a) Overall radiated pressure field in case (III), obtained with (UF) (top), with
the sonic mode from (RS) (middle) and with (DC) (bottom). (b) Error in per cent between
(DC) and (RS): plotted variable is 100[(RS)− (DC)]/max|(RS)|.

difference between the uniform flow case and the swirl. It also gives some clues on
the limitation of the Doppler correction compared to the actual swirl. The associated
percentage error between the Doppler effect correction and the real swirl is plotted
in figure 14(b), showing a relative error of up to 137 %. These results underline
the necessity of using an acoustic analogy that takes full account of the swirl, as
developed in this paper, rather than using the simplified Doppler effect correction, for
realistic flows. The possible strong effect of the swirl and the limitation of the Doppler
effect correction was also observed and emphasized by Posson & Peake (2012) for the
prediction of rotor trailing-edge noise for a realist flow field and blade geometry.

7. Conclusion
In this paper we have developed an acoustic analogy to predict sound generation in

a swirling and sheared flow in an annular duct, including the presence of (possibly
moving) solid surfaces to account for rotor and stator blades. In so doing we have
extended a number of classical earlier results, including Ffowcs Williams & Hawkings’
(1969) equation in a medium at rest with moving surfaces, Goldstein’s (1976) acoustic
analogy for a circular duct with uniform axial mean flow, and Lilley’s (1974) equation
for a sheared but non-swirling jet. Our approach has involved considering perturbations
about an axisymmetric swirling and sheared base state, and then rearranging the
Navier–Stokes equations into the form of a single sixth-order differential operator in
time and space acting on the fluctuating pressure field on the left-hand side, with
the remaining terms representing a series of volume and surface source terms on the
right-hand side (equation (3.5)). The solution of this equation for the acoustic pressure
can then be cast into integral form, and we use the tailored Green’s function for
swirling flow in a rigid annular duct (the numerical calculation of which is described)
so that the source contributions are limited to the volume of the fluid and the blade
surfaces. These source contributions include not only the familiar Lighthill quadrupole
volume sources and the momentum and volume displacement surface sources, but also
a series of new terms that arise only in swirling flow. For instance, the blade surface
contribution (equation (5.5)), which is often thought to be dominant in turbomachinery
flow, contains three terms: the first term is analogous to the result obtained by
Goldstein (1976) for a uniform base flow, and reduces to it with no swirl or shear; the
second term, which involves the blade forces in the azimuthal direction, arises only
in swirl; and the third term, which involves the radial component of the blade force,
arises in either swirl or radial shear.

ht
tp

s:
//

do
i.o

rg
/1

0.
10

17
/jf

m
.2

01
3.

21
0 

Pu
bl

is
he

d 
on

lin
e 

by
 C

am
br

id
ge

 U
ni

ve
rs

ity
 P

re
ss

https://doi.org/10.1017/jfm.2013.210


468 H. Posson and N. Peake

Our new theory can be used for a range of turbomachinery noise sources which
are affected by swirling flow, including rotor-alone trailing-edge broadband noise and
rotor–stator (broadband and tonal) interaction noise. In this paper we have considered
as a first step the noise produced by the interaction of a steady non-uniform flow
entering the fan to illustrate the possible effect of the swirl on an academic problem,
involving gusts. A series of different mean flows were considered, and in all these
cases the swirl is shown to modify the pressure distribution downstream of the fan.
When the swirl is simply solid-body rotation, introducing an elementary Doppler effect
correction when computing the duct modes in uniform mean flow is sufficient to
predict accurately the noise radiated with swirl. However, for more realistic flows the
effect of the swirl can only be included using the full swirling-flow acoustic analogy,
as developed in this paper. The present acoustic analogy has also been applied to
the problem of rotor trailing-edge noise by Posson & Peake (2012), who showed
preliminary results on the effects of the swirl on rotor trailing-edge noise while using
simplified rotor trailing-edge noise sources (in particular, not including cascade effects).
This problem will be considered in a further publication with a more advanced trailing-
edge noise model and comparisons with experimental data.

