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YET ANOTHER IDEAL VERSION OF THE BOUNDING NUMBER
RAFAL FILIPOW'Z) AND ADAM KWELA

Abstract. Let Z be an ideal on w. For f, g € o® we write f <7 gif f(n) < g(n) foralln €  \ 4
with some A4 € Z. Moreover, we denote Dz = {f € 0 : f'[{n}] € Z for every n € w} (in particular,
Dein denotes the family of all finite-to-one functions).

We examine cardinal numbers b(>7 N(Dz x Dz)) and b(>7 N(Drin X Drin)) describing the
smallest sizes of unbounded from below with respect to the order <z sets in Dgj, and Dz, respectively.
For a maximal ideal Z, these cardinals were investigated by M. Canjar in connection with coinitial and
cofinal subsets of the ultrapowers.

We show that b(>7 N(Dgin X Drin)) = b for all ideals Z with the Baire property and that X; <
b(>7z N(Dz x Dz)) < b for all coanalytic weak P-ideals (this class contains all n;’ ideals). What is
more, we give examples of Borel (even £3) ideals Z with b(>7 N(Dz x Dz)) = b as well as with
b(>z N(Dz x D1)) = Ny.

We also study cardinals b(>7 N(Ds X D)) describing the smallest sizes of sets in Dx not bounded
from below with respect to the preorder <z by any member of D 7. Our research is partially motivated by
the study of ideal-QN-spaces: those cardinals describe the smallest size of a space which is not ideal-QN.

§1. Introduction. For an ideal Z on @ we denote Dz = {f € w® : f'[{n}] €
T foreveryn € w} (in particular, Dg;, denotes the family of all finite-to-one
functions) and write f <z gif {n € w: f(n) > g(n)} € Z, where f, g € 0®. By
b(>7 N(D7 x Dx)) we denote the smallest sizes of sets in Dy not bounded from
below with respect to the order <z by any member of D 7. (We restrict ourself to
functions from D instead of all functions from w®, because every subset of w® is
bounded from below with respect to <7 by the constant zero function.)

In 1980s, Canjar [11, 12, 13] studied the smallest sizes of cofinal and coinitial
subsets in ultrapowers w® /U ordered by <z for ultrafilters &/ = Z*. Among others,
Conjar proved that consistently b(>7 N(Dgin X Drin)) and b(>7 N(Dz x D7)) can
be equal to any regular cardinal between 8| and b for some maximal ideal Z.

In this paper, we examine cardinals b(>7 N(Dx x D7)) for various triples of
ideals (Z, J. K), but we do not require from ideals Z, 7 and K to be maximal. We
obtained some facts for arbitrary ideals Z, 7 and C, however, the most interesting
results we proved for Borel ideals. For instance, we showed that there are Borel ideals
7 with b(ZI ﬂ(DI X DI)) = Ny and b(ZI ﬂ('DFm X DFin)) =b provable in ZFC.

To make life easier, we restrict our study only to eight cases with at most two
different ideals among Z, 7, K and with at least one of them equal to the ideal Fin.
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1066 RAFAL FILIPOW AND ADAM KWELA

It will follow from results of Section 4 that in fact we can restrict our study only
to four cases: b(>7 N(Dz x Dz)). b(>7 N(Dgin % Dz)). b(>7 N(DFin x Drin)) and
b(>Fin N(Dz x D1)).

The paper is organized in the following way. In Section 3 we show that
b(>7z N(Dx x D7) =b(Z. J. K) and b(>7 N(Dx x Dy)) = by(Z. J. K), where
b(Z. J. K) and by(Z, J. K) are cardinals considered by Filipéw and Stanszewski
in [18, 35]. This provides us with a very useful combinatorial characterizations of
the considered cardinals, which we use almost exclusively in the rest of the paper.

Section 4 is devoted to showing the basic properties of considered b-like numbers.
Also, we prove that b(>gi, N(Dz X Dz)) = min{b, add*(I)} and present some
diagrams summarizing basic relationships between considered b-like numbers

In Section 5, we calculate b-like numbers for direct sums and Fubini products of
ideals. Moreover, we compute b-like numbers for not tall ideals. The results of that
section are used in Section 8 to obtain examples of ideals with distinct values of
various b-like cardinals.

In Section 6, we examine b-like cardinals for nice ideals, where nice means ideals
with the Baire property, w-diagonalizable ideals or definable ideals. We show that
b(>7 N(DEin X D)) = b for all ideals Z with the Baire property and infer that
for P-ideals with the Baire property all considered cardinals equal b. Moreover, we
show that b(>7 N(Dri, x Dz)) = b for coanalytic weak P-ideals. The latter gives an
upper bound for b(>7 N(Dz x Dz)) in the case of coanalytic weak P-ideals (by a
result of Debs and Saint Raymond, this class contains all Hg ideals).

Section 7 is devoted to ideals Z with b(>7 N(Dz x Dz)) = XN;. In particular, we
give examples of such ideals among not tall Eg ideals and among tall Zg ideals.

In Section 8, we show that consistently the values of considered cardinals can be
pairwise distinct.

In the literature, there are considered other ideal versions of the bounding
number b. For instance, Farkas and Soukup [17] consider b(<7z N(w® x w®)
(Canjar in [12] proved that consistently there are ideals Z with b(<z N(w® x w®) #
b(>7 N(Drin X Drin)); see also [13]), and Brendle and Mejia [3] consider the number
b(Z) defined as the smallest x such that thereisan Z — (w. x)-gapin (P(w). C%) and
call it the Rothberger number of Z (in general, b(Z) # b(>7 N(Dz x Dz)) because
the former is not defined for maximal ideals whereas the latter is).

§2. Preliminaries. By @ we denote the set of all natural numbers. We identify a
natural number n with the set {0, 1....,n — 1}. (Thus, for instance, n \ k means the
set {i €ew:k <i<n}). Wewrite 4 C* Bor B O* Aif A\ B is finite. For a set 4
and a finite or infinite cardinal number &, we write [4]" = {B C 4 : |B| = k}.

2.1. Ideals. An ideal on a set X (in short ideal) is a family Z C P(X) that satisfies
the following properties:

(1)ifA,B€Zthen AUB €T,
(2)ifACBand BcZthendcZ,

(3) Z contains all finite subsets of X, and
4) X ¢ 1.

https://doi.org/10.1017/js1.2021.69 Published online by Cambridge University Press


https://doi.org/10.1017/jsl.2021.69

YET ANOTHER IDEAL VERSION OF THE BOUNDING NUMBER 1067

For anideal Z, we write Z+ = {4 C X : A ¢ T} and call it the coideal of Z, and we
write Z* = {4 C X : X \ A4 € I} and call it the dual filter of I.

The ideal of all finite subsets of an infinite set X is denoted by Fin(X) (or Fin for
short).

Let A C P(X). If X cannot be covered by finitely many members of A then
the smallest ideal containing A i.e., the ideal Z = {B C X : 34, ..., 4, € A(B C*
Ay U+ U A,)} is called the ideal generated by A.

Anideal Z on X is P-ideal (weak P-ideal, resp.) if for any countable family A C T
thereis B € Z* (B € I, resp.) such that A N B € Fin(X) for every 4 € A.

While P-ideals can be considered as a classical notion, weak P-ideals are gaining
in popularity nowadays. Usefulness of weak P-ideals follows from the fact that this
property can be characterized in various manners. For instance, an ideal Z is a weak
P-ideal if and only if one of the following conditions hold:

e 7 isnot above the ideal Fin ® Fin in the Katétov order (see e.g., [36] where also
other orders are used for similar characterizations);

e 7 and Z* can be separated by an F; set [26];

e Player I does not have a winning strategy in a game introduce by Laflamme in
[27] (see Subsection 6.3 of the present paper for a definition of this game);

e 7 is w-diagonalizable by T*-universal sets (see Section 6.2 for a definition of
this notion).

The last characterization is technical, but its combinatorial character turns out
to be very useful for working with weak P-ideals: we use it for examining some
b-like numbers in Section 6.2 (for other applications of this characterization see e.g..
[19, 23, 25, 26]).

We say that ideals Z, J on X are orthogonal (in short: Z L J) if thereis 4 € J
with X \ 4 € 7.

An ideal Z on X is tall if for every infinite A C X there is an infinite B € Z such
that B C A.

Foranideal Zon X andfor 4 ¢ TwedefineZ | A={B C A:B €T} ltiseasy
to see that Z | A is an ideal on A4.

The vertical section of a set A C X x Y at a point x € X is defined by (4), =
{yeY:(xy)ed}

Forideals Z, 7 on X and Y respectively we define the following new ideals:

D ZeaT={ACX x{0}UY x{l}:{x:(x,00€ed}eZn{y:(p.1)€

A}y e J}}.

2)ZaPw)={ACX x{0}Uw x{l}:{n:(n0) e A4} € I},

B)IT={ACXxY:{x:(4d),¢T}eT}

4 Io{P={ACX xw:{x:(4), #0} €T} and

) {NeJ={4CwxY:(4),cJforall x}.

For any n > 1 we define the ideals Fin” in the following manner: Fin! = F in, and
Fin""!' = Fin ® Fin".

By identifying sets of natural numbers with their characteristic functions, we
equip P(w) with the topology of the Cantor space {0,1}“ and therefore we can
assign topological complexity to ideals on . In particular, an ideal Z is Borel (has
the Baire property) if Z is Borel (has the Baire property) as a subset of the Cantor
space.
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In the sequel, we use the convention that min ) = ¢*.
For an ideal Z on w we define

add (Z) = min({|F|: F CTAVA € I3F € F(|F \ 4] = X)}.

Note that add (Z) = X, for every non P-ideal and add(Z) > ¥, for every P-ideal.
Moreover, it is easy to see that add*(Z) = ¢ ifand onlyif Z={C Cw : |C \ 4| <
N} for some 4 C w. For instance, add*(Fin) =ct.