In addition to the further work mentioned above, there is the possibility for
extending our work in a number of other directions. Here we have used an
analytical model for the blade response, but of course computational approaches
could equally well be used to provide the surface source terms. The volume source
terms, neglected in the first instance here, could also be modelled (computationally or
semi-analytically), and it would be interesting to investigate whether their contribution
remains smaller than the surface terms when swirling and/or sheared flow is included.
Consideration of non-isentropic base flows could also be important, especially given
the increasing interest in turbine noise. The assumption of constant mean flow along
the axial direction may not be valid in general, especially for low-frequency noise,
as was shown by Karabasov et al. (2010) and recently by Goldstein, Sescu & Afsar
(2012) for jet noise. It may be possible to extend the present study to a slowly axially
varying mean flow and duct section using a multiple scales approach as proposed for
instance by Rienstra (1999), although implementation of this method for the purpose
of the derivation of an acoustic analogy may be rather complicated. Finally, if the
assumption of axially slowly varying mean flow is no longer valid, a more general
acoustic analogy such as that of Goldstein et al. (2012) or even a full numerical
computation should be considered.

Appendix A. Derivation of the sixth-order partial differential equation for the
fluctuating pressure field

To derive a single equation for the pressure, we proceed as follows. First, the axial
and tangential components of the fluctuating velocity w and v are eliminated from the
system (3.2). The convective derivative D0/Dt is applied first to the mass conservation
equation and second to the momentum equation in the radial direction of the system
(3.2) to yield

1
c2

0

D2
0p

Dt2
+ ρ0

D0u

Dt

(
1
ρ0

dρ0

dr
+ 1

r

)
+ ρ0

D0

Dt

(
∂u

∂r

)
+ ρ0

∂

r∂θ

(
D0v

Dt

)
+ ρ0

∂

∂x

(
D0w

Dt

)
= D0

Dt
(S̃ρ + SFWH,ρδ( f )) (A 1)

ht
tp

s:
//

do
i.o

rg
/1

0.
10

17
/jf

m
.2

01
3.

21
0 

Pu
bl

is
he

d 
on

lin
e 

by
 C

am
br

id
ge

 U
ni

ve
rs

ity
 P

re
ss

https://doi.org/10.1017/jfm.2013.210


The acoustic analogy in an annular duct with swirling mean flow 469

and

ρ0
D2

0u

Dt2
− 2

Uθ

r

(
ρ0

D0v

Dt

)
= U2

θ

rc2
0

D0p

Dt
− D0

Dt

(
∂p

∂r

)
+ D0

Dt
(S̃r + SFWH,rδ( f )). (A 2)

Then, inserting the tangential derivative ∂/(r ∂θ) of the tangential momentum equation
and the axial derivative ∂/∂x of the axial momentum equation into (A 1) gives

D0

Dt

[
∂u

∂r
+
(

1
ρ0

dρ0

dr
+ 1

r

)
u

]
− d(rUθ)

r dr

∂u

r ∂θ
− dUx

dr

∂u

∂x

= 1
ρ0

[
∂2p

r2 ∂θ 2
+ ∂

2p

∂x2
− 1

c2
0

D2
0p

Dt2

]
+ 1
ρ0
[S̃2 + SFWH,2], (A 3)

and inserting the tangential momentum equation into (A 2) gives

M (p)= ρ0 D(u)+ S̃1 + SFWH,1, (A 4)

with

M (p)= D0

Dt

(
∂p

∂r

)
+ 2

Uθ

r2

∂p

∂θ
− U2

θ

rc2
0

D0p

Dt
and D(u)=− D2

0u

Dt2
− 2

Uθ

r2

d(rUθ)

dr
u.

(A 5)

In (A 3) and (A 4) the source terms are given by (3.9) and (3.10). We have therefore
eliminated w and v. The next step is to differentiate (A 3) and (A 4) to remove any
dependence on u. Let us first note that

∂

∂r
(D(u))=D

(
∂u

∂r

)
− 2

D0

Dt

[
dUx

dr

∂

∂x
+ d

dr

(
Uθ

r

)
∂

∂θ

]
u

− d
dr

[
2Uθ

r2

d(rUθ)

dr

]
u, (A 6)

so that applying the operator D to (A 3) leads to

D0

Dt

(
∂

∂r
[D(u)]

)
=− 1

ρ0

[(
1
ρ0

dρ0

dr
+ 1

r

)
D0

Dt
− d(rUθ)

r dr

∂

r ∂θ
− dUx

dr

∂

∂x

]
ρ0D(u)

+ 1
ρ0

[
∂2

r2 ∂θ 2
+ ∂2

∂x2
− 1

c2
0

D2
0

Dt2

]
D(p)+ 1

ρ0
D(S̃2 + SFWH,2)

− 2
D2

0

Dt2

[
dUx

dr

∂

∂x
+ d

dr

(
Uθ

r

)
∂

∂θ

]
u− d

dr

[
2Uθ

r2

d(rUθ)

dr

]
D0u

Dt
.

(A 7)

Taking the radial derivative of (A 4) and applying the convective derivative operator to
the resulting equation gives

D0

Dt

(
∂

∂r
(M (p))

)
= 1
ρ0

dρ0

dr

D0

Dt
(M (p)− S̃1 − SFWH,1)+ ρ0

D0

Dt

(
∂

∂r
(D(u))

)
+ D0

Dt

(
∂

∂r
[S̃1 + SFWH,1]

)
. (A 8)
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Our next step is to eliminate D0[∂[D(u)]/∂r]/Dt in the second term on the right-hand
side of (A 8) by using (A 6), to give

D0

Dt

(
∂

∂r
(M (p))

)
=−

[
1
r

D0

Dt
− d(rUθ)

r dr

∂

r ∂θ
− dUx

dr

∂

∂x

]
[M (p)− S̃1 − SFWH,1]

+
[
∂2

r2 ∂θ 2
+ ∂2

∂x2
− 1

c2
0

D2
0

Dt2

]
D(p)

+D(S̃2 + SFWH,2)+ D0

Dt

(
∂

∂r
[S̃1 + SFWH,1]

)
−
{

2
D2

0

Dt2

[
dUx

dr

∂

∂x
+ d

dr

(
Uθ

r

)
∂

∂θ

]
+ d

dr

[
2Uθ

r2

d(rUθ)

dr

]
D0

Dt

}
ρ0 u. (A 9)

Finally, applying the operator D to (A 9) and using the relation (A 4) to eliminate u
gives us the result reported in (3.5), (3.6), (3.7) and (3.8).

Appendix B. Green’s function computation
B.1. Functions p̂G,m,i(k, r0) and their radial derivative

The computation of the Green’s function in § 4.2 requires us to find p̂G,m,i(k, r0),
i = 1, 2, which are the solutions of the homogeneous equation L ( p̂) = 0 that
satisfy, respectively, the boundary conditions (4.12) and (4.13). For effective numerical
calculation, the homogeneous problem L ( p̃) = 0, where the operator L is given by
(4.4), can be integrated in vector form by writing

Z=
(

z1

z2

)
=
 rp̂G,m,i

r

Dm,k

(
Bm,kp̂G,m,i + dp̂G,m,i

dr

) , (B 1)

which leads us to solve
dz1

dr
dz2

dr

=


1
r
− Bm,k Dm,k

− 1
Λ2

m,k

(
Λ2

m,k

c2
0

− m2

r2
− k2

)
2mUθ

Λm,kr2


(

z1

z2

)
= LZ (B 2)

using an initial-value solver, marching from r = h to r = 1 with the initial-value
condition Z(h) = (1; 0) for p̂G,m,1(k, r0); and marching from r = 1 to r = h with the
initial-value condition Z(1)= (1; 0) for p̂G,m,2(k, r0).

B.2. The k derivative of the function p̂G,m,2(k, r0) and their radial derivative
By definition, the function (k, r) 7→ p̂G,m,2(k, r) is a solution of Dm,k(r)Lm( p̂G,m,2) = 0,
which can also be written as

∂2 p̂G,m,2

∂r2
(k, r)+ A(k,m, r, ω)

∂ p̂G,m,2

∂r
(k, r)+ B(k,m, r, ω)p̂G,m,2(k, r)= 0, (B 3)

with

A(k,m, r, ω)= 1
r

(
1− U2

θ

c2
0

)
− 1

Dm,k

dDm,k

dr
, (B 4a)
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B(k,m, r, ω)=− 2mUθ

r2Λm,k

[
1
r
+ 1

Dm,k

dDm,k

dr
− 1

Uθ

dUθ

dr
− U2

θ

rc2
0

+ k

Λm,k

dUx

dr

]
+ U2

θ

rc2
0Dm,k

dDm,k

dr
+ Dm,k

c2
0

− m2

r2
− 1

r

d
dr

(
U2
θ

c2
0

)
− Dm,kk2

Λ2
m,k

, (B 4b)

and satisfies the boundary condition (4.13). Equations (B 3) and (4.13) are theoretically
valid for every pair (k, r) with k away from the critical layer and r ∈ [h, 1]. In addition,
they can be differentiated with respect to k in this domain. Let q̂G,m,2 be

q̂±,SG,m,2 =
∂ p̂G,m,2

∂k
(k±,Sm,µ, r). (B 5)