§3. Various bounding numbers.

3.1. The ordinary bounding number. For f.g € w® we write f <* g if f(n) <
g(n) for all but finitely many n € w. The bounding number b is the smallest size of
<*-unbounded subset of w? i.e.,

b=min{|F|: FCw’A-(Fg € w®Vf € F(f <*g))}.
The dominating number 0 is the smallest size of <*-dominating subset of w® i.e.,

0 =min{|F|: F Cw”AVg cw”3f € F(g <" )}

3.2. The bounding numbers a la Vojtas. If R is a binary relation, then by dom(R)
and ran(R) we denote the domain and range of R respectively i.e., dom(R) = {x :
Jy (x,y) € R} and ran(R) = {y : Ix (x,y) € R}. A set B C dom(R) is called
R-unbounded if for every y € ran(R) there is x € B with (x,y) ¢ R. A set
D C ran(R) is called R-dominating if for every x € dom(R) there is y € D with
(x.y) € R.

DEFINITION 3.1 (Vojtas [39]). Let R be a binary relation.
b(R) = min({|B| : B is R-unbounded set}.
9(R) = min({|D] : D is R-dominating set}.

It is easy to see that the bounding number b is equal to the bounding number of
the relation <* N(w? x w®) i.e.. b = b(<* N(w® x ®®)), and similarly 0 = d(<*
N(w® x 0®)).

3.3. The bounding numbers a la Canjar.

DEFINITION 3.2. For an ideal Z we define the relation <7= {(f.g) € ®® x 0® :
{new: f(n)>gn)} eI} Wewrite f <7 g if (f.g) €<z. In a similar manner
we define <z, >7 and >7.

DEFINITION 3.3. For an ideal Z we define
Dr={fcw®: f{n}] eI foreveryn c w}.

In [11, 12, 13], Canjar studied cardinals b(>7 N(Dz x Dz)) and b(>7 N(DEin x
Drin)) for some maximal ideals Z. In this paper we will examine the bounding
numbers b(>7 N(Dx x D7)) and b(>7 N(Dx x D)) for various triples of ideals
(Z.7.K).
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ProPOSITION 3.4. Let I, 7, K be ideals on .

(1) b(>z N(Dk x Dy)) < b(>72 N(Dx x Dy)).

(2) b(=z N(Ds x Dy)) < cf(b(>7z N(Dk x Dy))).

(3) b(>z N(Dy x Dy)) < cf(b(>7z N(Dk x Dy))).

@) If J CK, then b(>7 N(Dx x D7) and b(>7 N(Dx x Dy)) are regular
cardinals.

Proor. (1) Obvious.

(2) Let F C Dk be an >7 N(Dx x D7)-unbounded family of cardinality b(>7
N(Dx x DJ)) and F = Ua<cf b(>2N(D xD 7)) Fao With | F,| < b(ZI ﬂ(D]C X DJ))
for every a.

For every a we find g, € Dy with f >71 g, forevery f € F,.LetG = {go : a <
cf(b(>z N(Dx x Dy))}.

Suppose to the contrary that cf(b(>7 N(Dx x Dy))) < b(>7 N(Ds x D7)).

Since G € D and |G| < cf(b(>7 N(Dk x D7) < b(>1 N(Dg x D7), there is
g € Dy with g, >7 g for every a. Consequently, f >z g for every f € F, a
contradiction.

(3) This can be proved in a similar way as item 2.

(4) If JCK, then b(>zN(Dx xDy)) <b(>zN(Ds xDy)) and b(>z
N(Dx x Dy)) < b(>7 N(Ds x Dy)). Now using (2) and (3). we get b(>7 N(Dx x
D)) < b(>7 N(Ds x D)) < cf(b(>7 N(Dic x Dy)))and b(>1 N(Dx x D)) <
b6(>z N(D7 x Dg)) < cf(b(>2 N(Dk x Dy))). .

3.4. The bounding numbers a la Staniszewski.

DEeriNITION 3.5. Let Z be an ideal on w. By P we will denote the family of
all sequences (4, : n € w) such that 4, € Z for all n € @ and 4, N Ay =0 for
n # k. By Pz we will denote the family of all sequences (4, : n € w) such that
(A :new)ePrand | {4, :n c v} =w.

DEFINITION 3.6. Forideals Z, J and K on w we define

b(Z.7.K) =min { €] : £ € P AV(uyer, Jpnee |J [N JE | ¢Z¢.

new i<n

by(Z.7.K) =min { |€] : £ € P AViuyer, Ipnes | [ A 0 Ei) ¢I

new i<n

REMARK. A topological space X is a QN-space if it does not distinguish pointwise
and quasi-normal convergence of sequences of real-valued continuous functions
defined on X. QN-spaces were introduced by Bukovsky et al. in [9], and were
thoroughly examined in papers [5, 6, 8, 9, 30, 33, 34, 39]. The research on ideal-
QN-spaces was initiated by Das and Chandra in [14] and has been continued in
[7, 22, 34, 36].

In [9]. the authors proved that the smallest size of non-QN-space is equal to
the bounding number b. The cardinal numbers b(Z.J. K) and b,(Z, J,K) were
introduced by Filipéw and Staniszewski [18, 35] to characterize the smallest size of a
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space which is not ideal-QN. Recently, Repicky [31, 32] thoroughly examined ideal-
QN spaces and, among others, characterized the smallest size of non-ideal-QN-
spaces in terms of the cardinal b(>7 N(Dx x D7)). Taking into account Theorem
3.10, we see that both Repicky and Staniszewski obtained the same conclusion but
coming from different directions.

In [36]. Supina introduced the cardinal x(Z, 7) which is equal to b(Z, 7. Z).

PropPOSITION 3.7. Let Z, J and IC be ideals on w.
(1) b(Z.J.K) < b,(Z.T.K).

Q) FTNK CZ. thenb(Z,T.K) =b,(Z.7.K).
(3) b(Fin, Fin, Fin) = b,(Fin, Fin, Fin) = b.

ProoF. (1) Obvious.

(2) It is enough to show b(Z.J.K) > b,(Z.7.K).

Let £ C Px be such that for every (4, : n € ) € P there is (E,) € £ with
UnEw(An N Uign Ei) ¢ T.

Forevery E = (E,) € £ wedefine Ff =EyUE and FF = E, forn > 1. Then
F={{EF):E € £} C Prand |F| < |&|.

Let (4,) € Ps. Then thereis (E,) € £ with B =, c,(4x N U, <, Ei) ¢ T.

Since A)NEye JNKCZI and U,c,(dns1 NUic, FE) = Uy (4n N
Uign E)) \ (A() N E()) =B \ (A() N E()), we get Unew(A”+1 N Uign FiE) ¢ 7Z. and
the proof is finished.

(3) It was proved in [18, 35]. -

ProrosITION 3.8. LetZ, 7', 7., T’ K, K' be ideals on w.

(1) IfT CT'. then b(Z. J.K) < 6(T'. J.K) and b,(Z. J.K) < b,(T". T. K).
(2 If T C T thenb(Z.J.K) <b(Z.J'.K)and by,(Z.J.K) < by(Z.J'.K).
(3) IfK C K. then b(Z. J7.K) > b(Z. J.K') and b5(Z. J.K) > b,(Z. J.K').

Proor. Straightforward. o

In the sequel we will often use the following equivalent forms of b(Z, 7, K) without
any reference.

PROPOSITION 3.9. LetZ, J and K be idealsonw. Thenb(Z, 7. K) = b1(Z, J.K) =
b,(Z,J.K) =63(Z, J.K), where

b1(I,j,/C) mm{|€| ZggPK/\v(An)er EI(En>E€ U (AnﬂUEi) ¢I} ,

new i<n

0,(Z. J.K) =min {|Q| G C K AV uer, Janes | (4nNG) ¢ I} :

new
bg(I, jK:) :min {lgl . g g ﬁ](j /\V<An>€73j 3<En>€£ U (Ek \ UA,,) ¢ I} .
kew n<k

Proor. First we show b(Z. J.K) = b,(Z, J.K). Since b(Z. J.K) < b,(Z, T.K)
is obvious, we only show b(Z. 7.K) > b;(Z. J.K). Let £ C Px be such that for
every (4,) € Py there is (E,) € & with U, (4, NU,<, Ei) ¢ Z. For every E =
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(E,) € €& we define FF = E, U{e,}. where e;.e,.... is an enumeration of B =
o\ U,co, En (if Bis finite, we put F,F = E, forn > |B|). Let F = {(Ff) : E € £},
and notice that 7 C Py and | F| < |€]. Let (4,) € P7. Thereis E = (E,) € £ with
UnEw(A” N Uign Ei) ¢ 7. Then Unew(A” N Uign Ei) < UnE(u(A” N Uign FiE)’ 50
Unco (4 0 U<, FE) ¢ T. Thus b,(Z. 7. K) < b(Z. J. K).

Now we show b(Z.7.K) <by(Z.J.K). Let G C K® such that for every
(An) € Py there is (G,) € G with |, (4, N G,) ¢ I. For every G = (G,) € G
we define EY = Gy and ES = G, \ U,_, G; for n > 1. Let £ = {(EF) : G € G}.
and notice that £ C P and |€| <|G|. Let (d4,) € P;. Then there is G =
(Gn) € Gwith [, (4, N Gy) ¢ Z. But U,c, (4n N Gu) = Uper, (An N U<, EZ).
so b(Z, J.K) < |G| and the proof of this case is finished.

Now we show b(Z, J,K) > b,(Z, J,K). Let £ C Pk such that for every (4,) €
Py there is (E,) € £ with |, (4, N U,<, Ei) ¢ I. For every E = (E,) € £
we define GF =J,., E: for n € w. Let G ={(GF): E € £}, and notice that
G C K”and |G| < |€|. Let (4,) € Py. Thenthereis E = (E,) € £ with | J,,,(4, N
Uien E) ¢ T. But U, ey (s N Uiy E0) = Upeo (4n N Go). 50 02(Z.7.K) < I€]
and the proof of this case is finished.

Finally, we show b(Z, 7.K) = b3(Z, J.K). Actually, it suffices to observe (using
the fact that (4, ) is a partition of w) that

x € U (A,,HUE[) Fnew)3k <n)(x € 4, ANx € Ei)
new i<n

(Fkew)@n>k)(x e E.Ax € A,)
(Fk ew)Vn<k)(x € ExANx ¢ Ay)

er(Ek\UAn). .

kEew n<k

[ R

3.5. Staniszewski and Canjar bounding numbers are the same.

THEOREM 3.10. Let I, J and K be ideals on w.

(1) b(>z N(Dx x Dy)) = b(Z.J.K).

(2) 6(>zN(Dx x D7) =b,(Z. T.K).

ProOF. (1) First we show b(>7 N(Dx x D)) < b(Z.J.K). Let & C Px be such
that for every (4, : n € w) € P thereis (E,) € £ with UnEw(A,, NUij<, Ei) ¢ 1.

Forevery E = (E,) € £ let fr € w® besuchthat /;'[{n}] = E, foreveryn € w.
Let F={fg: E € £}. Then F C Dg and |F| = |&].

Letg € Dy and A, = g '[{n}] for every n € w. Since (4, : n € w) € P, there
is E = (E,) € £ with B =, ., (4, N U,-, Ei) ¢ T.

Once we show B C {k € w : fr(k) < g(k)}. the proof will be finished in this
case. Let k € B. Then k € A, N E; for some n € w and i < n. Hence g(k) =n >
i= fr(k).

Now we show b(>7 N(Dx x D7) > b(Z, J,K). Let F C Dx be such that there
isno g € D such that for all f € F we have f >7 g.

For every f € F and n € o we define E] = f{n}]. and we notice that
E={(El): [ €F}CPrand|&| = |F].
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Let (4, :n € w) € P and g € ©® be such that g"'[{n}] = 4,. Since g € D.
thereis /' € F with =(f >z g). Thus, B —{kea) flk)<gk)} ¢T.

Once we show B C |, ., (4, N U, <n E /). the proof will be finished in this case.

Letk € B. Since k € Ay N f(k) and f (k) < g(k).k € Agy N Uigg(k)

(2) First we show b(>7 N(Dx x D)) < b,(Z.7.K). Let £ C Py be such that
for every (4, : n € w) € Py thereis (E,) € £ with (J,c,,(4ns1 NU,;<, Ei) ¢ T.

Forevery E = (E,) € £let fr € @ besuch that f![{n}] = E, foreveryn € w.
Let F={fr: E 65}.Then]~'§D;¢and |F| = €|

Let g € Dy and A4, = g '[{n}] for every n € w. Since (4, : n € ) € P, there
is E = (E,) € Ewith B =, (41 NU;<, Ei) ¢ T.

Once we show B C {k € w : fr(k) < g(k)}. the proof will be finished in this
case. Let k € B. Then k € 4,1 N E; for some n € w and i < n. Hence g(k) =
n+1>i+1>i=fgk).

Now we show b(>7 N(Dx x D)) > bs(Z,J.K). Let F C Dx be such that for
every g € D thereis f € F with —(f >; g). Forevery /' € Fand n € w we define
E] = f'[{n}]. and we notice that & = {(E}| ) : / € F} C Px and || < | F|.

Take any (A4;) € P7 and define g € o® by g(n) = k for every n € Ay, k € .
Since g € D, thereis f € ]-'withB ={new: f(n) <g(n)} ¢Z. Onceweshow
that B C U, (A1 NU;< E; /). the proof will be finished in this case.

Let n € w be such that /' (n) < g(n) and let k € w be such that n € 4. Notice
that k > 1. (Indeed, if k = 0 then n € Ay, so g(n) = 0. and consequently f (n) <
0. a contradiction.) Since f(n) < g(n) =k, n €U, Elf. Let / =k —1. Then
nedgnU,., E. =

COROLLARY 3.11. Let Z, J and K be ideals on .

(1) If T NK CI. thenb(>7 N(Dx x Dy)) = b(>7 N(Dx x Dy)).
(2) 6(>Fin N(DEin *x DEin)) = b(>Fin N(Drin X Drin)) = b.

Proor. (1) Follows from Theorem 3.10 and Proposition 3.7(2).
(2) Follows from Theorem 3.10 and Proposition 3.7(3). =

COROLLARY 3.12. Let I, J and K be ideals on w. If 7 C K. then b(Z, J,K) and
bs(Z.J.K) are regular cardinals.

ProoF. Follows from Theorem 3.10 and Proposition 3.4(4). -

3.6. Extreme cases.

ProrosITION 3.13. Let I, 7. K be ideals on w.

) 1<b(Z.7.K) <b,(Z.7.K) <"
2) If K Z T, thenb(Z,7.K) = 1.
3) IFTNK CTand K C T, then by(T. J.K) = 1.
4) IfKCC . then b,(T. 7. K) > Ro.
5) If g CKandI L J. thenby(Z.J.K) < ¢
6) If T C K, thenb(T,J.K) < c.
7 IfT L J. thenby(Z,J.K)=c"
8)

(1
(
(
(
(
E
B) IfTNKCZTandI L J,thenb(Z.J.K)=c".

https://doi.org/10.1017/js1.2021.69 Published online by Cambridge University Press


https://doi.org/10.1017/jsl.2021.69

YET ANOTHER IDEAL VERSION OF THE BOUNDING NUMBER 1073

Proor. (1) Obvious.

(2) By (1) it is enough to show that b(Z,J.K) < 1. Let E € K\Z and
E=1{(E.0.0....)}. Since E €K, €€ Px. Let (4,) € P7. Then |, (4. N
U<, Ei) = Unew(A NE)=(UpewAn)NE=wNE =E ¢ZI.  Consequently,
b(Z.J.K) < €| =1.

(3) Follows from (2) and Proposition 3.7(2).

(4) It follows from [35, Theorem 4.9(5)].

(5) It follows from [35, Theorem 4.9(2)].
(6) IfZ Y J.itfollows from (5). If Z L 7, then K Z T in this case, so (2) finishes
the proof.

(7 ) It follows from [35, Theorem 4.9(1)].

(8) Follows from (7) and Proposition 3.7(2). 4

ExamMPLE3.14. LetZ={ACw:AN{2n:ncw}€Finfand T=K={4 C
®:AN{2n+1:n € w} € Fin}. Then by Proposition 3.13 we have b(Z, 7,K) = 1
and by(Z. J.K) = ¢*

§4. Basic relationships between the bounding numbers. In the rest of the paper
we examine the cardinals b(Z,7.K) and b,(Z,J.K) only in the case when
H{Z.J.K}\ {Fin}| <1 ie.. a priori one could consider cardinals for 8§ triples:
(Fin, Fin, Fin), (Fin, Fin, Z), (Fin, Z, Fin), (Fin, Z, Z), (Z, Fin, Fin), (Z. Fin, 7),
(Z. Z.Fin), (Z, Z, Z). However, it will follow from Corollary 4.1 and Theorem 4.2
that in fact we can restrict our study to four nontrivial cases: b(Z, Z, Z), b(Z, Z, Fin),
b(Z. Fin. Fin) and b, (Fin, Z. 7).

In the second part of this section we present diagrams which summarize most
results proved in the first part.

4.1. Basic properties and relationships.

CoroLLARY 4.1. b(Z. J. K) = b,(Z. J. K) for any triple (Z, J. K) € {(Fin, Fin,
Fin), (Fin, Fin, Z), (Fin, Z, Fin). (Z, Fin, Fin), (Z, Fin, Z), (Z, Z, Fin), (Z. Z, 7)}.

Proor. It follows from Proposition 3.7(2). —

THEOREM 4.2. Let T be an ideal on w such that T # Fin.

Fin,Fin,Z) = b(Fin,Z. 7) = 1.
Fin, Fin, Fin) = b(Fin, Z, Fin) = b.
) If T is not a P-ideal, b(Z, Fin, T) = 1.
) If T is a P-ideal, b(Z,Fin, T) = b(Z, Z. I)
) If T is not a weak P-ideal, b(Z, T, Fin) =
) If T is a weak P-ideal, b(Z, T, Fin) < 0.
0(7.7.7) < ¢
b(Z, Fin, Fin) <
in, Fin) < b(Z. Z. Fin).
I T) and b(Z. Fin, Fin) are regular.
.Z.T) < cf(6(Z. Z. Fin)) < b(Z. Z. Fin).

IN

"11
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Proor. (1) It follows from Proposition 3.13(2).

(2) 1t follows from [18, Proposition 4.5].

(3a) It follows from [18, Proposition 4.1].

(3b) It follows from [18, Corollary 4.4].

(4a) It follows from [35, Theorem 4.9(1)]

(4b) Tt follows from [22, Corollary 2.10].

(5) 1t follows from [18, Proposition 4.1].

(6) By (2) and Proposition 3.8 we have b = b(Fin, Fin, Fin) < b(Z, Fin, Fin).
Now we show b(Z, Fin, Fin) < 0. Let 7 C w® be a dominating family in (w®, <*).
Without loss of generality we can assume that every f € F is increasing. We define
El =[f(n—=1). f(n))Nwforevery f € F.n € w (here we put /(1) = 0).

Notice that <E,{ ‘nEw)e ”/P\Fin for every f € F. Let (A, : n € ) € Prin. Let
g € w” be given by g(n) = max(|J,., 4;). Note that if g(n) < f(n), then 4, C

Uszn 4 S10. /() = Uye, E/ -

Since F is dominating, there is f € F with g <* f. Let N € w be such that
gn) < f(n)foralln > N.

Then Unew(A" N Uign Elf) 2 UnZN(A" N Uign Elf) = UnZN(UiSn Elf) =
w ¢ Z. and the proof is finished.