Then, the derivative with respect to k of (B 3) and (4.13) reads

d2q̂±,SG,m,2

dr2
(r)+ A(k±,Sm,µ,m, r, ω)

dq̂±,SG,m,2

dr
(r)+ B(k±,Sm,µ,m, r, ω)q̂±,SG,m,2(r)

=−∂A

∂k
(k±,Sm,µ,m, r, ω)

∂ p̃G,m,2

∂r
(k±,Sm,µ, r)− ∂B

∂k
(k±,Sm,µ,m, r, ω)p̃G,m,2(k

±,S
m,µ, r)

B±,Sm,µ(1)q̂
±,S
G,m,2(1)+

∂ q̂±,SG,m,2

∂r
(1)=−∂B±,Sm,µ

∂k
(1)pG,m,2(k

±,S
m,µ, 1)

q̂±,SG,m,2(1)= 0,

(B 6)

noting that the order of the derivatives with respect to r and k can be switched.
The right-hand sides of these equations are known for k = k±,Sm,µ since pG,m,2 and its
radial derivative have previously been evaluated. As a result, the unknown function
q̂G,m,2(k±,Smµ , r) is a solution of the second-order inhomogeneous linear differential
equation (B 6) subject to the two boundary conditions on r = 1. As previously, the
problem is written as a system of two first-order equations

d
dr

Z= LZ+ Zp, (B 7)

with L defined by (B 2),

Z=
(

z1

z2

)
=

 rq̂±,SG,m,2

r

D±,Sm,µ

(
B±,Sm,µq̂±,SG,m,2 +

dq̂±,SG,m,2

dr

) , (B 8)

and Zp is the inhomogeneous forcing

Zp =
 0

− r

D±,Sm,µ

[
∂A

∂k
(k±,Sm,µ,m, r, ω)

∂ p̂G,m,2

∂r
(k±,Sm,µ, r)+ ∂B

∂k
(k±,Sm,µ,m, r, ω)p̂G,m,2(k

±,S
m,µ, r)

] .
(B 9)

Equation (B 7) is solved by marching from r = 1 to r = h with the initial-value
condition

Z(1)=
(

0, − 1
D±,Sm,µ(1)

∂B±,Sm,µ(1)

∂k
pG,m,2(1)

)
. (B 10)
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Appendix C. Operators involved in (5.5) and (5.6)
We have

R0,1(G̃) =
[

∂

∂r0

(
D0

Dt0
·

)
+ d(r0Uθ)

r0 dr0

∂

r0 ∂θ0
+ dUx

dr0

∂

∂x0

]
D0(G̃)

− 2
[

dUx

dr0

∂

∂x0
+ d

dr0

(
Uθ

r0

)
∂

∂θ0

]
D2

0G̃

Dt2
0

− d
dr0

[
2Uθ

r2
0

d(r0Uθ)

dr0

]
D0G̃

Dt0
, (C 1)

R0,2(G)= UθR0,3(G)+ dUθ

dr0
R0,4(G)+ dUx

dr0
R0,5(G), (C 2)

where

R0,3(G) = − 8
r2

0

d(r0Uθ)

dr0

d
dr0

[
Uθ

r2
0

d(r0Uθ)

dr0

]
G− 2

r2
0

d(r0Uθ)

dr0

∂

∂r0

[
D2

0G

Dt2
0

]
− 4Uθ

[
1
r2

0

d(r0Uθ)

dr0

]2
∂G

∂r0
+ 4

Uθ

r4
0

d(r0Uθ)

dr0

∂

∂θ0

[
D0G

Dt0

]
, (C 3)

R0,4(G)= 2
r0

∂

∂θ0

(
D3

0G

Dt3
0

)
and R0,5(G)= 2

∂

∂x0

(
D3

0G

Dt3
0

)
. (C 4)
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