(7) It follows from Proposition 3.8.

(8) It follows from Theorem 3.10(1, 2) and Proposition 3.4(4).

(9) The second inequality is obvious and the first inequality follows from
Theorem 3.10(1) and Proposition 3.4(2). -

COROLLARY 4.3. b(Z, J, K) and by(Z. J. K) are regular cardinals for any triple
(Z, J. K) € {(Fin, Fin, Fin), (Fin, Fin, Z), (Fin, Z, Fin), (Fin, Z, Z). (Z, Fin, Fin),
(Z.Fin, 7). (Z. Z. T)}.

Proor. By Corollary 4.1 and Theorem 4.2(2), b(Fin, Z, Fin) = b,(Fin, Z, Fin) =
b, which is a regular cardinal. The remaining cases follow from Corollary 3.12. 4

We were not able to show that b(Z, Z, Fin) is regular. However, the next result
shows that some values of b(Z, Z, Fin) are prohibited (for instance, this is the case
for R, as cf(R,,) = w).

COROLLARY 4.4. N < b(Z, T, T) < cf(b(Z, Z.Fin)) = cf(b,(Z, Z.Fin)) for any
ideal T.

Proor. By Proposition 3.4(2) and Theorem 3.10 we have b(Z,Z,7)<
cf(b(Z. Z.Fin)), cf(b(Z, Z.Fin)) = cf(b,(Z. Z,Fin)) follows from Corollary 4.1
and 8; < b(Z, Z. ) follows from Theorem 4.2(5). =

As shown in the next result, for P-ideals the situation is much simpler—many
considered cardinals coincide.

THEOREM 4.5. If T is a P-ideal, then
b < b(Z,Fin,Fin) = b(Z,Z,.Z) = b(Z,Fin,Z) = b(Z,Z, Fin) < 0.

Proor. Taking into account the previous results and the fact that every P-ideal is
a weak P-ideal, it is enough to show b(Z, Fin, Fin) > b(Z, Z, Fin) and b(Z. Z. ) >
b(Z. Z.Fin).
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First we show b(Z, Fin, Fin) > b(Z, Z, Fin).

Let £ € Priy be such that for every (4,) € Priy thereis (E,) € £ with (J,.,, (4, N
Uign Ei) ¢ 1.

Let (B,) € Pz. Since 7 is a P-ideal, there is B € Z with B, \ B € Fin for every
new.Let B={b,:n€w}andset 4, = (B, \ B) U{b,} for every n € w. Then
(An) € Prin. so thereis (E,) € £ with C =J,c,(4x " U, <, Ei) ¢ T.

Once we show C\ B C {J,c,, (B N U, <, Ei). the proof of this case will be
finished.

Let k € C \ B. Then thereis n € w with k € [4, N J,., Ei]\ B =[((B, \ B) U
{bn}) N Uign El] \ B = (Bn \ B) N Uign Ei g B”l N Uign Ei'

Now we show b(Z,Z,T) > b(Z, T, Fin).

Let £ € Pz be such that for every (4,) € Pz there is (E,) € £ with |, (4, N
Ui, Ei) ¢ T.

Since Z is a P-ideal, for every E = (E,) € £ there is Bg € Z such that
DE = E, \ Bg € Fin for every n € w. Note that DE N DE = () for every E € £
andn # k.

Let (4,) € Pz. Then thereis E = (E,) € € with C =, c,,(4xs N U, <, Ei) ¢ T.

Once we show C \ Bg C U, c,,(4n NU;<, DF). the proof of this case will be

finished.
Let k € C \ Bg. Then there is n € @ with k € [U, ., (4, N"U;<, E)]\ Be =
UnEw(A” N Uign(Ei \ BE)) = UnEw(AH n Uign DzE) _|

The rest of this subsection is devoted to by (Fin, Z,Z).

LEMMA 4.6. Let 7 be an ideal on w.

(1) If T is not a P-ideal, then by(Fin,Z,7) = .
(2) If T is a P-ideal, then Ny < b,(Fin,Z,.Z) < b.

Proor. (1) By Theorem 3.13(4), b,(Fin, Z,Z) > N,. The revers inequality follows
from [35, Theorem 4.9(3)].

(2) The first inequality follows from [35, Theorem 4.9(4)], whereas the second
one follows from Theorem 4.2(2) and the observation that b,(Fin,Z,7) <
b, (Fin. Z, Fin) = b(Fin, Z, Fin) = b. -

Lemma 4.7. b,(Fin, Z.7) < add (Z) for any ideal T.

Proor. If add (Z) = ¢*, we are done. Assume that add (Z) < c. Then there is
a family F ={F, :a < add” (Z)} C T such that for every 4 € Z there is a with
|F, \ 4| = No. For every a, we define EY = F, and E = () for n > 1. Then (E¢ :
n e w) e Pr.

Take any (4,) € Pz. If we show that | J,c,, (4,1 N U, <, E{) ¢ Fin for some o.
the proof will be finished.

Since Ay € Z, there is a with |F,, \ A¢| = Ny. On the other hand, it is easy to see
that F, \ Ao = E§ \ Ao € U,ice,(Anr1 NU;<, EP). so we are done. 5

THEOREM 4.8. b, (Fin,Z,Z) = min{b, add” (Z)} for any ideal T.

Proor. If T is not a P-ideal, then b,(Fin,Z,Z) = 8y (by Lemma 4.6(1)) and
add’(Z) = R. Since b > Xy, we obtain b, (Fin,Z,Z) = min{b, add*(l')}.
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Assume that 7 is a P-ideal. The inequality “<” follows from Lemma 4.6(2) and
Lemma 4.7. Below we show the inequality “>.”

Take k < min{b, add*(I)}. We will show that & < b (Fin,Z,T).

Let (E® : n € w) € Prfora < k.Since s - Ny < add (Z), thereis A4 € T such that
[Eg\ Al <N foreverya <kandn € w.

Let B=w\A. Since (EZNB) € Ppiyp) for every a<k and K <b=
6(Fin(B). Fin(B). Fin(B)). there is (B,) € Priy(p) such that

U | B.n|J (E* N B) | € Fin(B)

new i<n

for every a < k.
Let A9 = A and A4, = B, for n > 1. Then (4,) € Pz and for every a < k we

have
Ul4wmnUE | =U[B.UE | =U | B[ JEF N B) | € Fin.
new i<n new i<n new i<n

4.2. Diagrams. In this subsection we present some diagrams which show
inequalities proved above. In all diagrams, “4 — B” means “4 < B.” Moreover, to
make diagrams fit into the page, we sometimes write “F” instead of “Fin.”

6(F.7.7) =1 — b,(F.Z7.7) — b(F.Z.F) = b

b(F.F,.Z7)=1 ———— b(F.F,F) =b b(Z.Z.7) — b(Z.Z.F)

/

6(Z.F.7T) € {1.6(Z.7.7)} — b(Z.F.F)

FIGURE 1. All bounding numbers, including the trivial ones, and inequalities which
follow only from Proposition 3.8, Theorem 4.2 and Lemma 4.6.

b, (F.Z,.Z) = min{b.add (Z)} 6(Z.7.7) ——— b(Z.Z.F)

FIGURE 2. Nontrivial bounding numbers and inequalities valid for arbitrary ideals.
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Ny —— b —— b(Z, Fin. Fin) — b(Z.Z,Fin) —— 0

/

6(7.7.7)

FIGURE 3. Inequalities valid for weak P-ideals.

Ny —— b —— b(Z,Fin,Fin) —— 0 —— ¢
b(Z,.Z.7)
FIGURE 4. Inequalities valid for non weak P-ideals.

b(Z.F.F)=b(Z.Z.7
:EJ(I,F,%):[(J(I,I,I):) — 0

X, — b,(F.Z.7) b

N

add’ (7)
FIGURE 5. Inequalities valid for P-ideals.

§5. Sums and products of ideals. In this section we examine the considered
cardinals for ideals of the form Z & J or Z ® J. Additionally, we compute the
considered cardinals in the case of not tall ideals.

5.1. Disjoint sums.

THEOREM 5.1. Let T and J be ideals on w.

MbeZeJIeJ.IeJ)=mn{b(Z.2.7).6(7.7.7)}.

(2) b(Z® J.Z @ J.Fin) = min{b(Z.Z.Fin). b(7. J.Fin)}.

(3) b(Z ® J.Fin, Fin) = min{b6(Z, Fin, Fin), b(7, Fin, Fin)}, and
(4) b,(Fin,Z ® J.Z® J) = min{b,(Fin.Z.Z). bs(Fin. 7. 7)}.

Proor. We will only prove the first item. The remaining items can be proved in a
similar way.

First we prove that 6(Z ® J.Z® J.Z ® J) < min{b(Z,Z,7),6(J.J. T)}. We
will prove that 6(Z® J.Z® J.Z® J) < b(Z.Z,7) (the proof of 6(Z D J.Z®
J.IT®J)<b(J,J,TJ)goesin a similar way). R

There is a family {(E® : n € @) : o < b(Z.Z,Z)} C Pz with the property that for
every (4, :n € w) € Prthereisa < b(Z.Z.Z)suchthatJ, ., (4, N, <, E*) ¢ T.

Consider the family {(E® x {0} : n € ®) : & < b(Z.Z.1)} C Prgy. Let (B, ®
C,:n € w) € Prg. Since (B, :n € w) € Pz, there is o < b(Z,Z,Z) such that
C=U,coBiNU;<, Ef) ¢ Z.Then C x {0} ¢ T® J.and C x {0} C U, (B, @
Co N U< (Ea x {0})). That finishes this part of the proof.

https://doi.org/10.1017/js1.2021.69 Published online by Cambridge University Press


https://doi.org/10.1017/jsl.2021.69

1078 RAFAL FILIPOW AND ADAM KWELA

Now we prove b(Z®J.Z®J.Z7®J)>min{b(Z.7.7),6(J.J.J)}. Let
x <min{b(Z,Z.7).6(J.J.J)} and {(Ef ® E :n € 0) : a < K} C Pzgy. Since
k<b(Z.Z,7) and {{(E? :n € o) : a < k} C Pz, there is (B, : n € w) € Pz such
that |, ., (B, NU,;<, E?) €  for all & < «. Similarly. there is (C, : n € w) € Py
such that (J,.,(C,NU;<, F*) € J for all a < k. Then (B, ®C, :n€w)e
Pros and U,c,(By® Cy) N U<, (ES ® F2)) € T® J for all a < k. Thus,
k<bZoJIoJIed). %

5.2. Not tall ideals. Using the results of the previous subsection, we are able to
compute the considered cardinals for not tall ideals.

THEOREM 5.2. If T is not a tall ideal, then
N; < b(Z.Z.7) < b = b(Z. Fin, Fin) = b(Z.Z, Fin).

Proor. By Theorem 4.2, b(Z.Z.Z) < b(Z,Z.Fin) and b < b(Z, Fin, Fin) <
b(Z.Z.Fin), so it is enough to show b(Z,Z, Fin) < b.

Let 4 C w be infinite such that for every B C A, B € T <= B is finite. Let
Fin(4) denote the family of all finite subsets of 4. Then Z = Fin(4) ® (T |
(w )\ 4)) and, by Theorem 5.1(2), we have b(Z, Z. Fin) < b(Fin(4), Fin(4), Fin) =
b(Fin, Fin, Fin) = b. =

COROLLARY 5.3. If T is a not tall P-ideal, then
N, < by(Fin,Z.Z) < b = b(Z. Fin, Fin) = b(Z.Z.Z) = b(Z.Z. Fin).
Proor. Follows from Theorems 4.5 and 5.2. %
ExampLE 5.4. IfZ = {(} ® Fin. then
b =b,(Fin,Z,Z) = b(Z, Fin, Fin) = b(Z,Z.Z) = b(Z. Z. Fin).

Indeed, it is known that add*(I) =b (see e.g.. [21, p. 43]). so by(Fin,Z,Z) = b.
The remaining equalities follows from Corollary 5.3, because 7 is a P-ideal (see [16,
Example 1.2.3(b)]) and it is not tall (indeed, if 4 = {0} x w, then for every B C 4,
B € {0} ® Fin <= B is finite).

5.3. Fubini products. In this subsection we compute the considered cardinals for
Fubini products of ideals. We state the lemmas in a more general form than needed
in this section, because we will apply some of them also in other sections.

5.3.1. The cardinal b5(Fin, Z,T).

THEOREM 5.5. Let J, K be ideals on .

() fT=J®KorZ=J® {0}, thenbs(Fin,Z,T) = N,.
(2) IfT=1{0} ® K. then bs(Fin, Z,Z) = b,(Fin, K, ).
PRrROOF.

(1) Tt suffices to observe that 7 @ K and J ® {0} are not P-ideals.
(2) First we will show by (Fin,Z,Z) < b,(Fin, K, K).
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If add*(lC) =¢*, then bs(Fin.Z.Z) < b = by(Fin, K, ) by Theorem 4.8. So
assume that add (K) < ¢ and let F C K be such that |F| = add’(K) and for any
A € K thereis F € F such that F \ 4 ¢ Fin.

Consider the family {{0} x F : F € F} C Z. Weclaim that it witnesses add (T) <
add (K).

Fix A € Z. Then (4)y € K, so there is F € F such that |F \ (4)| = Ro. We get
{0} x F\ 4| = |F \ (4)o| = Xo. Thus add (Z) < add (K) which implies b, (Fin,
Z.7) < by(Fin, K, K) by Theorem 4.8.

Now we show b, (Fin,Z,Z) > b,(Fin, K, K).

If K is not a P-ideal, then 7 is not a P-ideal as well and we have b, (Fin,Z,Z) =
b, (Fin, IC, IC) = Xy. So we can assume that K is a P-ideal.

Let s < b, (Fin, K, K). We will show that k < add (Z). By Theorem 4.8, it will
finish the proof.

Fix {4“:a <k} CZ. Then {(4%),:n€w.a<k} CK has cardinality
lo - k| < by(Fin, K, K) < add (K). so there is 4 € K such that (49), \ 4 € Fin
foralln € w and a < k.

Define f,(n) = max((4%),\ 4) for all n € w and o < k. Since & < by
(Fin, K, K) < b, thereisg € w® such that f, <* gforalla < k. Define B C w x @
by (B), = AU{0,1,...,g(n)}. Observe that B € Z. If we will show that 4% \ B is
finite for all @ < k. the proof will be finished.

Fix a < k. There is k € w such that f,(n) <g(n) for all n > k. Then
(A4%\ B), C (4%),\ 4 is finite for all n <k and (4%\ B), = (4%), \ (B), =
(A4%), \ (4U{0.1,....g(n)}) = 0 for all n > k. Hence A® \ B is finite. -

5.3.2. The cardinal b(Z, Fin, Fin). The following three lemmas will be useful in

our considerations.

LEMMA 5.6. Let (By) and (Cy) be partitions of w. If Cy € U,,,>, Bm (ie., C, N
Upcn B = 0) foralln € w. then UnEW(Cn N Uign A;) C Unew(B” N Uign A;) for

any (A,).
Proor. If x € C, N, ., Ai for some n € w, then there is m > n with x € B,
and we have x GBmﬂU,;,, A; C BmmUjgmAi' -

LEMMA 5.7. Let J.K be ideals on w (here we also allow J = {0}) and T be an
ideal on *. If T C J ® K. then b(Z. Fin(w?), Fin(w?)) < b(K, Fin(w). Fin(w)).

PROOF. Let {(EY :n € w) : a0 < K} C Prin(,) Witness £ = b(K. Fin, Fin).

Foreachn € wanda < kdefine 4% = ({0.....n — 1} x E?) U ({n} x U, <, E?).
Then A = {(4y :n € ®) : a < K} C Ppip(p2)- B

We will show that A witnesses b(Z, Fin(w?). Fin(w?)) < &.

Let (B, : n € @) € Pgyy(2)- Then ((By); 1 1 € @) € Priy(e) foreachi € .

Now we inductively define

Cy = (U((Bn)i U (B,-),») \ (U c,-> :

i<n i<n
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and observe that (C, :n € @) € Ppiy(,). Therefore, there is a < such that
UnEo)(Cn N Uign Ela) ¢ K.

If we show that (U,c,(B.NU,;c,47)); ¢ K for every j€w, then
Uneo(Bn N U<, 47) ¢ Z. and the proof will be finished.

Fix j € o and note that if #n > j then (U, 47); = (U<, Ef*);. and (B,); N
Ui<a(EP); 2 ConU;<,(Ef); (the inclusion follows from Lemma 5.6 because
Cp N Uppep(Bm); = 0). Thus, we have

(U(=eu)) = (Y]] -ufmn(ue)

= (Bn)jm(UE,@) sly cnm(UE?) ¢ K.

n>j i<n n>j i<n
-

LEMMA 5.8. Let K be an ideal on @ and T be an ideal on o*. If {0} @ K C Z. then
b(Z. Fin(w?), Fin(w?)) > b(K, Fin(w), Fin(w)).

Proor. We will show that x < b(K. Fin(w), Fin(w)) implies x < b(Z. Fin(w?).
Fin(w?)). Let & < b(K. Fin, Fin) and {(Eg : n € ) : & < £} C Prip(u2)-

Foreachn, j € w and a < & define A7 = (E2);. Then {(4}7 :nc w): j € o,
a< H} - PFin((/))'

Since |w x k| = k < b(K.Fin(w). Fin(w)). there is (B,) € Pry(, With
Uneow(Ba MU, A7) € K forall j € » and & < &.

Define (C,) € Prig(e2) by Co = (Ui, {i} x Ba) U({n} x U<, Bi) foralln € .

Fix o < £ and denote X = {J,c,,(C, N U, <, E). If we show that X € Z, the
proof will be finished. Since {#} ® K C Z. it is enough to show that (X); € K for

every j € w.
Take j € w.If n > j. then (C,); = By, so

x),;,=UJ ((cn)ij(E?),) C (U Bn) ulY (BnﬂUA?’j) ek.

new i<n n<j n>j i<n

THEOREM 5.9. Let J, K be ideals on w.
) IfIT=J®KorZ={0}®K, then b(Z, Fin, Fin) = b(K, Fin, Fin).
(2) If T =J @ {0}, then b(Z, Fin, Fin) = b.

Proor. (1) The inequality “<” follows from Lemma 5.7, and “>" follows
from Lemma 5.8. (2) Since Z C J ® Fin, by Lemma 5.7 we get b(Z, Fin, Fin) <
b(Fin, Fin, Fin). By 4.2(2), we have b(Fin, Fin, Fin) = b and the inequality “>”
follows from Theorem 4.2(6). 4

The last item of Theorem 5.9 may be surprising: 6(.7 ® {0}, Fin, Fin) does not
depend on 7.
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5.3.3. The cardinal 6(Z,Z.Z). We will need three lemmas.

LEMMA 5.10. Let J.K be ideals on o (here we allow K = {0}) and T be an ideal
ono* . If J@{0} CITCJTRK, thenb(Z.Z.7) < b(J.T.J).

ProoFr. We will show that x < b(Z,Z.Z) implies & < b(J.J.J). Let & <
b(Z.Z.Z) and {{A% :n € w) :a < K} C Py.

Foreachn e wanda < k define EX = A2 x w. Then {(E$ :n € ) :a <k} C
Pr(as J @ {0} CI).

Since k < b(Z.Z,Z), there is (B,) € Pz such that |, ., (B, NU;<, E) € T for
all o < k.

Define

V={kew: (B, €eKforalln € w}.
We will show that V € J. Fix k € V. Thereis m € w such that k € 4%,. Then

(Glmom)) ) - () o

Since ¢, (Bx N Ui<a EY)eTandZ C J® K, we get

Vg[kew:(u (B,,mUE?)) ¢/c]ej.

Define (C,) € Py by V C Cp and
keC, &< n=min{i €cw: (B); ¢ K}

fork ¢ V (each C, belongsto J as (B;) CZandZ C J ® K).
Fix a < & and denote X = |, (C, N, <, A%). If we show that X € J. the
proof will be finished. Suppose to the contrary that X ¢ J. Then

TJEX\V = kewzanewkec,,AkeUA?A(Bn)k¢K}

i<n

= kew:ﬂnewkeCn/\(UEi“) Zw/\(Bn)k¢’C}
k

i<n
C {kea): (U (BnmUE?)) ¢IC}.,
new i<n
= k
which contradicts |, ¢, (B, NU,;<, Ef) €T C T @ K. B

LEMMA 5.11. Let J,K be ideals on o (here we allow K ={0}). f T=J ® K,
then 6(Z.Z.7) > 6(J.J. 7).

Proor. We will show that k < b(7.J.J) implies & < b(Z,Z.T).
Letk <b(J.J.J)and {{EY :n€w):a<rk} CI?
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For each n € w and a < k define 42 = {i € w: (E%); ¢ K}. Then {(4% :n €

W) a<k}CJT.

Since £ < b(J.J.J), there is (B,) € Pz such that |, ., (B, N Ay) € J for all
a<k.

Define (C,) € Pz by C, = B, x w for alln € w.

Fix o < & and denote X = J, ., (C, N E). If we show that X € Z. the proof
will be finished. Since Z = J ® K, it is enough to show that {i € w : (X); ¢ K} C
UnEo)(B” ﬂAg).

Take i ¢ U, e, (Ba N AY). Since (B,) is a partition, there is n € @ with i € B,.
Then i ¢ A%, so (E2); € K. Moreover, i € B, implies (Cy,); = w, so (X); = (B, N
E®); =wn (E?); € K. 4

LEMMA 5.12. Let J.K be ideals on w, J' be an ideal on w* and denote T =
{0} @ K.

(1) If{{0} x A: A€ T} C T, thenb(Z.Z. )§ (K. K. T).

2 0T {0} eJ. thenb(Z.Z,J") > b(K.K.J).

ProOE. (1) Let {(42 :n€w):a<b(K.K.J)} CJ® be such that for any
(By:n € w) € Py thereisar < b(K, K. J) such thatJ, ., (B, N 4A%) ¢ K. Consider
the family {({0} x A2 :n € w) : a < b(K,K.J)} C (J')?.Fixany (C, : n € ) €
Pz and define B, = {i € w : (0.i) € C,} foralln € . Then (B, : n € w) € Px., s0
there is a < b(K, K, J) such that | N A%) ¢ K. We have

nEw(

U(Cn N ({0} x 49)) 2 {0} x (U( ﬂAO‘)) ¢ T
new new

(2) Let {{A%:n€w):a<b(Z.Z.J')} C(J)® be such that for any
(B, :n € w) € Prthereis a < b(Z.Z. J') such that | J, ., (B, N A%) ¢ I. For each
a<b(Z.7,.J') and n.k € o define E¢* = (4%);. Consider the family {(E®* :
new):k€e€wa<bZ.Z,J)}CJ? Fix any (C,:n € w) € Px and define
B, =w x C,foralln € . Then (B, : n € w) € Pr,sothereisa < b(Z,Z, J’) such

that | J,.,, (B, N A%) ¢ Z. Thus, there is k € w such that (|, (B, N A43))k ¢ K.
We have
U@ nEes®) o (U(BnﬁA§)> ¢ K. 4
new new k

THEOREM 5.13. Let 7., K be ideals on w.

() FIT=FJ@KorT=7{0}. thenb(ZT.T.7) =b(J.J.T).
(2) IfT = {0} ® K. then b(Z.Z.T) = b(K. K. K).

Proor. (1) The inequality “<” follows from Lemma 5.10, and “>” follows from
Lemma 5.11.

(2) Follows from Lemma 5.12. -

5.3.4. The cardinal b(T,T, Fin).

THEOREM 5.14. Let J. KC be ideals on o.
(1) If T = J ® K. then b(Z,T. Fin) = ¢*.
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(2) If =70 {0}, then b(Z,Z,Fin) = b(J.J. Fin).
(3) If T = {0} ® K. then b(Z. T, Fin) = b(K. K, Fin).

ProoF. (1) Follows from Theorem 4.2(4) since J ® K is not a weak P-ideal.

(2) First we show b(Z.Z, Fin) < b(J. J. Fin).

Let {{(A2:n€w):a<b(J.J.Fin)} C Fin” be such that for any (B, :n €
w) € Py there is a < b(J.J.Fin) such that | J,., (B, N A2) ¢ J. Consider the
family {(A42 x {0} :n € w) : @ < b(J, J.Fin)} C Fin(w?)®. Fix any (C,:n €
) € Pr and define B, = {i € w : (i,0) € C,} for all n € w. Then (B, :n € w) €
P.so thereis a < b(J.J.Fin) such that |, ., (B, N A%) ¢ J. We have

(G (42 % {0)) 2 (Uuzn mAf:)) {0} ¢ T.
new new

Now we show b(Z,Z, Fin) > b(7. J. Fin).

Let {(A% :n € ) : a < b(Z,Z,Fin)} C Fin(w?)” be such that for any (B, : n €
w) € Pz there is a < b(Z.Z, Fin) such that | J,., (B, N Ay) ¢ I. For each o <
b(Z.Z.Fin) and n € w define E¢ = {i € w : (3j € w)((i. j) € A2)}. Consider the
family
{({E¥:n€w):a<b(Z.Z Fin)} C Fin®. Fix any (C, : n € w) € Ps and define
B, = C, x o for all n € w. Then (B, : n € w) € Pz, so there is a < b(Z,Z, Fin)
such that J,.,(B,NAY)¢Z. Thus, {icw:(3jecw)i.j)eU,e,B:N
A2))} ¢ J. We have

JGnE 2 {i €w:(3jco) ((i,j) cU (BmAﬁ))} ¢J.

new new

(3) Follows from Lemma 5.12. 4
ExamPLE 5.15. If Z = Fin ® {0}, then
Ro = b, (Fin, Z.Z) < b = b(Z,Z,Z) = b(Z, Fin, Fin) = b(Z, Z, Fin).

Indeed, b, (Fin,Z,Z) = Xy by Theorem 5.5(1). Moreover, b(Z, Fin, Fin) = b by
Theorem 5.9(2), and b(Z.Z, Fin) = b by Theorems 5.14(2) and 4.2(2). Hence, it
is enough to show b < b(Z, Z, Z). But this inequality follows from Theorem 5.13(1).

§6. Nice ideals. In this section we will compute b(Z, Fin, Fin) for ideals Z with
the Baire property and b(Z. Z, Fin) for coanalytic weak P-ideals. The latter gives an
upper bound for b(Z,Z.T) in the case of coanalytic weak P-ideals (by a result of
Debs and Saint Raymond, this class contains all Hg ideals).

6.1. Ideals with the Baire property. In this subsection an interval [a, b) will mean
[a.b) Nwie, theset{n € w:a <n<b}.

THEOREM 6.1 (Talagrand [37, Théoréme 21] (see also [1, Theorem 4.1.2])). An
ideal T on w has the Baire property if and only if there is an increasing sequence
ny < ny < --- such that if there are infinitely many k with [ng, ni1) C A, then A ¢ T.

COROLLARY 6.2. Let T be an ideal with the Baire property. For every g € w® there
ish € o® such that
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(1) his strictly increasing,
(2) g <h.
(3) if A € Z, then the set {n : [h(n), h(n + 1)) C A} is finite.

Proor. By Theorem 6.1 there is a sequence ny < ny <--- such that
{k : [ng,niy1) C A} is finite for every 4 € T.

It is enough to define / such that % is increasing, ¢ < & and [h(n).h(n + 1))
contains at least one interval [n;, n; ) forevery n € w. We can define / inductively in
the following manner. Let 4#(0) = g(0). Suppose that /(i) has been defined for i < n.
Let ko = min{k : h(n) < n}. We put h(n + 1) = max{n 1. h(n) + 1.g(n + 1)}
_|

THEOREM 6.3. If an ideal T has the Baire property. then b(Z, Fin, Fin) = b.

Proor. By Theorem 4.2(6) we only have to show that b(Z, Fin, Fin) < b. We will
show that x < b(Z, Fin, Fin) implies x < b.

Let k < b(Z, Fin, Fin) and g, € w® for a < k.

By Corollary 6.2 we can assume that g, are strictly increasing and

Ulga(n). galn +1) ¢ T

neA

for every infinite 4 C w and a < k.

For a < k we define A = [0. g,(1)) and A% = [ga(n).go(n + 1)) forn > 1.

Since {(4% :n € w) : a < k} C Prin and & < b(Z, Fin, Fin), there is a partition
(By :n € w) € Ppig such that J, ., (B, N, <, A2) € T for every o < k.

We define ¢ € 0 by g(n) = max(lJ,., B:). If we show that g, <* g for every
a < k, the proof will be finished.

Let a<k. Since B=J,c,(BiNU;<,4?) €Z. the set A4 ={n:[g.(n).
go(n+1)) C B} is finite.

Now we show that g, (n) < g(n) foreveryn € w \ 4 (i.e.go <* g).Letn €  \ 4.
Since [g4(1). ga(n + 1)) N (@ \ B) # 0. there is m € [g4(n). go(n + 1)) N (@ \ B).
Then g,(n) < m. On the other hand, m ¢ B =J,.,(B, N, 4%) and m €

new
[ga(n).
go(n+1)) = A%. Thus m ¢ B, for every i > n, so m € B; for some i < n. Hence
g(n) = max(U;’Sn Bi) >m> ga(n)~ -

COROLLARY 6.4. If T is a P-ideal with the Baire property, then
X, < b,(Fin,Z,Z) < b = b(Z, Fin, Fin) = b(Z,Z.7) = b(Z, Z, Fin).
Proor. Follows from Theorems 4.5 and 6.3. .
For f : w — [0.00) satisfying ), ., f(n) = oo we define the summable ideal by
Ir= ACa):Zf(n)<oo}
neA

(for instance. Z;/, = {4 Cw : ), ,1/(n +1) < co} is the summable ideal). and
for f : w — [0. 00) satisfying 3, ., f (1) = coandlim, .. /' (n)/(3;, /(i) = 0.
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we define the Erdods—Ulam ideals by

EU; = {A Cw: limsupZiL"f,(l) = 0}
n—o0o ZiEn f(l)
(for instance, the ideal Z, = {4 : lim, |4 Nn|/n =0} of all sets of asymptotic
density zero is an Erdods-Ulam ideal).

COROLLARY 6.5. If T is a tall summable ideal or a tall Erdoés—Ulam ideal, then
add(N) = by(Fin,Z,Z) < b = b(Z, Fin, Fin) = b(Z,Z.Z) = b(Z.Z. Fin),
where add(\N) is the smallest size of a family of Lebesgue null sets with non-null union.

Proor. It was proved by Hernandez and Hrusak [20, Theorem 2.2] that
add (Z) = add(\V) in these cases. Since add(A) < b (see e.g.. [1. p. 35]). we get
b,(Fin.Z,Z) = add(N'). Moreover, since Z is a P-ideal with the Baire property (see
e.g.. [16, Examples 1.2.3(c.d)]), Corollary 6.4 finishes the proof. o

COROLLARY 6.6. Letn € w \ {0.1}. If T = Fin", then
o = by(Fin,Z,Z) < b = b(Z. Fin. Fin) = b(Z,Z.7) <9 < ¢ < b(Z.Z. Fin) = ¢".

Proor. Since 7 in not a P-ideal, we get b, (Fin, Z,Z) = Ny. Since Z has the Baire
property (seee.g., [21]), we can apply Theorem 6.3 to obtain b(Z, Fin, Fin) = b. Since
7 = Fin" = Fin ® Fin"!, we can apply Theorem 5.13(1) to obtain b(Z,Z.7) =
b(Fin, Fin, Fin) = b. Since Z is not a weak P-ideal, we can apply Proposition 4.2(4a)
to obtain b(Z,Z, Fin) = ¢*. 4

6.2. w-diagonalizable ideals. We need to recall the following technical notion. We
will apply it in the next subsection to the cases of coanalytic weak P-ideals and Hg
ideals.

Let Z be an ideal on w. A family Z C [w]<® \ {0} is Z* -universal if for each
F € T* there is Z € Z with Z C F. We say that 7 is w -diagonalizable by T* -
universal sets if there exists a family { 2 : k € w} of Z*-universal families such that
for each F € Z* thereis k € w such that Z N F # () for every Z € Zj.

THEOREM 6.7. If an ideal T is w-diagonalizable by T*-universal sets, then
N, <b6(Z,Z,7) < b = b(Z, Fin, Fin) = b(Z, Z, Fin).

PrOOF. By Theorem 4.2, we only need to show b(Z,Z, Fin) < b.

Let {f» : @ < b} be an unbounded family on w®. Without loss of generality we
can assume that each f, is strictly increasing.

For each n € w and o < b define F* = {i € w : i < fo(n)}. We will show that
{{F®:n € w):a< b} C Fin” witnesses b(Z,Z, Fin) < b.

Fix (B, :n € w) € Pz. Let {Z; :k € w} be a family of Z*-universal sets
w-diagonalizing 7. For each k. let Z;, = {Z] : n € w}.

For each k.,n cw find i(k.n) € w such that Z,i(k‘") N(ByU--UB,)

and define g, € w® by gi(n) = maxZ,i(k‘")

max{g(i).....gi(i)}.

=
. Let g € w® be given by g(i) =
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There is a < b such that f,(i) > g(i) for infinitely many i. If we show that for
each k € w thereis i € w with Z] C Ujeo(Bj N Ff). then, by »-diagonalizability
of Z. it will follow that | J,_,(B; N F/“) ¢ 7, and the proof will be finished.

Fix k € w. There is n >k such that f,(n)>g(n) >gi(n) = maxZ,i(k'”).
Thus, Z/io{’n) CF'CFY, < and Z/i(k’n) C Byy1 U By U+ Hence, Z,iUM) c
Ujsn(Bi NF) € U, e, (B N Ff) and we are done. 5

JEW

6.3. Coanalytic weak P-ideals and 1'[2 ideals.
THEOREM 6.8. If T is a coanalytic weak P-ideal, then
N; <b(Z,Z.Z) < b = b(Z, Fin, Fin) = b(Z.Z, Fin).

Proor. Consider the game G (Z), defined by Laflamme (see [27]) as follows:
Player I in his #’th move plays an element C, € Z, and then Player 11 responses with
any F, € [w]~” such that F, N C, = (. Player I wins if |, ., F, € Z. Otherwise,
Player II wins.

By [25. Theorem 5.1]. G (Z) is determined for coanalytic ideals (see also [24,
Theorem 1.6]). Moreover, by [27, Theorem 2.16]. Player I has a winning strategy
in G (Z) if and only if 7 is not a weak P-ideal. Thus, in our case Player II has a
winning strategy. Again by [27, Theorem 2.16], this is in turn equivalent to Z being
w-diagonalizable by Z*-universal sets. Using Theorem 6.7 we get 8y < b(Z,Z.7) <
b = b(Z, Fin, Fin) = b(Z, Z, Fin) and we are done. 4

COROLLARY 6.9. If T is a 1§ ideal, then

N, < b(Z.Z.T) < b = b(Z, Fin, Fin) = b(Z.Z, Fin).

new

PrOOF. By [15, Theorems 7.5 and 9.1]. each ITj ideal is a weak P-ideal. Thus, the
corollary follows from Theorem 6.8. .

ExamPpLE 6.10. The eventually different ideal is defined by
ED={ACwxw:ImnecwovVk>n(|{i:(k.i)e A} <m)}.
If Z = €D, then
Rg = b,(Fin,Z,Z) < b(Z,Z.Z) < b = b(Z, Fin, Fin) = b(Z, Z, Fin).

Indeed, since Z is not a P-ideal, b, (Fin,Z,Z) = R, (see Lemma 4.6(1)). Since Z is a
XY ideal, we can use Theorem 6.9 to obtain the remaining (in)equality. (Note that
since Fin ® {#} C €D C Fin ® Fin, we could also use Lemma 5.10 to obtain the
inequality b(Z.Z,7) < b.)

§7. Ideals with b(Z,Z,7) = N;. In this section we will show that b(Z,Z,Z) = X;
for some ideals (even XY ideals). All results of this section follow from the next
lemma.

LemMA 7.1. Let A C [w]® be an uncountable family with the property that
A\ (ApU U A,) ¢ Fin for all n €  and A, Ay, ... A, € A with A # A; for all
i < n. IfTis anideal generated by A, then b(Z.1.T) = ;.
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PROOE. Let {4% € A:n € w.a < X} be such that 4% # 4% whenever (. n) #
(p.m). Wewill show that {(|J, ., 4% : n € w) : o < N; } C I witnesses b(Z,Z.7) =
N;.
Let (B, : n € w) € Pz. Then there is o < ¥y such that 45 \ |J,.,, Bi ¢ Fin for
all n,m € w. Indeed, for each m there are C{". ..., le: € A such that Ui<m B; C*
CotU--uCr. Since C = {C" : m € w.i < I, } is countable, there is & < N; with
{42 :n € w}NC = (. Then

AP\ J Bi 27 42\ (¢y'u-- U Q) ¢ Fin
i<m
foreachn,m € w.

Let B = U, co,(Bn N U<, A). If we show that B ¢ T, the proof will be finished.
Suppose to the contrary that B =J,.,(B: N U<, A¥) € Z. Then there are
Dy, ....,D, € A with B C* DyU---UDy. Find j € w such that A;“ # D; for all
i=0....k.

We have 45\ U, ; By ¢ Fin and
A?\UB,,:A‘;‘QUB,,QU BnﬂUA;?‘ QU BnmUA? — B.
n<j n>j n>j i<n new i<n

On the other‘hand, (A5 \ Une; Bi) \ U<t Dn = A5\ (U,ic; Ba U U, <k D) 2*
A%\ (Ungj Gl UU, < Dn) ¢ Fin. This contradicts B C* Do U --- U Dy and fin-
ishes the proof. -

THEOREM 7.2. Let A C [w]?® be an uncountable almost disjoint family. If T is an
ideal generated by A, then b(Z.Z.T) = \y.

Proor. This follows directly from Lemma 7.1 — it suffices to observe that for any
almost disjoint family A, if 4, Ay, ... 4, € A are such that 4 # A4; for alli < n, then
AN (AgU---UA,) is finite, so 4\ (4o U --- U 4,) is infinite. 4

Let 2<% be the set of all finite sequences of zeros and ones. Let Z, denote the ideal
on 2<® generated by all branches i.e., sets of the form B, = {s € 2<® : 5 C x} for
x € 2% It is easy to see that the ideal Z,, is Zg and not tall.

COROLLARY 7.3. b(Ib,Ib,Ib) = Nj.

ProoF. It follows from Theorem 7.2, as the family {B, :x € 2} is almost
disjoint of size c. 4

Let Q be the set of all clopen subsets of the Cantor space 2“ having Lebesgue
measure 1/2 (note that Q is countable). Let S denote the Solecki’s ideal on Q i.e.,
the ideal generated by sets of the form G, = {4 € Q:x € A} forallx €2?. Sisa
tall £ ideal (see e.g.. [21]).

THEOREM 7.4. b(S,S,S) = V.

ProoF. It follows from Lemma 7.1, as the family {G, : x € 2”} has cardinality
¢ and for any x, xg. .... x, € 2° with x # x; for all i < n, we have G, \ (GX0 U...u
G,,)={A€Q:x e ANYi <n(x; ¢ A)} is infinite. 4
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§8. Consistency results. In this section we apply some known consistency results
to the case of the considered cardinals. The main aim of this section is to show that
consistently the values of considered cardinals can be pairwise distinct. We start
with two results about b, (Fin, Z, 7).

PROPOSITION 8.1. It is consistent that there is a P-ideal T with
b,(Fin.Z,.Z) < b(Z.Z,Z) = b(Z, Fin, Fin) = b(Z. Z, Fin).

Proor. It follows from Corollary 6.5 and the fact that it is consistent that
add(WV) < b (seee.g., [2]). =

TueoreM 8.2 (Essentially Louveau). Under Martin's axiom, there is a maximal
ideal T with bs(Fin,Z,T) = & for all regular ¥ < k < ¢.

Proor. Louveau [28, Théorémes 3.9 and 3.12] proved that there is a maximal
ideal Z with add (Z) = & (see also [4, p. 2647]). On the other hand, it is well known
that b = ¢ under Martin’s axiom. Thus, b,(Fin,Z,7) = &. -

Now we want to reformulate Canjar’s results from [11, 12, 13]. He studied
9(>7 N(DEin X DEin)) and 9(>7 N(Dz x D7)) in the case of maximal ideals Z. It is
not difficult to see that for a maximal ideal Z we have 9(>7 N(Dgin X DEm)) = b(>1
N(Drin X Drin)) and 0(>7 N(Dz x D1)) = b(>7 N(Dz x Dz)). On the other hand,
by Theorem 3.10(2), b(Z, Fin, Fin) = 6(>7 N(Dgin x D)) and b6(Z,Z,.T) = b(>1
N(Dz x Dz)). Thus, we have the following two results.

THEOREM 8.3 (Canjar [11, 12]). The following is true in the model obtained by
adding A Cohen reals to a model of GCH.

(1) There exists an ideal T with b(Z,Fin,Fin) = k for all regular cardinals
N <k<Ai
(2) There exist 25 ideals T with b(Z.Z,T) = k for all regular cardinals Xy < k < A.

THEOREM 8.4 (Essentially Canjar [13]).

(1) There is an ideal T such that b(Z, Fin, Fin) = ¢f(d).
(2) Ifo = ¢, then there is a P-ideal T such that b(Z, Fin, Fin) = cf().

Recall that consistency of b < ¢f(d) and b < cf(d) < 0 = ¢ follows for instance
from [2, Theorem 2.5].

COROLLARY 8.5.

(1) If b < cf(D), then there is an ideal T such that b < b(Z, Fin, Fin) = cf(?).
(2) Ifb < cf(d) < 0 = c. then there is a P-ideal T such that

b < b(Z.Fin, Fin) = b(Z,Z.Z) = b(Z,Z, Fin) = ¢f(0).
Proor. Follows directly from Theorems 8.4 and 4.5. o

Next three results will establish that consistently the values of b(Z.Z.Z).
b(Z, Fin, Fin) and b(Z, Z, Fin) can be pairwise distinct

THEOREM 8.6. Ifb < b(7. Fin, Fin) for some ideal J (e.g. if b < cf(D)), then there
is an ideal I, which is not a weak P-ideal, such that b6(Z,Z,7) = b < b(Z, Fin, Fin).
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Proor. Consider the ideal Z = Fin ® J. Obviously, Z is not a weak P-ideal
as Fin ® Fin C Z. By Theorems 5.13(1), 5.9(1) and 4.2(2) we have b(Z.Z.Z) =
b(Fin, Fin, Fin) = b and b(Z, Fin, Fin) = b(J. Fin, Fin) > b. -

THEOREM 8.7. If b < b(J.J.J) for some ideal J (e.g. if b <cf(d) <0 =r¢),
then there is an ideal T, which is not a weak P-ideal, such that b(Z, Fin, Fin) = b <
b(Z.Z.7).

Proor. Consider the ideal Z = J ® Fin. Obviously, Z is not a weak P-ideal
as Fin ® Fin C Z. By Theorems 5.13(1), 5.9(1) and 4.2(2) we have b(Z.Z.Z) =
b(7.J.J) > band b(Z, Fin, Fin) = b(Fin, Fin, Fin) = b. 4

THEOREM 8.8. If'b < b(J. Fin, Fin) for some ideal 7 (e.g. if b < cf()), then there
is a weak P-ideal T such that

6(Z,Z.7) < b = b(Z. Fin. Fin) < b(Z. Z, Fin).

Proor. Consider the ideal Z = (Fin ® Fin) N (J ® {0}).

First we show that 7 is a weak P-ideal (this fact is also shown in [22, Lemma 2.3],
however we prove it here for the sake of completeness). Fix a partition (X,) € Pz.
Define by induction two sequences (m,), (k,) € »® such that for each n € w we
have (n.m,) € Xi, and

o min{m € w :m ¢ (J{ X, : i <n})n} ifo Z (Uicp X, )n-
" min{m € o :m e (J{Xi : |(Xi)u| = ©}),} otherwise.

Then Y ={(n.m,) :new}t¢Zas{ncw:(Y),#0} =w ¢ J. Moreover, Y N
X, is finite for all n (otherwise we would have |(X,,)x| = w for infinitely many k € w).
Thus Z is a weak P-ideal.

As Z C Fin ® Fin and Fin ® Fin is meager, Z is meager as well. Thus, Z has the
Baire property and b(Z, Fin, Fin) = b by Theorem 6.3.

By Lemma 5.10 we have 6(Z,Z,Z) < b(Fin, Fin, Fin) = b, as Fin® {0} CZ C
Fin ® Fin.

To finish the proof we need to show that b(Z,Z,Fin) > b(7, Fin, Fin). Let
k < b(J,Fin, Fin) and {(E® : n € o) : @ < k} C Fin(w?)”. We will show that this
family does not witness b(Z,Z, Fin) < &.

For each n € w and a < k define

Ay ={k e w: (E})k # 0}

Since {(4% :n € w) : a < k} C Fin® and x < b(J. Fin, Fin), there is (B,) € Prin
such that (., (B, N 4y) € J forall a < &.

Define C, = B, x w foralln € w. Then (C,) € Pz.

Fix @ < x and denote X = C, N EY). If we show that X € Z, the proof
will be finished.

Observe that for each k € w there is j € w with k € B;. Then (X ), = (E;’)k, S0
(X )y is finite. Thus, X € {0} ® Fin C Fin @ Fin.

new(
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Moreover,
{kew: X)) #0={kcw:Inewdicwki)e C,NES}
=Jlkcow:Ticw (ic(CnE),)}

C U({kew:HiEw(iE(Cn)k)}

new

Nikew:3ie w(i € (EN)))

=JB.n4y)

new

Thus, X € J ® {0} and we can conclude that X € Z. .

We were not able to compute the exact value of b(Z,Z,Z) in Theorem 8.8. Thus,
we have the following open question.

QUESTION 1. Is it consistent that there is a weak P-ideal T such that b(Z.1,.7) <
b(Z. Fin, Fin) < b(Z.Z, Fin)?

There is another closely related open question.

QUESTION 2. Isit consistent that there is a weak P-ideal T such that b(Z, Fin, Fin) <
b(Z.Z.7) < b(Z.Z.Fin)?

§9. Questions and remarks about b(Z,Z.7). In this section we collect some
remarks indicating difficulties in obtaining any general results concerning b(Z,Z,Z)
for Borel ideals.

REMARK. Observe that Z C 7 does not give us any information about the
relation between 6(Z,Z,Z) and b(J.J.J). Indeed, let T be an ideal generated
by an uncountable family F C w® of pairwise almost disjoint graphs (i.e.,
{nc€w: f(n)=g(n)} €Fin for any f.g € F. f #g). Then Fin(w?) CZ C
Fin ® Fin, however b(Fin(w?), Fin(w?). Fin(w?)) = b(Fin ® Fin, Fin ® Fin, Fin ®
Fin) = b (by Corollary 6.6) and b(Z,Z,Z) = ¥y (by Theorem 7.2).

REMARK. We have non-tall ideals with 6(Z,Z.Z) = N, (e.g. the branching ideal
T) as well as non-tall ideals with b(Z,Z,Z) = b (this is the case for instance for
Fin, Fin ® {0} or {0} ® Fin). The same holds for tall ideals — S is a tall ideal with
b(S.S.S) = N; whereas the ideal Zy is a tall ideal with b(Z;.Z;.Z,) = b.

REMARK. Eg ideals may have different values of b(Z,Z.Z). Indeed, there are Eg
ideals with b(Z,Z,7) = X, (e.g. the branching ideal Z, or the Solecki’s ideal S) as
well as XY ideals with b(Z.Z.T) = b (e.g.. ideals Fin, Fin ® {0} or {#} ® Fin).

REMARK. Note that actually we cannot compute b(Z,Z,Z) basing on the
descriptive complexity of Z. Indeed, for each n > 1 the ideal Fin" is an Egn-complete
ideal such that b(Fin”, Fin", Fin") = b (see Corollary 6.6). On the other hand,
Calbrix in [10] proved that given a X2 -complete, o > 1, (respectively: IT? -complete,
a > 2) subset 4 of 2%, the ideal Z4 on 2<“ generated by the family {B, : x € 4} is
¥ -complete (respectively: IT? -complete). Moreover, since the family {B, : x € 4}
is almost disjoint, by Theorem 7.2 we get b(Z4.Z4.Z4) = V.
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We end with two natural open questions about b(Z.Z. 7).
QuUESTION 3. Is b(Z,Z,T) < 0 for every ideal I?

QUESTION 4. Is it consistent that Ny < b(Z,Z,ZT) < b for some ideal I?
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